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Abstract

A family A of sets is said to be intersecting if AN B # () for every
A, B € A. For a family F of sets, let

ex(F) :={A C F: Ais a largest intersecting subfamily of F}.

For n > 0 and r > 0, let [n] := {i € N: ¢ < n} and ([Z]) = {A C
[n]: |A] = r}. For a sequence {d;};en of non-negative integers that is
monotonically non-decreasing (i.e. d; < d;y1 for all i € N), let P({d; }ien) :=
{{a1,...,a,} € Nir € Ny a1 > a; +d,, foreach i € [r — 1]}. Let
P, = P({d;}ien) N ([Z]). We determine ex(P,™) for d; > 0 and any
r, and for d; = 0 and r < $max{s € [n]: P, #£ 0}. We particularly
have that {A € P,: 1 € A} € ex(P,"); Holroyd, Spencer and Talbot
established this for the case where d; > 0 and d; = d; for all i € N,
and a part of the paper generalises a compression method that they in-
troduced. The Erdés-Ko-Rado Theorem and the Hilton-Milner Theorem
provide the solution for the case where d; = 0 for all i € N.

1 Introduction

We start by setting up some basic notation. Unless otherwise stated, we shall use
small letters such as x to denote non-negative integers or functions or elements
of a set, capital letters such as X to denote sets, and calligraphic letters such as
F to denote families (i.e. sets whose members are sets themselves). The set of
positive integers {1,2,...} is denoted by N. For m,n € N with m < n, the set
{i € N: m <7< n} is denoted by [m,n|; we abbreviate [1,n] to [n], and we take [0]
to be the empty set (). For a set X, the power set {A: A C X} of X is denoted by
2% and the family {A C X : |A| = r} is denoted by (f)

We next develop some notation for certain sets and families defined on a family
F. Let FO) :={F € F: |F| =r}, a(F) = max{|F|: F € F}, UF) := Upes F.
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For any V C U(F), let

FV={FeF:VCF}, FV)={F\V:FeF|V]},

FV)y={FeF:FnV#0}, FV)={FeF:FnV =0}

For u € U(F), we abbreviate F({u}) (= F[{u}]), F{u}) and F({u}) to F(u), F(u)
and F(u), respectively.

Let A be a family. A is said to be intersecting if AN B # () for every A, B € A.
A is said to be centred if (o4 A # 0 (ie. A= A(a) # 0 for some a € U(A)), and
non-centred otherwise. Note that a centred family is trivially intersecting.

For a family F, we define

L(F) :={AC F: Ais alargest centred subfamily of F},
ex(F) :={ACF: Ais an extremal (i.e. largest) intersecting subfamily of F}.

One of the most popular endeavours in extremal set theory is that of determining
the size or structure of a largest intersecting subfamily of a given family F. This
originated in [10], which features a classical result that says that if » < n/2, then

the size of a largest intersecting subfamily of ([Z]) is the size (:fj) of the centred

subfamily {A € ([Z]): 1 € A}. Thus, if r < n/2, then L(([Z])) C ex(([:f])); note that
L(([:f])) = {{A € ([:f]): i € A}:i € [n]}. This result is known as the Erdés-Ko-
Rado (EKR) Theorem. Note that if n/2 < r < n, then we trivially have that ([Z])
itself is intersecting. There are various proofs of the EKR Theorem, two of which
are particularly short and beautiful: Katona’s [21], introducing the elegant cycle
method, and Daykin’s [8], using the fundamental Kruskal-Katona Theorem [22, 23].
If 7 < n/2, then, by the Hilton-Milner (HM) Theorem [15], L(("™)) = ex((!")). The

EKR Theorem inspired a wealth of results that establish how large a system of sets
can be under certain intersection conditions; see [9, 12, 11, 4].

For a monotonically non-decreasing (mnd) sequence {d;};cn of non-negative inte-
gers (i.e. 0 < dy <dy <---) and a set X C N, we define

P({di}ien) = {{a1,...,a,} CN:r €N, a;11 > a; +d,, for each i € [r — 1]},
Px({di}ien) := P({di}iew) N 2%,

If X = [n], then we may write P, ({d;}ien) instead of Px({d;}ien). For convenience
and neatness of notation, we assume that {d;};cy is some fixed mnd sequence, and
we drop the argument ‘({d;};en)’ from any of the notation for the families defined
above unless we consider a different sequence.

In this paper we are concerned with the EKR problem for the family 7,™. Since
the nature of the problem for the case d; > 0 is fundamentally different from that
for the case d; = 0, we will treat the two cases separately. One difference has to do
with the extremal structures. As we will show, if d; > 0, then P, (1) € L(P,") C
ex(P,™) for all r. Now suppose d; = 0. If 7 = a(P,), then 1 € A for all A € P,
and hence ex(P,) = {P,(1)}. We will show that P, (1) € ex(P,™) also if
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r < a(P,)/2. However, if a(P,)/2 < 1 < a(P,), then L(P,") C ex(P,") is not
guaranteed to hold. For example, if d; = 0 for all i € N, then P, = ([Z]), and
hence, for n/2 < r < n (= a(P,)), P, is non-centred, intersecting, and of course
larger than P, (1) (€ L(P,")); other examples with 0 = d; < d,,_; can easily be
constructed.

For the case d; > 0, we determine every single extremal structure and exactly
when it arises (i.e. for which sequences {d;};cy it is extremal); the proof is self-
contained.

For the case d; = 0, we restrict ourselves to r < «(P,)/2, and in addition to
showing that

L(P,") = {{AeP,:ic A}:ic[n], either d;=0ori=n and d,_, =0}
C ex(P,"),

we determine precisely when L(Pn(r)) = ex(P,™). The proof makes use of the EKR
Theorem, the HM Theorem and a slight extension [2] of a cross-intersection theorem
of Hilton [13]. For the case where L(P,™) # ex(P,"), we give a characterisation
of the families in ex(P,"), similar to that in Theorem 1.1(ii) below, in terms of
necessary and sufficient conditions that their sets must satisfy.

Our proofs are based on the compression technique (see Section 4), which was
introduced in the original proof of the EKR Theorem [10]. We remark that although
they may appear somewhat lengthy, an effort has been made to make them as com-
prehensible and as detailed as possible.

Solutions to our problem for the case dy = --- = d,,_1 = d already exist. If d =0,
then P, = ([Z]), and hence, by the EKR Theorem and the HM Theorem, we have
the following complete solution.

Theorem 1.1 ([10, 15]) Suppose d; =0 for each i € [n — 1].

(i) If 1 <r < n/2, then ex(P,") = {P,"(j): j € [n]}.

(ii) If r = n/2, then ex(P,) = {A c P, [{A,[n]\A} N A| = 1 for each A €
Pn(r)} » {Pn(r)(j): j € [n]}.

(iii) If n/2 < r < n, then ex(P,") = {P,}.

For d > 0, Holroyd, Spencer and Talbot showed that P, (1) € eX(Pn(T)) (and hence
L(P,") C ex(P,")), but they left the problem of determining ex(P,")) open (this
is solved here).

Theorem 1.2 ([19]) Ifd € N and d; = d for each i € [n — 1], then P, (1) €
ex(P, ™) for each r € [a(P,)].

Before stating our main results, for which we need to develop some further nota-
tion and definitions, we describe our problem using a graph-theoretical formulation
that makes it easy for us to relate the work in this paper to certain results that were
of a high degree of inspiration and motivation behind it.
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2 A graph-theoretical interpretation and a brief review of
some motivating results

A graph G is a pair (V(G), E(G)), where V(G) is a set and E(G) C (V(QG)). An
element of V(@) is called a vertex of G, and an element of F(G) is called an edge of
G. A subset I of V(G) is said to be an independent set of G if {v,w} ¢ E(G) for
every v,w € I with v # w. The size of a largest independent set of GG is called the
independence number of G. We denote the family of all independent sets of G by
Zs. We may abbreviate a(Zg) to a(G); so a(G) denotes the independence number
of G. Let p(G) denote the size of a smallest maximal independent set of G, where
by ‘maximal’ we mean that it is not a subset of another independent set of G.

A family F is said to have the EKR property if L(F) C ex(F), and to have the
strict EKR property if L(F) = ex(F); we may abbreviate by saying that F is EKR
if L(F) C ex(F), and strictly EKR if L(F) = ex(F). It is interesting that many
EKR-type results can be expressed in terms of the EKR or strict EKR property of
7™ for some graph G and r € X C [a(G)], the simplest case being Theorem 1.1,
which completely solves the problem for the empty graph ([n],?). This observation
surfaced in [19, 20], and more examples are given in [7]. The work in this paper

can also be expressed in such graph-theoretical terms; indeed, P,, = Z,, for M, as
defined below.

Definition 2.1 For an mnd sequence {d;};en of non-negative integers, let M :=
M({d;}ien) be the graph such that V(M) = N and, for every a,b € V(M) with
a < b, {a,b} € E(M) if and only if b < a + d,. Let M,, := M, ({d;}ien) be the
subgraph induced from M by the subset [n] of V(M), i.e. M, = ([n], E(M)N (@))
We refer to M,, as an mnd graph.

