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Abstract

We investigate the smallest number A\(G) of vertices that need to be
removed from a non-empty graph G so that the resulting graph has a
smaller maximum degree. We prove that if n is the number of vertices, k
is the maximum degree, and ¢ is the number of vertices of degree k, then
AMG) < w We also show that A\(G) < 47 if G is a tree. These
bounds are sharp. We provide other bounds together with structural

observations.

1 Introduction

Throughout this paper we shall use capital letters such as X to denote sets or graphs,
and small letters such as x to denote non-negative integers or elements of a set. The
set {1,2,...} of positive integers is denoted by N. For any n € N| the set {1,...,n}
is denoted by [n]. For a set X, the set {{z,y}: z,y € X,z # y} of all 2-element
subsets of X is denoted by ()2() It is to be assumed that arbitrary sets are finite.

A graph G is a pair (X,Y'), where X is a set, called the vertez set of G, and Y is
a subset of ()2() and is called the edge set of G. The vertex set of G and the edge set
of G are denoted by V(G) and E(G), respectively. It is to be assumed that arbitrary
graphs have non-empty vertex sets. An element of V(G) is called a vertez of G, and
an element of E(G) is called an edge of G. We may represent an edge {v, w} by vw.
If vw is an edge of GG, then v and w are said to be adjacent in G, and we say that w
is a neighbour of v in G (and vice-versa). An edge vw is said to be incident to x if
r=uvorzr=uw.

For any v € V(G), Ng(v) denotes the set of neighbours of v in G, Ng[v] denotes
Ng(v) U {v} and is called the closed neighbourhood of v in G, and dg(v) denotes
|Ng(v)| and is called the degree of v in G. For X C V(G), we denote (J,.y Na(v)
and J,cy Ne[v] by Ng(X) and Ng[X], respectively. The minimum degree of G
is min{dg(v): v € V(G)} and is denoted by §(G). The mazimum degree of G is
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max{dg(v): v € V(G)} and is denoted by A(G). If G = (0,0), then we take both
0(G) and A(G) to be 0.

If H is a graph such that V(H) C V(G) and E(H) C E(G), then H is said to be
a subgraph of G, and we say that G contains H. For X C V(G), (X, E(G) N ()2()) is
called the subgraph of G induced by X and is denoted by G[X]. For a set S, G — S
denotes the subgraph of G obtained by removing from G the vertices in S and all
edges incident to them, that is, G — S = G[V(G)\S]. We may abbreviate G — {v}
to G —w.

In this paper, we investigate the minimum number of vertices that need to be
removed from a graph so that the new graph obtained has a smaller maximum degree.

Let M(G) denote the set of vertices of G of degree A(G). We call a subset R
of V(G) a A-reducing set of G it A(G — R) < A(G) or V(G) = R (note that V(G)
is the smallest A-reducing set of G if and only if A(G) = 0). Note that R is a
A-reducing set of G if and only if M(G) C Ng[R]. Let A(G) denote the size of a
smallest A-reducing set of G.

We provide several bounds for A(G). Our main results are given in the next
section. Before stating our results, we need further definitions and notation.

For A, D C V(G), we say that D dominates A in G if for every v € A, visin D or
v has a neighbour in G that is in D. Note that D dominates M (G) in G if and only
if D is a A-reducing set of G. Thus A(G) = min{|D|: D dominates M (G) in G}.

A dominating set of G is a set that dominates V(G) in G. The domination
number of G, denoted by v(G), is the size of a smallest dominating set of G.

We now define some special graphs and important concepts.

If n > 2 and vy,v9,...,v, are the distinct vertices of a graph G with E(G) =
{viviy1: 1 € [n — 1]}, then G is called a viv,-path or simply a path. The path
([n],{{1,2},...,{n — 1,n}}) is denoted by P,. For a path P, the length of P,
denoted by [(P), is |V(P)| — 1 (the number of edges of P).

