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Abstract

The problem of defining products of distributions is a difficult and not completely understood
problem, studied from several points of views since Schwartz established the theory of distributions
around 1950. Many fields, such as wave propagation or quantum mechanics, require such
multiplications. The product of an infinitely differentiable function ¢(x) and distribution A*§(z) in
R"™ is well defined by

(B(2)A"5(2), ¥) = (8(x), A" (@),

since A*(¢) € D(R™). Using an induction, we derive an interesting formula for A* (é(z)w(x))
and hence we are able to write out an explicit expression of the product ¢(z)AF§(z). In particular,
we imply the product X*A*§(z) with a few applications in further simplifying existing distributional
products. Furthermore, we obtain an asymptotic expression for §(r —a) in terms of A*§(z), which is
equivalent to the well-known Pizzetti’s formula. Several asymptotic products including ¢(x) 6(r —1),
X §(r—1) as well as the more generalized ¢(x) §*) (r—1) are calculated and presented as infinitely
series.

Keywords: Distribution, product, asymptotic expansion, asymptotic product, neutrix limit and Pizzetti’s
formula
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1 Introduction

Physicists have long been using the singular function é(x), although it cannot be properly defined
within the structure of classical function theory. In elementary physics, one finds the need to evaluate
5% when calculating the transition rates of certain particle interactions (12). Schwartz established
theory of distributions by treating singular functions as linearly continuous functionals on the testing
function space whose elements have compact support. Although they are of great importance to
quantum field theory, it is difficult to define products, convolutions and compositions of distributions in
general. The sequential method [(7); (8); (9); (23)] and complex analysis approach [(4); (1)], including
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nonstandard analysis (15), have been the main tools in dealing with those non-linear operations
of distributions in the Schwartz space D’(R). On the other hand, Oberguggenberger (25) wrote a
review book on the theories of (new) generalized functions, initiated by J.F. Colombeau and others
in 1985, that deal with differential algebras larger than the space of distributions and are based
on the "sequential approach”, i.e. the generalized functions are approximately by (not necessarily
discrete) "sequences” of smooth functions. They can accommodate most of the particular or intrinsic
definitions of distributional multiplications. Franssens (11) recently investigated the convolution and
multiplication of one-dimensional associated homogeneous distributions by the multi-valued methods
used in quantum field theory. The derived products may involve at most one arbitrary constant.
However, little progress has been made so far towards obtaining the products on manifolds in R™,
such as the product ¢(z)d(r — 1) on the unit sphere, since Gel'fand introduced special types of
generalized functions. As outlined in the abstract, we start to evaluate the product ¢(z)A*§(x)
based on the formula of A*(¢(x)y(z)), and hence we are able to represent the more generalized
#(z) 6™ (r — 1) as an asymptotic expression by the Fourier transform.

2 The product X:Ak§(z) in R"

Lemma 2.1. Let ¢(x) and ¢ (x) be infinitely differentiable functions. Then fork = 0,1,2,---

i +1 k iam i
INCOENDY 2<m )( +JVZX¢-VAW} 2.1)
mtit+l=k m m
where
oo ifi=0,
Vig. Vi = A Ea .
;am;’.%x;w ifi > 0.

Proof. We use an induction to prove the formula. Assume that £ = 0, it is clearly true since both
sides are equal to ¢v. Suppose it holds for some integer £ > 0 and we need to consider k + 1 case.
Obviously,

m+i+l=k m m +l
and
A(ViA"L(b . VzAlw)
:viAm+1¢.viAlw_’_ViAmQS.viAl+lw+2vi+lAm¢.vi+1Alw
Sh+ D+
by a simple calculation.

Replacing m + 1 by m, we calculate

Tk m m+41
i m+l k N i
-2 2( m ><m+l>VA Tovie

m+i+l=k

_ ifm—1+1 k i Am N
N Z 2<m—1><m—1+l>VA¢VAw'

mA4itl=k+1
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Similarly,
m4itl=k m m+
_ Z 2i<m+l> < k )ViAm¢.viAl+lw
- m m+1
m+i+l=k
_ Z 2i<m+l_1>< k >Vz‘Am¢.Vz’Alw‘
} m m+l—1
m+it+l=k+1
As for I3,

> 2i<m+l>( k )IB
m+tit+l=k m +
= > Z“<m+l>( )Z“A%vv”lﬁw
m+i+l=k
m+1 (

m+z+l k+1 ( )
By direct calculation,

()« (7))« () )
()

This completes the proof of the Lemma. O

>VAW¢> Viaky.