Suppose M,, = M, ({d; = d}ien), d € N, and G is a copy of M,,. Then G is called a
d’th power of a path, and if d = 1, then G is also simply called a path.

Note that Theorem 1.2 establishes the EKR property of 7, ™ for the special
case where M, is a power of a path.

For 1 < k < n, let C* be the graph with V(C*) = [n] and E(C*) = {{a,b} €
([’2‘]): |(a — b) mod n| < k}. CF is called a k’th power of a cycle. A conjecture of
Holroyd [18] about intersecting families of separated sets was proved by Talbot [25]
and can be stated as follows.

Theorem 2.2 ([25]) If 1 <r < a(CF), then ICT/?(T) is EKR, and strictly so unless
k=1andn=2r+2.

The study of the general EKR problem for families of independent sets of graphs
(i.e. for families F of the form Zs™) was initially motivated by Holroyd’s conjecture.
This study gave rise to a number of results, which we outline below.

A graph H is a subgraph of a graph G if V(H) C V(G) and E(H) C E(G). A
graph H is connected if for every v,w € V(H) there exists a subgraph P of H such
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that P is a path and v,w € V(P). If G is a disjoint union of connected graphs
Gy, ...,G, (‘disjoint’ here means that V(G), ...,V (G,) are pairwise disjoint), then
we say that G; (j € [q]) is a component of G. We denote the set of components of
G by C(G).

Theorem 2.2 motivated the investigation of the EKR problem for the more general
case where G is a disjoint union of powers of cycles. The EKR property of Ze™ for
certain graphs G of this kind is established in [16, 17, 14].

A graph H is said to be complete if E(H) = (V(QH)). A singleton is a component
consisting of just one vertex.

Theorem 2.3 ([19]) Let G be a graph such that C(G) consists of complete graphs,
paths, cycles, and at least one singleton. If 1 < r < |C(G)|/2, then T\ is EKR.

Holroyd and Talbot [20] gave examples of graphs G and values r for which "
is EKR or strictly EKR, and others for which 75" is not EKR. Their investigation
led them to the following interesting conjecture.

Conjecture 2.4 ([20]) Let G be a graph. If 1 < r < u(G)/2, then I is EKR,
and strictly so if r < u(G)/2.

A special case of the main result in [3] is that this conjecture is true when u(G) >

3(r — 1)2(3r — 4) + r. Proving the full conjecture seems very difficult; however,

Eestricting the problem to some classes of graphs containing singletons makes it
tractable. When an arbitrary number of singletons are allowed in G, Zg™ may
not be EKR for r > u(G)/2; in fact, if G consists solely of singletons, then, by
Theorem 1.1(iii), Z¢™ is not EKR for u(G)/2 < r < a(G). On the other hand,
Theorem 2.2 demonstrates graphs G for which Zg™ is EKR for all r < a(G) (and
not just r < u(G)/2).

Note that Theorem 2.3 does not live up to Conjecture 2.4 because p(G) is at
least as large as |C(G)| and there is no bound as to how much larger it can be. As
pointed out in [7], the consideration of mnd graphs, introduced in this paper?, led to
a proof [7] of the conjecture for a class of graphs that is significantly wider than the
one captured by Theorem 2.3; the trick is to apply a stronger induction hypothesis
by allowing G to have copies of mnd graphs as components.

Conjecture 2.4 has been verified for other classes of graphs containing singletons;
see [6, 24, 26].

3 Main results

For a finite set A C N, let

[(A) :=min{a € A}, u(A) :=max{a € A}.

IFor the sake of precision, we remark that the work in this paper is actually part of the author’s
Ph.D. thesis [5].
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For 4,7 € N, define P, := {p1,...,p-} € P by p1 ;=i and p;;, := p; +dp, + 1,
jg=1,...,7r =1 (if r > 1). We need to define P, := ().

For 1 <r < «a(P,), let
b = masc{i € [n]: u(Pyy) < n}.
Let e; := 0, and for ¢ > 2, let
Ei:={a€li—1]:a+d, > i}, e =|E.
Clearly, since {d;};en is mnd,
either E; = () or E; = [j,7 — 1] for some j € [i — 1].
For any z € Z := {0} UNU{—n: n € N}, let s,: P — 2N be defined by
s.(A) :={a+z:a€ A}.
We will often use the fact that
AeP,l(A)>2, ze[l(A) -1 = s_,(A)eP,

which is again a consequence of {d;};en being mnd.

We say that Py, ) is symmetric if Pl ) = Py ({d; = d}ien) for some d € NU{0};
otherwise, we say that Py, is asymmetric. Note that if a(Pj,,) > 1, then Py, is
symmetric if and only if e, = d,.

Suppose dy =d3 =1,y € P3, = s1(Py,.), 7 > 2, and for

S max{a € [y]: d, = 1} if P, is asymmetric;
R if P, is symmetric,

m = 2t + 1 for some ¢t € [r]. Then we say that Py(r) is type I, and we say that
a subfamily A of P, is special if A = {A,..., A} U (P, (D\{By,...,B,}) for
some ¢ € [t], where

Ay =P, =P, UP, 0,4, By:=P;UPyui1,-,
and for each i € [t — 1] (if t > 1),
A ={2j: je [ U{2i+1: j € i+ L} U Pnjo,e, Bii=soa(Aia).

If Pym is type I and P, is symmetric, then, since d; = 1 and m =y € P;,, we have
t = r. Note that a special family A as above is Py(r)(y) if and only if P, is symmetric
and ¢ =t = r (otherwise, P, € A\P,™ (y)). Also note that

if Py(r) is type I, A C Py(r), A is special, and either P, is asymmetric or A # Py(r) (y),
then P, (1)(y) U{Py,, P3.,} C A. (1)
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That a special family is intersecting is not difficult to check; however, for the sake
of completeness, this is proved in Section 6 (Lemma 6.4).

If P, is asymmetric, k = k,, < dy +1 and y € P, = sg_1(P1,), then we say
that Py(r) is type II. Note that Py, = sx_1(P,) implies that P, , = s1(P;_1,) for any
€ [2,k]. An example of a type II family is P1o® ({d!}ien) with df = df = df = 2
anddz—d*—d*—?)
A family 73 ) cannot be both type I and type II, because if 77 ) is type I, then
ky,T =3>d; + 1.

This brings us to our first and main result.
Theorem 3.1 Suppose dy >0 and 2 <r < a(P,).

(i) If P\ is type I, then ex(P,") = {P, (1)} U{A C P, A is special}.

(ii) If P, is not type I, and either P, is type I or P, is symmetric, then
ex(P,) = {P, (1), P," (n)}.

(iii) In any other case, ex(P,")) = {P,"(1)}.

For r = 1, we trivially have ex(P,™) = {{{j}}: j € [n]} = L(P,™).

Corollary 3.2 If d; > 0 and 1 < r < a(P,), then P, is EKR, and strictly so
unless P, is type I.

Before stating our result for d; = 0, we recall that families A4, ..., Ay of sets are
said to be cross-intersecting if for every i,j € [k] with i # j, AN B # ) for every
A€ A; and every B € A;.

Theorem 3.3 Suppose d; = 0 < d,,_1 and 1 < r < «(P,)/2. Let m := min{i €
[n]: d; #0}. Let AC P,".

(i) If n € Py, and m = 2r — 1, then A € ex(P, ™Y if and only if

(a) A(2r —1,n]) = (B7)\{[2r — 2\A: A € AQ2r — 1)(n)}, A(2r — 1)(n) is

intersecting,
(b) AN (B2 = Ay n (=) eex((*2), i=2r—1,...,n— 1, and

(c) An)N (2:_ 2]) and A(2r — 1)(n) are cross-intersecting.

(ii) If n € Pyo, andr+2<m <2r—2, then A € eX(P T)) if and only if for some
J € [m—1] and some Hy C ([m_ﬂ\{j}) A =HoU(P, " ()\{Pra\A: A € Ho}).

(iii) If either n ¢ Pyo. orm <1 +1, then A € ex(P,") if and only if A =P, (j)
for some j € [m — 1].
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The reason for imposing the condition d,,_; > 0 is that if we instead have d,,_; = 0,
then P, is as in Theorem 1.1. It is easy to see that the above result and Theorem 1.1
together yield the following.

Corollary 3.4 Ifd; =0 and 1 < r < a(P,)/2, then an 1s EKR, and strictly so
unless n € Py o, and max{i € 2r — 1]: d; =0} > r + 1.

The ‘non-strict’ part was proved in [7] as a special case of a more general result.

4 Some general-purpose compression tools

One of the most powerful techniques in extremal set theory is that of compression,
also known as shifting. The survey paper [12] gives an account of many applications
of this technique.

A compression operation, or simply a compression, is a function that maps a
family to another family while retaining some important properties of the original
family, such as its size or the non-empty intersection of pairs of sets belonging to
it. The idea is that a family resulting from a compression, or from a sequence of
compressions, has key structural properties that the original family might not have.

Various forms of compression have been invented for specific problems. For ex-
ample, the paper [19] features a compression that is defined in a graph-theoretical
setting and yet is widely applicable. We now present a form of compression that is
intended for a general purpose and generalises the one defined in [19].

