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Abstract

We give a classification of all double circulant doubly even self-dual
[72, 36, 12] codes. We also demonstrate that every double circulant dou-
bly even self-dual [72, 36, 12] code has no extremal doubly even self-dual
[72, 36, 16] neighbor.

1 Introduction

A code C is called self-dual if C = C*. A binary self-dual code C' is called doubly
even and singly even if all codewords have weight = 0 (mod 4) and if some codeword
has weight = 2 (mod 4), respectively. It was shown in [7] that the minimum weight
d of a doubly even self-dual code of length n is bounded by d < 4[n/24] + 4. We call
a doubly even self-dual code meeting this upper bound eztremal. The existence of
an extremal doubly even self-dual code of length 72 is a long-standing open question

(see [8, Section 12]).

Let D, and Dy be codes with generator matrices of the form

( L. R )
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and

L 1R @)

1

respectively, where I, is the identity matrix of order n and R and R’ are nXxn circulant
matrices. The codes D, and Dy, are called pure double circulant and bordered double
circulant, respectively. The two families are called double circulant codes.

All extremal double circulant doubly even self-dual codes of lengths up to 72
are known (cf. [6]). In this note, we give a classification of all double circulant
doubly even self-dual [72,36,12] codes in order to demonstrate that every double
circulant doubly even self-dual [72,36,12] code has no extremal doubly even self-
dual [72, 36, 16] neighbor.

2 Double circulant doubly even self-dual [72, 36, 12] codes

The possible weight enumerators for doubly even self-dual codes are determined by
the Gleason theorem. For example, the possible weight enumerators for doubly even
self-dual [72, 36, 12] codes are as follows [4]:

1+ (4398 + a)y™® + (197073 — 12a)y"® + (18396972 + 660)y*® + - - -

where « is an integer. Some doubly even self-dual [72, 36, 12] codes are known (e.g.
[3], [4], [5])- In this section, we give a classification of double circulant doubly even
self-dual [72,36,12] codes. Our approach is similar to that given in [6], so we omit
the details.

All 5316 distinct pure double circulant doubly even self-dual [72, 36, 12] codes have
been found by exhaustive search. Then using MAGMA we determined the equivalence
classes among these codes. We complete the classification of pure double circulant
doubly even self-dual [72, 36, 12] codes P; by listing in Table 5 the first rows 7 of R in
generator matrices (1). Here the rows are written in hexadecimal using 0 = (0000),
1=1(0001),..., 9= (1001),a = (1010),..., f = (1111).

Similarly, we complete the classification of bordered double circulant doubly even
self-dual [72, 36, 12] codes B; by listing in Table 6 the first rows 7 of R’ in generator
matrices (2). Here the rows are written in hexadecimal and obtained by omitting
the first zero in each row.

Table 1: Automorphism groups for P; and B;

COdCS R (’L 75 443) Bz (Z 75 2, 6, 134) B2 B(j P4437 B134
| Aut | 72 70 210 | 840 178920
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The orders | Aut | of the automorphism groups of P; and B; are given in Table
1. We remark that P,ys3, Bi3s are equivalent to the extended quadratic residue code
QR72. By comparing their automorphism groups, there is no pair of equivalent pure
and bordered codes except the pair (Pys, Biss)-

Hence we have the following:

Proposition 1. There are 443 inequivalent pure double circulant doubly even self-
dual [72,36,12] codes. There are 134 inequivalent bordered double circulant doubly
even self-dual [72,36,12] codes. There are 576 inequivalent double circulant doubly
even self-dual [72,36,12] codes.

The integers « in the weight enumerators of P; and B; are given in Tables 2 and
3, respectively.

3 Their Neighbors

First we give some observations from [1] on self-dual codes constructed by neighbors.
Let C be a self-dual [n,n/2, d] code. Let M be a matrix whose rows are the codewords
of weight d in C'. Suppose that there exists a vector x € F such that

Mtz =1, (3)

where 7 is the all-one vector and ‘v denotes the transpose of a vector v. Set Cy =
(r)* N C. Then Cj is a subcode of index 2 in C. If the weight of = is even then we
have the two self-dual neighbors (Cy, z) and (Co,z + y) of C for some y € C \ Cy,
which do not have any codeword of weight d in C'. When C has a self-dual [n,n/2,d']
neighbor C’ with d’ > d+2, (3) has a solution z and we can obtain C’ in this way. If
rank M < rank(M.," j) then C has no self-dual [n,n/2, d'] neighbor C” with d’ > d+2.

