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Appendix

In Appendix A, we give a brief overview of semi-
parametric statistical inference, which provides context
for some of our subsequent results. Appendix B con-
tains deferred proofs of our results. In Appendix C, we
review the statistical modeling assumptions we made in
our data analysis, provide figures which use decision tree
classifiers to visualize policies we learned, and describe
additional experimental results on policies that optimize
effects not mediated by only adherence.

A Statistical Inference In Semi-Parametric Models

Let Z,,...,Z,, be iid samples from a general class
of probability densities p(Z;6) parameterized by 7 =
(BT, nT), where 8 € R? denotes the set of target param-
eters, and 7 denotes a possibly infinite dimensional set
of nuisance parameters. This type of model is termed
semi-parametric, since it has both a parametric and a
non-parametric component. The goal of statistical infer-
ence in semi-parametric models is to find “the best” esti-
mator of $ in the model, denoted by B. Regular asymp-
totically linear (RAL) estimators are considered in this
setting, which are estimators of the form

fz¢

where ¢ € R? with mean zero and finite variance, op(1)
denotes a term that approaches to zero in probability, and
¢(Z;) s the influence function (IF) of the ith observation
for the parameter vector 5. RAL estimators are consis-
tent and asymptotically normal (CAN), with the variance
of the estimator given by its IF:

V(B - 8) =

) +op(1),

V(B —B) 2 N(0, ¢¢7).

Thus, there is a bijective correspondence between RAL
estimators and IFs. In fact, IFs provide a geometric
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view of the behavior of RAL estimators. Consider a
Hilbert space # of all mean-zero g—dimensional func-
tions, equipped with an inner product, and define the
inner product of two arbitrary elements of the Hilbert
space, h; and hs, to be equal to E[h{h2]. Define a
parametric submodel to be a subset of densities in the
semi- parametrlc model parameterized by 67 = (87,77),

where 47 € R”, such that the subset contains the density
p(Z;0o) in the semi-parametric model evaluated at the true pa-
rameter values 0o. The nuisance tangent space A in the semi-
parametric model is defined to be the mean square closure of el-
ements of the nuisance tangent spaces A, = {B*"S,(Z;0)}
of every parametric submodel. The space A is important be-
cause it is known all influence functions lie in the orthogonal
complement A* of A with respect to 7{. For this reason, re-
covering A is often the first step for constructing RAL esti-
mators in semi-parametric models. Out of all IFs in A there
exists a unique one which lies in the tangent space, and which
yields the most efficient RAL estimator by recovering the semi-
parametric efficiency bound, see 5] for details.

B: Proofs

Here we give proofs of all claims in the main body of the paper.

Theorem (1| Fix a causal model given by a complete DAG on
variables Wy, A1, M1, W1, ..., Ak, Mk, Wk, listed in topo-
logical order, with a hidden common cause U of Wy, ..., Wk.
Let « be all directed edges out of A1, ..., Ak, and fo which
sets all edges (A;M;)— to a;, and all other edges in o to a
policy fa,(H;). In this model, p(Wk (f)) is identified as

K

> p(Wo) [ [p(Msla;, Wiy,

Hype Mg i=1

M;_1)p(Wi|M;i_1,

(e))

Proof: ~ The causal model we describe is simply
Pearl’s functional model corresponding to the K stage ver-
sion of the DAG in Fig. (a). It is well known
that in this model, given standard positivity assumptions,
p(Wo,...,Wk,Mi,..., Mg|do(a1,...,akx)) is identified
by the g-formula (2):

K
p(Wo) H p(M;|a;, W;_1,

i=1

Mi_1)p(Wi|M;_1,W,_1,a;).

Wi 1, fa, (H:))



Since the recanting district criterion [3] does not hold, we have
that p({Wo, ..., Wk, M, ..., My }(a,,)) is identified by

K
p(Wo) [ [ p(Milai, Wi1, Mi_1)p(Wi | M1, Wi_1,a:).
i=1

where « is all outgoing edges from A, and a’ sets all edges of
the form (A;M;) to a;, and all edges of the form (A4;W;) to
a;.

Every fa, (H;) simply chooses a; based on H;, which is a sub-

set of outcome variables in our distribution. Since the iden-
tifiability statement above holds regardless of how a1, ..., a;

are chosen, this implies p({Wo, ..., Wk, M1, ..., Mi}(fa)),
where f, is given in the Theorem statement is identified as

K
> p(Wo) [ [p(Mila;, W1, Mi—1)p(Wi| M1, Wi_1, fa, (Hi))
Hp Mg i=1
@
which implies our result by a simple marginalization. O

Before proving Theorem[5] we show the following claim.

