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Abstract
In this paper, we prove that if 7 is a projective plane of order 12 admitting
a collineation group G of order 9, then G is an elementary abelian group
and is not planar.

1 Introduction

There is a famous conjecture that any finite projective plane has a prime power
order. The smallest non-prime power order for which the conjecture has not been
proved is 12. In the 1980’s, Janko and Trung have studied projective planes of order
12 in a series of papers [5, 6, 7, 8, 9, 10, 11, 12]. Horvatic-Baldasar, Kramer and
Matulic-Bedenic [2, 3] showed that the order of any collineation group of a projective
plane of order 12 divides 16 or 9. Recently the authors [1] proved that there does not
exist a projective plane of order 12 admitting a collineation group of order 8. This
improves the result of [14]. In this paper, we investigate projective planes of order
12 with a collineation group of order 9. We obtain the following theorem.

Theorem A Let G be a collineation group of order 9 of a projective plane 7 of
order 12. Then G is an elementary abelian group and is not planar.

* This research was partially supported by Grant-in-Aid for Scientific Research (No.18540132),
Ministry of Education, Culture, Sports, Science and Technology, Japan.
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2 Preliminaries

DEFINITION 2.1 A symmetric transversal design STD,[k; u] (STD) is an incidence
structure D = (P, B) satisfying the following three conditions:

(i) Each block contains exactly k points.

(ii) The point set P is partitioned into k point sets Py, Py, - -, Pr_1 of equal size
u such that any two distinct points are incident with exactly A blocks or no
block according as they are contained in different P;’s or not. Py, Py, -+, Pr_1
are said to be the point classes of D.

(iii) The dual structure of D also satisfies the above conditions (i) and (ii). The
point classes of the dual structure of D are said to be the block classes of D.

We remark that if D is an STD,[k; u], then k£ = Au.

NOTATION 2.2 Let G be a permutation group on a finite set A and H a non empty
set of G. Then set Fy(H) = {x € Alz# =z for all p € H} and 0,(H) = |FA(H)|.

Especially when H = {¢}, set Fa({¢}) = Fa(p) and 0x({p}) = 0r(p). Let tA(G) =
ta be the number of orbits of (G, A).

The following lemma is well known as an orbit theorem on projective planes (see
Theorem 4.2 and Corollary 4.2.1 of [13]).

LEMMA 2.3 Let m = (Q, L) be a finite projective plane, ¢ an automorphism of ©
and G an automorphism group of . Then |Fg(v)| = |Fe(p)| and to(G) = t.(G).

DEFINITION 2.4 Let 7 = (Q, L) be a finite projective plane and G an automor-
phism group of 7. Then G is said to be planar, if the substructure (Fo(G), Fz(G))
of w is a subplane of .

3 Projective planes of order 12 admitting a collineation
group of order 9

In the rest of this paper we assume the following.

HYPOTHESIS 3.1 Let 7 = (Q, L) be a projective plane of order 12 and G an
automorphism group of order 9 of 7.

LEMMA 3.2 Let H(# {1}) be a subgroup of G. If H is planar, then
(Fo(H), Fr(H)) is a subplane of w of order 3.

PROOF. Let n be the order of the subplane (Fgo(H), Fz(H)). Since n? +n < 12
by Bruck’s theorem (see Theorem 1.5 of [13]), n = 2 or 3. Let L € F(H). Since
|H| =3 or9, |Fi)(H)| # 3. Therefore n = 3. O

Since |£] =122+ 12+ 1 =1 (mod 3), G fixes a line Ly,. Since |(Lo)| = 13 =
1 (mod 3), G also fixes a point 7o, on Ls. Here we choose the line L, such that
|Fiz.)(G)| is maximal.
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LEMMA 3.3 If G is cyclic, then one of the following statements holds.
(1) Fo(G) = {re}, Fr(G) = {Lw}, oo € (Leo) and G has a point orbit of size 3
and a ponit orbit of size 9 on (L) — {Teo}-
(i) |Fo(G)| = |F2(G)] = 4, Fo(G) 3 rass F&(G) 3 Ly Fo(G) € (Luo), Fe(G) €
(reo) and G has 3 point orbits of size 1 and a point orbit of size 9 on (Leo) — {reo}-
(iii) (Fo(G), Fc(G)) is a subplane of order 3 of 7.
PROOF. Let G = (p). Suppose that G is not planar. By [7], ¢® is not an elation.
Therefore G has a point orbit of size 9 on Lo,. Thus |F(;_y(®)| =1 or 4. Since ¢ is
a generalized elation, (i) and (ii) hold by Lemma 2.3.

If G is planar, (iii) holds by Lemma 3.2. O

In the rest of this paper, we use the following notation.

NOTATION 3.4 Let D = (P, B) be an STD;[12; 12] obtained by deleting lines (r)
and points (Le,) from 7. Then G induces an automorphism group on D. Let
Lo, Ly, -+, L1y be the lines of w through the point r., except Lo, and 7o, 71, -+, 711
the points of m on the line Ly, except roo. Set P; = (L;) —{re} and B; = (r;) —{Loo}
for 0 < i,5 < 11. Then Py, Py,---, P11 are point classes of D and By, By, -, Bi1
are block classes of D. Set Q = {Py, Py, -+, P11} and A = {Bo, By, -+, B }. Let
Po=1{po,p1,---,pu}, Pr=A{pi2, P13, -+, pas}, -, Pir = {P1s2, D133, - -+, Pz}

By = {Bo, By, -+, Bu}, Bi ={Bi2, Bis,---, Ba}, - -,

Bi1 = {Bis, Biss, -, Bus}. Let

Noo No1 -+ Non

N N ... N
N Lo 1 L

Niio Nii1 -+ Nun

be the incidence matrix of D corresponding to these numberings of the point and
the block set, where each N; ; (0 <4,j < 11) is a permutation matrix of degree 12.

Let I be the identity matrix of degree 12 and J the 12 x 12 all one matrix. Then

12 J - J
«) MN=tNN=| 7 12 '
TR
J e J o121

NOTATION 3.5 For any 7 € G, let T be a permutation on  and Ta permutation
on A induced by 7.

4 The case of Lemma 3.3 (i)

In this section we consider the case of Lemma 3.3 (i) and assume the following.
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HYPOTHESIS 4.1 Let G = (p) be a cyclic automorphism group of w. Fg(G) =
{reo}, Fr(G) = {L} and ro, € (Lo). G has one orbit of size 3 and one orbit of size

9on (Le) — {reo}-

LEMMA 4.2 After changing appropriately the indexes of the point classes and the
block classes, we have & = (Py, P, -+, Ps)(Po, Pro, P11) and @ = (Bo, By, - -, Bs) (B,
Bio, Bi1).

PROOF. Suppose that G = () does not have an orbit of size 9 on (r). Then, ©?
fixes any line through the point ro, and therefore ¢? is an elation of order 3. This is
a contradiction, because 7 does not have an elation of order 3. Thus, G = (p) has
an orbit of size 9 on A. From this, Fo(G) = {¢s} and F;(G) = {L}, the lemma
holds. g

LEMMA 4.3 (1) FQ( ) = {Pg,Plo,Pn} and FA((pg) = {3978107311}‘
@) [F(e) 1P = [Fale) 1B <0 (i € (0.00.11]) or [Fo(e) 1 P =
|FB( ) | (27.] € {97 10711})

PROOF. By Lemma 4.2, (i) holds. If ¢® is a generalized elation, the former case of
(ii) holds. If ¢ is a planar, the latter case of (ii) holds. O

By Lemma 4.3, the following lemma holds.

LEMMA 4.4 One of the following (i) and (ii) must occur after changing appropri-
ately the indexes of the points and the blocks.