In Table 4, the ranks (rank M, rank(M. 7)) are listed for P; and B;, where ry and
r9 denote rank M and rank(M.! 3), respectively. For every double circulant doubly
even self-dual [72, 36, 12] code, rank M < rank(M,! 5). Hence we have the following:

Proposition 2. Every double circulant doubly even self-dual [72, 36, 12] code has no
extremal doubly even self-dual [72,36, 16] neighbor.

In this case, it is sufficient to consider only rank M and rank(M,! §) to show that
there is no extremal doubly even self-dual [72, 36, 16] neighbor.

Remark 3. Every double circulant doubly even self-dual [72, 36, 12] code has no singly
even self-dual [72, 36, 14] neighbor.
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Table 2: Weight enumerators for P,

i « i «a i « i «
1 —4008 | 2 —3978 | 3 —3972 | 4 —3936
5,6 —3924 | 7 —3894 | 8 —3870 | 9 —3846
10, 11 —3840 | 12 —3834 | 13 —3828 | 14 —3816
15 —3810 | 16 —3798 | 17 —3786 | 18,19, 20 —3768
21, 22 —3756 | 23 —3750 | 24, 25, 26 —3744 | 27, 28, 29 —3732
30, 31 —3726 | 32 —3720 | 33 —3714 | 34 —3708
35, 36, 37 —3696 | 38 —3684 | 39 —3678 | 40, 41, 42 —3672
43, 44 —3666 | 45, 46, 47 —3660 | 48 —3648 | 49 —3642
50, 51 —3636 | 52,...,57 —3630 | 58,...,61 —3624 | 62,...,67 —3612
68 —3606 | 69,...,73 —3600 | 74 —3594 | 75 —3588
76 —3582 | 77,...,84 —3576 | 85, 86, 87 —3570 | 88,...,92 —3564
93,...,96 —3558 | 97, 98 —3552 | 99, 100 —3546 | 101,...,107 —3540
108 —3534 | 109 —3528 | 110,...,113 | —3522 | 114, 115, 116 | —3516
117,...,122 —3510 | 123,...,127 —3504 | 128, 129, 130 | —3498 | 131,...,134 —3492
135, 136, 137 | —3486 | 138, 139 —3474 | 140,...,146 —3468 | 147, 148, 149 | —3462
150, 151, 152 | —3456 | 153, 154, 155 | —3450 | 156,...,160 —3444 | 161, 162 —3438
163,...,167 —3432 | 168,...,172 —3426 | 173,174,175 | —3420 | 176, 177, 178 | —3414
179 —3408 | 180,...,184 —3402 | 185 —3384 | 186,...,189 —3378
190, ...,193 —3372 | 194, 195, 196 | —3366 | 197,...,202 —3360 | 203,...,206 —3354
207, 208, 209 | —3348 | 210,...,213 —3342 | 214, 215, 216 | —3336 | 217, 218 —3330
219 —3324 | 220,...,224 —3318 | 225,...,228 —3312 | 229,...,236 —3306
237, 238, 239 | —3300 | 240, 241 —3204 | 242,...,249 —3288 | 250,...,253 —3282
254, ...,257 —3276 | 258,...,264 —3270 | 265 —3264 | 266 —3258
267,...,272 —3252 | 273 —3246 | 274, 275 —3240 | 276,...,279 —3234
280, 281 —3228 | 282, 283 —3222 | 284, 285, 286 | —3216 | 287, 288 —3210
289, 290 —3204 | 291,...,296 —3198 | 297,298, 299 | —3192 | 300,...,303 —3186
304,...,315 —3180 | 316 —3174 | 317, 318 —3168 | 319,...,325 —3162
326, 327, 328 | —3144 | 329 —3138 —3126 | 334 —3120
335, 336 —3114 | 337, 338, 339 | —3108 —3102 | 343,...,349 —3090
350, 351 —3084 | 352 —3078 —3072 | 357, 358, 359 | —3054
360, 361, 362 | —3042 | 363,...,366 —3036 —3018 | 373, 374 —3012
375,...,378 —3006 | 379, 380 —3000 —2994 | 383,...,386 —2982
387 —2976 | 388 —2970 —2958 | 394 —2952
395,...,398 —2946 | 399, 400 —2934 —2928 | 402, 403 —2922
404 —2916 | 405 —2910 | 406, 407, 408 | —2904 | 409, 410 —2898
411 —2892 | 412 —2886 | 413 —2880 | 414 —2874
415 —2856 | 416, 417 —2838 | 418 —2826 | 419, 420 —2820
421 —2814 | 422 —2772 | 423 —2742 | 424, 425 —2730
426 —2724 | 427 —2718 | 428, 429 —2694 | 430 —2676
431 —2670 | 432 —2652 | 433 —2646 | 434, 435 —2640
436 —2616 | 437 —2592 | 438 —2586 | 439 —2568
440 —2502 | 441 —2394 | 442 —2340 | 443 —1416
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Table 3: Weight enumerators for B;