For a family F and u,v € U(F), u # v, let A, ,: 27 — 27 be defined by
Ayy(A) = {0,,(A): Ac A} U{A € A: §,,(A) € A},
where §,,,: F — F is defined by

Suu(F) = { EVF\{U}) U {u} gtﬁefwl;,e'v eF, (F\{v})U{u} e F;

The function A, , is a compression operation. The very first thing to be noted is
that
[Aun(A)] = [A.

We say that F is (u, v)-compressed if for every F € F(u)(v), (F\{v})U{u} € F.

We now prove a number of properties, given by the proposition below, of the
compression operation defined above. The proofs of the main results will be a man-
ifestation of their usefulness and hence the efficacy of this technique. They arise
as generalisations of properties, discovered in [19], of compressions on intersecting
families of independent sets of graphs. We particularly emphasize the importance of
part (iv), which is an observation of a fairly new kind in the literature and has its
roots in the proof of Theorem 1.2 (see [19, First Proof of Theorem 7]); we will use it
repeatedly in the proof of Theorem 3.1.
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Proposition 4.1 Let F be a family, and let u,v € U(F), u # v. Let A* be an
intersecting subfamily of F, and let A := A, ,(A").

(i) A(D) is intersecting.

(i) If F is (u,v)-compressed, then A is intersecting.

(iit) If Fl{u,v}] =0 and F is (u,v)-compressed, then A{v) U A(V) is intersecting.
() If F[{u,v}] = 0 and there exists w € U(F)\{u,v} such that F(w) is (u,v)-
compressed, then A(v) is intersecting.

Proof. Let By, By € A. Then, for each p € [2], there exists A, € A* such that either
B, = A, or B, = 0,,,(A,). Since A* is intersecting, A; N Ay # 0.

Trivially, A(7)(u) is intersecting. Now we clearly have that A(7)(u) = A*(7)(w),
and hence AN A’ # () for any A € A(v)(u) and any A’ € A. Hence (i).

Suppose F is (u,v)-compressed. It is straightforward that By N By # () if either
B, =A, p=12 or B, = 6,,(4,) # A,, p = 1,2. Suppose By = A;, By =
5,“71,(/42) 7é A2 (SO u ¢ Ag) and Bl N BQ = Q) Then Al N A2 = {U}, u ¢ Al, and
hence, since F is (u,v)-compressed, A; # &,,(A1) € A. Since A;,6,,(41) € A,
Ay, 0u4(Ay) € A*. But 0,,,(A1) N Az = (), a contradiction. Similarly, we cannot have
By = Ay, By = 0y0(A1) # Ay and By N By = (). Hence (ii).

Suppose F[{u,v}] = 0 and F is (u,v)-compressed. By (i), A(7) is intersecting.
By (ii), AN B # @ for any A € A(7) and any B € A(v). So (iii) follows if we
show that A(v) is intersecting. So suppose Bi, By € A(v). Then, for each p € [2],
B, € A*(v) C F(v), and u ¢ B, since F[{u,v}] = 0. Since F is (u,v)-compressed,
we have B, # 0,.,(Bp) € A, which implies that ¢,,(B,) € A* (since B, € A).
So (By N By)\{v} = By Ny n(Bs) # 0 since u ¢ By, By,0,,(Bs) € A* and A* is
intersecting. Hence (iii).

Suppose F[{u,v}] = () and there exists w € U(F)\{u, v} such that F(w) is (u,v)-
compressed. Suppose By, By € A(v). Then, for each p € 2|, B, € A*(v) C F(v),
and u ¢ B, since F[{u,v}] = 0. Thus, if w ¢ B, for some p € [2], then, since F(w)
is (u,v)-compressed, we have B, # d,,(B,) € A, which implies that ¢, ,(B,) € A*
(since B, € A) and hence (B; N B2)\{v} = Bs_, N dy(B,) # 0 (since u ¢ Bs_,,
Bs_,, 6u,(B,) € A* and A* is intersecting). If on the contrary w € B, for each
p € [2], then trivially w € (B; N By)\{v}. Hence (iv). O

5 The key fact and the compression lemma for the main
results

An interesting key fact is that the ‘forward’ mnd separations d; induce ‘backward’
mnd separations e; with the following additional property.

Proposition 5.1 Foranyie N, e; <eq < e+ 1.

Proof. It is trivial that e; < e;11 <e; + 1 for i = 1, so we fix i € N\{1}.
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If either E; = [i — 1] or E; = 0, then e;41 < e; 4+ 1 trivially. Suppose E; # [i — 1]
and E; # (). Then E; = [j,7 — 1] for some j € [2,i—1]. So (j — 1) +dj_1 < ¢, and
hence E;11 C E; U{i}. Therefore, e;11 < e; + 1.

If E; =0, then e; < ;41 trivially. Suppose E; # (. Then E; = [j,7 — 1] for some
J € [t —1]. Since dj11 > d;, we thus have (j+1)+dj1 > j+d;+1>i+1. So
[7+ 1,i] C E;yq, and hence |E;| < |E;;1|. Therefore, e; < e;41. a

The above result makes Proposition 4.1 wholly applicable to our problem. For
p,q €N, let A, ,: 27 — 27 be defined as in the preceding section.

Lemma 5.2 Let A* be an intersecting subfamily of P. Let p,q € N such that d,, > 0
and d, > 0. Let A=A, ,(A").

(i) If p=q— 1, then A{q) and A(q) are intersecting.

(i) If p=q—1 and e, < e,, then A(q) U A(q) is intersecting.

(1) If p=q+1 and d, = d,, then A(q) and A(Q) are intersecting.

Proof. By Proposition 4.1(i), A(q) is intersecting.

Note that if either p = ¢ — 1 or p = ¢ + 1, then, since d, > 0 and d, > 0,
Pl{p,q}] = 0.

Suppose p=¢q—1 and e, < ;. Let P € P(q). Then PN [max{1,q—e,},p] = 0.
Since ¢ —e, =p+1—e, < p—e,, we thus have PN [max{1,p—e,},p] = 0, implying
that (P\{q}) U {p} € P. So P is (p,q)-compressed. By Proposition 4.1(iii), (ii)
follows.

Suppose p = ¢ — 1 and e, > ¢,. By Proposition 5.1, e, = ¢,. Since d;—; = d,, > 0,
e, > 1. Soe, > 1, and hence p > 1. Let w := max{1l,q—e,—1} and let P € P(w)(q).
Then PN jw,p] =0 and w = max{1,p —e,} ¢ {p,q}. So (P\{q}) U {p} € P(w).
So P(w) is (p, q)-compressed. By Proposition 4.1(iv), A{g) is intersecting. Together
with (ii), this gives us (i).

Suppose p = ¢+ 1 and d, = d;,. Let w := g+ d,+ 1 and let P € P(w)(q).
Then PN [p,p+d,) = PNip,w] =PNpw—-1=PNg+1,¢+d,) =0, and
hence (P\{q})U{p} € P. So P(w) is (p, q)-compressed. By Proposition 4.1(iv), (iii)
follows.

6 The case d; >0

This section is dedicated to the proof of Theorem 3.1. Throughout the section, we
assume that d; > 0 and «(P,) > 2. We set

n:=n-—e, —1.
Note that n’ > 1 since a(P,) > 2. So n’ + d,y < n, and hence

dn/ < €pn.-



P. BORG / AUSTRALAS. J. COMBIN. 59 (1) (2014), 39-63 49

Lemma 6.1 k,, = ky/,—1.

Proof. Let k :=k,, and k' := k1. So u(Py,) <n < u(Pyt1,) and w(Py,—1) <
n' < u(Pyy1,—1). Thus, since U(Pklﬂa_l)—qu(pk,’Til)—'—l <n'+d,y+1<n+e,+1=n,
we have u(Py ) < n, and hence k' < k. Now,

u(Pyr—1) = w(Pryr) — eu(p,) — 1 < u(Pry) = (en — (n —u(Py,))) — 1 =10,

where the first inequality follows by n—u(Fy ) applications of Lemma 5.1. So k < k'
Since k' < k, the result follows. O

Lemma 6.2 Suppose 1 < g < «(P,—1) and either P, is symmetric or Py@ 15 type
II. Then s,(A) € P, for any A € P, V.

Proof. If either ¢ = 1 or P, is symmetric, then the result is straightforward. So
consider ¢ > 2 and P,? type II. Setting k := k,,, we then have y € P, =
sk—1(P1y) and k < dy + 1. For each i € [dy + 1], let p;1 < --- < p;, such that
Pig = {pi1,- - Dig}. By definition of P4, pij = pij-1 +dp,,, + 1 for each j =
2,q]. Since Py, = sk—1(P1yq), prj = p1; +k — 1 for each j € [¢]. Thus, for each
J € 2,4, prjr+dy, +1=pr; = (prj1+dy, , +1)+Fk—1, and hence
d =dy, , +prj1+k—1—pr;1 =d, . Therefore, for each j € [¢ — 1],

Pk,j—1

dpy.; = dp, ;, and hence, for each i € [k], dp,, . = d,, ; (as dy, ; < dp,, < dp, = dp, ).