For u,v € V(G), the distance of v from u, denoted by dg(u,v), is given by

0 if u = w;
dg(u,v) = ¢ min{l(P): P is a uv-path, G contains P} if G contains a uv-path;
o0 if G contains no uv-path.

A graph G is connected if for every u,v € V(G) with u # v, G contains a uv-path.
A component of G is a maximal connected subgraph of G (that is, one that is not a
subgraph of any other connected subgraph of G). It is easy to see that if H and K
are distinct components of a graph G, then H and K have no common vertices (and
therefore no common edges). If Gy,...,G, are the distinct components of G, then
we say that G is the disjoint union of G1,...,G,.

If n > 3 and vy, v,,...,v, are the distinct vertices of a graph G with E(G)
= {109, UgU3, . . ., Vp_10p, V01 }, then G is called a cycle. The cycle ([n], {{1,2},...,
{n —1,n},{n,1}}) is denoted by C,,.

A graph G is a tree if G is a connected graph that contains no cycles. A graph G
is a star if E(G) = {uv: v € V(G)\{u}} for some u € V(G). Thus a star is a tree.
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The star ({0} U [n], {{0,7}: i € [n]}) is denoted by K7 ,.

A graph G is complete if every two vertices of G are adjacent (that is, E(G) =
(V(QG))). A graph G is empty if no two vertices of G are adjacent (that is, F(G) = 0).

A graph G is reqular if the degrees of its vertices are the same. If k € {0} UN
and the degree of each vertex of G is k, then G is called k-regular.

Let H be a graph. A graph G is a copy of H if there exists a bijection f : V(G) —
V(H) such that E(H) = {f(u)f(v): wv € E(G)}.

We are now ready to state our main results, given in the next section. In Section 3,
we investigate A\(G) from a structural point of view, particularly observing how this
parameter changes with the removal of vertices. Some of the structural results are
then used in the proofs of the main results; these proofs are given in Section 4.

2 Bounds
Our first result is a lower bound for A\(G).

Proposition 2.1 For any graph G,

|M(G)]
NG 2 ygor

Proof. Let k = A(G). For any X C V(G), we have |[Ng[X]| < > . |Ng[v]| <
(k+ 1)|X]|. Let S be a A-reducing set of G of size A\(G). Since M(G) C Ngl5],
IM(G)| < |Ng[S]| < (k4 1)|S| = (k4 1)A(G). The result follows. O

The bound above is sharp; for example, it is attained by complete graphs.
We now provide a number of upper bounds for A\(G).

Proposition 2.2 For any non-empty graph G,

A©) < min {1(6)]2(6), 5 )

Proof. Obviously, G — M(G) has no vertex of degree A(G). Thus A\(G) < |M(G)|.

Let D be a dominating set of G. Since every vertex in V(G)\D is adjacent to
some vertex in D, dg_p(v) < dg(v) —1 < A(G) — 1 for each v € V(G — D). Thus
AMG) < |DJ. Consequently, A\(G) < v(G).

Since G is non-empty, A(G) > 0. Let v; be a vertex of G of degree A(G). If
A(G —v1) = A(G), then let vy, ..., v, be distinct vertices of G such that A(G —
{vi,...,0}) < A(G) and dg—fv,,...0_13 (Vi) = A(G) for each i € [r\{1}. If A(G —
v1) < A(G), then let r = 1. Let R = {vy,...,v,}. By the choice of vy,...,v,, no
two vertices in R are adjacent. Thus |E(G — R)| = |E(G)| — rA(G), and hence

|E(G)| > rA(G). Therefore, we have A\(G) < |R| =71 < %g%' -
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Let d(G) denote the average degree W1G)| > vev(c) dc(v) of G. Proposition 2.2
and the handshaking lemma (d(G)|V (G)| = 2|E(G)]) give us

d@)V(G)]
ANG) < NG (1)

It immediately follows that A(G) < 1|V(G)|. In Section 4, we characterize the cases
in which the bound 1|V (G)]| is attained.