Remark 1: Lemma 2.1 was first presented in (22) with ambiguity and confusion between ordinary
function multiplication and the - operation given in Lemma 2.1, which cause errors in computing
several distributional products in the paper later on.

Theorem 2.2. Let ¢(x) € C°°(R™). Then the distributional product ¢(x) and A*§(z) exists and

o(z) AFo(w) = Y 2i<—1)i(m+l> (mk >V’L’A"b¢<0)-vw(5(m>7 (2.2)

=t m +1
fork=0,1,2,---
Proof. Clearly, ¢(z)y(z) € D(R™) if ¢(x) € D(R™) and ¢(z) € C*°(R™). Hence
(B(x)A%5(x), (x)) = (A"6(x), ¢(w)i(x))

- ¥ 2i<mnjl> (mil>vam¢(0)-viAl¢(0),

m+tit+l=k

by Lemma 2.1. The result follows from
VIAlY(0) = (-1)(V'A'5(2), ¥ ().

This completes the proof of the theorem. O
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It follows from Theorem 2.2 that

Xé(z) =

XA§(z) = —2Vi(z),

XNA*6(x) = —4V A (z),

XAF§(z) = —2kV A5 (),

X2A6(x) = 2né (),

XzAké(:r): kA T8 (2) + 22k (k — 1)V AR 25(2),
X3N6(z) =0,

X3AR§(2) = —12nk(k — VAR 26(2) — 22k(k — 1)(k — 2)VPAR36(2),
where X =3%""  z;and k=0,1,2,-
On the other hand, we can directly use an induction to show that
AF(X @) =2kVAF T+ X AP
which also claims that XA*§(z) = —2kVA*~15(z) in the above. It is obviously true for k = 0.
Assume it holds for the case of £ > 0, that is
AM(X @) = 2kVAF 1o+ X AP,
Therefore,
AFTH(X ) = ANF(Xp) = A2KVAF 1o+ X AP g)
=2kVA*p + A(X L )
=2(k+1)VAF g+ xAF g,

Similarly, we can get

AMXPp(a)| = 2mkATI9(0) + 22k(k — 1)V AR 29(0),
x=0
which claims
X2AP(z) = 2nk AR T8 (x) + 2%k(k — 1) VAR 28 (x).

However, it seems infeasible to write out an explicit formula for the important product X°AF§(x), for
any positive integer s, by a direct computation without employing Theorem 2.2 (21). We shall provide
a few interesting applications of the product in simplifying other existing distributional multiplications
in R™, as well as in obtaining some asymptotic products related to the delta functions on unit spheres
in the following section after completing Theorem 2.3 below.

Theorem 2.3. The distributional product X*A*§(x) exists and

5/2 nIvs—2i AR— s+15( )
2°
K3 S s 4301 - 290

]vs 2]Ak s+]5( ) ) )
—2%k!s! . f
s ;22”%_5_”)(5_2)! if s is odd,

if s is even,
X AF§(z) =

where A™P = 0 for any positive integerp and k,s = 0,1,2,-- -

Proof. Assume ¢(x) = X° and s is even. By Theorem 2.2,

p)A @) = Y 2i(—1)i<m+l)< K )vm%m)-vwd(m).

mtitl=k m m+1
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Note that all non-zero terms in the above sum require 2m + ¢ = s. So,

$(z) A6 (x)

—25(—1)5(’€gs>< § )v 6(0) - V* A *6(2) +
95— 2( 1) < s+2>( > s—2A¢(O).vs—2Ak—s+15(I)+

934 (1)~ < —s+4 ( > VEAAZH(0) - VAR 25 () 4

20(1)0< o2 ) (k k 1>V AS2(0) - VOAF5/25(x).

Clearly, we have

VEp(0) - VAR 5(x) = sIV AR 5(a),
VIR AG(0) - VIT2ARTT S (2) = sl VT2 AR (),

VOO 2(0) - VOO 25(x) = n*/2sIVO AR T2 (x).
Therefore,

$(x) A 5(x)

R k!s! o A ks
=G v A @+
nk!s!