(1)99 (53079312,!152479336,!154879360,!157279384,$96)

(w1, 213, T25, T37, Ta9, Te1, T73, Tss, To7)
(T2, T14, T26, T38, T50, T62, T74, 6, L9g)
(w3, 215, Ta7, T39, T51, T63, T75, Tsy, Tog)
(T4, T16, T, Ta0, T52, Tea, 76, Tss, T100)
(935,!1517,!32979341,$537$65,$7779389,$101)
(93 $18,$307$42,$5479366,$7879390,$102)
(93 $19,$317$43,$5579367,$7979391,$103)
(8, T20, T32, Taa, T56, Tes, T80, L2, L104)
(9697962179633796457905775569735817!593735105)
(96107962279634796467305875570795827%94790106)
(931179323,!153579347,!155979371,!158379395,%07)
(93108793120,!15132,!3109793121,!15133793110793122,$134)
(93111793123,!15135,!3112793124,!15136793113793125,$137)
(93114793126,!15138,!3115793127,!15139793116793128,$140)
( )
( )
(
(
(
(

T117, T129, T141, T118, T130, T142, T119, T131, T143) and

1) (960736127952479636736487!560795727%8473096
L1, 213, L25, 37, L49, L61, L73, L85, !1597)

T2, T14,T26, L38, L50, L62; L74, L6, !1598)

T3, 15, L27, L39, 51, L63, L75, LT, !1599)

T4, L16, X285 L405 L52, Led, L76, T8, 90100)
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(935, L17,L29, L41, T53, L5, L77, L89,5 !15101)

(9667 T18, T30, T42, T54, T665 LT85, L905 90102)

(9677 T19, T31, T43, T55, L7, L79, Y1, 90103)

(9687 T20, T32, T4, T56, L68s T80, 925 90104)

(939, T21, L33, L45, T57, L69, T81, L93, !15105)

(93107 T22, T34, T46, T58, L70, L2, L94, !rloe)

(93117 T23, X35, T47, T59, L71, L83, L95, $107)

(931087 T120, L1325, L1095 L121, L133, L1105 L122, !15134)
(961117 T123, X135, L1125 L1245 L1365, L113, L125, 90137)
(961147 L1265, L138, L1155 L127, L139, L1165 L128, 95140)
(961177 129, 95141)(961187 130, y5142)(951197 T131, 95143);

where x € {p, B}.

Assume that Lemma 4.4(i) occurs.

NOTATION 4.5 For a permutation matrix A = (a;;)o<; j<11 of degree 12 set

ap 2 ao o aop 1 ap 5 ap 3 ap 4 ao 11 ap 9 ao 10
A(l) ay 2 ai o a1 ay s ay 3 a4 ar 11 ai g a1 10
ailr2 @i1o Q11 (G5 Q13 @14 || G111 @19 A1l 10

AR = (A,

2o Q21 - G211

aGpo Qa1 - Ao 11

1o QAri -+ G111

aso As1 - G511

A(B) _ azo azi - Az 11
- g0 Q41 -+ G411
110 Q111 -0 41111

ago Qag1 -+ A9 11

aipo @01 - @10 11

and A® = (AG)®),

Let @1 be the set of permutation matrices of degree 12 with the form

where
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LEMMA 4.6 ~ =

No M Na N3 Ny N5 Neg N7 Ng Ao Ay Az
Ns  No Ny N» N3 Ny N5 Neg N7 | A(D Ao Ay
N7 Ng No N No N3 Ny Ns Ne | A1) A, 44
Ng N7 Ng No N1 Na N3 Ny N5 Ao(l) Al(l) Ag(l)
N5 Ng N7 Ng No N1 No N3 Ny A2(2) Ao(]) A
Ny N5 Neg N7 Ng No Ny N2 N3 A1 4,3 40D
N3 Ny N5 Ne N7 Ng No N, No | 4@ 4,2 4,
N2 N3 Ny N5 Neg N7 Ng No N1 Az Ap®@ A,
N1 Na N3 Na N5 Ne N7 Ng No Ay Az Ao®
Az A A AT A 4@ 4@ 4 Ag As A7 Asg
As Az A A 433 4@ 4@ 43 Ay | 4D 4 A7
As Ay As As®) 4,3 4,3 A @ 4,0 A5 | 4, 44D Ag

where Ny, - -+, Ng, Ao, - - -, A5 are permutation matrices of degree 12 and Ag, A7, Ag €
D,.

PROOF. The lemma holds from Lemma 4.4 (i) and Notation 4.5. O

Set G-orbits on P and on B as follows:

Yo = {930,$127$24,$367$4s,!156079372,!158479396},
Y= {931,$137$25,$377$49,!156179373,!158579397},
Vo = {932,$147$26,$3879350,!156279374,!158679398},
Vs = {96379515796277903979651735637!5757358779699)}7
Vy= {96479616796287964079652735647!57673588796100}7
Vs = {96579517796297904179653735657!57773589796101}7
Vs = {936,!151879330,!34279354,$667$78,$907$102}7
Yr = {937,!151979331,!34379355,$677$79,$91793103}7
Ve = {938,!152079332,!34479356,$687$80,$92793104}7
Yo = {96979521796337904579657735697!58173693796105}7
Yo = {961079622,96347304679658796707308279694795106}7
Vi = {211, T3, T35, Taz, Ts9, 71, T3, Tos, T1o7
V2 = {93108,!15120,!3132793109,!15121,!3133793110,$122,$134}7
Vi3 = {93111,!15123,!3135793112,!15124,!3136793113,$125,$137}7
Y= {93114,$126,$138793115,$127,$139793116,$128,$140} and
Vis = {93117,!15129,!3141793118,!15130,!3142793119,$131,$143}7
where (V,2) € {(Q,p), (C,B)}.
Set qo = po, @1 =P1,° Q1 = P11, Q12 = Pios, @13 = D111, G4 = P114, ¢15 = P117 and
Co = By, C1 = By,---,C11 = B11,Ci2 = Bigs, C13 = B, Cuu = B, C15 = Bur.
For 7,7 with 0 < 4,5 < 15 set m;; = |Q; N (C;)| and D;; = {a € Glg;* € (C))}.
Then, m;; = |D;;| (0 <4,5 < 15). We remark that each number m;; depends only
on Ql and Cj not on Cj. Set M = (mi]‘)ogi7j§15.
When H is a non empty set of G, we denote the element Z h of the group ring
heH
Z|G) by H for simplicity and set H Y = Z ht
heH
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LEMMA 4.7 (i) Ifi,i'(#) € {0,1,---,11},

Z Dy D™V = G — {1}.
0<j<15
> DyDyV =12

0<j<15

PROOF. Let i,i'(#) € {0,1,--+,11}. Set A= " D;;Dy;". Let a € G. Then
0<j<15
we want to know the number [{(3,7) € Dy; X Dyjla = By~ }. Let (8,v) € Dyj x Dy;
such that a = By~'. Since ay = 8 € D;; and v € Dy, ¢* € (ij]) and ¢y €
(Cﬂ_l). If &« = 1, there is no such v, because ¢;* and ¢; are contained in a same
point class. If @ # 1, there exists only one such ~y, because ¢;* and ¢; are contained
in distinct point classes. Therefore, since [{(3,7) € Di; X Dyjla = By} = |{y €
Glg:* € (C;77), qv € (C;7 )}, A= G — {1}. Thus we have (i). By the similar

argument, we also have (ii). O

LEMMA 4.8 (i) Ifi,i'(#) € {0,1,---,11},

E MMy = 8.

0<j<15
Z mij2 =12.
0<j<15
(iii) If i € {0,1,---, 11},
0<j<15

PROOF. We have the equations of (i) and (ii) by considering the action of the trivial
character of G on equations of Lemma 4.7. (iii) holds from Lemma 4.6. O

LEMMA 4.9 Lemma 4.4 (i) does not occur.