3V

Now let A € Py_l(‘n, and let a; < --- < a, <y —1such that A = {ay,...,q,}.
Let h € [¢q] and let Aj, := {ag—p+1,-.-,a4}; s0 |Ap| = h. Since y € P, and k =k,
we have Py, n = {Pkg—h+1s -, Dkg}t and p g = y. Since a, <y —1 =p;, — 1 and
{d;}ien is mnd, it follows that a,—p41 < prg—nt1—1. Soa; < py;—1forall j € [q]. It
is straightforward that we also have p; ; < a; for all j € [¢]. Sop1; < a; < p;—1 for
all j € [q]. Since we established that d,, , = d,, , for any i € [k] and any j € [¢ — 1],
the result follows. O

—

Lemma 6.3 Suppose P, is asymmetric, Pn,(n) (= Py) is symmetric and either
Pn(l) (= Play+2,n)) is symmetric or dy > dy. Then a(P,) < 3.

Proof. Since P, is asymmetric, we have d; < e,, and hence d; = --- = d, < d, 1
for some p € [n/]. Since P, is symmetric, it follows that (p + 1) + dp+1 > 7.
Let p1 < py < p3 < ps such that Piy = {p1,pa, p3,pa}. Sop1 =1, pp = di + 2,
p3=p2+dp, + 1, pr=ps+dp + 1

Suppose p < d; + 1. Then p+1 < py, and hence ps > (p+1)+dp1 +1>n"+1
and py > (n' +1) +dpyy1+1>n+1. So u(Pry) > n, and hence a(P,) < 3.

Now suppose p > diy +2. So dy = dy as di < dy < d, = d;. Thus, by the
conditions of the lemma, Py, 42, is symmetric. Since d; +2 <p and d; = --- = d,,
dg,+2 = dy. So dg,+2 < e,, but this is a contradiction since Py, 42, is symmetric. O

Lemma 6.4 Let py(r) be a type I family, and let A C py(r) be a special family as
defined in Section 3. Then A is intersecting.
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Proof. We need to show that for each ¢ € [t], the sets in Py(r) that do not intersect
A, are members of {By, ..., B,}. Recall that d; =1 for all i € [m] (m =2t +1).

Consider first ¢ = 1. So A, = Ps,.. Let B € P,)(1) such that BN A, = 0, and let
B':= B\{1}. Since BN Ps, =P and dy = 1, [(B') > 4. So B" := B'U{2} € Py "
as dy = 1. Now, given that y € P, = s1(FPa,), P», is the only set in P[g,y_l](r),
and hence, since BN P, = () implies that y ¢ B”, we have B” = P,. So B =
(P, \{2}) U {1} = By, and hence A is intersecting.

Now consider ¢ > 1. So A, ={2j: j € [q—1}U({25+1:j € [q,t]}UPia,-¢) =
Pog1 U Pogyir—gi1. Now Pogiip_gi1 = P3,;\P3q-1. Since y € P3, = s1(P,),
we have y € Pogy1,—g+1 = S1(Pagr—q+1), and hence C := Py, ,_,11 is the only set
in Plagy—1] (r=a+1) " Note that C' N A, = 0. Let D be a set in Plag_1, (T_‘IH)\{C}
such that DN A, = 0. Then y ¢ D (since y € A,) and 2¢ — 1 € D (otherwise
D e P[g%y_l](r_qﬂ), which leads to the contradiction that D = C). Now dy, = 1
and, since 2¢ +1 € A, 2¢+1 ¢ D. So E := (D\{2¢ — 1}) U {2¢} € Pragy_1" 7Y,
and hence £ = C. So D = (C\{2¢})U{2¢—1}. Since P, 1 C A,, P41 is the only
set in Pag—2) (@=1 that does not intersect Ay So Fy =Py 1UC and Iy := P, ,_1UD
are the only sets in Py(r) that do not intersect A,. It is clear from the above that
Fy = B, and F; = B,. Hence the result. O

Lemma 6.5 If either P, is symmetric or P, is a type II family, then |P," (y)| =
P, (1)].

Proof. If r = 1, then the result is trivial. We now consider » > 1 and proceed by
induction on r. If P, is symmetric, then the result follows immediately by symmetry.
Suppose P, is a type II family. Clearly, y > u(Py,). If y = u(Py,), then P,(") =
{P,}=P,"1) =P, (y). We now consider y > u(P,,.) and proceed by induction
on y. Since Py(r) is type II, we have y € P, » = s, ,.—1(P1,) and ky, < d; + 1; note
that this implies that y € Py, , »\{ky,} = sk, —1(P1-\{1}) and d1+2 = I(P,\{1}) <
WPy \by}) < (dh+ 1) + dgyiy +1 < diyen + (dy +2). Since Py(1) = Pig g,
it follows that either P,(1) is symmetric or P,(1)"~V is isomorphic to a type II
family in the obvious way. Also, it is fairly straightforward that either P,(I) (=
Pr2,y) is symmetric or Py(1) (") is isomorphic to a type II family in the obvious way.
Therefore, by the induction hypotheses, we have [P, (1)~ (y)| = [P, (1)1 (d; +2)|
and [P, ()] = [P, (2)]. S0 [P, ()] = [P, (1) (dy +2)] + [P, ()" (2)] =
1P, (1) (dy + 2)| + [P, (1)([2,ds + 2])|, and hence the result follows if dy = dj.
Since u(Py,) <y € Py, r, ky, > 1. Thus, as we showed in the proof of Lemma 6.2,
dy = d; indeed. O

We now come to the proof of Theorem 3.1. Recall from Section 3 that s_,(A) € P
if A€ P, I(A) > 2and z € [[(A) — 1]; this tool will be used often in the proof. For
p,q €N, let A, ,: 27 — 27 be defined as in Section 4.

Proof of Theorem 3.1. Let J := Pn(r)(l). If P, is type I and A* ¢ P, is
special, then trivially |A* = |J|, and Lemma 6.4 tells us that 4" is intersecting.
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Lemma 6.5 tells us that |P, ™ (n)| = | 7] if either P, is symmetric or P, is type IL.
Thus, taking

A* € ex(P,"), (2)

the result follows if we show that |A*| = |J| and that if A* # 7, then one of the
following holds:

- P,™ is type I and A* is special;
- P, is type II and A* = P, (n);
- P, is symmetric and A* = P, (n).

Given that r < a(P,), we have P, # 0 and hence A* # 0.

Suppose 7 = 2 and A* is centred. Then A* = P,? (i) for some i € [n]. If ¢; < d,
then, since {d;};en is mnd, we clearly must have ¢ < d;, in which case n > i+ d; as

A* £ 10. So

A* | =i—1—¢€; +max{0,n— (i +d;)}

So |[A*| <n—1—d; = |J|, and equality holds if and only if either i = 1 or i =n
and e, = d;. Thus, by (2), either A* = 7 or A* = 73”(2)(71) and P, is symmetric.

Next, suppose r = 2 and A* is non-centred. Then A* can only be of the form
{{a1,as},{a1,a3}, {az,as3}}, where 1 < a; < ay < ag < n. If a3 > ag + 2, then
PP (ar)| > [{{ar,an}: h € [ag,as]}| > 4 > |A*|, which contradicts (2). So as <
as + 2, and hence d,, < 1. Since 1 < d; < d,,, do, =dy = 1. So |J| =n — 2, and
hence, since |A*| =3, n <5 by (2). Also,n > a3 >as+2 > (a1 +2)+2>5. So
n =5, and hence ay =1, ay = 3, ag3 = 5, d; = d3 = 1. Together with the above, this
clearly settles the result for r = 2.

We now consider r > 3 and proceed by induction on r. Since n > u(P op,))
and r < a(Py,), n > u(Pr,). If n = u(Py,), then the result is trivial since we get
A =P, = {Py,}. We now consider n > u(P;,) and proceed by induction on n.

Let A:=A,_1,(A*). Since A(n) C A*(n), we have
Ap_1a(A(n)) C A", (3)
and since A* is intersecting, the following holds:

Ae Am), ANB =0 for some B€ Aln) = n—-1€A¢A" j,, 1(A) e A"
(4)

Note that P,(n) = P,s. Since we are considering 3 < r < a(P,) and n > u(P,),
we clearly have 2 <r—1<aPy)and 3 <r < a(P,_ ) So A(n} C P, £,
J(n) = Pu V(1) # 0, A) C Poi® # 0, T(0) = Poa (1) # 0. Now, by
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Lemma 5.2(i), A(n) and A(7) are intersecting. So the induction hypothesis yields
|A(n)| < |TJ(n)| and |A(R)| < |T(7)|, and hence |A| < |T|. Since |A| = |A* and
A* € ex(P,"), we obtain |A| = |7| and

J € ex(P,™). (5)

So |A(n)| = |T(n)|, |A(R)| = |T (7)], and hence, since the induction hypothesis gives
us J(n) € ex(Pp" V) and J(7) € ex(P,_1"), we have

Aln) € ex(Py D), (6)
A() € ex(Po_1™). (7)

Thus, by the induction hypothesis again, the following must hold:

A(n) = J(n) or Aln) =P "V(n') or A(n) is special; (8)
A@) = J(@) or A(@) = P (n — 1) or A() is special. (9)

Suppose A(n) = J(n). Then J(n—1) C A,,_1,(A(n)), and hence J(n—1) C A*
by (3). Suppose A*(I)(n) # 0. Let A € A*(1)(n) and B := (s_1(A\l(A4))) U {1}.
Then B € J(n — 1), and hence B € A*. But AN B = (), a contradiction as A* is
intersecting. So A*(1)(n) = (). Next, suppose A*(1)(n) # 0. Let C' € A*(1)(n) and
D = (s_1(C\(/(C)Uu(C)))U{1l}. So D € A(n), and hence £ := DU {n} € A"
But CNE =0, a contradiction. So A*(1)(m) = 0. Together with A*(1)(n) = 0, this
gives us A*(1) = 0. So A* C J. By (2), A*=J.

