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Abstract
Let A be an abelian group. We call a graph G = (V, E) A-magic if there
exists a labeling f : E(G) — A — {0} such that the induced vertex set
labeling f* : V(G) — A, defined by f*(v) = Xf(u,v) where the sum is
over all (u,v) € E(G), is a constant map. For four classical products, we
examine the A-magic property of the resulting graph obtained from the
product of two A-magic graphs.

1 Introduction

Let G be a connected graph without multiple edges or loops. For any abelian group A
(written additively), let A* = A—{0}. A function f : E(G) — A* is called a labeling
of G. Any such labeling induces a map f*: V(G) — A, defined by f*(v) = Zf(u,v)
where the sum is over all (u,v) € E(G). If there exists a labeling f whose induced
map on V(G) is a constant map, we say that f is an A-magic labeling and that G
is an A-magic graph.

Z-magic graphs were considered by Stanley [16,17], where he pointed out that the
theory of magic labelings could be studied in the general context of linear homoge-
neous diophantine equations. Doob [1,2,3] and others [6,9,11] have studied A-magic
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graphs and Z;—magic graphs were investigated in [4,7,8,10]. The construction of
magic graphs was studied by Sun and Lee [18]. In this paper, we extend some re-
sults to A—magic graphs. In particular, graph products offer a straight—forward and
systematic means of constructing A-magic graphs.

Within the mathematical literature, various definitions of magic graphs have been
introduced. The original concept of an A-magic graph is due to J. Sedlacek [14,15],
who defined it to be a graph with real-valued edge labeling such that (i) distinct
edges have distinct nonnegative labels, and (ii) the sum of the labels of the edges
incident to a particular vertex is the same for all vertices. Previously, Kotzig and
Rosa [5] had introduced yet another definition of a magic graph. Over the years,
there has been great research interest in graph labeling problems. The interested
reader is directed to Wallis’ [19] recent monograph on magic graphs.

2 Definitions and examples

For any commutative ring R with unity, U(R) denotes the multiplicative group of
units in R. The product of two graphs G1(p1,¢q1) = (V4, E1) and Ga(p2, ¢2) = (Va, E»)
can be defined in various ways. Within the product, the vertices will be denoted by
(a,b) : a € V] and b € V4, and the edges will be denoted by ((a,b), (a’,V)) : a,a’ € V4
and b,b" € V5. Let us recall the following definitions of various products of graphs.

Definition 1. Cartesian product G; X Gy: V(G; x G2) = Vi x Vo = {(a,b) : a €
Vi A beVa} and E(Gy x Gq) = {((a,b),(a',V)) : a,d € Vi A bV €Va A ((a=
a A (DV)EEy) V (b=V A (a,d) € Ey))}.

Definition 2. Lexicographic product G; e Go: V(G eGy) =Vi x Vo = {(a,b) :a €
Vi A b€ Vo) and E(Gy e Gs) = {((a,b),(d,V)) :a,a € Vi A bV €Va A ((a=
a A (bV) e E,y) V (a,d) € Ey)}.

Definition 3. Tensor product G; ® Go: V(G ® Gy) = Vi x Va3 = {(a,b) : a €
Vi A beVa}and E(G1 ®Gy) = {((a,b),(a',b)) :a,a € V7 A b €Va A (a,d) €
Ei A (bV) € By}

Definition 4. Normal product G; x Ga: V(G x G2) = Vi x Vo = {(a,b) : a €
Vi A beVa}and E(Gy*Gs) = E(G1 X Gs) U E(G1 ® G2), where E(G1 X G) and
E(G; ® G3) are the edge-sets of the Cartesian and conjunctive products of Gy and
G, respectively.

The tensor product (also called the Kronecker product [20], categorical product [12]
and conjunctive product) is one of the least understood graph products. The lexico-
graphic product is also known as composition and was introduced by Sabidussi [13].
Note that of the four products, only the lexicographic product is not commutative.
We conclude this section by giving a few examples where the product of two
graphs is A-magic, but the individual factors are not A-magic.
Example 1. Consider the graph G = P, x P,. Figure 1 shows that G is Z;—magic,
for k£ # 2. However, P, is not Zy—magic, for any k.
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Figure 1. G:P4XP4.

Example 2. Consider the graph G = P, ® N,, where N, is the null graph of order
two (Figure 2). Since G is an eulerian graph with an even number of edges, we
can label the edges of the eulerian circuit with a, —a,a, —a,...,a, —a, where a € A*.
Thus, G is A-magic. Clearly, Py and N, are not A-magic.
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Figure 2. G = P, e N,.

Example 3. Consider the graph G = P;® Py. Figure 3 shows that G is Zs;,1—magic,
for all k. Clearly, P, is not Zsj1—magic.
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Figure 3. G = P, ® P,.