PROOF. By Lemma 4.8 (ii) and (iii), it follows that m;; € {0,1} for 4,5 with
0 <1i,j < 15. Interchanging columns of M appropriately, we may assume that

000011111111 1111
(i )os o 11110000111 11111
*/0%4%3, 05215 111111110000171T11
1111111111 11000°0
But there does not exist (m4 o,m4 1, -, M4 15) satisfying Lemma 4.8. Therefore
Lemma 4.4 (i) does not occur. O

Assume that Lemma 4.4(ii) occurs.
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NOTATION 4.10 For a permutation matrix A = (a;;)o<;,j<11 of degree 12 set

ao 2 ao o aop 1 ap 5 ao 3 ao 4 ap 8 ao 6 ao 7 ao 9 ao 10 ao 11
) ai 2 ai o a1 ai s ai 3 ai 4 al 8 al 6 a7 al 9 ai 10 ai 11
A6) = ;
ail 2 ail o all 1 ail s ail 3 ail 4 all 8 all 6 ail 7 ail 9 ail 10 ail 11
6) __ 5)\(5
A6) — (A( ))( )7
az o az 1 az 11
ao o ao 1 ao 11
airo a1 ai 11
as o as 1 as 11
as o as 1 as 11
AT — aj 0 a4 1 a4 11
as o as 1 as 11
ae o ae 1 ae 11
a7 o ar 1 ar 11
ag o ag 1 ag 11
aio o alo 1 aio 11
ail o ail 1 ail 11
and A®) — (A,
Let ®5 be the set of permutation matrices of degree 12 with the form
BOO BOl BOZ 03
B = BlO Bll Bl? 03
BZO B?l BZQ 03
O3 Oz O3 Bs
where
(Li]‘ bi]‘ Ci]‘
Bij =1 cj ai by
bij Ci]' al-j
for each i, 7 and Os is the 3 x 3 zero matrix.
LEMMA 4.11 v =
No Ny No N3 Ny N5 Ng N7 Ng Ag Ay Az
Ny No Ny No N3 Ny N5 Ng N7 Ax®) Ao A
N7 Ng No N No N3 Ny Ns Ne | A41® 4,50 4,
Ne N7 Ng No Ny Ny N3 Ny N5 | 40® 4,6 4,0)
Ns Ng N7 Ng No Ny N2 N3 Ny A0 A, 4, 5)
Ny N5 Ng N7 Ng No Ny Na N3 Ay ©) A2(6) AO(S)
N3 Ny Ns Ne N7 Ng No Ny No | 40©® 4,06 4,06 |
N2 N3 Ny N5 Neg N7 Ng No N1 Az Ap©®) 4,00
N1 No N3 Ny N5 Ng N7 Ng No Ay Ag AO(G)
Az AsD A0 A0 4B 4,0 43®) As Ag As A7 Asg
Ay As As(M A, 43D 4@ 4,68 45®) As Ag® Ag Az
As Ay As As(D 4, A3 A5®) 4,8 438 | 4,65)  A5() Ag
where Ny, - -+, Ng, Ao, - - -, A5 are permutation matrices of degree 12 and Ag, A7, Ag €

D,.

PROOF. The lemma holds from Lemma 4.4 (ii) and Notation 4.10.
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LEMMA 4.12 After changing appropriately the indexes of the points and the blocks,

O3 O3 O3 Ej *2 O3
we have Ay = . 8§ , A = Os 233 O gi and Ay =
*q O3
O3 . . ) . .
0, 05 05 By |’ where Oz is the 3 X 3 zero matriz and E3 is the identity
*5 03

matriz of degree 3.

PROOF. Since (Fo(?), Fz(¢®)) is a subplane of order 3 of 7, Fp(¢®) = {pi17, P11s,

p1197p1297p130,p131,p141,p142,p143} and FB(SDS) = {311773118731191312913130131317
Bl417 Bl427 8143}7 the lemma holds. O

Set G-orbits of size 9 on P and on B as follows:

Yo = {930,$127$24,$367$4s,!156079372,!158479396},
Vi = {21, 113, T25, T37, Tag, Te1, T73, Tss, To7 },
Vo = {2, T14, T26, T33, T50, Te2, T74, Ts6, Tos },
Vs = {96379515796277903979651735637!5757358779699)}7
V= {934,!151679328,!34079352,$647$76,$887$100}7
Vs = {935,!151779329,!34179353,$657$77,$897$101}7
Vs = {936,!151879330,!34279354,$667$78,$907$102}7
Vi = {96779519796317904379655735677!57973691796103}7
Ve = {96879520796327904479656735687!58073592796104}7
Yo = {96979521796337904579657735697!58173693796105}7
Yo = {9310,!152279334,!15467935879370,!38279394,!15106}7
Y = {9311,!152379335,!15477935979371,!38379395,!15107}7
V1o = {93108,!15120,!3132793109,!15121,!3133793110,$122,$134}7
Vi3 = {93111,$123,$1357$112,$124,$1367$113,$125,$137} and
Vs = {96114796126796138,96115795127795139755116796128795140}7
where (V,2) € {(Q,p), (C,B)}.
Set qo = po, 1 = P1,- -, qu1 = P11, 12 = Piog, (13 = P11, qua = p11a and Cp =
By, C1 = Bi,-++,01 = By1, Cia = Biog, C13 = Bi11, Cu = B
For 4,7 with 0 < ¢, < 14 set my; = |Q; N (C;)| and D;; = {a € G|¢;* € C;}.
Then, m;; = |Dy;| (0 <4,j < 14). Set M = (my5)o0<ij<1a-

LEMMA 4.13 (i) Let4,i'(#) € {0,1,---,11}.
(a) Ifi#£4 (mod 3) or(i>9ori >9),
Y. DyDyt ™V =G - {1},
0<j<14
(b) Ifi'—i=3ori —i=—6,
Z DijDi/j(_l) =G— {17 2 5047 507}

0<j<14
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(¢) If' —i=6 ori —i= -3,
Z DyDy; TV =G = {1,¢%,¢°, %},
0<j<14
(ii) Let i € {0,1,- 11},
(a) Ifie{0,1,---,8},

Z DyDy ™) = 11+ {G — {1,¢%, ¢"}}.

0<j<14

(b) Ifie {9,10,11},

Y. DyD,CY =124 {G - {1}}.

0<j<14

PROOF. Since D is an STD;[12;12], using the same argument as in the proof of
Lemma 4.7, the lemma holds from Lemmas 4.11 and 4.12. O

LEMMA 4.14 (i) Let4,i'(#) € {0,1,---,11}.
(a) Ifi#£4 (mod 3) or (i >9ori >9),

Z MMy = 8.
0<j<14
b) Ifi=14 (mod 3) and 0 < 1i,i' <8,
( ,
Z mijmyj; = 5.
0<j<14

(i) Leti € {0,1,---,11}.
(a) Ifie{0,1,---,8},

Z mij2 =17.

0<j<14

Z m,f = 20.

0<j<14

(b) Ifie {9,10,11},

(ifi) Leti € {0,1,---,11}.
(a) Ifie{0,1,---,8},

Z mi; = 9 and Z mi; = 2.
0<5<11 12<;5<14
(b) Ifie{9,10,11},

Z ml-j:9 and Z mZ]:3

0<j<11 12<5<14
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PROOF. We have the equations of (i) and (ii) by considering the action of the trivial
character of G on equations of Lemma 4.13. (iii) holds from Lemmas 4.11 and 4.12
O

LEMMA 4.15 (i) Leti € {0,1,---,8}. Then (m; o,m; 1, -, m; 14) is equal to

(07"'70717'“7173707171)7
5 6
0,---,0,1,1,1,2,2,2,0,1,1) or
6
(0 0.1,-.1,2.2.0,0,2)
Hg_/Hg—/

up to ordering for from the Oth column to the 11th column and for from the 12th
column to the 14th column.
(ii) Let i € {9,10,11}. Then (my; o, m; 1,---,m; 14) is equal to

(07...70717“',1,2,3117171)7
N—— ———

(0’...’0’1’“’7173707172)7
N—— ——

(07"'70717"'7172707073)7
4 7

0,---,0,1,2,---,2,1,1,1) or
N—— =

) ) ) )

7 4
0,---,0,1,1,1,2,2,2,0,1,2)
6

up to ordering for from the Oth column to 11th column and for from the 12th column
to the 14th column.