Theorem 1 Within the model corresponding to Fig.|l|(a), the
unique efficient influence function U(B) of 8 = E[Y (A =
fOW), M(a"))] is given by

C f(M|W,A=ad
T(W) f(M|W, f(W))
I(A=a')

Tqr (W)

){Yf]E[Y|f(W),]W, wl}+
{E1F (W), M, W] = SEIY [ F(W), M, W]
M

p(MIW, A =a')} + STEY IS (W), M, WIp(M|W, A = a’) - .
M

Proof: This proof follows as an extension of similar results on
the influence function of the mediation functional, found in [4].

The model in Fig. |I|(a) imposes no restrictions on the observed
data, and so is non-parametric saturated. As a result, the in-
fluence function U(S3) for any S is a unique solution to the
following integral equation

0

= 8(F)

5 = E[S(W, A, M, Y)$(8),

t=0

where F} is the distribution function corresponding to a one di-
mensional regular parametric submodel of the non-parametric
model on W, A, M, Y, indexed by a single parameter ¢, and .S
is the score. 93(Fy)/0t is equal to

O ST EY = fa(w),mulpn | ol wp(w) =

> y%(p(y | a= fa(w),m,w)p(m |a’,w)p(w)) =
Z yS(y | a= fa(w),m,w)p(y | a = fa(w), m,w)x

p(m | o', w)p(w)
+ > E[Y [a= fa(w),m,w]S(m |, w)p(m | a', w)p(w)

w,m

+ D E[Y |a= fa(w),m, wlp(m | a’,w)S(w)p(w),

w,m

where S(.) represent appropriate conditional and marginal
scores. By linearity of derivatives, we can solve this equation,
term by term. We have, for the first term:

ST S la=fa(w),m,wply|a= fa(w),m,w)x
p(m | o', w)p(w)
I(a" = fa(w))p(m | a’,w)
" p(a” = fa(w) | w)p(m | a”,w)

w,m,y,a

yS(y | o, m,w)p(y | o, m, w)p(m | a”, w)x
p(a” = fa(w) | w)p(w)
- I(a” = fa(w))p(m | a’, w)

o P Tw)p(m [0 w)

{y —E[Y | a”,m,w]}S(y,a”, m,w)p(y,a”, m,w)
[ (A= fa(W)p(M | a', W)
p(A = fa(W) | W)p(M | A, W)

{Y —E[Y | A, M, W]}S(Y, A, M, W)]

up) s

So the first term contribution to

IA=fA(W))p(M]a’, W)
A=A niwiprawy 1Y~ EY | a, M, W]}

For the second term, we have:

D E[Y [a= fa(w),m,w]S(m | a',w)x

w,m

p(m | a’, w)p(w)

- Mo =) oty o= fa (), mowlx
o ar PL@ W)
S(m | @, w)p(m, o, w)

_ ZE[Y | a= fa(w), m,wlp(m | a”,w)}x

S(m,a”, w)p(m,a”, w)
H(a// — al)

@ Tw)

{]E[Y la= fa(w),m,w]

= 2

w,m,a’

= DB [a = fa(w),m,wlp(m | a”,w) }x
S(y.m. " w)p(y,m.a” w)

A=d
:E{S(Y,M,A,W)%x

{E[Yl|a = fa(W), M, W] = Eg[Y|a,a’, W]} .

where Bq[Y | a = fa(W),a, W] = > E[Y | a =
fA(W)7m7 W}p(m | CL/, W)

So the second term contribution to U (/3) is

I(A=a')
p(a’ | W)
—E [Y |a= fA(W),a',W]}.

{EIY |a=faw).m,w]



For the third term, we have:

D E[Y | a,m,wp(m | a’,w)S(w)p(w)

w,m

= {ZE[Y | aym,wlp(m | a’, w)} S(w)p(w)

w

= Z {Z]E[Y | a,m,wlp(m | a’, w)

= D> _E[Y | a,m,w]p(m | a',w)P(w)} S(w)p(w)

w,m

= Z {ZE[Y | a,m,wlp(m | a’,w)

w,a’’ m,y m

= > E[Y | a,m, wlp(m | a/,w)p(w)} X

w,m

S(y,m,a” ,w)p(y,m,a’, w)

m

—E [ZE[Y |a= fa(W),m,Wlp(m | a',W) — ,6:|

So the third term contribution to U(B) is Eq[Y | a
fa(W),a", W] = 5.