Theorem 2.3 For any non-empty graph G,

V(G
A < VA
2
and equality holds if and only if G is either a disjoint union of copies of Ky or a
disjoint union of copies of Cy.

The subsequent new theorems in this section are also proved in Section 4. The
following sharp bound is our primary contribution.

Theorem 2.4 If G is a non-empty graph, n = |V(G)|, k = A(G) and t = |[M(G)|,
then

n+(k—1)
AG) < ey

We point out four facts regarding Theorem 2.4. The first is that it immediately
implies (1). Indeed, let S = {v € V(G): dg(v) =0}, G' =G — S and n' = |V(G')];

n'+(k—1)t n'— dn
then A(G') < (Qk r = < 2 vev(e) da(v) = 5 2 vev(a) da(v) = (2k) :

Secondly, the bound in Theorem 2.4 can be attained in cases where A\(G) = ¢
and also in cases where A\(G) < t. If G is a disjoint union of ¢ copies of Ky, then

AMG) =t, n = (k+ 1)t, and hence \(G) = ”+(§k—1)t. If G is one of the extremal

structures in Theorem 2.3, then ¢t = n and A\(G) = § = ”+(§k—1)t.

Thirdly, it is immediate from the proof of Theorem 2.4 that the inequality in the
result is strict if the closed neighbourhood of some vertex of G contains at least 3
members of M(G); see (7).

Fourthly, since A\(G) < ¢, Theorem 2.4 is not useful if ¢ < Mk_l)t This occurs if

Thus, if ¢ < “HE-D0 then A\(G) <

and only if t < 25 We have

1’ k+1

(2)

A(G)gmax{ n ”+(/f—1)t}’

k+1 2k

and if 2= < "HEDEand k> 2, then n < (k+ 1)t and A(G) < M<t

k+1 2k
It turns out that if G is a tree, then, although we may have %5 < M (that
s, n < (k + 1)t, as in the case of trees that are paths with at least 4 vertlces),

MG) < 25 holds.
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Theorem 2.5 For any tree T,

V(T)]
NT) < 3t

The bound is sharp; for example, it is attained by stars.

By Proposition 2.2, any upper bound for «(G) is an upper bound for A\(G).
Domination is widely studied and several bounds are known for v(G); see [4]. The
following well-known domination bound of Reed [9] gives us A(G) < 2|V(G)| when
i(G) > 3.

Theorem 2.6 ([9]) If G is a graph with §(G) > 3, then
3
2@ < v

Arnautov [3], Payan [8] and Lovész [7] independently proved that

1+ 10 (5(G) + 1)
16 < ( 5(G) + 1 )”

(3)

Alon and Spencer [2] gave a probabilistic proof using Alon’s well-known argument
in [1]. By adapting the argument to our problem of dominating M (G) rather than
all of V(G), we prove the following improved bound for A(G), replacing in particular
d(G) by A(G).

Theorem 2.7 If G is a graph, n = |V(G)|, k = A(G) and t = |M(G)|, then

nln(k+1)+1¢
< .
NG < k+1

We conclude this section with a brief discussion on regular graphs. If G is regular,
then M(G) = V(G), and hence A\(G) = v(G). For a regular graph G, Theorem 2.7 is
given by (3) as 0(G) = A(G). Kostochka and Stodolsky [6] obtained an improvement
of the bound in Theorem 2.6 for 3-regular graphs.

Theorem 2.8 ([6]) If G is a connected 3-reqular graph with |V (G)| > 9, then

4
1(6) < =IV(G).

Also, they showed in [5] that there exists an infinite class of connected 3-regular

graphs G with v(G) > [m-‘ > [ A“(/é?ﬂl—‘ This means that the lower bound in

Proposition 2.1 is not always attained by regular graphs, and that the bound in
Theorem 2.5 does not extend to the class of regular graphs. For regular graphs G
with A(G) < 2, the problem is trivial. Indeed, if such a graph G is connected, then
either G has only one edge or G is a cycle. It is easy to check that {1+3t: 1+3t € [n]}

V(Cn) W
A(Cp)+1 |-

is a A-reducing set of C,, of minimum size, and hence \(C,) = [%] = [

3
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3 Structural results

In this section, we provide some observations on how A(G) is affected by the structure
of G and by removing vertices or edges from G. Some of the following facts are used
in the proofs of our main results.