PROOF. The lemma holds from Lemma 4.14 (ii), (iii). O

LEMMA 4.16 There does not exist a projective plane of order 12 satisfying Hypoth-
esis 4.1.

>4, US)>

for from the Oth column to 11th column and for from the 12th column to the 14th
column. Any one of these matrices is extended to (m;;)o<i<2, 0<j<148, but there is no
(mg 0, Mg 1, -+, My 14) satisfying Lemma 4.14 for each (m;;)o<i<2, 0<j<1a. Therefore
Lemma 4.4 (ii) does not occur. From this and Lemma 4.9, the lemma holds. O
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5 The case of Lemma 3.3(ii)

In this section we consider Lemma 3.3(ii) and assume the following.

HYPOTHESIS 5.1 Let G = () be a cyclic automorphism group of 7 of order 9.
|Fo(G)| = |Fe(G)| = 4, ro € Fo(G), Le € Fr(G), 1 € (Ls) for all r € Fg(G)
and L € (ry) for all L € F£(G). G has 3 orbits of size 1 and one orbit of size 9 on

(Loo) = {Too}-

LEMMA 5.2 After changing appropriately the indexes of the point classes and the
block classes, we have ¢ = (Py, P1,- -+, Ps)(Po)(P10)(Pi1), ¢ = (Bo, B1,- -+, Bs)(Bo)
(Bio)(Bu1), Fo(G) = {ree, 79,110,711} and Fp(G) = {Lm7L97L107L11}.

PROOF. By the same argument as in the proof of Lemma 4.2, it follows that G = ()
has an orbits of size 9 on A. The rest of the lemma holds from |Fgo(G)| = |F(G)| = 4.
d

LEMMA 5.3 FQ( ) {Pg,Pm,Pn} FA( ) {6978107811} and |FQ( )QPZ‘ =
|Fa(¢®) N B;| =3 fori,j € {9,10,11}.

PROOF.  Since (Fo(?), Fc(¢?*)) is a subplane of order 3 of 7, the lemma holds from
Lemma 5.2. O

By Lemmas 5.2 and 5.3, the following lemma holds.

LEMMA 5.4 After changing appropriately the indexes of the points and the blocks,
we have

Y= (9307 T12,T24, T36, T48, L60, L72, L84, !1596)

(931,$13,$257I37,$4g7$61,$7379385@97)

(932,$14,$267I38,$507$62,$7479386@98)
(IE JU157JU277=T397JU517=’E637J5757$877JU99)
(IE JU1679628796407955275564796767%88795100)

(IE JU1779529796417955375565795777%89795101)

(93 $18,$307$42,$547$66,$7879390,$102)

(93 $19,$317$43,$5579367,$7979391,$103)

(93 $20,$327$44,$567$68,$807$92,$1o4)
(9697J6217JU337=T457JU577$697$817$937$105)
(9610796227JU347=T467JU587$707J5827=T947J0106)
(9611796237JU357=T477JU597$717J6837=T957J0107)
(961087961097JU1107J61117=T112,JE1137=’E114,!E1157JU116)
(93120793121,!15122,!3123793124,!15125793126793127,!rlzs)
(93132793133,!15134,!3135793136,!15137793138793139,$140)
(93117793118,$119)($129793130,!15131)(!15141,!15142,%43)7
where z € {p, B}.



ON PROJECTIVE PLANES OF ORDER 12

NOTATION 5.5 For a permutation matrix of degree 12 A = (a;;)o<i j<11, Set

A0 =

A —

ap 8
ai g

a1l 8

(ACIND for 4 € {2,3,---

A0 =

AW = (ACDO) for 4 € {10,11,---,16}.

Let @ be the set of permutation matrices of degree 12 with the form

a0  ao1 ap7 | ao 11

aio a11 a7 | a1

ailo G111 ai1 7 | ai1 11
8}
ago ag1 as 11
a0 @01 ao 11
aro aii ai 11
aro  ar1 ar 11
ai1o a1 ail 11
ago ag1 ag 11
alp 0 @101 aio 11

aop 9
a9

aii 9

ap 10
al 10

a1 10

ap a1 a2 |a3 a4 as |as ar ag | O 0 0

ag a9 a1 |a2 a3 a4 |as ag a7 0 0 0

a7 ag ao | a1 a2 a3 |as as ag | O 0 0

ag a7 ag|ap a1 a2 |az as as | O 0 0

as a¢ ay |ag ap a1 |az a3z as | 0O O O

B ay as aeg | ay ag ao | a1 a2 a3z | O 0 0

a3 a4 as | as ay ag |ap a1 a2 | O 0 0

a2 a3 a4 |as as a7y |ag ap a1 | O 0 0

ai a2 a3 |as as ag |ar ag ao | O 0 0

0 0 0 0 0 0 0 0 0 |bo b1 b2

0 0 0 0 0 0 0 0 0 | b2 bo b

0 0 0 0 0 0 0 0 0 | b1 b2 bo

LEMMA 5.6 N =

No Ny No N3 Ny N5 Ng N7 Ng Ao A Az
Ng No N1 N2 N3 Ny N5 Ng N7 Ao A4 (M 4,
N7 Ns No Ny N2 N3 Ny Ns Ng Ao® A B 4@
Ne¢ N7 Ng No N1 N2 N3 Na Ns Ao® A 4,
N5 Ng N7 Ng No N1 N2 N3 Ny Ao® A A,®
Ns  Ns Ne N7 Ng No Ny N2 N3 Ao® A 4,3
N3 Ny N5 Neg N7 Ng No N1 N2 Ap® 4,6 4,06
N2 N3 Ny N5 Ng N7 Ng No Ny Ao A4, (D A,
N1 N N3 Ny Ns Ne N7 Ng No Ao® A 4, ®
Ay A3 A0 4,00 402 408 4,08 4,05 4,00 | 4, A As
Ay AL® 4,00 4,0D 4,02 4,08 4,04 4,05 4,06 | 44 Ag As
As A5 45000 4,01 4.(2) 4 (13) 4 (14 4 (15) 4. (16) Az As Ag

where Ny, - -+, Ng, Ao, - - -, A5 are permutation matrices of degree 12 and Ag, A7, Ag €

.

PROOF. The lemma holds from Lemma 5.4 and Notation 5.5.

LEMMA 5.7 The same statement as Lemma 4.12 holds.
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Set G-orbits of size 9 on P and on B as follows:

Vo = {960730127962479536796487$607$727$847$96}7
Vi = {21, 113, T25, T37, Tag, Te1, T73, Tss, To7 },
Vo = {2, T14, T26, T33, T50, Te2, T74, Ts6, Tos }
Vs = {933,!151579327,!33979351,$637$75,$877$99)},
Yy = {934,!151679328,!34079352,$647$76,$887$100}7
Vs = {935,!151779329,!34179353,$657$77,$897$101}7
Vs = {936,!151879330,!34279354,$667$78,$907$102}7
Vi = {96779519796317904379655735677!57973691796103}7
Ve = {96879520796327904479656735687!58073592796104}7
Yo = {96979521796337904579657735697!58173693796105}7
Vo = {9310,!152279334,!15467935879370,!38279394,!15106}7
Y = {9311,!152379335,!15477935979371,!38379395,!15107}7
V1o = {93108,!15109,!3110793111,!15112,!3113793114,$115,$116}7
Viz = {961207351217361227961237351247361257%126735127735128} and
Vg = {96132796133796134,96135795136795137755138795139795140}7
where (V,z) € {(Q,p), (C,B)}.
Set o = po, @1 = P1,--*,qu1 = P11, Q12 = Pios, @13 = P120, 14 = P13z and Gy =
By, C1 = Bi,-++,01 = By1, Cia = Biog, C13 = Bigg, Ciu = Bisa.
For i,7 with 0 < ¢ < 11 and 0 < j < 14 set my; = |Q, N (C;)| and D;; = {av €
Glg;* € C;}. Then, my; = |Dy;| for 4,7 with 0 < 4 < 11 and 0 < j < 14. Set
M = (mij)o<i<i1, 0<j<14-

LEMMA 5.8 (i) Leti,7 € {0,1,--,11} and i <.
(a) If (i,7") € {(0,1),(1,2),(3,4),(4,5),(6,7),(7,8)},
Z DijDi'j(il) =G—{lLp,¢" ¢}
0<j<14
(b) If (1,i') € {(0,2),(3,5), (6,8)},
Z DyiDy ™Y =G = {1,¢% ¢°, %}
0<j<14
(¢) Ifi,7 do not satisfy any one of two assumptions of (a) and (b),
> DDy TV =G —{1}.
0<j<14
(ii) Let i€ {0,1,- 11},
(a) [fle {0717"'78}7
> DyDy Y =11+ {6 — {1, ).
0<j<14
(b) Ifie {9,10,11},
Y. DyDyV =124 {G—{1}}.