This establishes our result. O

Theorem |Z| Fix a causal model given by a complete DAG
on variables V. = {Wy, A1, M1, Wh,..., A, M, Wk},
listed in topological order, with a hidden common cause U of
Wo,...,Wk. Let a be all directed edges present in the DAG
outof A, ..., Ak andinto M, ... Mk, and a, which sets all
edges (Ai M) to aj. In this model, p(V (a4)) is identified as

p(V(aa)) = p(Wo, Ar, My, Wi, ..., Wk, Ak, Mg) =

K
p(Wo) [ [ (Wil M, As, Hy)p(A: | H;)p(M;|a@;, Hi \ A)

i=1

Proof: This is a corollary of Theorem([T] where we define each
fa,; (H;) to be the observed conditional distribution p(A4;|H;).
O

Theorem E| Given that each Qi,i = 1,..., K is specified
correctly, the optimal treatment at stage i is equal to

fA, (Hi) = argmax Qi (Hi, ai; i)

ag

Proof: This follows by the standard backwards induction argu-
ment giving the relationship between Q-functions and optimal
policies, applied to p and @Q;, and the definition of expected re-
sponse corresponding to path-specific policies we have chosen.

The optimal policy set f5 is defined as

arg max E[Wgk (fa)]
{f4, €fAY

K
= argmax /WK Hp(W,lZl = f%(HL),Hl,ML)
{f4, €FR) =1 ‘
p(Wo)p(M;|a;, Hi)dV

= au"gmax/p(W1|al7 Hy, Ml)p(Ml\all, Hq)dMq, Wy
ay

argmax/p(foﬂath Hyg 1, MKk_1)
a1

p(Mg_1lay_q, Hx—1)dMrx 1, Wk _1
argmax/WK;D(WK\GK7 Hry, Mr)
ag

p(Mx|ay, Hi)dMy, Wi

It’s immediately clear that the last line above yields Qx, and

given that line ¢ + 1 yields Qi+1 assuming a;+1, . .., ax Were
chosen optimally, line 7 yields @Q;. O
Theorem [ Assume models in the set

{QZ(HZ7 A ~i), p(M;|As, Hy; ¢)|Vi} are correctly specified.
Then the estimation equations
QK = —~
E {78 {WK*QK(AK,HK;’YK)}WK(HK;¢K)} =0, and
Vi

9Q; ~ -
E |:dg {Vig1(Hit1) — Q'i(HiyA'i?'Yi)}w'i(Hi§¢i):| =0,

are consistent for yix and ~y;, where

p(M;[A; = o', Hi; &s)
p(M;[ A, Hy; 67)

wi(Hi; d:) = Vi=1,...K.

Proof: We show this inductively on the decision stage. For
stage K, we have

90 o+
E Qr;VK)
VK

{Wk — @K(AK,HK:’YK)}MK(HM@)}
= %{WK - Qk(Ak, Hx;vk)}
Ok
p(Mk|Ax = a), Hx)p(Hr )dMx dHx
=E [(ZQJ{]E[WK\AK,HK] - QK(AK,HK§’YK)}:| ,
VYK

where E is the expectation taken with respect to the apprio-
priate conditional distribution derived from p. Consistency for
vk then follows by standard results on regression estimators.
Given consistency of the stage ¢ + 1 regression, we have a con-
sistent estimator for V; 1. This allows us to repeat the consis-
tency argument for Q;, as above. m]

Theorem [B| The estimator in (I7) is consistent and
asymptocally normal (CAN) if the models in the set
{m(W;), p(M|W, A; ¢)} are correctly specified, and the es-
timator in ({I8)) is CAN in the union model, where any two mod-
els in the set {m(W;¢),E[Y|A, M,W;(],p(M|W, A;¢)}
are correctly specified.



Proof: This proof follows as an extension of consistency results
derived for the triply robust estimator of the counterfactual ex-
pectation 8 = E[Y (a, M (a'))] associated with the natural di-
rect effect in [4]).

Assume the models in the set {m(W;), p(M|W, A; ¢)} are
correctly specified. Let

p(M|A =a',W;¢)
p(M|A = f(W),W;)m(W;¢)

gW;v,¢) =

We have

E[YCo(Wiv,9)] =E [E [y Co(W;v, 0)|W]]

=E []E [v|w] ég(W;w,¢)] :

This is equal to

/ Yp(Y M, A, W)p(M|A, W)p(A|W)Cg(A, W)dA, dM, dY

I(A = r(W))

:/Yp<Y|M,A,W)p<M\a’,W>p<A|W) )

dA, dM, dY
:/Yp(YlM,A = F(W), W)p(M|d', W)dM, dY.