MWk —s+1)(s—2)!
n2kls!
20(k — s+ 2)!(s — 4)!
50 n*/?k!s!
(s/2)1(k — s/2)l0!
s/2

va 25 Nk~ sﬂ(;( )
— Is!
= 2k Z « 2% jl(k — s+ j)(s — 25)!

2572 v572Ak75+16(x) +

23—4

vs_4Ak_s+26(I) +

VOART/25()

The case that s is odd follows similarly. This completes the proof of the theorem. O

Theorem 2.4. Let f(x) € C™(R). Then the distributional product f(X)A*5(x) exists and

f(X)Aké(x) _ Z 2@'(_1),- <m + l> < k >nwnf(27n+i)(0)viAl5(x)7

m4+it+l=k m m+l
fork=0,1,2,---

Proof. It easily follows from Theorem 2.2. O
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Theorem 2.5. Let ¢(x) € C>°(R™). Then the distributional product ¢(x)V*§(z) exists and

$(2)V*6(z) = Y (~1)’ <I;> V6(0) V()

7=0
fork=0,1,2,---.

Proof. It follows from the identity below claimed by induction

HCDOEDY (’;) VIgvE Iy,

k
J=0
In particular, we come to

k
F(X)VFs(x) = Z(—l)j <’;> n? f90)V*75(x)

J

for f(z) € C*°(R)and k = 0,1,2,--- and

k s k—s :
e —1)® v <
Svk5(x) (-1) <S>n s o(x) ifs<k,
0 if s > k.

At the end of this section, we would like to supply a couple of appealing applications of the product
X*AF§(x) in simplifying several multiplications obtained in [(24); (1)].

Let r = (2% + --- 4+ 22)"/? and let p(s) be a fixed infinitely differentiable function defined on
R™ = [0, oo) having the properties:

(i) p(s) = 0;
(i) p(s) =0fors > 1;

(iiy [ Om(z)de = 1;
RTI,

where ., () = c,m"p(m>r?) and ¢, is the constant satisfying (iii).

It follows that {4, (z)} is a regular é - sequence of infinitely differentiable functions converging to
§(z) in D'(R™) (an n-dimensional space of distributions).

Definition 2.1. Let f and g be distributions in D’(R™) and let
gm(z) = (9% 0m)(z) = (9(x — 1), dm(t))
where t = (t1,t2, - ,tn). The noncommutative neutrix product f.g of f and g exists and is equal to
h if
where ¢ € D(R™) and the N-limit is the neutrix limit defined in (26).

Note that Fisher [(7); (8); (9); (10)], for example) has actively used Jones’ §-sequence 6, (z) =
np(nz) for n = 1,2,---, and the concept of neutrix limit to deduce numerous products, powers,
convolutions, and compositions of distributions on R since 1969.
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With the above definition, Li and Zou (24) showed that the noncommutative neutrix product
r~F V2§(z) exists for k =1,2,--- and 1 =0,1,2,-- -, and
—2k V2l6( )
Zl: bl l—j( )l+jX2jAk+l+j6(x)
= (k+1+ 12640 (n+20+25) - (n+ 2k + 21+ 25 — 2)

where b}, is a constant satisfying a certain recursion.

It is clear to see that the above result can be further calculated and simplified with Theorem 2.3,
since

X A5 ()

J niv2j72iﬁk+l7j+i6(m)
— 220k +1— 5 +4)1(25 — 20)!

= 2% (k + 14 §)1(25)!
On the other hand, Aguirre (1) used the Laurent series of r* in a neighborhood of A = —n — 2 for
j=0,1,2,--- and the following identity (where P is a regular manifold defined in (13)

9 s OP s(k+1)
250 (py = £ P
oz, 5 (P) 8xj5 (P),
to show that the product »~2* and VA7 (x) exists and

—(n +2)(2))! X AFHH5(x)

72]@ J
VA@) = G T in(n £ 2) (261 2

This, again, can be further simplified by applying the identity below
XAFIH5(2) = =2(k 4§ + 1)VA* I §(x).