0<j<14
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PROOF.

147

Since D is an STD;[12;12], Using the same argument as in the proof of

Lemma 4.7 the lemma holds from Lemmas 5.6 and 5.7. O

LEMMA 5.9 (i) Leti,i € {0,1,---,11} and i < 1.

(&) If (i,4) € £(0,1), (1,2),(3,4), (4

,5),(6,7),(7,8),(0,2),(3,5), (6,8)},

E MMy = 5.

0<j<14

(b) If (i,7') does not satisfy the assumption of (a),

E mijmgj = 8.

0<j<14

(i) Leti € {0,1,---,11}.
(a) Ifie{0,1,---,8},

E 2
mi;

0<j<14

(b) Ifie {9,10,11},

E 2
mi;

0<j<14

(iii) Let i € {0,1,---,11}.
(a) [fle {0717"'78}7

Z my; =9 and

0<j<11

(b) Ifie{9,10,11},

Z my; =9 and

0<j<11

(iv) Forj € {0,1,---,14}

=17.

= 20.

Z mij =2

12<;5<14

Z mi]» =3.

12<5<14

Z mij =9.

0<i<11

PROOF. We have the equations of (i) and (ii) by considering the action of the trivial
character of G on equations of Lemma 5.8 (i), (ii). The two equations of (iii) hold

from Lemma 5.6. Since D;; N\ Dy; = () for 4,i'(#) € {0,1,---,11}, j € {0,1,---,14},
Z mi; < 9and 11 x 94 12 x 3 = 9 x 15, the equation of (iv) holds. O

0<i<l11

LEMMA 5.10 (i) Leti € {0,1,---,8}. Then (m; o,m; 1,---,m; 14) is equal to

0,---,0,1,1,1,2,2,2,0,1,1) or
6
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(07...70717...717272707072)
5 5
up to ordering for from the Oth column to the 11th column and for from the 12th
column to the 14th column.
(ii) Leti € {9,10,11}. Then (my o, my 1,-++,m; 14) s equal to
(07...70717...717273717171)7
T/ T/

(07"'70717"'7173707172)7
S—— ——

(0’...’0’1’“’7172707073)7

4 7
0,---,0,1,2,---,2,1,1,1) or
~—— —

7 4
0,---,0,1,1,1,2,2,2,0,1,2)
6

up to ordering for from the Oth column to 11th column and for from the 12th column
to the 14th column.

PROOF. (i): Let ¢ € {0,1,---,8}. Then, by Lemma 5.9 (ii), (iii) we have the two
cases stated in the lemma and the another case

(07"'70717"'7173707171)'
5 6

But the last case does not occur by Lemma 5.8(ii). Actually, let ©* «— k for
ke {0,1,---,8} (mod 9), then there exists a subset of {0,1,--,8} such that

{x(a =), £(a—¢), £(b—c)} ={1,2,4,5,7,8} (mod 9).

But it follows that there does not exist such {a, b, c} by easy calculations.
(i1): If 7+ € {9,10,11}, it follows that the five cases stated in the lemma occur by
Lemma 5.9 (ii), (iii). O

LEMMA 5.11 Fori € {0,3,6} and j € {0,1,---,11}

m; j 2 1
M1 j ¢ { 1 s 2 y 1 }
mit2 j 1 1 2
my; j
PROOF. Suppose that Mit1 j = 1 for some ¢ € {0,3,6} and j €
Miyo 1

{0,1,---,11}. Let ¢* «— k for k € {0,1,---,8} (mod 9) and | Dy ; =
Diys
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{a, 0}
{c} . In the rest of the proof, we consider a, b, ¢, d (mod 3). By Lemma 5.8 (ii),

{a}
a—b#%0 (mod 3). Adding an appropriate integer (mod 3) to D, we may assume
that @ = 0 and b = 1. By Lemma 5.8 (i), a —c¢# 1, b — ¢ #Z 1 (mod 3). Therefore
¢ =1 (mod 3). Again by Lemma 5.8 (i), d —a # 1, d — b # 1 (mod 3). Therefore
d =0 (mod 3). But by Lemma 5.8 (i), ¢ —d # 1 (mod 3). This is a contradiction.

m; 2
Therefore [ mi41 = 1 does not occur. It follows that the other two cases
mita j 1

also do not occur by a similar argument to that stated above.

NOTATION 5.12 Let A = (a;;)o<i<11, 0<j<14 be a matrix on {0, 1,2} satisfying the
following conditions (i), (ii), (iii) and (iv).
(i) Let ¢ € {0,1,---,8}. Then, (a; 9,a; 1, +,a; 14) is equal to

0,---,0,1,1,1,2,2,2,0,1,1) or
6

(0 .0.1-.1,2,2.0,0,2)
5 5

after permuting from the Oth column to the 11th column and from the 12th column
to the 14th column appropriately. ( We call that (a; o, a; 1, -, a; 14) is of type R for
the former case and of type S for the latter case.)

(ii) Let ¢ € {9,10,11}. Then, (a; o, a; 1, -, a; 14) is equal to

(07"'70717"'717273717171)7
N —

(0’...’0’1’“’7173707172)7
N——

(07"'70717'“7172707073)7
4 7

0,---,0,1,2,---,2,1,1,1) or
7 4

0,---,0,1,1,1,2,2,2,0,1,2)
6

after permuting from the Oth column to the 11th column and from the 12th column
to the 14th column appropriately.

(iii) Let 4,4’ € {0,1,---,11} and i < ¢'.

If (4,¢) € {(0,1),(1,2),(3,4), (4,5),(6,7),(7,8),(0,2),(3,5), (6,8)}, then

E aijai; =95,

0<j<14



150 KENZI AKIYAMA AND CHIHIRO SUETAKE

otherwise

E QA = 8.

0<j<14

(iv) For i € {0,3,6} and j € {0,1,---,11}

a; j 2 1 1
(7] j ¢ { 1 5 2 5 1 }
Qit2 j 1 1 2

Let ® be the set of matrices A’s satisfying the conditions (i), (ii), (iii) and (iv).
We remark that M = (m;)o<i<11,0<j<14 € .

1>,V > 1> 11L,US)>

if there exists a permutation o on {0,1,---,11} such that

({0717, 27}, {37,47,57}, {6°,77,8°}} = {{0, 1,2}, {3,4,5}, {6,7,8}},
{97,10°,11°} = {9,10,11} and there exists a permutation 7 on {0,1,---,14} such
that {07, 17, -+, 117} = {0,1,---, 11}, {127,137,147} = {12,13,14}, we say that A
is equivalent to B and we denote this by A ~ B. (Then, ~is an equivalence relation
on ®.)

We now want to determine &/ ~.

St 1LUSIS

8, (a;0,a; 1, +,a;14) is of type X; (X; = R or S), we say that A is of type
t(X07X17X?‘X37X47X5|X67X77X8)'

We may assume that a representative element of ® by ~ is of one of the following
20 types from Definition 5.13.