Lemma 3.1 If G is a graph, H is a subgraph of G with A(H) = A(G), and R is a
A-reducing set of G, then RNV (H) is a A-reducing set of H.

Proof. Let S = RN V(H). Consider any v € M(H). Since A(H) = A(G),
v € M(G) and Ng[v] = Nglv]. Since v € M(G), u € Ng[v] for some u € R. Since
Nglv] = Nglv], u € Ng[v]. Thus u € V(H), and hence u € S. Thus v € Ng[S].
The result follows. O

We point out that having |R| = A(G) in Lemma 3.1 does not guarantee that
|IRNV(H)| = AN(H). Indeed, let k > 2, let G; and G9 be copies of Kj such that
V(G1) NV (Gs) = 0, let G be the disjoint union of G; and Gs, let e be an edge of
Gy, and let H = (V(G), E(G)\{e}). For each i € [2], let v; be the vertex of G; of
degree k. Let R = {v1,v2}. Then R is a A-reducing set of G of size A\(G), {v1} is a
A-reducing set of H, but RNV (H) = R.

Proposition 3.2 If G is a graph and G4, ..., G, are the distinct components of G
whose mazimum degree is A(G), then A(G) =Y ;_; MG;).

Proof. Let R be a A-reducing set of G of size A(G), and let R, = RNV (G;) for
each ¢ € [r]. Then Ry,...,R, partition R, so |R| = >.;_, |R;]. By Lemma 3.1,
AMGi) < |R;| for each i € [r]. Suppose A(G;) < |R;| for some j € [r]. Let R} be
a A-reducing set of G; of size A(G;). Then R; U ;) [ is a A-reducing set of
G that is smaller than R, a contradiction. Therefore, A\(G;) = |R;| for each i € [r].
Thus we have \(G) = |R| =>"_, |Ri| = >_i_, MG)). O

Proposition 3.3 If H is a subgraph of a graph G such that A(H) = A(G), then
AH) < M\G).

Proof. Let R be a A-reducing set of G of size A(G). Let S = RNV (H). By
Lemma 3.1, A(H — S) < A(G). Thus we have A\(H) < |S| < |R| = A(G). O

Proposition 3.4 If G is a graph, v € V(G) and v ¢ Ng[M(G)], then A(G —v) =
AG).

Proof. By Proposition 3.3, A\(G — v) < A(G). Let R be a A-reducing set of G — v
of size A\(G — v). Since v ¢ Ng[M(G)], M(G —v) = M(G). Thus R is a A-reducing
set of G, and hence A\(G) < A(G —v). Hence \(G —v) = A(G). O

Proposition 3.5 Ifv is a vertex of a graph G, then A\(G) < 14+ A\G — v).
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Proof. If A(G —v) < A(G), then A(G) = 1. Suppose A(G —v) = A(G), so
M(G —v) C M(G). Let R be a A-reducing set of G — v of size A\(G — v). For any
r € M(G)\M(G —v), x € Ng[v]. Thus RU{v} is a A-reducing set of G. The result
follows. O

Define M;(G) = {v € M(G): dg(v,w
My(G) = M(G)\Mi(G). Thus My(G) = {
M(G)\{v}}-

Proposition 3.6 For a graph G, \(G) = |M(G)| if and only if M>(G) = M(G).