We now consider A(n) # J(n). Thus, by (8), either A(n) = P~V (n') or A(n)
is special. We also keep in mind that A(7) is as in (9).

Suppose kn,_1 = 1. Then A(n) is not special. So A(n) = P,""V(n’). By
(6) and the induction hypothesis, either P, is symmetric or P, ‘"~ RIS type II. So
u(Py , . r—1) =n'. Together with ks ,_; = 1, this gives us A(n) = {P1,_1} = T (n),
a contradiction. So

—~

Ky po1 > 2. (10)
Thus, by Lemma 6.1,

Ky > 2. (11)

We will consider the case where P, is symmetric separately from the case where
P,, is asymmetric.

Case 1: P, is symmetric. Clearly, we then have n € Py, .. By (11), k,, > 2.

The case k,, = 2 is trivial since then P, = Pn(r)(l)(n) U{Pi,, P»,} and either
A =P, N\{Py,} =T or A =P, N{P,} =P, (n).

Consider next k£, , = 3 and d; = 1. Since P, is symmetric, n = 2r + 1. Note that
this is the unique case where P, is symmetric and P, is type I. Let A; := Py,
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A1 =Py, and Ajyy ={25: 7€ [ifu{2j+1:5ei+1,r]},i=1,....,r— 1
Let B,y1 := {1} U P;5,_q1 and B; := s_1(Ai+1), i = 1,...,r. Now, for each i € [r],
let S; be the special family {A;,..., A;} U(J\{Bu,...,B;}). For each i € [r + 1],
|A* N {A;, B;}| <1as AN B; =0. Since |A*| = |J| (by (2), (5)) and P,"\T =
{A1, ..., Ars1}, we actually have | A* N {A;, B;}| = 1 for all i € [r + 1]. Suppose
A* # J. Then A, € A* for some ¢ € [r + 1]; assume that ¢ is the largest such
integer. Suppose ¢ > 1 and there exists p € [2, ¢] such that A, € A* and A,_; ¢ A*;
then, since B,_1 N A, = 0, we get the contradiction that |A* N {A4,_1, Bp—1}| = 0.
So A, € A* for all p € [¢]. Since A; N A,+1 =0, ¢ <r. Therefore A* is the special
family S,.

Now consider any of the remaining cases. So either d; = 1 and k,, > 4 or
dy > 1 and k,, > 3. By Lemma 6.1, P is not type I, and hence A(n) is
not special. So A(n) = Pn/(r_l)(n’), and hence A, := P, , .1 U{n} € A",
Ay = (A\I(Ay))U{lI(A))—1} € A" (we have [(Ag) > 2 because, since l(Ay) = kppa
and k,, > 3, [(A4;) > 3 by Lemma 6.1). Let A" := Ay;(A*). By Lemma 5.2(iii),
A’(1) and A'(1) are intersecting. By an argument similar to the one for A above,
A’(1) and A'(1) must obey conditions similar to (8) and (9); in particular, A'(1)
must be one of P[dﬁg,n](r_l)(dl + 2) and P[dﬁg,n](r_l)(n) (note that, since P, is
symmetric, A’(1) cannot be isomorphic to a special family, just like A(n) cannot be
special). Suppose A'(1) = P[dﬁg,n](’"_l)(dl +2). Taking A3 := s_1(A;), we then have
A4 = (Ag\{l(Ag), l(Ag\l(Ag))})U{l, d1+2} € A* Ifl(Al) = d1+2, then AQﬂA4 = @,
otherwise A; N Ay = 0; this is a contradiction. So A'(1) = P40, " (n). Since
P, is symmetric, we can use an argument similar to the one we applied for the case

A(n) = J(n) to obtain A* = P, (n).

Case 2: P, is asymmetric. Note that we therefore have e,, > 1. As we showed
above, the following are the cases that must be investigated.

Sub-case 2.1: A(n) = PV (n'). By (6) and the induction hypothesis, either
P, is symmetric or P, " is type II. So

'€, 1 =5k,, —1(P1) (12)

Suppose A(7) is special but not P (n — 1). By definition, we have k,_;, =
3, di = 1, uw(Ps,) = n—1, and hence u(P,4+1) = u({1l} U Ps,) = n—1. So
uw(Pr,) =(Mm—1) —e,1 —1 < n—e, —1=n/, where the inequality follows by
Proposition 5.1. Since ky -1 = kpy > kno1, = 3 > dy + 1 (the first equality is
given by Lemma 6.1), PV is not type II. So P, is symmetric, and we thus
have e, = dy = 1. Suppose u(P;,) < n’. Since P, is symmetric, we then have
Py, = s1(P1,) and u(Py,) <n'. So Ay := Py, o, U{n'} € A(n). By (1), P, € A(n).
Since Ay N Py, =0, (4) gives us n — 1 € Py, which contradicts u(Ps,) = n — 1.
So u(P,,) = n'. Since Ps,_; = P,\{1} and A(n) = P,""D(n/), we therefore
have Ps,_; € A(n), and hence Ay := P3,_1 U {n} € A*. Since P3, = d,_1,(A2), we
obtain Py, € A* by (3). Now, since A(7) is special, Ps,. = s1(FP2,) and, by (1), A3 :=
{I,n =1} U (Pe,-1\{2}) € A(R). So Ay N A3 = 0, and hence Ay := d,,-1(A43) € A*
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by (4). But then P;, N Ay = 0, a contradiction. We therefore conclude that either
A(n) = J(n) or A(n) = Py 1(“(”— 1).

Sub-sub-case 2.1.1: A(m) = J(m). Let Ay := (P,  —1,—1\{n' —1}) U {n'}.
Note that n' —1 € Py, 1,1 by (12). Since A(n) = P "V (n'), we thus have
Ay € A(n). Suppose Ky, > 2. Then Ay := (P, —2r—1\{kw,—1 —2}) U{l,n—
2} € A(m). By (12),wehave P, , 1,1 = sl(Pkn,’T_l_QJ_l), and hence A;NAy = 0.
But then (4) givesus n—1 € A,, a contradiction. So kn o1 < 2. By (10), by 1 = 2.
So u(Payr—1) = n' by (12). Thus, A3 := Ps,_1 € A(n) and, by (12), n'—1 = u(Py ,_1).
Suppose d,y_1 < €,. Then (n' —1)+dy_1+1<n'4+e,—1=mn—2 and hence
Ay:=P,1U{n—-2} P (asn'—1=wu(P,-1)). So Ay € A(W). Since (12) implies
that A3N Ay =0, (4) givesusn—1 € Ay, a contradiction. So d,y_1 = d,» = e,,. Thus,
since u(Py,—1) =n'—land Pa,_1 = s1(P1,-1) (by (12)), we have P, = Py ,_1U{(n'—
1) +e,+ 1} = PL,,«_lU{TL— 1}, PQ’T = P27,,~_1U{n/+€n+ 1} = PQ’T_1U{TL}7 and hence
Py, =s1(Prr1U{n—1}) = s1(Pr,). SO P, is type II. Now u(Py,) = n—1 implies
that.A( ) = {Plr} SlHCePQT 1€ P (r=1) ( ) .A< > C .A*< >andPLTﬂP27T_1 = Q),
it follows by (4) that A*(m) = 0 and A*(n')(n) = {(P..\{n — 1}) U {n}}. So
A*(7)(n) = P, (W)(n) as u( Py, \{n—1}) = u(Py,_,) = n'—1. Since A(n')(n—1) =
0, we ha(w)e A*(n')(n) = A(n')(n), and hence A*(n')(n) = P,")(n')(n). Therefore
A* =P, (n).

Sub-sub-case 2.1.2: A(M) = Po1™(n —1). Suppose d,y < e,. Then A, =
Py, r-1U{n—1} € A(m). Recall that A(n) = P "V (n/). Thus, by (12),
Ay =Dy, e 1U{n} € A(n), and hence Ay € A*. Since A; = §,,—1,(A2), A; € A*
by (3). By (10), kppo1 —1 > 1580 let Ay := P, 1,1 U{n —1}. We have
As € A(m), and Ay N Az = () since Ay = s1(As) by (12). So Ay == 6,,-1(A3) € A*
by (4). But A;N Ay = Ay N Az = (), a contradiction. So d,; = e,,, which implies that
€n_1 > €,. By Proposition 5.1, e, 1 = e,.