3 The asymptotic products on unit spheres

The distribution §*)(r — 1) concentrated on unit sphere » — 1 = 0 is defined as

8k

k
r=1 (97“

6P —-1), ¢) = (-1)" (¢r" ™" )dw

where dw is the Euclidean element on » = 1 and ¢ € D(R"™). With the expansion formula

/ afkﬁf)(W)dW = (-1" (i <k> C(m, )" (r - 1) ¢($))
g OTk N _ i ’ ’ ’

=0

Li evaluated the product of f(r) and 6 (r — 1) (17), for any infinitely differentiable f(x) atz = 1, and
obtained that

oS Jk'f( (1)
ils!( j — i)k —j—s)!

k
OUGESIE DY

Jj=

i=0 s=0

X(m7lv‘7) (m S)é(kijis)(r - 1)

where x(m, i, ) and C(m, s) are constants depending on the indices and k < n — 1.
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Later on, Aguirre and Li (2) simplified the product of f(r) and §*)(r — 1), and proved that for any
k=0,1,---,

F 1) = Y (1 (’j) 1Ot 1),

J
In particular, we have

Furthermore, we assume that H(z1,z2, - ,zm) is any sufficiently smooth function such that on
H = 0 we have

gradH # 0
which means that there are no singular points on H = 0. Then the generalized function §(H) can be

defined in the following way.
(6(H), ¢) = (0, uz, - st )z - - diim
H=0

where ¢1(u1, -+, um) = ¢(z1, - xm) and P = ¢ (u)D(2).
Similarly, we shall define

H=0

As an example, we consider the generalized function §(a1z1 + - - - + amam), Where 37 of = 1.
The equation
11+ -+ amTm =0
determines a hypersurface which passes through the origin and is orthogonal to the unit vector a.
Making the substitution

U1 = 11 + -+ AmTm, U2 = T2, ,Un = Tm,
we thus arrive at
(5(a1m1+~~~+amxm)7q§):/ oduz -+ - dim,.
S a;z;=0

Let f(z) be a C*(R) function and let H be defined as above. Then the product f(H) §*)(H) exists
(2) fork=0,1,2,---,and

. (3
=0

k
Fey 6 () = 3 (’“) (~1)' 7 (0) 6% (1),
We define S, (r) as the mean value of ¢(z) € D(R™) on the sphere of radius r by
1
S = — d
o) =g | otroyio

where Q,, = 277%/F(g) is the surface area of unit sphere » = 1. We can write out an asymptotic
expression for S, (r) (see (6)), namely

Sslr) ~ <z><o>+%sg<0)r2+...+@ng(o)rmm

oo

B Akcb(O)r%
N ;2kk!n(n+2)~~(n+2k72)
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which is the well-known Pizzetti’s formula and it plays an important role in the work of Li, Aguirre and
Fisher [(23); (16); (19); (5); (3); (18)].

Remark 2: Pizzetti’s formula is not a convergent series for ¢ € D(R™) from the following counterexample.
o) = {

Clearly, ¢(x) € D(R™) and S4(r) # 0 for 0 < r < 1, but the series in the formula is identically equal
to zero. Obviously, S4(r) — 0 as » — 0. However, it converges in the space of analytic functions from
the reference (13).

eXp{fﬁ} |f0<'r'< 1,
0 otherwise.

Now, we turn our attentions to studying the product ¢(x) §(r — 1), where ¢(z) € C*°(R") and the
more generalized multiplication ¢(x) 8*)(r — 1). It seems impossible to get them by either following
the computational patterns of the products f(r) §*)(r—1) and f(H) 6 (H), or any existing methods
including invariant theorem (20). However, we shall be able to derive the asymptotic products below to
approximate these products. This idea will have many applications in dealing with complex products
in R™.

Theorem 3.1. The asymptotic expression

oo

S(r—1)~2r2
k=0

holds in D' (R").
Proof. Since
6r-a) )= [ odo=a" [ olroyio,
r=a r=1
for any ¢ € D(R™). We come to

1
Sp(r) = W@(T*G)aéf))
~ c- 55}%)(0) 2k _ o (6C9(r), ¢) 2k
22k 2!
1 23 a" Tt S IR (1)
= a"lﬂn< (D) kzzo @ "¢
where S$*(0) = (6)(r), ¢). Hence
23 a" "t G IR (1) o
o(r—a)~ — a
03 2 @)

