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Abstract

We establish a linear proximity gap for Reed-Solomon (RS) codes within the one-and-a-half
Johnson bound. Specifically, we investigate the proximity gap for RS codes, revealing that any
affine subspace is either entirely d-close to an RS code or nearly all its members are §-far from it.
When § is within the one-and-a-half Johnson bound, we prove an upper bound on the number of
members (in the affine subspace) that are d-close to the RS code for the latter case. Our bound
is linear in the length of codewords. In comparison, Ben-Sasson, Carmon, Ishai, Kopparty and
Saraf [FOCS 2020] prove a linear bound when § is within the unique decoding bound and a
quadratic bound when § is within the Johnson bound. Note that when the rate of the RS
code is smaller than 0.23, the one-and-a-half Johnson bound is larger than the unique decoding
bound.

Proximity gaps for Reed-Solomon (RS) codes have implications in various RS code-based
protocols. In many cases, a stronger property than individual distance—known as correlated
agreement—is required, i.e., functions in the affine subspace are not only d-close to an RS code,
but also agree on the same evaluation domain. Our results support this stronger property.
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1 Introduction

Reed-Solomon (RS) codes [RS60] are a class of error-correcting codes. They are fundamental objects
of study in algebraic coding theory and theoretical computer science. Let F, be a finite field with
q elements, and let L C F, be the evaluation domain. Let p € (0, 1] be the code rate and n = |L|
be the code length. Let RS[F,, L, p] denote the set of functions f : L — F, that are evaluation
results of polynomials of degree strictly less than p|L|. Reed-Solomon codes have a wide range
of applications. For example, many protocols in areas such as blockchain, distributed storage,
and cryptography utilize Reed-Solomon codes as essential building blocks. In some protocols, the
soundness of relies on the existence of a series of vectors that are close to the Reed-Solomon (RS)
code (in relative Hamming distance). Consequently, it is critical to efficiently identify vectors that
are far from the RS code.

The RS Proximity Testing (RPT) problem involves a verifier determining whether a given func-
tion f: L — F, is a member of RS[F,, L, p| or is far from all codewords in RS[F,, L, p]. The verifier
has limited query access to f, and an untrusted prover may assist the verifier. We consider this
problem under the interactive oracle proofs of proximity (IOPP) model [BCS16] (also called prob-
abilistically checkable interactive proofs of proximity in [RRR16]). This model combines aspects
of probabilistically checkable proof (PCPs) and interactive proofs (IPs). The prover provides the
verifier with auxiliary proofs, and the verifier has oracle access to the messages from the prover.

For a batch of vectors u = {ug, ..., u} C [y, one can implement a protocol for the RPT problem
on each vector to ensure that they are all close to RS[Fy, L, p]. However, this approach is inefficient.
[RVW13| provides an approach: randomly choose a vector 4’ in the span of u (denoted by span(u))
and check if «’ is close to RS[Fg, L, p]. The soundness proof of this method raises an important
question: If Ju; € u that is far from all the members of RS[Fq, L, p], can we prove u' is far from
RS[F,, L, p| with high probability?

Many previous works have explored this question and provided positive answers. This property
is referred to as the proximity gap for Reed-Solomon codes, as formally defined by Ben-Sasson,
Carmon, Ishai, Kopparty, and Saraf in [Ben+20b]. In a more general setting, let V' C Fy be any
linear code and dy € [0, 1] be its minimal relative distance. Suppose u; € u is o-far from V', denoted
by §(u;, V) > 6. In [Ame+17|, Ames, Hazay, Ishai, and Venkitasubramaniam proved that when
d < Oy /4, with high probability «’ € span(u) is d-far from V. When «’ € span(u) is on a line, i.e.,
u = {ug, u1 }, Ben-Sasson, Kopparty, and Saraf [BKS18] demonstrated that when 6 <1 — /1 — oy
(the double Johnson bound), with high probability (related to a small constant €) u' € span(u)
is (0 — €)-far from V. Later, Ben-Sasson, Goldberg, Kopparty, and Saraf improved the bound to
1 — /1 — dy (the 1.5 Johnson bound) in [Ben+20a]. Furthermore, they showed their result is tight
for certain RS codes. Especially, when V' = RS[F,, L, p|, [Ben+20b| bounded the probability that
u’ is §-close to V for the unique decoding bound dy /2 and the Johnson bound /1 — dy respectively.
See Table 1 for details.