This is precisely [ of interest.

The estimator Bm-ple has the form

]E[ c f(M|W,A:a';§)

T(Wid) fF(M|W, f(W); ¢)
]I(A_a
’(W

—E[Y|f(W), M, W; ] }+

B 1A, M. Wi = SDEYIAO), M, Wi,
M

P(MIW, A =a'; O} + STEY|F(W), MW Jp(MIW, A = ds 4?)} ,
M

Assume 7 was specified incorrectly. The expectation in the
estimator consists of three terms, where the last term is equal
to true (3 if models for Y and M are correct. For the first term
we have, by iterated expectation,

E[Cowisw){Y —EIf (W), M. W;{}] =
E [Co(W: ¢, w) {EY|A, M, W] —E[Y | (W), M, W; ]} ] =

E [Co(W: ¢, w) {EIY IS (W), M, W] = E[Y£(W), M, W3] }] =0,

if the Y model is correct. For the second term we have, by
iterated expectation,

[1(A
E E[Y|f(W), M,W; E[Y|f(W), M, W;
'(Ww{ W), 0= EIFW). 4
p(MIW, A= a0 }] =
[ 1A =a) . ~
E|E| ———E[Y|f(W),M,W;(] — > E[Y|f(W), M, W;
|:7TQ(W§¢){ Y15 W) Q- 2 EVISOV) 3
p(M|W, A :a';f)}|W,A:a/H =
[1(4 =
E E[E[Y|f(W), M, W; A=ad W
e w>{ Y 1F(W). M, W ]| ]

fzramﬂw»zw,w;ap(mw,fx:a';a}} o

M

if the models for Y and M are correct.

Assume the model for M was specified incorrectly. The first
term in the estimator is mean zero by above argument, since
the Y model is still correct.

The second and last terms decompose into

I(A
—— {EE[Y|f(W), M,W;{]|JA=a , W
[ww w){ £ (W), M, w5 ) 1}
(104 = o) /LR
—E|————~ E[Y[|f(W), M, W;(]p(M|W,A =a’;(
Ty 2 B, MW oM )}]

+E ZE[YIf(W% M, Wi {lp(M|W, A = a; d?)}

I(A
——— =S E[E[Y|f(W), M, W; A—a w
[W,(W w>{ £, al 1}

+E | Y E[Y[f(W), M, W;p(M|W, A = a’;0)
L M

E 1—— | |W =
W/(W'i/J)
I(A =
E 7]E]EY W), M, W; A*a w
[ SO0 E[Y[f(W), al ]}

{Z]EYU W), M, W; {p(M|W, A = a’; &)

(-s)]

- [M
’ (W

E [BELY|£ (W), M, W; |4 = o', W]]

E[E[Y|f(W), M, W;(]|A = d, W]}

if the models for Y and A are correct. The remainder is pre-
cisely .

Assume the model for Y was specified incorrectly. The terms
in Biripie then decompose into

E[CoWiv,9)Y]

+E [(% - ég(W;dwﬁ)) ]E[Y\f(W),M,W;C]}

‘E [zmwm MW (MW, A = a5 D)

M
1-C

E[(I—TwNw)MW”

The last term is mean zero if 7 is specified correctly. The
second term is equal to

JEY W) 23 Clo(M1A = o', W)p(W)~

JEY W) 275 Clo(M]A = o', W)p(W) = 0

if the A and M models are specified correctly. The first term
is equal to 3 by the argument above.

Both estimators are special cases of the RAL estimator for 3
based on the efficient influence function. As a result, standard
regularity assumptions [2], and properties of maximum likeli-
hood estimators imply both estimators are CAN. O



C: Experiments And Visualizations

C1. Models Used In Data Analysis

We used linear regression with interaction terms between
treatment A and history Hy to model the outcome Wh:
E[W2|Hz, A2, Ma;a] = a1(Haz, A2, M2) + azAsHs, and
logistic regression with interaction terms to model all dichoto-
mous variables X with history H and immediate prior treat-
ment A: logit{p(X =1 H,A;ﬁ)} = f1H + 2 AH for
X € {Mji,Mz,W:i}. We used the same form of linear re-
gression with interaction terms to model Q-functions by ex-
cluding the mediators: Q2(Ha, A2;v?) = YiHs + v3 A2 H>
and Q1 (Hx, Al;wl) =iH + 'YglAlHl. The parameters in
all models were estimated by maximizing the likelihood.