) < 2for some w € M(G)\{v}} and
v e M(G): dg(v,w) > 3 for each w €

Proof. Suppose A\(G) = |M(G)| and My(G) # M(G). Then M;(G) # 0. Let
v € Mi(G). Then dg(v,w) < 2 for some w € M(G)\{v}. Thus Ng[v] N Nglw] # 0.
Let € Ng[v] N Nglw]. Then (M(G)\{v,w}) U {x} is a A-reducing set of G of size
|M(G)| — 1, a contradiction. Therefore, if A\(G) = |M(G)|, then My(G) = M(G).
Conversely, suppose My(G) = M(G). Let R be a A-reducing set of G of size
A(G). Then M(G) C Ng[R] and Nglv] N M(G) # () for each v € R. Suppose
|INg[v] N M(G)| > 2 for some v € R. Let z,y € Nglv] N M(G) with = # y.
Since x,y € Ng[v], we obtain dg(x,y) < 2, which contradicts x,y € My(G). Thus
|INg[v] "M (G)| = 1 for each v € R. Since M(G) C Ng[R], M(G) = M(G)NNg[R] =
M(G)NUyer Nalv] = Uyer(Na[v]NM(G)). Thus we have |M(G)| < > o [Nalv]n
M(G)| =>_,cr 1l = |R|. By Proposition 2.2, |R| < |M(G)|. Hence |R| = |M(G)|. O

Proposition 3.7 If G is a graph with My(G) # M(G), then A(G — My(G)) = A(G)
and N(G) = |My(G)| + MG — My(Q)).

Proof. We use induction on |My(G)|. The result is trivial if |My(G)| = 0. Suppose
|My(G)| > 1. Let x € My(G). Since My(G) # M(G), Mi(G) # 0. Thus we clearly
have A(G — z) = A(G), M1(G — z) = M;(G) and My(G — x) = My(G)\{z} #
M(G — z). By the induction hypothesis, A\(G — x) = |My(G — z)| + A(G — z) —
My(G— 1)) = [Mo(G)| 1 MG — ({r} UML(G— 1)) = [Ma(G)| — 1+ MG — Ma(C)).
By Proposition 3.5, A(G) < 1+ A(G — x). Suppose A\(G) < A(G — z). Let R be a
A-reducing set of G of size A(G). Then z € Ng[y] for some y € R. Since x € My(G),
y ¢ Nglz]| for each z € M(G)\{z} (because otherwise we obtain dg(z,z) < 2, a
contradiction). We obtain that R\{y} is a A-reducing set of G —x of size A\(G) —1 <
MG —x)—1, a contradiction. Thus A\(G) = 1+ NG —z) = |Ma(G)|+A(G—My(G)). O

4 Proofs of the main results

We now prove Theorems 2.3, 2.4, 2.5 and 2.7.

Proof of Theorem 2.3. Let n = |V(G)| and k = A(G). Since G is non-empty,
k> 0. By (1), AM(G) < 5. It is straightforward that if G is either a disjoint union of
copies of Kj, or a disjoint union of copies of Cjy, then A(G) = §. We now prove the
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converse. Thus, suppose A\(G) = 5. Then, by (1), G is k-regular. Let Gy, ...,G, be
the distinct components of G. Consider any ¢ € [r].

Applying the established bound to each of Gy, ..., G,, we have A\(G; ) MGl ( 2l
\

for each j € [r]. Together with Proposition 3.2, this gives us 7_ 1 ) >

YNNG =AG)=5=3"_, ‘V(2 2l and hence ANGj) = W I for each j € [r].
Suppose k > 3. Since G is k-regular, G; is k-regular. Thus we have §(G;) =

E > 3, MG;) = v(G;), and hence, by Theorem 2.6, \(G;) < 3|V( il < |V(G)| a

contradiction.

Therefore, £ < 2. If £ = 1, then G, is a copy of Ks. Suppose k = 2. Clearly, a
2-regular graph can only be a cycle. Thus, for some p > 3, G; is a copy of C,. As

pointed out in Section 2, A(C,) = [£]. Since A(C,) = A(G;) = MGl £, it follows

2
that p = 4. The result follows. a

For any m,n € {0} UN, we denote {i € {0} UN: m < i < n} by [m,n]. Note
that [m,n] =0 if m > n.