7 « ) « i «
1,...,7 —3936 | 8,...,20 —3726 | 21,...,57 —3516
58,...,97 | —3306 | 98,...,116 | —3096 | 117,...,129 | —2886
130,131 —2676 | 132,133 —2466 | 134 —1416

Table 4: Ranks for P, and B;

(ri,72) Codes

(35,36) | Paz, Paa, Psa, Pes, Pss; Po3, Pias, Pi2s, P13s, Pi3s; Pis3, Pive,
Pi77, Pros, Paze, Paaa, Pars, Paogs Pass, P39, Pso7, Baa, Bi2a, Biso
(36,37) | the other codes
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Table 5: Pure double circulant doubly even self-dual [72, 36, 12] codes P;

i T i T i T i T i T

1 020deb307 2 002647dcb 3 017e3997b 4 004775ddf 5 00c7b6bcf
6 02{f4358f 7 037630bef 8 Oade7e7f3 9 07233997 10 010ffb735
11 014cfdf93 12 | 0215bdd77 13 029a9b67f 14 037074etb 15 001165cfd
16 012c94ccf 17 00439c5b7 18 013177cef 19 0533b9d67 20 09b8d7ftd
21 015eb3b73 22 01b19be77 23 0014{7c4b 24 006698aeb 25 00f5bc2ef
26 02fbd6077 27 0080d5f9b 28 0225£3839 29 02ef58ech 30 00436¢2bf
31 073dde9bf 32 0044d9abb 33 0018df653 34 012df0feb 35 00129bc5t
36 028acc7ff 37 06ea927e7 38 008dae0f3 39 021d67cfb 40 006bfb5c7
41 01c5c9bef 42 0ldeabeff 43 | 0137dad67 | 44 035d2c7b7 45 002ecf613
46 0047eeddd 47 024eb6f2f 48 028edeT6b 49 017cafdc3 50 00adbc3ab
51 028bf7b4d 52 002ce671b 53 0032cec67 54 01215eea3 55 017eTe4d3
56 | 02a733bd7 57 04afedcdd 58 0027b8937 59 004eeb307 60 018£2507b
61 0449dfc77 62 0046d9c73 63 00bfc79ab 64 013£3987f 65 041df571f
66 05979b83f 67 07868ef2f 68 0156afd6b 69 002aa86df 70 00aecTebf
71 0238cbfts 72 0324f9cef 73 05b5bd7ef | 74 | 04dd93bb9 75 008d6cac?
76 006e3abtb 7 000b4d1£7 78 0028£e783 79 009e9a875 80 014b8365b
81 0lcef0dd7 82 0266778fb 83 02balb6fd 84 099f3baff 85 0030d9e57
86 0565cee8f 87 073e126bf 88 0134d6aff 89 0269ede97 90 02abcdb75
91 04becbelf 92 0e6f3bbcef 93 00330acf7 94 00675b9f7 95 0090c973f
96 023a8fdf9 97 024d6e5£7 98 037fb8457 99 002f3aaff 100 | 04dc347f7
101 | 003308fe7 | 102 | 00a5a6c37 | 103 | 0223779ef | 104 031ffc8ab 105 | 0649d4fd7
106 08dfdf5f9 107 | 095ff76bb 108 | 08ff67263 109 | OOabl6acb | 110 | 0033ebc07
111 0168d8ftd 112 | 0233cdcl3 | 113 | 07ael8b3f | 114 | 0505d8tbf | 115 | 068747cf7
116 | 06ef614d7 | 117 | 009d218ef | 118 00caf3e6f 119 014dcff93 120 | 022bf787b
121 045e345fF 122 | 056leedcd | 123 | 008d2celf | 124 | 00ccb6527 | 125 | 017efb193