“(R,R,R|R, R, R|R, R, R),
“(R,R,R|R,R,R|R, R, S),
‘“(R,R,R|R,R,R|R, S, S),
'(R,R,R|R,R,R|S,S,5),
Y“(R,R,R|R,R,S|R, R, S),
“(R,R,R|R,R, S|R, S, S),

(R,R,RIR, R, S|S,S,S

(R

(R

t
t

);
7R7 R|R7 S7 S‘R7 S? S)
R, RIR, S, 5|5, 5,5),

’
t

t

) *(R, R, R|S, S, SIS, S, S),
) "(R,R,S|R,R,S|R,R, S),
) Y(R,R,S|R,R,S|R, S, 9),
) YR, R,S|R,R,S|S,S,S),
) YR, R,S|R, S, S|R, S, S),
) "(R,R,S|R, S, S|S,S,9),
) Y(R,R,S|S, S, S5, 5,5),

t

1
2
3
4
5
6
7
8
9
1
1
1
1
1
1
1

t

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
)
(10
(11
(12
(13
(14
(15
(16
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Using a computer, we have the following lemma.

1

1

1

LEMMA 5.15 (i) There are exactly the following 3 M’s up to equivalence for type

(5)-

1

0 0 0 0 0 O

0 0 010
0 0

1
1

2 0 0 1 0 O

2
0 0 2 0 O

0

0 0 2 1

2

0O 0 0 0 2 1 0|0 0 2
1 2 2 0 0

1
0

1

0
1

0 2 0 2

1

2 0 00 1 0 2|2

0 0 2

1 0 2

00 0 2 0

2

1
1

and

1

11 2 2 210
1

1

1
1

00 0 0 0 O

0 0 0 2

0 0 0]O0

2

2

2 2 1 2 0 0 1
0 2 0 0 2 0 O

0

1
0
0 2 0

040 0 2
1

00 0 0 2
1

2

0]0 2 0

1

0o 0 3 1 0 O
0

0
0 0 0 2

1

2

—~
=}
=
&
)
-~
S
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~NOOONNO H|O O M.. ~NOOoOOoOMNO OO
FON~ OO NHO~O M ~oONNOOO OO
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>
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S
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~
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<=
cCo-ocom—NOlo=a co~oMN~NO H|OO
=
-~
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= N =
]
8
S}
o
-3
®
=
(8}
g
—~
=
=
Nab

(iii) [/ ~ | = 4.
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For each M; of Lemma 5.15, we have to consider 4 (D; j)o<11,0<;j<14’s. For example,
for My we have to consider 4 (D;;)o<11,0<j<14’s of Appendix A. Here we consider
Dy,--+, Dy on Z/9Z. But it follows that from the Oth row to the 5th row of any one
of Dy,---, Dy do not satisfy Lemma 5.8 using a computer. By the similar argument,
it follows that D’s corresponding to any other M; (i = 2,3,4) do not exist. Therefore
we have the following lemma.

LEMMA 5.16 There is no projective plane of order 12 satisfying Hypothesis 5.1.

6 The case that G is planar

Let 7 = (Q, L) be a projective plane of order 12. In this section we assume the
following.

HYPOTHESIS 6.1 Let G be an automorphism group of 7 of order 9 and (Fg(G),
Fr(G)) a subplane of 7.

LEMMA 6.2 (Fo(G), F:(Q)) is a subplane of m of order 3.
PROOF. It follows from Lemma 3.2. O
LEMMA 6.3 G acts semiregularly on Q — Fo(G) and on L — F¢(G).

PROOF. Suppose that there exists 7 € G — {1} such that 7 = r for some r €
Q—Fo(G). Then (Fo((r)), F£((7))) is a proper subplane of . If let m be the order of
the subplane, m > 4. This is contrary to Lemma 3.2. Therefore, G acts semiregularly
on Q — Fo(G). By the similar argument, it follows that G acts semiregularly on
L — Fr(G). O

Notation being as in Notation 3.4, we may assume that

Fp(G) = {pu17, P18, P119, P129, P130> D131, P1a1, Praz, Pas}  and
Fg(G) = {Bu17, Bus, Bi1g, Bi2g, Biso, Bis1, Buat, Buaz, Bias}.

LEMMA 6.4 If u(# 1) € G, then P* # Pi, and B # B; for i with 0 <i < 8.

PROOF. If for example Py" = Py, then p fixes the line Ly of w. Since (Fo(t), Fr(p)) is
a subplane of 7 containing the subplane (Fo(G), F¢(G)) properly, (Fo(p), Fe(u)) =
7 by Lemma 3.2. Therefore, u = 1. This is a contradiction. Thus Py" # Py. By the
similar argument the remaining assertion can be proved. 0

Let Qq, O1, -+, Q14 be G-orbits on P of size 9 and Cy,Cy, - - -,C14 G-orbits on B
of size 9. For ¢, j with 0 <4, j < 14, choose a point ¢; € Q; and a block C; € C;. For
i, with 0 < 4,7 < 14 set my; = |Q; N (Cy)| and D;; = {a € G|¢;* € (C))}. Then
mi; = |D1]‘ (0 < Z,] < 14) Set M = (mij)oéi,jSM.

Case A. G is a cyclic group.
Let G = (p). By Lemmas 6.3 and 6.4 we may assume that

P = (Po,Pr+, Ps)(Py)(Pro)(Pr) and & = (Bo, B, -+, Bs) (By) (B1o) (Bu).
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Case B. G is an elementary abelian group.

Let G = {p,7|p3 =73 =1, o7 = 7). By Lemmas 6.3 and 6.4 we may assume that
@ = (Po, P1, P2)(Ps, Pa, Ps)(Pes, Pz, Ps)(Po)(Piro) (P11),

© = (Bo, By, Ba) (B3, B, Bs ) (Bs, Br, Bs) (By) (Bio) (Bu1 ),

Z - (Po, Pg, Pﬁ)(Pl, P4, P7) (Pz, 7)5, Pg)(Pg)(Plo)(Pn) and

T= (BOu83786)(81784787)(82785188)(89)(810)(811)-

Assume that Case A occurs.

We may assume that

Y= (9307 T12,T24, T36, T48, L60, L72, L84, !1596)
(931, T13, L25, L37, L49, L61, L735 L85, !1597)
932,$14,$267$38,$5079362,!37479386,!1598)
963790157302779639790517%63730757558779099)
9647961673628,9640790527%647967675588730100)
965790177302979641790537%657907775589730101)
966790187303079642796547%667907875590730102)
937,!1519,!153179343,$557I67,$7979391,$103)
938,!1520,!153279344,$567I68,$807$92,$1o4)

L9, T21, L33, L45, L57, L69, L81, L93, !15105)
9610,9622796347964679058755707308279394730106)

T11, 23, T35, L47, L59, T71, L83, L95, 90107)

L1085, 1095 L1105 L1115 £112, L1135 L114, L115; 96116)
93117)(!15118)(93119)

T120, L1215, L1225 L123, L1245 L125, L1265 L127, !15128)
93129)(!15130)(93131)

T132, 133, L134, L135, L1365 L137, L1385 L139, !15140)
T141)(7142)(2143), Where z € {p, B}.

Py

Set G-orbits of size 9 on P and on B as follows:

W = {930,$127$24,$367$4s,!156079372,!158479396},

W= {931,$137$25,$377$49,!156179373,!158579397},

Vo = {=T27l'147$267x38yx507x627=T747x867$98}7

Vs = {96373615796277903979651730637!575790877%99}7

V= {96479016796287964079652730647!57673088796100}7

Vs = {935,!151779329,!34179353,$657$77,$897$101}7

Vs = {936,!151879330,!34279354,$667$78,$907$102}7

Yr = {937,!151979331,!34379355,$677$79,$91793103}7

Vs = {96879620795327904479656730687!58073092796104},

Vo = {96979621796337904579657730697938173693796105}7

Vo = {961079022795347364679658796707308279594796106}7

Y= {961179623796357304779559795717368375595790107}7

Vio = {93108,!15109,!3110793111,!15112,!3113793114,$115,$116}7
Vis = {93120,$121,$1227$123,$1z4,$1257$126,$127,$128} and
Vs = {93132,!15133,!3134793135,!15136,!3137793138,$139,$140}7

where (V,2) € {(Q,p), (C,B)}.
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Set go = po, @1 =1, ", Q1 = P11, 12 = Pios; 13 = P120, G14 = P132 and
Co = By, C1 = By,---,Cn = B11,Cra = B, C13 = Bigg, Cra = Bisa.
Since (Fgo(G), F(G)) is a subplane of 7,

FP(G) = {pn?,pns,p119,p1297p1307p1317P1417P1427P143} and
Fy(G) = {Bu7, Buis, Bi1g, Bi2g, Biso, Bis1, Bia1, Biaz, Bias},

we may assume that Ny g, Ny 10, No 11 have the same forms as Ag, Ay, Ap1 stated
in Lemma 4.12, respectively.