Proof of Theorem 2.4. Since G is non-empty, k > 0. Let » = A(G) and G; = G.
Let R be a A-reducing set of G of size r. We remove from G a vertex v; in R whose
closed neighbourhood in GG contains the largest number of vertices in M(G,), and
we denote the resulting graph G; — vy by Gs. If r > 2, then we remove from G5 a
vertex vy in R\{v;} whose closed neighbourhood in Gy contains the largest number
of vertices in M(Gy), and we denote the resulting graph Gy — vy by Gs. If r > 3,
then we remove from G a vertex vz in R\{vy, v2} whose closed neighbourhood in G3
contains the largest number of vertices in M(G3), and we denote the resulting graph
G5 —v3 by G4. Continuing this way, we obtain vy, ..., v, and Gy, ..., G, such that
R=A{v,...,v.}, Goy1 =G — R, A(G;) =k for each i € [r] (since |R| =r = A(G)),
A(Gr11) < k and

T

M(G) = J(Ne,[vi] 0 M(Gy)). (4)

i=1
For each ¢ € [r], let A; = Ng,[v;] " M(G;). The members vy, ...,v, of R have been

labelled in such a way that
Ay > > [ A, ()

For every 4, j € [r] with ¢ < j, each member of A; NV(G;) is of degree at most k — 1
in G; (as its neighbour v; in G; is not in V(G,)), and hence

Let Is = {i € [r]: |Ai| >3}, L ={i € [r]: |A)| =2} and [, = {i € [r]: |Ai] = 1}.
Let ry = |L|, 12 = || and r3 = |I3]. Then r = r; + ro + r3. By (5), we have
Is=[1,r3], Iy =[rs+1,rs+r)and Iy = [rs+ro + L,rs+ 1o+ 1| =[r —r + 1,7].
Let H = GT—T’1+1’

Suppose r; = 0. Then I, U I3 = [r]. By (4), M(G) = UZEIQUIgA By (6), it
follows that ¢ =37, 0 [Ad > > scp,0, 2 = 27, and hence r < £ < %kl)t
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Now suppose r; # 0. Then A(H) = k. By construction, {v;: i € I} is a A-
reducing set of H, and M(H) = {J;;, Ai- If we assume that H has a A-reducing
set S of size less than |[;], then we obtain that (R\{v;: i € I,}) U S is a A-reducing
set of G of size less than |R|, a contradiction. Thus A(H) = |I;]. Together with
M(H) = U, Ais (6) gives us |[M(H)| = > ,c; |Ad = |1]. By Proposition 3.6,
M(H) = My(H). For each i € I, let z; be the unique element of A;. By (6), z; # z;
for every 4,5 € Iy with i # j. Since My(H) = M(H) = U,¢;, Ai, Ma(H) = {2 i €
I}. By definition of My(H), it follows that for every i,j € I; with i # j,

Therefore,

U Nulzll =D INalz]l = (k+ DI L] = (k+ 1)ry.

i€l i€l
Let R = (R\{v;: i € I,}) UM(H). Since |M(H)| = |I,| = M(H) (and M(H) is a
A-reducing set of H), R’ is a A-reducing set of G of size A\(G).

Let By = U,es, Nulz], Ba = {viti € I} and By = {v;: i € I3}. Then |B;| =
(k+ 1)ry, |Bs| =79 and |Bs| = r3.

Suppose that there exists j € I, such that A; € By U By U Bs. Let w; and
wy be the two members of A;. Let C = {v;: i € I5,i > j}. We have wy,ws €
V(G;) = V(G)\{vi: i € [1,j — 1]}, so wy,wy € By UC. We have wy, ws € Ng,[v;]
and dg, (w1) = dg,(w2) = k.