126 | 01b179e9f | 127 | 025ab9cfb | 128 | 0024cfb8b | 129 | 004afl597 | 130 | 010d655ab
131 | 0015746db | 132 00c9fb74f | 133 | 031a9adf7 | 134 05ef17fdb 135 | 0169e620f
136 | 017c¢337db | 137 017cf274f 138 | 004af878d | 139 | 05277fe0d 140 008c04£7f
141 | 010aeb617 | 142 | 0165edb9d | 143 | 020d2eafl | 144 | 025{9e9d5 145 | 02e77cacb
146 | 06cde68d7 | 147 | 004e313dd | 148 | 030ba767f | 149 | 04964b7bf | 150 | 00e3ed4bf
151 | 0134c5e35 | 152 | 0586b7ecb | 153 | 01375bcb7 | 154 | 015bb9dcb | 155 036ceefef
156 | 006leac67 | 157 | 0086959db | 158 | 02bfaeOe7 | 159 | 0425ebd77 | 160 09d5baeff
161 | 0016aelf3 162 | 008dba875 | 163 | 0005ebb27 | 164 | 005181e7f | 165 | 008761ba7
166 04c7e60ft 167 074efd9ef 168 0125fe8f7 169 01372991t 170 | O01b3fld2f
171 0431f2def | 172 | 04a2d9f7b | 173 | Olba5ced7 | 174 | Ole7edOaf | 175 | 0272fe957
176 | 008711bf5 | 177 | 00953aacd | 178 | 035fb235b | 179 | 026e36fad 180 033fI5£8f
181 | 04637fbld | 182 | 053f3bebf | 183 | 0Oa3f3fddd | 184 | Oddfdee27 | 185 | 02bd8ed37
186 | 00455d32f | 187 | 013de635f | 188 | 0146e7195 | 189 1229fefef 190 | 0028d5d3b
191 | 017077deb | 192 | 01b532df7 | 193 | 05dbfld83 | 194 | 01c5a7d9f | 195 | 02864774b
196 05ffdcea? 197 0005f9f13 198 | 000alc5a3 | 199 | 0036laad7 | 200 0049f464f
201 | 009eb80d7 | 202 01b3f3clf | 203 | 009de76f9 | 204 0117afc6f 205 | 017b9ce67
206 | 026d5db&f | 207 | 0016585f7 | 208 04c2ff397 209 | 06dbd229f | 210 | 004fdd305
211 | 0137a52c3 | 212 | 016afd727 | 213 0b14dftf7 214 | 0093e6837 | 215 | 013eldOcb
216 | 021dc7323 | 217 | 009dbd757 | 218 | 045ccebd7 | 219 070fb89%af | 220 | 0022dbe87
221 | 005d650eb | 222 | 02bac7767 | 223 | 032df319f | 224 032e136ff 225 | 0156ae79f
226 | 02cbd32df | 227 | 04ea7f335 | 228 Oaebf9fc7 | 229 | 0068627db | 230 | 00b3e5e77
231 | 020466fb9 | 232 | 0229eeafb | 233 | 026f5b1d7 | 234 0291baf5f | 235 | 02b9abSctb
236 02e826ff7 237 | 0086eb599 | 238 | 09c6ffdbb | 239 | 0d91lbbfef | 240 | 016355dfb
241 | 025fb8dd5 | 242 | 0006da3af | 243 | 002a5cf2b | 244 | 0059b174b | 245 | 005d6b6f7
246 | 011173e95 | 247 | 013eldd7d | 248 | 033c9d577 | 249 064afddff 250 | 0125f39bf
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Table 5: Pure double circulant doubly even self-dual [72, 36, 12] codes P; (continued)