It follows from reference (1) that

Qn @8 (1) N AFS(2)T(2)
+

=TreS\=—n—2kT" = n )
(2k)! 2R EI12F (G + k)

which implies
B 92k L) F(% + k) (S(Qk) -

AFS(z) = _ . (3.2)
@="enreg "
Therefore,
N 2k Ak
noaq a*" A" (x)
o(r—a)~2w2a ;2% RT(E +5) (3.3)
in D’'(R"™). This completes the proof of the theorem by setting a = 1. O
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Remark 3: Clearly, Pizzetti’s formula is equivalent to equation (3.3), which can be directly obtained
(22) by the Fourier transform and the following formula in (14)

1 T ixcosO v . 2v
J(z) = ————~ 0de. 3.4
(z) QVﬁF(V—F%)/O e x” sin (3.4)

Furthermore, the equality of asymptotic expression (3.3) holds in the space of analytic functions (13).
It follows from Theorem 2.2 and equation (3.2) that
$(x) 5 (r)
forany ¢(z) € C*°(R")and k =0,1,2,---.
In particular, we have for k = 0 that
() 6(r) = $(0)é(x).
Theorem 3.2. The asympitotic product of ¢(x) and §(r — 1) exists and

P(x)d(r—1)
m+1 k iAm N
( m )(m—i—l)vA 9(0)- VI&'3(@)

—i n
k=0 m4itl=k 21 gl F(§ +k)

for any ¢(z) € C*°(R").
Proof. It immediately follows from Theorems 3.1 and 2.2. O

Theorem 3.3. The asymptotic product of X° and §(r — 1) exists and

X%6(r—1)
oo 5/2 Jrs—2j Ak—s+i
sH1_2 n’ Vv A o(x) s is even
2 7r25'k2:0j2::022j+2kj!(kfSJrj)!(SfQj)!F(%+k) ITs Is even,
~ oo Ls/2] Js—2j Ak—s+j
n VA 76(x) P
—25t1n% gl 7 s is odd.
TS kzzo ; 222k ji(k — s+ j)(s — 2 0(E + k) O
Proof. It directly follows from Theorems 3.1 and 2.3. O

Similarly, we can follow the ideas presented in (22) and the Fourier transform to obtain

5(k)(r—a)
PR T'(n+ 27)a® AI§(x) .
_1\k n—1—k < _
(-1)k2n2a ;22fjlr(g+j)r(n+2j—k) ifk<n—1,
~ > Va2 NI
(—1)F2rBarit Y Pn£27)a £70(2) g s -1,

22 jIT(Z +j)T(n+2j — k)

j=E=p+L]

In particular, we have for k = 0

a?

S(r—a)~2r2a" "y ——— — _N§(z
(r—a) > g S
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which coincides with equation (3.3).

It follows from equation (3.2) that

§®(r —a)
_1\k9 % n—l—k 25 £(25)
(=1)"272a L(n+ 25)a™ 67 (r) itk <n_1,
T(2) 2= (2)IT(n+ 2 — k)
~ _1\ko % n-1—k o 2j 5(23)
(-1) 27Tia Z F(Zn‘—ll—r?j)a 25‘ ](:) fh>n_ 1.
M E, GO0k
Clearly, we get from k& =0
230"t = 0 (r) 4,

a

5(r—a) ~ Mm 2 @)

which is the same result obtained previously.

Setting a = 1, we have the following generalized products from Theorem 2.2.
¢(x) 8™ (r —1)

CEY 76(x) T(n + 2j)
aal JZOZJJ'F TR T

—2n3(~1)* - I'(n + 25) _
B 1);:2%ﬂf T H)T(n+2j— k)
> Qi(—l)"(mnt l) ( J+ )v AT0)-ViIAYS(z) ifk<n-—1,
m-+it+l=j
- TR - ( ) A76(x) T(n + 2j)
27 (—1) Z 227 j (% ]) (n+2j —k)

j=Tk=ptd

n - [(n +2j)

=2rz(=1)F . :
7T2( ) Z 22ﬂj!F(§+j)F(n+2j—k)

j=[E=p1

% 2i(_1)i(mr: l) <miz)viﬁm¢<0>-vws(m> ith>n—1.

mAitl=j

The product X* 6™ (r — 1) can be derived easily using Theorem 2.3 and we leave it to interested
readers.
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