LEMMA 6.5 (i) Let i,i'(#) € {0,1,---,14}.
(a) [flvl’(#) € {07 17 ) 11}7

Y. Dyby Y =a - {1}

0<j<14

(b) Ifi € {0,1,--- 11} and i’ € {12,13, 14},

> DyDy "V =aG.

0<j<14
(c) If i, (#) € {12,13,14},

> DDy =G.

0<j<14
(ii) Leti € {0,1,---,14}.
(a) [fle {0717"'78}7
> DyDyV =11

0<y<14
(b) Ifi € {9,10,11},
> DyDy "V =124 (G - {1}).

0<j<14

(c) Ifie{12,13,14},
> DyDyV =12

0<j<14

PROOF. Since D is an STD;[12;12], using the same argument as in the proof of
Lemma 4.7 the lemma holds by considering the form of N. O

LEMMA 6.6 (i) Let i,¢(#) € {0,1,---,14}.
(a) Ifi,9'(#) €{0,1,---,11},

E mijmyj = 8.

0<j<14
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(b) Ifi € {0,1,--,11} and i’ € {12,13,14},

Z MMy = 9.
0<j<14
() Ifi,i'(#) € {12,13,14},

E mijmgj = 9.

0<j<14
(i) Leti € {0,1,---,14}.
(a) Ifie{0,1,---,8},

Z mij2 =11.

0<j<14

(b) Ifie{9,10,11},
Z m,f = 20.
0<j<14

(c) Ifie{12,13,14},
Z mij2 = 12.
0<j<14

(iii) Let i € {0,1,---,14}.
(a) [fle {0717"'78}7

0<j<14

0<j<14

(b) Ifi € {9,10,---,14},

PROOF. We have the equations of (i) and (ii) by considering the action of the trivial
character of G on equations of Lemma 6.5 (i) and (vi), respectively. The equations
of (ii) hold from the form of N. O

Using a computer the following lemma holds from Lemma 6.6.

B up to ordering of rows and columns.

LEMMA 6.8 There is no projective plane of order 12 admitting a planar cyclic au-
tomorphism group of order 9.

PROOF. Any one of matrices P, - - -, Pi3 stated in Lemma 6.7 can not be extended
to (my;)o<i<11,0<j<14 satisfying Lemma 6.6. Therefore we have the lemma. O

Assume that Case B occurs.
We may assume that
Y= (9607 T12, 9624)(9617 13, 9525)(9627 T4, 9626)
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(933,$15,$27)($479316,!328)(!35,!151779329)
(fE 301873030)(3077961979031)(308790207%32)
(9697362173633)( 107$227$34)($117$237$35)
(96367 T48, 3060) L37,T49, 9661)(96387 50, 3062)
(93397 Ts51, !1563) T40, T52;5 9364) T41, T53, !1565)
(93427 Ts54, xGG) T43, T55, 9367) T44, T56, x68)
( ) ) )
( ) )

( )

(
(
(

T2, T84, T96 )\ T73, L85, T97 747x861x98)
L75, 875 L99 )(L76, L85 L100 (96777 g9, 90101)
L785 905 L102 307979091796103)(968075592790104)
81, T93, 30105)(90827 T94, 96106)(96837 95, 90107)
93108793109,!rno)(xuh93112,$113)($114,$115,$116)
T117 )(!15118)(93119)(%20,$121793122)(!15123,!15124793125)(93126793127793128)
(93129)(!15130)(93131)
(96132796133790134)(96135796136790137)(90138790139790140)
T14 )(I142)($143) and
T= (9607903679672)(9617%3779073)(3027903879674)
933,$39,$75)($479340,$76)($5,$4179377)
Te $42,$78)(~T779343,$79)($8,$4479380)
939,!345,!1581)(!15107934679382)(9311,%779383)
931279348,!1584)(!1513,!154979385 (931479350,!1586
96157965179087) L165 T52, T8g )17, L53, Tg9

)

)

)

)

]

(
( (
( (
T45, T57, T9 ($46, T58, L70 (93477 T59, L1
( (z
( )
)

—

) )
) )
T18, T54, T9o 90197305579591) 96207965679092)
T21, T57, T93 % )

(
(
(
(
( ( (

( ( (

( (1'2271'587=T94 (96237965979095
(932479360,!1596 (5325,!156179397 ( 267x621x98)
(932779363,!1599 ( 28,!1564793100)(932979365,%01)
(933079366,$102)($31,$677$103)($3279368,%04)
(96337 T69, 30105)(96347 Z70, 96106)(96357 T, 90107)
(96108796111736114)(96109795112736115)(36110736113736116)
(961 )(36118)(96119)
(93120793123,!15126)(93121793124,$127)($122,$125,$128)
(9312 )(!15130)(93131)
(93132793135,!15138)(93133793136,$139)($134,$137,$140)
(I141)(1’142)(I143), Where S {p7 B}

Set G-orbits of size 9 on P and on B as follows:

Yo = {Xo, X12, Xo4, X6, Xus, Xeo, X72, Xsa, Xos},
V= {X1, Xu3, Xos5, Xs7, Xug, Xe1, X73, Xs5, Xor},
Vo = {Xo, X14, Xo6, X3, X0, X2, X74, Xs6, Xos},
Vs = { X3, X15, Xo7, Xs9, X1, Xe3, X75, Xs7, Xoo},
Vi = { X4, X6, Xos, X10, X52, Xo4, X76, Xss, X100},
Vs = {Xs, X7, Xog, Xu1, X3, Xes, X7z, Xs9, X101},
Vo = { X, X1s, X0, X4, X4, Xe6, X78, Xo0, X102},
Vo = {X7, X9, X1, Xu3, X5, X7, X79, Xo1, X103},
Vs = { X, Xoo, X3, Xua, X6, Xes, X0, Xo2, X104},
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Vo = { Xy, Xo1, X3, Xu5, X57, Xeg, Xs1, Xo3, X105},

Vio = { X0, Xo, Xaa, Xus, Xs8, X70, Xs2, Xos, X106},

Vi = {Xu1, Xoz, X5, Xuz7, Xs9, X71, Xs3, Xos, X107},

V12 = { X108, X109, X110, X111, X112, X113, X114, X115, X116},

Y1z = { X120, X121, X122, X123, X124, X125, X126, X127, X128} and

Vs = {Xi32, Xuzg, Xisa, Xuss, Xise, X137, Xiss, X139, X140},

where (¥, X) € {(Q,p), (C, B)}.

Set go = Po, 1 = P1,G2 = P2,q3 = P3,q4 = P4, G5 = D5,Gs = D6, @7 = P7,48 = P8, Q9 =
D9, q10 = P10, q11 = P11, q12 = P1og; 13 = P120, 14 = P13z and Cy = By, Cy = By, Cy =
By, C3 = B3,Cy = By,C5 = B5,Cs = Bs,C7 = Br,Cg = By, Cy = By, C1p =
By, C11 = By, Ci2 = Bigs, C13 = Biag, Cra = Bz,

In this case, we have Lemma 6.5 by the similar argument as in the Case A.
Therefore, by Lammas 6.6 and 6.7 we have the following lemma.

LEMMA 6.9 There is no projective plane of order 12 admitting a planar elementary
abelian automorphism group of order 9.