i T i T i T i T i T

251 | 013bb&7f5 | 252 02c¢99cf9f | 253 | 071ba663f | 254 | 005156add | 255 | 00d2fe3d7
256 | 0ldb4ea77 | 257 | 02ad179bf | 258 | 00249285d | 259 | 0036913e7 | 260 | 0037ba847
261 | 01454ecc7 | 262 | 01510bdd3 | 263 02fafaca3 264 | 047d6378f | 265 | 014a3167b
266 | 08b73frfd | 267 | 0001lae65 | 268 | 002adcd7d | 269 | 043d7579d | 270 04aac69ff
271 | 04ab97dab | 272 05be979ff | 273 | 013dafcc7 | 274 017cfOeaf 275 | 0a9beefd7
276 0012elflf | 277 | 00414962b | 278 01c549eft 279 042764eff 280 | 002f559a3
281 019e9dftf 282 | 00486bf33 | 283 | 01026c7bb | 284 | 0199f3cb7 | 285 | 022beeeb9
286 | 0468fd577 | 287 009fef16b 288 | 048bfb65b | 289 013798faf | 290 | 06bd1df7f
291 | 002a8e9b7 | 292 | 00c22675f | 293 | 0127d19a5 | 294 02ff59aa3 295 | 0533bbcb7
296 | 0d3cd7f3f | 297 | 00c3d3633 | 298 | 03570cfe7 | 299 037ce315f | 300 | 00096be37
301 | 04a21337d | 302 | 058b1d57f | 303 | Ocdefe737 | 304 000110cef | 305 | 000b6e63b
306 | 0091fc693 | 307 | 010e9725b | 308 | 0154399d3 | 309 | 0174b3bdb | 310 019855f7f
311 | 0269e350b | 312 03414ftb7 | 313 | 056fd434f | 314 06cbdf67f | 315 0b79fe72f
316 049efb60f | 317 | 0213ecdf7 | 318 | 052699feb | 319 008eef119 320 | 00916be8d
321 | 0141f8c75 | 322 | 099559e3f | 323 09aT7fcaff 324 | 09b7adeef | 325 | Ob55dfef3
326 | 0155ebe67 | 327 | 0320ebebf | 328 04cff19d3 329 | 014efe95b | 330 | O0Obaeldbf
331 015f636af | 332 032ccbfcf 333 | 09f6adfeb | 334 08c3e8eef | 335 | 04df157b3
336 0556af4f3 337 | 000bcce9b | 338 | 01085{7bl | 339 | 0411c5e3b | 340 | 0la85efe?
341 02560fdfb | 342 | 02e8b2587 | 343 | 0001348ed | 344 | 0032da973 | 345 | 00bbf2053
346 | 00bd5ebb3 | 347 | 0172a677d | 348 | Olbeel9af | 349 0259ccf9f 350 | 004381fdb
351 | 004949bbb | 352 | 034969ddf | 353 | 010849ebf | 354 | 013b73e3d | 355 | 05fab3713
356 06e2fdf5f 357 | 039eddddf | 358 | 03b657ff7 | 359 | 0527dbd27 | 360 | 00299617f
361 | 0O46aebe2f | 362 04daf2e2f | 363 | 004626fb9 | 364 | 00529cd67 | 365 | 0135b3adf
366 | 026c7babb | 367 | 0025d46ed | 368 | 008c92afd | 369 | 013d8d8c3 | 370 | 01446e74d
371 0175d2f2f | 372 | 0278faecab | 373 | 04dlddedf | 374 | 072fd8717 | 375 | 0296ebab7
376 | 0897bf77f | 377 0alf57fbf 378 | 0e7e36d7f | 379 | 06e9267b7 | 380 | 09de3bbfb
381 01c378e7f | 382 043f8f9¢3 383 | 005c0f5d3 | 384 | 0085b335d | 385 | 02171f8c9
386 | 05bcbffb7 | 387 | 04ebf66a3 | 388 | 008e95d33 | 389 010ffe85f 390 | 0267ddbad
391 | 0297ef94b | 392 | 0628c7bdf | 393 | 07470e9bf | 394 | 02db4bc7b | 395 | 00693338f
396 | 0093d5c2b | 397 0128f261f | 398 098fcf939 399 | 02353ddf5 | 400 | Oadd3afdf
401 | 05fb7d6bb | 402 00f3d8e3f | 403 02fc187ef | 404 | 0275f99ab | 405 00cefa74f
406 00884cff5 407 | 013ab55df7 | 408 0987ffcbf 409 | 009adeec5 | 410 | 04af31beb
411 | 011191e7d | 412 | 013e8ede7 | 413 | 0183b6edf | 414 | 00614aeb7 | 415 | 00bb2d7eb
416 015a267ff | 417 | 02bl3afdd | 418 026af34ef | 419 0040c4f7f | 420 | 00cc2cflb
421 0105£03cf | 422 | 029a4bd7f | 423 | 06ba87d4f | 424 | 00257ccc7 | 425 | 0208d8bcf
426 | 05d5d4acf | 427 | Ollccfed7 | 428 | 01bfe6157 | 429 | 01d5068d7 | 430 | 004347de9
431 | 0le8a37df | 432 | 000c6b7b3 | 433 | 0575dcc8f | 434 | 00227e7a9 | 435 | 019b79e37
436 | 032d7bfbf | 437 | 00b3ec777 | 438 | 089bff623 | 439 | 0000bce43 | 440 | 00abebcbd
441 | 0089163fd | 442 | 023df4e79 | 443 | 02ddc36dd
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Table 6: Bordered double circulant doubly even self-dual [72, 36, 12] codes B;