Suppose v; = w;. Since wy,wy € By U C, we have wy € By U (C\{v;}). Suppose
wy € By. Then wy € Ny[z;) for some i € 1. Since A;U{z} = {vj, w2, 2} C Neg,[ws],
we obtain that (R'\{v;, zi}) U {ws} is a A-reducing set of G of size |R’| — 1, which
contradicts |R'| = AM(G). Thus wy € C\{v,}, meaning that wy, = v; for some i € I
such that ¢ > j. From this we obtain that R'\{v;} is a A-reducing set of G of size
|R'| — 1, a contradiction.

Therefore, v; # wy. Similarly, v; # ws. If we assume that w;,ws € C, then
we obtain that R'\{v;} is a A-reducing set of G of size |R'| — 1, a contradiction.
Therefore, at least one of w; and wy is in By; we may assume that w; € By. Thus
wy € Nplz] for some i € I;. If we assume that wy € C, then we obtain that R"\{v,}
is a A-reducing set of G of size |R/| — 1, a contradiction. Thus wy € Bj, and hence
wy € Ny[z] for some h € I. From this we obtain that R'\{v;} is a A-reducing set
of G of size |R'| — 1, a contradiction.

Therefore, A; Q By U By U B for each i € I,. For each i € Iy, let z; € A\ (B U
By U Bg) Let By = {ZL‘Z 1€ _[2} Thus B4 N (Bl U By U Bg) = @ Since Bl,BQ and
B are pairwise disjoint (by construction), it follows that ||J;_, B;| = S5, | Bi]. By
(6), z; # x; for every 1,5 € I, with i # j. Thus |By| = rs.

By (4) and (6), the sets Ay, ..., A, partition M(G). Thus t = > |A;] >
3rg 4+ 2ry + 11 = 2rg +ro +r, and hence —r3 —ro > r —t + 3.
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We have

4 4
nZ|UBZ‘|:Z|BZ'|:T3+2T2+(k3+1)7’1:T3+2T2+(k3+1)(7’—7’3—7“2)
i=1 i=1
=k+r+k—-1)(-rs—mr)—r3>(k+1r+(k—1)(r—t+r3) —r3
=2kr — (k— Dt + (k —2)rs,

and hence (1)t — (k- 2)
n+(k— — (K —2)r3
r< oF . (7)
If k=1, then r3 = 0. Thus (k — 2)r; > 0, and hence r < %k_l)t O

We now prove Theorem 2.5, making use of the following well-known fact.

Lemma 4.1 Let x be a vertex of a tree T. Let m = max{dr(x,y): y € V(T)}, and
let Dy ={y € V(T): dp(x,y) =i} for each i € {0} U[m]. For eachi € [m] and each
v € Di, No(v) NUj—o Dj = {u} for someu € D;_;.

Indeed, let v € D;. By definition of D;, v can only be adjacent to vertices of distance
t— 1,7 0r ¢4+ 1 from z. If v is adjacent to a vertex w of distance i, then, by
considering an zv-path and an xw-path, we obtain that 7" contains a cycle, which is
a contradiction. We obtain the same contradiction if we assume that v is adjacent
to two vertices of distance ¢ — 1 from .

If a vertex v of a graph G has only one neighbour in G, then v is called a leaf

of G.

Corollary 4.2 IfT is a tree, x,z € V(T) and dp(x, z) = max{dr(z,y): y € V(T)},
then z is a leaf of T'.

Proof. Let Dy, D;,...,D,, be as in Lemma 4.1. Then z € D,,. By Lemma 4.1,
Ne(2) = {u} for some u € D,,_;. 0

Proof of Theorem 2.5. Let n = |V(T)| and k = A(T). The result is trivial for
n < 2. We now proceed by induction on n. Thus consider n > 3. Since T is a
connected graph, we clearly have k > 2.

Suppose that 7" has a leaf z whose neighbour is not in M(T"). Then M(T — z) =
M(T) and, by Proposition 3.4, \(T' — z) = A(T'). By the induction hypothesis,
MT — z) < 5= < 5. Thus MT) < 5.