PROOF of Theorem A; By Lemmas 4.16, 5.16, 6.8 and 6.9 the theorem holds.

Appendix A

D1 =
0 0 0 0 ] 0 {ao} {a1}
0 0 0 {bo,b1}  {b2,b3}  {ba,bs5} {bs} {b7}
{co,c1} {c2,c3} {ca,c5} 0 0 {ce} 0 0
) o, di} ) ] 1d2) Iy {01, 457
0 {eo,e1} 0 0 {e2,e3} {es} 0 {es}
{fo} {11} {fot {fs, fu}  {fs} [ 0 0
[ {90, 91} 0 {92} 0 {93} 0 {94}
{ho, 1} 0 0 {h2} 0 {h3, ha} 0 {hs}
{ko} 0 {k1,k2} 0 {k3, ka} [ {ks} {ke}
0 0 {lo, 11} {l2,13} 0 {l4} {ls} 0
{mo} {m1, ma} 0 {m3} 0 0 {ma4, ms, me} {m7}
{n(),nl} Q) @ Q) {TLQ,TL(!} @ {n4} Q)
{a2}  {as,as} {as,a} {a7,as} 0 {ag} {a10}
{bs} 0 0 0 0 {bo} {b1o}
{cr} 0 (] {cs} 0 {co} {ci0}
{ds, d7} 0 {ds} 0 {do} 0 {d1o}
0 0 {es}  {er,es} {eo} {e1o} 0
0 {fe, fz}  {fs} 0 0 0 {fo, fro}
{95,96} {97,9s} 0 0 {99} {g10} 0
{he,h7}  {hs} {ho} 0 {h10}
0 {kr} {ks} 0 ] {ko, k10} 0
0 {l6} 0 {iz,l1s}  {lo,l10} {l11} 0
0 0 {ms} 0 {mo} {mio0} {ma1}
{ns,ne} {n7} 0 {ng} {ng,ni0} {n11}
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Dy =
0 0 0 0 0 0 {a0} {a1}
0 0 0 {bo,b1}  {b2,b3}  {bs,bs} {6} {o7}
{co,c1}  {e2,c3}  {ca,c5} {c6} 0 0
0 0 {do,d1} [] ] {d2} {ds} {d4,ds}
(1 {eo, €1} 0 0 {e2,e3} {ea} 0 {es}
{fo} {11} {2y {fs,fa}  {fs} [ 0 0
[ {90, 91} 0 {92} 0 {93} 0 {94}
{ho} 0 {h1, h2} 0 {hs, ha} 0 {hs} {he}
{ko, k1} 0 0 {k2} 0 {ks3, ka} 0 {ks}
0 0 {lo, 11} {l2,13} ] {ls} {ls} 0
{mo} {m1, m2} 0 {ms} 0 0 {ma4, ms, me} {m7}
{no,n1} 0 0 0 {na,n3} 0 {na} 0
{az2} {a3z,as} {as,as} {ar,as} 0 {ag} {ai0}
{bs} 0 0 0 0 {bo} {b10}
{cr} 0 0 {cs} 0 {co} {c10}
{de, d7} 0 {ds} 0 {do} 0 {d10}
0 0 {es}  {er,es} {eo} {e10} 0
0 {fe, f7} {fs} 0 0 [ {fo, fro}
{95.96} {g7.98} 0 0 {99} {910} 0
0 {h7} {hs} 0 0 {ho, h10} ]
0 0 {ke,k7}  {ks} {ko} 0 {k10}
0 {le} 0 {lr,1s}  {lo,li0} {11} 0
[1] 0 {ms} 0 {mo} {mio} {mi1}
{ns,ne6} {n7} [ {ns} {ng,n10} 0 {n11}
Dy =
0 0 0 0 0 0 {a0} {a1}
0 0 0 {bo,b1}  {b2,b3}  {ba,bs} {6} {o7}
{coa1}  {e2,c3}  {cayes} 0 0 {ce} 0 0
0 {do,d1} 0 0 {d2} {d3} {d4,ds}
{eo} {e1} {e2} {e3,es} {es} 0 0 0
0 {fo, f1} 0 0 {f2, f3} {fa} 0 {f5}
0 {90, 91} 0 {92} 0 {93} 0 {94}
{ko} 0 {k1,ka} 0 {k3,ka} 0 {ks} {ke}
0 0 {lo,ln}  {l2,13} 0 {la} {Is} 0
{mo} {m1,ma} 0 {mz} 0 1] {ma,ms,me} {mz}
{no,n1} 0 0 {n2,n3} 0 {na} (1]
{a2} {asz,aa} {as,ac} {ar,as} 0 {ao} {a10}
{bs} 0 0 {bo} {b1o}
{cr} 0 0 {es} 0 {co} {c10}
{ds, d7} [] {ds} [] {do} 0 {d10}
0 {es,e7} {es} 0 0 0 {eg,e10}
0 0 ey {fr.fs} {fo} {f10} 0
{95,96} {97,98} 0 0 {g0} {910} 0
0 0 {he,h7}  {hs} {ho} 0 {h10}
0 {k7} {ks} 0 0 {ko, k10} 0
0 {l6} 0 {l7,1s}  {lo,l10} {l1} 0
0 0 {ms} 0 {mo} {mio}  {mui}
{ns,ne6} {n7} 0 ng} {ng,n10} 0 {ni1}
Dy =
0 0 0 0 0 0 {a0} {a1}
0 0 0 {bo,b1} {b2,b3}  {ba,bs5} {bs} {b7}
{co,c1} {c2,c3} {ca,c5} 0 0 {c6} 0 0
0 0 {do,d1} 0 0 {d2} {d3} {d4,ds}
{eo} {e1} {e2}  {es,ea}  {es} 0 0 0
0 {fo, f1} 0 0 {f2, f3} {fa} 0 {fs}
0 {90, 91} 0 {92} 0 {93} 0 {94}
{ho} 0 {h1,h2} 0 {h3, ha} 0 {hs} {he}
0 0 {lo,ln}  {l2,13} 0 {la} {Is} 0
{mo} {m1,ma} 0 {msz} 0 0 {ma,ms,me} {m=}
{no,n1} 0 0 {n2,n3} 0 {na} 0
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{a10}

{bio}
{c10}

{ag}
{bo}
{co}

{d1o}

{ds} 0 {do}
{fr, fs}

0
{es,e7}

{ds, d7}

{eg, €10}

{es}

{f10}

{fo}

{fe}

{11}
{mio} {m11}
{ng,n10} 0 {n11}

{lo, 10}
{mo}

{l7, 18}
0
{ns}

{le}
0
{n7}

0
0
{ns,n6}

Appendix B

1

1

0 0 0

1

1

0 0 0

1

0 0 0

1

1

1

0 0 0

1

1

1

0 0 0

1

1

0 0 0 O

1

0 0 0 O

0]0 O

1

Py =

1

0 0 0 O

1

0 0 0 O

0]0 O

1

Py =

1

0 0 0 O
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1

1

1

1

1

1

1

0 0 0

1

0 0 0

1

0 0 0

1

0 0 0

1

0 0 0

1

0 0 0

1

0 0 0

1

1

0 0 0 O

1

0 0 0 O

1

0 0 0 O

1

0 0 0 O

Ps =

Pr =

Ps =

1

0 0 0 O

1

0 0 0 O

1

0 0 0 O

Pio =

P =

Pip =
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o 00 o0 11 1 1 1 1|1 1 1 1 1
o1 11 00 0 1 1 1f(1 1 1 1 1
0111 141 1 0 0 Of1 1 1 1 1
1 011 01 1 0 1 1j]0 1 1 1 1
Pi3 = 1 0 11 10 1 1 0 11 0 1 1 1
11 0 1 01 1 1 1 0|1 0 1 1 1
1101 11 0 1 0 10 1 1 1 1
111 0 140 1 1 1 0jO0O 1 1 1 1
111 0 11 0 0 1 1|1 0 1 1 1
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