Let A € A(m). Sincen—leAand m—1)—ep1—1=n—e,—2<n —1 we
haven’ ¢ Aand B := A\{n—1} € 77 i 1). Since either P, is symmetric or P, is
type II, Lemma 6.2 glves us s1(B) € Ppy" V. So C := (s1(B)\u(s1(B))) U {n ,n} €
P, (n)(n). Since P, (n')(n) = A(n) € A*(n), C € A*. Since ANC = 0, it
follows by (4) that A ¢ A* and 0,,—1(A) € A*(n/)(n). We have therefore shown
that A( )(n) 0, A*@) = 0 and A*(7)(n) = Apu_i(A@)) = App1(Pri(n —

1)) = P,"(@)(n). Since A(@)(n') = 0 implies that A*(n')(n) = A(n')(n), we have
A*(n )( ) =P, () (n). So A* = P, (n).

We now show that P, is type II. Recall from Section 3 that P, (n) is special
only if P, is symmetric. However, P, is asymmetric. So P, (n) is not special.

Since e,_; = e, and P, is asymmetric, P,_; is asymmetric. So Pn_l(r)(n —1)is
not special. Since P,_;"(n — 1) = A(@) € ex(Pn_1"), it follows by the induction
hypothesis that P, 1" s type 1I, and hence k,_;, < d; + 1. By the induction
hypothesis for A(n) = P, D(n') € ex(Pp "), either P, "~ is type II or P, is
symmetric. If P, =1 g type 11, then, by definition, &,/ ,_1 < d; + 1. We now show
that this inequality also holds if P, is symmetric.
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Suppose P, is symmetric and kn .y > dy + 1. Then {I,n} U P, , .1 €

D and hence r < a(P,). If cither P,(1) is symmetric or dy > di, then

Lemma 6.3 gives us a(P,) < 3, and hence r < 2; however, we are consider-
ing r > 3. So P,(1) is asymmetric and dy = dy. Let A" := Ay;(A*). By
Lemma 5.2(iii), A’(1) and A'(1) are intersecting. The induction hypothesis gives
us [A(D)] < [Pu()0D(d, + 2 = [P (1)(dr +2), |AD)] < [PATO)] =
P, (1) (12,2 + do])| < [P (1)([2,d1 + 2])|, and therefore |A/| < [P, (1)(d, +
N+ P 1)(2,dr + 2)| = |P,"(1)]. Since |A'| = |A| and A € ex(P,"), it
follows that |A'(1)| = |P.(1)""Y(d; + 2)| and |A'(T)| = |P.(1)(2)|. Since the
induction hypothesis gives us P, (1)~ (d; + 2) € ex(P,(1)"V), we therefore have
A'(1) € ex(P,(1)"~1). Thus, by the induction hypothesis, one of the following holds:
(a) A(1) = P, (1)=1(d; 4 2), (b) A'(1) = P,(1)""V(n), (c) A'(1) is isomorphic to
a special family. Suppose (a) holds. Then Py, 15,1 € A’(1), and hence P, € A'(1).
So P, € A* as A'(1) C A*; but this clearly contradicts A* = P, (n) and (11).
Suppose (c) holds. Since P, (1) is asymmetric, (1) then gives us Py 40,1 € A'(1);
but, as we have just shown, this leads to a contradiction. So (b) holds. Since P(1)
is asymmetric, it follows by the induction hypothesis that P,(1)"~" is isomorphic
to a type II family, and hence, by definition of a type II family, we must have
r — 1= «a(P,(1)); but this clearly contradicts r < a(P,).

Therefore, as we claimed earlier, ks ,_; < dy+1. So k,,, < d; +1 by Lemma 6.1.
Now, since P,_1" is type I, n — 1 € Pr i = Skp_r,—1(P1yr). Since e,_1 = ey,
it follows that n' =1 = (n—1) —e,1 —1 € P,y -1 = Sky_y,—1(Prr—1). Since
either P, "V is type II or P, is symmetric, n’ € P, r-1 =56, —1(Prr—1)
So Py, r—1 = 51(Pry_y,0—1) and ky_1, = Kppq — 1. Since d,; = e,, we have
n'+d,+1 = n, and hence Pipow=hF., rU{n}asn’ =u(P,, 1) Bringing
together the relations we have just established, we get 7

Pkn,'ryr - 81<Pkn—1,r77'_]-) U {n} - S]-<Pkn—1,'r77'_]- U {n - 1}) - 81<Pkn—1,'ryr)
= 51(8kp_1,-1(P1r) = Sk, (Prr) = 81, —1(Pry)-

Together with Lemma 6.1, this gives us P, , , = Skn,T—l(PM)- Since we also estab-
lished that &, , < dy +1and n € Py, ., Pn(r) is type II.

Sub-case 2.2: A(n) is special and A(n) # P~V (n’). By (6) and the induction
hypothesis, P, is type I. So n’ € Ps, 1 =s1(Payr_1)and, by (1), Piy_1, P51 €
A(n). Taking @y := Py ,_1U{n} and Q3 := P5,_1U{n}, we then have Q,, Q3 € A*(n)
(as A(n) C A*(n)).

Suppose A(m) = Pn_l(r)(n —1). So Ay :==5.1(Q3) = Pop1 U{n—1} € A(W)
and Ay = P,1 U{n —1} € A(m). Since Ay = §,,1,(Q1), it follows by (3) that
Ay € A*. Since A; N Q3 =0, we have A3 := Py,_1 U{n} € A* by (4). Now, by (7)
and the induction hypothesis, we should have that either P, 1M s type Il or P,_1
is symmetric, and hence P,, = s1(P;,); but then Ay N A3 = (), a contradiction. So
A(T) # Ppi (0 —1).

Next, suppose A(7) is special. Let A; := s1(Ps,) and Ay = {1l,n — 1} U
(Pyr-1\{2}). Then A} = P3, = P;,_1 U{n — 1} € A(m) and, by (1), Ay € A(n).
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Since Ay = 0p—1,(®3), (3) gives us A; € A*. Since Ao N Q3 = Ay N Oppn-1(A1) = 0,
(4) gives us Ag := 0, n-1(A42) € A*. But A; N A3 = (), a contradiction.

Therefore, A(m) = J(n). Suppose d,y—1 < €,. Then (' — 1) +dy_1 +1 <
n+e,—1=n—-2 Nown —1¢€ P, asn € Py,_y = s;(Pa,_1). Taking
A = {l,n — 2} U (P2,—1\{2}), we thus get A; € A(m) N A*. However, since
Q3>n <n—2—dy_1 <n-—3implies that n — 2 ¢ Q3, we also get A;NQ3 =10, a
contradiction. So d,_1 = e,, and hence d,,_1 = d,y = e, (as d,y < e,). Thus, since
W(Pyyo1) =n'—1land u(Ps,—1) =0/, w(Py,) = (0 —1)+dp1+1=n"+e,=n—1
and similarly u(Ps,) =n. So P, = P,y U{n} = s1(Py,—1 U{n —1}) = s1(Pa,).
Since PV is type I, di = d3 = 1. Since P, is asymmetric, we therefore have
e, > 1, and hence, since d,y_1 = e,, m := max{a € [n]: d, = 1} < n’ — 2. Thus,
since P, "V is type I, m = 2t +1 for some t € [r — 1] (note that if P, is symmetric,
then 7’ = 2(r — 1) + 1, dy— = dy, and hence m = n’ —2 = 2(r —2)+1). So P, is
type L

It remains to show that A* is special. Let Ay, ..., A;, By, ..., B; be as in the def-
inition of a special family with y = n in Section 3. Since n € Ps, = P, U P10, =
$1(Pay) = s1(Pot U Pry1,-t), we have n € Pyi0,—+ = $1(Ppy1,—t), and hence, for
each i € [t], n€ A, andn—1 € Ppy1,—4 C B;. For each i € [t], let A := A;\{n},
B := B\{n— 1}, B! == B/U{n}. Sincet € [r—1],r > t+1. Ifr =t+1,
then P,40,—+ = Ppya1 = {m + 2}, and hence n = m + 2; however, this contradicts
m<n —2<n—2.Sor>t+2. Thus P, 9,41 # 0 and P11 # 0. Clearly,
for each 7 € [t], A; = (Ai\Pm—l-Q,r—t) U.Pm+27,,~_t_1 and B; = (Bi\Pm—l—l,r—t) UPm—l—l,r—t—l
(recall that P,,41,_; C B;). Therefore, since A(n) is special and A(n) # P~V (n),
Alny = {A},..., A} U (P " D()\{BL, ..., B,}) for some q € [t] (note that if P,
is symmetric, then, since P, "™V is type I, we have n’ = 2(r—1)+1,t=r—2, and
hence A(n) = {4}, ..., A, YU(P, " D(D\{B,,...,B;}) for some h € [t+1] = [r—1],
where Aj,, = {25: 5 € [r = 2]} U{n'} and B;,; = P,,_1; however, if h =t + 1,
then A(n) = P,V (n'), a contradiction). So A% = A(n) = {A,..., A} U
(Pn(r)(l)(n)\{Bi’,...,B;’}). Since A(n) € A*(n), A} € A*. Now, we also have
A@) = J@) = Puoi™(1). So A = P W (1) (n—1) = A@)(n — 1) C A*. Fi-
nally, consider A € A(@)(n—1) = P,_1"(1)(n—1). If A = B, for some i € [g], then,
since A;NB; = and A; € A;, we must have A ¢ A* and (A\{n—1})U{n} € A*. If
A ¢ {By,...,B,}, then (A\{n —1})U{n} € Aj, and hence A € A* by (3). Setting
As = A*\(AF U A5), we therefore have A5 = (P17 (1)(n — D)\{By,..., B,}) U
{BY,...,B'}. So A" = A UAUA; = {A1,..., A U (P, (W)\{Bi,. ... By}). So
A* is special. O

7 The case d; =0

This section is dedicated to the proof of Theorem 3.3. We start with a lemma con-
cerning sets in hereditary families. A family F is said to be a hereditary family (also
called an ideal, a downset, and an abstract simplicial complex) if for each member
F of F, all the subsets of F' are members of F. Clearly, for any X C N, Px is a
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hereditary family.