Now suppose that each leaf of T" is adjacent to a vertex in M(T'). Let x, m and
Dy, Dy, ..., D,, be as in Lemma 4.1. Let z € D,,. By Corollary 4.2, z is a leaf of T

Let w be the neighbour of z. Then w € M(T). By Lemma 4.1, w € D,,_;.

Suppose w = x. Then m = 1 and E(T) = {xz, ..., xz} for some distinct vertices
z1,..., 2 of T. Thus {z} is a A-reducing set of T, and hence \(T') =1 = 5.

Now suppose w # x. Together with Lemma 4.1, this implies that Np(w) =
{v,21,...,21_1} for some v € D,, 5 and some distinct vertices zi,..., 2,1 in D,,.
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By Corollary 4.2, 21, ..., z,_1 are leaves of T'. Let 7" =T —v. Then each component,
of T" is a tree. Let K be the set of components of 7" whose maximum degree is
k, and let H be the set of components of 77 whose maximum degree is less than
k. Let W = {w, z1,...,2,_1}. Note that (W,{wz1,...,wz,_1}) is in H, and hence
W N UgexcV ( ) = 0. If £ = 0, then {v} is a A-reducing set of T, and hence
MT) =1 < 5. Suppose K # . For each K € K, let Sk be a A-reducing set of

K of size \(K). By the induction hypothesis, |Sk| < |‘2(+K1)‘ for each K € K. Now

{v} UUger Sk is a A-reducing set of T'. Therefore, we have

WU {v}] IV n
<
T)<1+) ISkl < k+1 Z k:+1 SEeT

KeKk

as required. a

Proof of Theorem 2.7. We may assume that V(G) = [n]. Let p = k]f:rll We set
up n independent random experiments, and in each experiment a vertex is chosen
with probability p. More formally, for each 7 € V| let (€);, P;) be the probability space
given by ; = {0,1}, Pi({1}) = p and P,({0}) =1 —p. Let Q =y x -+ x ,, and
let P:2% — [0,1] such that P({w}) =[], Pi({w:}) for each w = (wy,...,w,) € Q,
and P(A) =) .4 P({w}) for each A C Q. Then (€2, P) is a probability space.

For each w = (w1,...,w,) € §, let S, be the subset of V(G) such that w is
the characteristic vector of S, (that is, S, = {i € [n]: w; = 1}), let T, be the set
of vertices in M(G) that are neither in S, nor adjacent to a vertex in S, (that is,
T, ={v e M(G): v ¢ Ng[S.]}), and let D, = S, UT,. Then D, is a A-reducing
set of G.

Let X,Y : 2 — R be the random variables given by X (w) = |S,| and Y (w) =
|T.,|. For each i € [n], let X; : Q — R be the indicator random variable for whether
vertex 7 is in S,; that is, for each w = (wq,...,w,) € Q,

1 ifieS,;
0 otherwise.

Xi(w) = {

For each i € M(G), let Y; : 2 — R be the indicator random variable for whether
vertex i is in T},; that is, for each w = (w1, ..., w,) € Q,

1 ifeeT,;
0 otherwise.

v = {
We have X =3 " | X; and Y = ZZ.GM(G) Y.
For each i € [n], P(X; =1) = P,({1}) = p. For each i € M(G),

P(Y;=1)=P({w e Q: w; =0 for each j € Ng[i|})
= [I {0} =1 —pNell = (1 -p*.

JENGI]
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For any random variable Z, let E[Z] denote the expected value of Z. By linearity
of expectation,

E[X +Y] =E[X]+E[Y] = En: EX]+ Y E[]

1€M(Q)

i=1 i€EM(G)

By the probabilistic pigeonhole principle, there exists w* € Q such that X (w*) +
Y(w*) < np + t(1 — p)*1 Since X(w*) + Y(w*) = [Sor| + |Tis| = |Dee

_ — nln(k+1 —1In nln(k+1
(1_p>k+1 <e p(k;—i—l), | Dy | < np+te p(k+1) _ k;(+IL )+te In(k+1) _ ;fJ )""/ﬁr

O
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