3 Products of group—magic graphs

Let us now analyze the A—magic property of the resulting graph obtained from the
product of two A-magic graphs. For A-magic graphs Gi(p1,¢1) and Ga(ps, ¢2), let
L; and L, represent their respective A-magic labelings. Furthermore, let w; and w,
be the constants induced on V; and V5 respectively, by these labelings. Thus, we
have )", Li(a,a") = wy for any vertex a € V4 and ), L(b,0') = w, for any vertex
beVs.



44 RICHARD M. LOW AND SIN-MIN LEE

To illustrate the theorems in this section, we will use the labeled graphs found in
Figure 4.

Gl 62

Figure 4. Z;—magic labelings of G; and Gs.

Theorem 1. Let A be an abelian group. If Gy = (Vi,E1) and Gy = (Va, E3) are
A-magic graphs, then the Cartesian product Gy x Gy is A-magic.

Proof. Let L denote the labeling assignment of E(G; x G3), defined by:

Li(a,d'), ifb=1".

L((a,b), (a', 1)) = {Lz(b V), ifa=ad.

Then, the induced labeling of every vertex (a, b) is:

> L((ab),(d¥) = Y L((a,b), (a,0) + Y Ll(a,0),(d',b))
= Ly, ¥)+ Y Li(a,a)

= Wy + Ws.

Figure 5. Z;—magic labeling of the Cartesian product G; x Gs.

Theorem 2. Let A be an abelian group. If Gy = (V1, Ey) and Gy = (Va, Ey) are A-
magic graphs, then both the lexicographic products G;e Gy and G, e G| are A—magic.
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Proof. We will show that G; @ G5 is A—magic. Let L denote the labeling assignment
of E(G; e (G3), defined by:

Ly(b, V), ifa=d.

Li(a,a’), otherwise.

L((a,b), (alv b,)) = {
Then, the induced labeling of every vertex (a, b) is:

> Ll(a,b), (@, 8)) = D Li(a,b), (', 6)) + D L((a,b), (d', 1)

[ a' b a' b
a=a a#a’
=Y Lo, V) + )Y Li(a,a)
b a' b

= wy + Z{pz - Ly(a,d’)}

= wy + pa - Wy

A similar argument is used to show that G, e G; is A—magic. O
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Figure 6. Z;—magic labeling of the lexicographic product G e G,.

Theorem 3. Let A be an abelian group, underlying a commutative ring R. If there
exist A—magic labelings Ly : E(G1) = A*NU(R) and Ly : E(G2) - A*NU(R) for
graphs G1 and Gy respectively, then the tensor product Gy ® G5 is A-magic.

Proof. Let L denote the labeling assignment of E(G; ® G2), defined by:

L((a,b),(a',b")) = Ly(a,a’) - Ly(b,b").

Then, the induced labeling of every vertex (a, b) is:
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Z L((a,b), (a‘lvb’)) = ZZ{LI(ava’) - Ly (b, bl)}

a' b’ a Y
= Li(a,d)- Y Ls(b,¥)
a’ 4
= W1 * Wsy.

Note that L assigns non—zero elements to E(G; ® G3), since the range of L; and L,
are subsets of A* NU(R). O

Corollary 1. Let A be an abelian group, underlying a field F. If G, = (Vi, E1) and
Gy = (Va, Ey) are A-magic graphs, then the tensor product G1 ® Gy is A-magic.

Proof. This is an immediate consequence of Theorem 3. |

Figure 7. Z;—magic labeling of the tensor product G; ® Gb.

Theorem 4. Let A be an abelian group, underlying a commutative ring R. If there
exist A—magic labelings Ly : E(G1) = A*NU(R) and Ly : E(G2) - A*NU(R) for
graphs G1 and Gy respectively, then the normal product Gy * G5 is A—magic.

Proof. Note the following: E(Gy * G3) = E(G1 x G2) U E(G; ® G3) and E(G; x
G2)NE(G;® Gy) = 0. Let L denote the labeling assignment of E(G; * G3), defined
by:

Li(a,d"), ifo=V.

L((a,b),(a',0")) = § Ly(b V), ifa=ad.
Li(a,a’) - Ly(b, V'), otherwise.

Then, the induced labeling of every vertex (a, b) is:



ON THE PRODUCTS OF GROUP-MAGIC GRAPHS 47

> L((a,b), (d,0) = > L((a,b), (a, 1)) + > L((a,b), (', b))
+3°3  L(a,b), (d 1))

a’ b
a'#a b'#£b

= Le(b,t) + ) Li(a,a)
+ ) Li(a,a)- Y La(b,b)

= Wy + Wy + Wy * Wa.
L assigns non-zero elements to E(G; = Gs), since the range of L; and Ly are subsets
of A*NU(R). O

Corollary 2. Let A be an abelian group, underlying a field F. If Gy = (V4, E1) and
Gy = (Va, Ey) are A-magic graphs, then the normal product Gy x Gy is A—magic.

Proof. This is an immediate consequence of Theorem 4. a

Figure 8. Z;—magic labeling of the normal product G; * Gs.
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