Lemma 7.1 Let F be a hereditary family with o(F) > 1. If there exist Fy, Fy € F
such that Fy N Fy = 0 and |Fy| = |Fy] = «(F), then for every non-empty F € F
there exists F' € F such that FNF' =0 and |F| + |F'| > o(F).

Proof. Let FF € F, F # (). If F C Fy, then the result follows immediately by taking
F' e (a(f)ﬁ—m)' If £ ¢ Fy, then |[F{\F| > |Fi| — (|[F|—1) = «(F)+ 1 — |F|, and
hence the result follows by taking F” € (a(;ﬁr\i | F|). O

The converse of this result is not true; to see this, take F to be 2"\ {[n + 1]}.
Also, the conditions on F} and F, are sharp; by considering F = 2 U 22 and
F = {z}, it is easy to see that we can neither allow F; and F, to have a non-empty
intersection nor allow Fy or Fy to be of size less than «o(F).

Lemma 7.2 If dy > 0, a(P,) > 3 and n € Py op,), then for any non-empty A €
Po(2) there exists A" € P,(2) such that AN A" = @ and |Al + |A'| > a(P,).

Proof. Let 1 = p; < ps < -+ < pacp,) such that Py ,p,) {pl, s Da(pyy t- We
have P,(2) € 2[*" where a :==2+dy + 1. Leta =1 q < --- < Qa(P,)—2 such that

Poapy—2 =101, -, ap,)-2}- SO
pp=1+di+1<2+do+1=q <p2+dy +1=ps, (13)
and if «(P,) > 4, then, proceeding inductively, we also get
pi=pi1tdy,_  +1<g_o+dy ,+1=q_1<pi+d, +1=pg, (14)

1= 37 . 70[(7)n) — 1. Let F1 = Pp3,a(73n)—2 = P\{p17p2}, F2 = Pa,a(Pn)—Z- By (13)
and (14), Fy, F; € P,(2) and Fy N Fy = (. Since |Fi| = a(P,) — 2, a(P,(2)) >
a(P,) —2 > 1. By definition of a, P, ap,2)) € Pn(2) (for the same reason that
Py op,) € Pn, being that {d;},en is mnd). So u(P, o(p,(2))) < n. Now n = pacp,) as
we are given that n € P 4p,).

Suppose a(P,(2)) > a(P,) — 2. Then gop,)—2 € Poa@.@) \{U(Poam@.@))}-
Together with (13) and (14), this gives us u(Po,a(P.(2)) = da(Pa)—2 + dguip,)o T 1>
Da(Pn), contradicting u( P, o(p,(2))) < 1 = Darp,)- 50 a(Pn(2)) = a(Py) —2 = |F1| =
| Fal.

Let ) # A € P,(2). Suppose A € P,(2). By Lemma 7.1, there exists A” € P,(2)
such that AN A” = 0 and |A| + |4"| > a(Pn(2)) + 1 = a(P,) — 1. Hence A" :=
A"U{2} € Pu(2), AN A" =0 and |A| + |A'| > a(P,). Now suppose A ¢ P,(2). We
have A* := AN[a,n] € P,(2) U{0}. If A* # (), then we apply the argument above
to get |A*| + |A'| > a(P,) for some A" € P,(2) such that A* N A’ = (), and clearly
this yields the result. Suppose A* = (). Let A’ := F; U{2}. So AN A" = () and
Al + A > 14 (a(Pn) — 1) = a(Pn). m

In the proof of Theorem 3.3, we will use the following slightly improved version
[2] of a result of Hilton [13] for cross-intersecting families.
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Theorem 7.3 ([13, 2]) Letr < n/2 and k > 2. Let Ay, ..., Ay be cross-intersect-
ing subfamilies of (”]) Then

if k<
Z‘AK{l(c)jf N ik >

Moreover, if equality holds and (k, %) # (2,2), then one of the following holds:
(i) k>n/r and Ay = - —Akeex(([n]))

(1)) k <nfr, A; = ([T) for some j € [k], and A; =0 for each i € [E]\{j};
(i) k =n/r and Ay, ..., A are as in (i) or (ii).

SI3s13

For p,q € N, let A, ,: 27 — 27 be defined as in Section 4.

Proof of Theorem 3.3. We start with (i), for which we have dy._o = 0 and
dor—1 = n — 2r. Note that r > 2 since d1 = 0 < d,,, = do,_1. We first consider
A e ex(P ™) and prove the necessary condition. Let B := P,(1). Let Ay =
An (P72)) Ay i= A(2r — 1)(n) and Ay, := A(i)\ A, i = 2r — 1,...,n. Define By,
By, and B ; similarly. Note that since (2r — 1) +dy—1 +1=n (and d; > do,_; for
alli >2r),if Ae Aand |[AN[2r —1,n]| > 1, then AN[2r —1,n] = {2r — 1,n}. So
Ao UAd, U, | Ai; is a partition for A. Let A} := A(2r — 1)(n) C ([2:__22}) and

= AN (P 3) = Ay (i), i = 2r—1,...,n. Define B, and By, (i=2r—1,...,n)
snnllarly So

Al = [Aol + Ayl + > ALl Bl =Bl + 1Bl + > |BLl (15)

i=2r—1 i=2r—1

Clearly, Ay and A}, must be cross-intersecting. So

A, [2r — 2\ A} N (A U AL)| < 1 forall A € ([27" - 2]) U ([27” - 21), (16)

r—2 r
and hence
2r —2
Aol + 1450 < (7 77) = bl + 15 (17)
Let us now consider A’ ;, i = 2r — 1,...,n. These families must also be cross-

intersecting. Thus, by Theorem 7.3, we have

Z A < n—27“+2)( ) Z 18| (18)

i=2r—1 i=2r—1

By (15), (17) and (18), we have |A| < |B|. Thus, since A € ex(P,"), we actually
have |A| = |B|. It follows that the inequalities in (17) and (18) are actually equalities.
By Theorem 7.3 and the EKR Theorem, an equality in (18) yields A}, = - =

n € ex(([% 2])) hence (b).
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Since d,—1 > 0 and 2r < a(P,), n > 2r + 1. So the sets of A; 2, do not intersect
with those of Ay on [2r — 1,n], and hence A] ,. and Aj are cross-intersecting. By
the equalities in (b), (c¢) follows.

Since we established equality in (17), we also have equality in (16), which implies
that Ay = ([27;_2])\{[27’ —2\A: A € A,}. Thus, to obtain (a), it remains to show
that Aj is intersecting. Suppose there exist A, A; € A, such that A; N Ay = (. So
[2r — 2]\ (A1 U Ag) = {z, y} for some distinct x,y € [2r —2]. Let A3 := A; U{z} and
Ay = Ay U{y}. So A3N Ay =0 and Ay N A = 0. Since A},, and Aj are cross-
intersecting (see above), we therefore get Az, Ay ¢ A’ ,.. Since Ay = [2r — 2]\ 43,
this implies that A} ,, ¢ ex((p:__f])) (see Theorem 1.1(ii)), a contradiction to (b). So
A} is intersecting. Hence (a).

We now prove the sufficiency condition in (i). So let A be a subfamily of P,
that obeys (a), (b) and (c). Define Ay, Ay and Ay ;, i =2r —1,...,n, as above. As
we showed above, Ay U Ay UJ;,, A1, is a partition for A. By definition, Ay, As,
Aj o1, ..., A1, are intersecting. By (a), Ag U A, is intersecting. By (b) and (c),
AU, | A, is intersecting. If A € U, | Ay, then |[AN[2r —2]| =7 —1, and
hence A intersects each set in ([27";2]); so Ay and U?:Qr—l A, ; are cross-intersecting.
Therefore, A is intersecting. Now, it is immediate from (a), (b) and (c) that the
bounds in (17) and (18) are attained. So A € ex(P,™).