For value search and G-estimation, we used log CD4 count at
the end of sixth month as the outcome of interest, denoted by
W1. We used the same form of models, as described above, for
Wi, E[W1|H1, A1, Mji; al, and all the mediators, and used
logistic regression with no interaction terms to model the treat-
ment assignment: logit{p(A; =1 guﬁ)} = fBo + B1Hi.
We modeled the blip function in (19) as (A1, Hi;¢) =
1A1 + Y2 A1 Hy.

C2: Decision Tree Visualization Of Learned Policies

We derived the optimal policies using G-formula, Q-learning,
G-estimation, and value search techniques. The value search
method considered a simple class of policies based on a thresh-
old, described in the main body of the paper. The optimal poli-
cies obtained from the first three methods were more compli-
cated functions of prior history. To aid in interpretability of
these policies, we approximated them by means of decision
tree multi-label classifiers which treated history as a set of fea-
tures, and treatment decision as the class label. The resulting
decision tree classifiers are shown in in Fig.[[] 2} and 3] In
these figures, the label “path policies” corresponds to policies
that optimize the direct chemical effect of the drug where drug
toxicity and adherence behave as if treatment was set to a refer-
ence level. In the following decision trees, the nodes v/ and adh
stand for viral load (log scale) and adherence level, repectively.
mO00 and m06 denote the measures at month zero (baseline) and
the end of the first six months, and node who denotes the stage
of disease (there is a total of 4 stages, with higher stages de-
noting progressively more severe disease). Since classifiers did
not achieve perfect accuracy, these decisions trees should be
viewed as easy to visualize approximations of the true learned
policies.

Note that in Fig.[T} adherence level is relevant to the overall pol-
icy but is omitted in the path specific one. As mentioned above,
the classification accuracies are not perfect and hence visual-
izations are not necessarily a good representation of the true
policy. That said, finding the path-specific policy not via M
corresponds to finding the overall policy in the world shown in
Fig. 2] (b) in the main body. It is true that in this world, ad-
herence at time one, Mj, influences Ao, and as a result it is in
principle possible for adherence at time one to be informative
in an interesting way for the decision at time two. However,
one large source of variability in patient adherence is precisely
due to the treatment we assign, and this source of variability is
removed by construction in the world shown in Fig.[2(b) in the
main body of the paper — the world where everyone adheres as
if on a reference treatment. A low variability variable is cer-

Table 1: Population log CD4 counts under different policies
(under treatment assignments in the observed data, the value is
5.64 £ 0.01 in the 2-stage and 5.54 £ 0.01 in the 1-stage prob-
lem). G-formula and Q-learning are used with 2-stage decision
points. Value search and G-estimation are used with 1-stage
decision point.

Path Policies
(not through adherence)
G-formula 6.78 (5.65,6.92)
Q-learning 7.00 (4.82,7.19)
Value search 5.56 (5.44,5.60)
G-estimation 5.56 (5.55,5.58)

tainly less likely to be relevant for decision making (consider
what would happen in the limit where everyone had perfect ad-
herence had they been on a reference treatment). Hence, we
are certainly not surprised to find that a path-specific (not via
adherence) policy did not include adherence as a relevant vari-
able.

C3. Additional Experiments

To tie the results of this paper to earlier work [1], we ran ad-
ditional experiments to find policies that optimize the chem-
ical effect of the drug where only adherence behaves as if
the treatments were set to a reference level. Expected out-
comes under optimal policies we learned, along with 95% con-
fidence intervals obtained by bootstrap, are shown in Table.
The results are consistent with the ones provided in the main
body of the paper. For value search, under the same class of
policies, I{CD4m00 < «}, and the same modeling assump-
tions described above, the optimal path policy is chosen to be
I{CD4m00 < 550 cells/mm”}.
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Figure 1: Decision trees for optimal policies obtained via G-formula
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Figure 2: Decision trees for optimal policies obtained via Q-learning

Overall Policy (G-estimation)
Accuracy: 87.16%

Age >=38

cd4m00 >= 4.6 cd4m00 >=52

cd4m00 >=4.1 who 3 4

A A S
o d o @

Path Policy (G-estimation)
Accuracy: 93.26%

marstat = 3,4;

cd4m00 >= 4.6 cd4m00 >= 5.3
5 i
who =234

toxm00 =0

marstat = 2

Sex = 1\/

who =3,4

Figure 3: Decision trees for optimal policies obtained via G-estimation