i T i T i T i T i T

1 001d75d9f 2 00bc1216f 3 010cea58b 4 014e57bb3 5 0165ef51d
6 04ef8¢935 7 059f74fe7 8 000188717 9 00038blef 10 00093141d
11 000b2e56b 12 0014c1d77 13 002f3510f 14 005d35beb 15 00ccfcIb7
16 0173bebbf | 17 019eb21df 18 | 02562dde7 19 | 02bdedbeb 20 05399f77f
21 00089dee5 22 0008e7da9 23 0014cf3a3 24 00166d64b 25 00396eee?
26 004d5£c77 27 004fd3b9b 28 00539a5fF 29 006eb3d8f 30 006f5dc2f
31 008e994a7 32 0092af77b 33 0095b53{7 34 00976bb9b | 35 00al4af63
36 00b635£57 37 00bf8b8b7 | 38 0106a7dbf | 39 01292bfdb 40 012fb5997
41 01439edf3 42 015£92f4b 43 017295e9f 44 017bcf6fd 45 018bd48ff
46 018ded8f3 47 019d1755f | 48 019ef518f 49 01a35d9eb 50 01aff6097
51 0277dfebd 52 0366fd3df 53 0479bef77 54 047£4ff6b 55 04atbdc7f
56 05377615 57 06effe7bf 58 0004ed8f5 59 00085¢eaf9 60 | 000d4b95b
61 001589e2f 62 001852d3f | 63 0027332c7 64 00320a5ef 65 004268cdf
66 0042fd8d1 67 0047797af 68 004a713e3 69 004bft34b 70 004f8aaff
71 005fedalb 72 | 0066630b7 | 73 | 00912759d 74 009bc97e7 75 009bd1bf3
76 009f6ab9d " 00ad579cf 78 | 00b0c56b3 79 00bf26£27 80 00e4b778f
81 010755d91 82 0122efdab 83 01261efb7 84 0127468e5 85 013£539¢7
86 013fdaecOb 87 015a8{69f 88 017ba6ff7 89 01879eact 90 02147df97
91 030f0c7f7 92 03973efb7 93 03beOefbf 94 056afff87 95 06eb3d76f
96 0767effef 97 077blcebf 98 00004d5¢c5 99 0005d6747 | 100 | 0009a5bad
101 | 0012ea597 | 102 | 001695b47 | 103 | 001d5e6ef | 104 | 0027da7d7 | 105 | 0047ec835
106 | 004977bf9 | 107 004£f057 108 005ef714f | 109 | 00ad73d2f | 110 | 0162ae7af
111 | 016b2ebcf | 112 | 0185996ff | 113 | 01a9b547f | 114 02b71ef7f 115 | 03d7cd9df
116 | 078d3b7df | 117 | 00004399d | 118 | 001995c8f | 119 | 0028956e7 | 120 | 0032fb737
121 | 004f47b7d | 122 | 005f293bf | 123 | 006a5c547 | 124 | 0094d1lfbf | 125 | 0117dad79
126 | 02cf2a69f | 127 046d6fH9 128 046fdefeb 129 | 095b3edef | 130 | 00559b057
131 | 015b64f9d | 132 | 00231fb7f | 133 | 012b8dabf | 134 | 0013f684b