We now prove (ii) and (iii) by induction on n. The case r = 1 is trivial, so
we assume that 7 > 2. We first consider A* € ex(P,)) and prove the neces-
sary conditions for A*. Unlike we did in the Proof of Theorem 3.1, we do not
use A, 1, because if a(P,)/2 = r > a(P,-1)/2 (which is possible), then we can-
not apply the induction hypothesis. Instead, we work with A := A, ,,11(A*).
By Lemma 5.2(ii), A(m+ 1) U A(m + 1) is intersecting. We have A(m+1) C
P, (m 1) = Pu(m+ 1) and A(m + 1) € P, (m +1) = P, (m + 1)), where
" =1 —1. Since m,m + dp, + 1 € Py op,) € Pn, we have a(P,) = a(P,(m + 1))
and

" < (a(Pn) —2)/2 = a(Py(m)(m+d,, + 1)) /2 < a(P,(m + 1)) /2. (19)
Observe that P,(m+1) and P,(m + 1) are isomorphic to P, ({d}}ien) and
Por({d!}ien), respectively, where n’ = n — 1, n” = max{m — 1,n — d;41 — 2},
and {d}};en and {d};cn are mnd sequences given by

d;=0 ifie[m—1]
d;:=1¢ dn—1 ifi=m; and d ::{
dit1 if i € N\[m],
Therefore, we can apply the induction hypothesis or Theorem 1.1 to each of A(m + 1)
and A(m + 1) to get
Am+ D) < PO m+ D), [Alm+1)] < [P m+1)(1)], (20)
and hence |A| < [P, (1)]. Since |A| = |.A*| and A* € ex(P,), A € ex(P,™). So
we actually have equalities in (20), and hence
Am+1) € ex(P,"(m+1)), A(m+1) € ex(P,"(m + 1)). (21)

di=0 if i € [m — 1J;
diva,.vo ifi € N\[m — 1].
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Claim 7.4 Suppose a € [m] and A(m +1) = P, (m +1)(a). Then a € [m — 1]
and A =P, (a).

Proof. Suppose A(m + 1) = P,")(m + 1)(a), a € [m]. Then, since a € Py, €

P, and r < a(P,)/2, for any A € P, (m + >( ) there exists A" € A(m+ 1)

such that AN A = . Since A(m+1) U A(m + 1) is intersecting, it follows that
P,

Alm +1) € P,"m +1)(a). So A = )(a) as A € ex(P ™). If @ = m, then
A(m + 1) = 0, and hence |A| = |P, ( +1)(a)] < P (mFD)(D)] < [P (1)),
contradicting A € ex(P,"). O

Claim 7.5 Suppose n € Pio, and m < 2r — 2. Let j € [m — 1] Let A €
P () m +1) such that AN [m,n] # 0. Then there exists A' € P, (j)(m + 1)
such that AN A" = .

Proof. Let Q := P, N2™". So Q is isomorphic to Pr—(m-1){ditm-1}ien). Clearly,
n € Py implies that n € P, o(0) and a(P,) = 2r. Since m < 2r — 2 and a(Q) =
a(P,)—(m—1)=2r—(m—1),a(Q) >2r — (2r —3) =3. Let B:= AN [m,n] €
Q(m + 1). By the given conditions on A, B # (). Thus, by Lemma 7.2, there exists
B’ € Q(m+1) such that BNB' = () and |B|+|B’| = «(Q). Let A" := B'U([m—1]\ A).
So | A] = | B[ +[m—1)\A| = (a(Q)—|Bl)+((m—1)—(r—|BI)) = a(Q)+m—1—r = 1.
Since j ¢ A, j € A'. The truth of the claim is now clear. O

Note that P, € P, since 2r < a(P,).

Consider first n ¢ Py a,.. Since m € Pio,, m+1 € Pio,.. So Py, € Pp(m+1)(n).
By (21) and the induction hypothesis, it follows that A(m 1) =P, (m+1)(j)
for somej € [m] (note that if d,, = 1, then d/, = 0 and d,,,; > 0). By Claim 7.4,
A=P,"(j) and j € [m — 1].

Now consider n € Py 9, and m < 2r —2. We have P 5, = [m —1]U P,, (), Where
Q is as in the Proof of Claim 7.5, and hence a(Q) > 3. Let m =: p; < py < -+ <
Pa() := n such that P, o) = {p1,.--,Par0)}. Let m" := (m + 1) + dpqq + 1. Let
m” =i q1 < -+ < ga(g)—2 such that P, o0)—2 = {q1, - ., ¢a(0)—2}. Similarly to (13)
and (14), we have

p=m+d,+1<(m+1)+dp1+1=q <pr+dy,+1=nps, (22)
and if «(Q) > 4, then
Pi=Dpic1+dp,  +1<qgo+dg ,+1=q_1<ps+dp,+1=Dpi, (23)

i=3,...,a(Q) = 1. Let Py = {p{,. .., phu} € P({d]}ien), where p{ := 1 and
Pl = p;’—i—dgz, + 1,1 =1,....,27" = 1. Clearly, p/ = j, j =1,...,m —1, and
P = Qomi1 —dmy1 —2, L =m,...,2r". Note that 2r" =2r—2 = (m—1)+«(Q) —2
(as Pior = [m — 1] U P o0))- Now, by (22) and (23), gao)—2 < Pa(g)- S0 we
have pf , = p;+a(g)_3 = qa(0)-2 — dmy1 — 2 < n — dp41 — 2 =n". By the induction
hypothesis, it follows that A(m+1) = P, (m+1)(4) for some j € [m—1]. Therefore,

A(m+1) =P, (m +1)(5). (24)
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Let Ho U H; U H, be the partition of A(m + 1) given by Hy := A(m + 1) N ([mr_l]),
Hy = {A € Alm+1): Ppa C A} and Hy := A(m +1)\(Ho U H;). Define a
partition Zo UZ; UZy of P, (m +1)(j) similarly. Since A is intersecting, it follows
by (24) and Claim 7.5 that

Hl g Il and H2 g IQ. (25)

Suppose m < r+ 1. If m < r+1, then Hy = 0. If m = r + 1, thenHo =
{[m-1]} € P, T)(m +1)(5). Together with (24) and (25), this gives us A C P, (4).
Since A € ex(P,"), A =P, (4).

Now suppose m > r+2. If A € Hy\Zy, then Py 5,\A € Z;\Hy. Thus, |Ho|+|H1| <
| Zo| + |Z1| as H1 € 7y (by (25)). By (20), (21) and (25), it follows that Hy = Z, and
[Ho| +|H1| = |Zo| +|Z1|. We now prove that A = (P, (/)\{Pra\A: A € Ho})UH,
by showing that for any A € ([mr_l]), P 5,\A is the unique set in P, that does
not intersect A. Indeed, let A’ € P, such that AN A" = (). Then A’ = A} U A,
for some A} C [m — 1]\A and A} € Q. Suppose that either A # [m — 1]\ A4 or
| Ay < a(Q) (= 2r—m+1); then |A'| < (m—1—7)+(2r—m-+1) = r, a contradiction.
So A} = [m — 1\A and |Aj| = a(Q). Clearly, since n € Py a0) = P2 \[m — 1],
P a(0) is the only set in Q of size a(Q). So Ay = P, 4(g), and hence A" = Py 5, \ A.

We conclude the proof of the necessary conditions in (ii) and (iii) by showing
that A* = A. Suppose A* # A. Then there exists A* € A*\ A such that A :=
Ommr1(A*) € A\A*. Now we have shown that for some j € [m — 1] and Hy C
(=MD A = (P, )\ {Prar-\A: A € Ho}) UH, (where Ho = 0 if either n ¢ Pp o,
or m < r+1). Thus, since m € A, A € P, (5)(m). So A* € P, (j)(m + 1)\ A,
but this is a contradiction because, since m + 1 ¢ P o, 2 () (m+1) C A.

It remains to prove the sufficiency conditions in (ii) and (iii). We have shown
that for any intersecting family A c P, |A| < |P,")(1)|. This already proves the
sufficiency condition in (iii) because for any j € [2,m — 1], P, () is isomorphic
to P, (1). Therefore, the sufficiency condition in (ii) follows from the already
established fact that if n € Pyo,, r+2<m <2r —2and A € ([mr_l]), then P, \A
is the unique set in P, that does not intersect A. O

8 The remaining problem

Since P, U P, it is immediate from Theorem 3.1 that
ex(P,) = {Pn(1)} if dy > 0.

As noted in [10], 2"(1) € ex(2[") holds because for any A € ex(2["), [n]\A ¢ A for
all A € A Now P, = 2 if d; = 0 for all i € [n — 1]. By an inductive argument
similar to the one used in Theorem 3.3 for showing that P, (1) € ex(P,"), we
therefore obtain that

Pn(1) € ex(P,) if d; = 0.
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For the case d; = 0 and a(P,)/2 < r < a(P,), investigating the nature of families
in ex(P,") seems to be a daunting task; recall from Section 1 that in this case we
may have P, (1) ¢ eX(Pn(T)) in this case. An achievable target, though, might be
to determine a list of families such that ex(P,) must contain a family in the list.
An example of an accomplishment of this kind is [1, Theorem 6], and it may well be
that the extremal structures for our remaining problem are similar to those in that
result.
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