1.1 Our results

We present proximity gaps for Reed-Solomon codes within the one-and-a-half Johnson bound. Our
result is linear in the length of the code. We begin by considering a simplified case where u =
{uo,ur}. Here, u' = ug + zuy, z € Fy is over a line. We have the following result.

Theorem 1 (Informal). Let L be a subset of Fy\. Let ug,ur : L — Ty be two functions on



L. Let 6,m,p > 0 satisfy 6 < 1 — p—n and n < %pfé. If there exists i € {0,1} such that
d(us, RS[Fy, L, p]) > 9, then

2(1 —p)|L|
9pm3|Fy|

We prove that if either ug or u; is -far from the RS code, then in probability that is linear in
the code length, v’ is d-far from the RS code. The formal statement of this theorem is presented in
Theorem 4, which describes the result in its contrapositive form. Furthermore, the formal theorem
is stronger. We utilize the concept of correlated agreement, as defined in [Ben+20b]. A series of
functions uy, ..., w; have d-correlated agreement with RS[F,, L, p] if there exists a sufficiently large
subdomain L' C L and vy, ...,v; € RS[Fy, L, p] such that

PZGFQ (A(UO + ZulvRS[F%Lap]) < 5) < (1)

IL'| > (1 —6)|L| and w;|p = vi|p, 1 <i <.

The definition of correlated agreement is relevant in the context of real-world protocol applications.
Notice that even if all of u; are d-close to RS[Fy, L, p|, they may not have d-correlated agreement.
Our formal theorem supports this stronger notion of agreement; specifically, if ug and u; do not
have §-correlated agreement, (1) holds.

¢ bound u’ distance Probability Code
[Ame-+17] oy /4 ) (0+1)/|F,] Linear code
[BKS18] J(J.(6v)) §—¢ 2/(e3|Fq]) Linear code
[Ben+20a| | 1 — /1 —0y +¢ Jd—e€ 2/(€*[Fy|) Linear code
[Ben20b] | 1—,/p—¢ 5 (p?n2)/((2¢)7|F,]) RS
[Ben+20b] (1-p)/2 J n/|Fq| RS
This work 1—p—e 4] 2(1 — p)n/(9p€e3|F,|) RS

Table 1: When u = {ug,u1} and ug(uy) is o-far from the code V', the provable probability that
randomly chosen v’ € span(u) is  (or § — €) close to V. § bound is the upper bound. &y is the
minimal relative distance of V. The latter three rows focus on RS codes with rate p and dy = 1—p.

Je(0y) =1 — /1 —dy (1 — €) is the Johnson bound.

Table 1 compares our result with previous results. [Ben+20b| provides the linear proximity gap
under the unique decoding bound (1 — p)/2 and the quadratic proximity gap under the Johnson
bound 1 —,/p. When the one-and-a-half Johnson bound 1 — /p is better than the unique decoding
bound (related to p), we improve the provable proximity gap to linear. Additionally, [Ben+20b]
conjectures that we can prove the proximity gap when § < 1 — p. We will briefly introduce this
conjecture in Section 5.3. Figure 1 compares various bounds. When p < 1/8; the one-and-a-half
Johnson bound is better than the unique decoding bound. And we make improvements in this case.

We prove our result under the generalized case that u = {ug,...,u;}.

Theorem 2 (Informal). Let L be a subset of . Let ug,--- ,u; : L — Fg,1 > 1 be a sequence of
functions on L. Let 6,n,p > 0 satisfy 6 <1 — Yp—mn andn < %p_%. Denote V.= RS[F,, L, p] and

S = {Zl = <21,--~ ,Zl> Equ : A(uo—l—zlul +~--+zlul,V) < 5‘[1’}
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Figure 1: Bounds for RS codes

If Ju; € u such that 6(u;, V) > 0, then

2(1 = p)|L]|
P S) < (2 —_EA)
ery (% € 5) ( 93|y

This result also supports the correlated agreement version. The formal theorem can be found
in Theorem 6.

1.2 Applications

Proximity gaps for RS codes provide provable soundness for a variety of protocols. For example,
the Fast RS IOPP (known as FRI) |Ben+18| is a widely used IOPP for RS codes due to its high
efficiency. FRI is implemented as a subprotocol in many recent (zk)SNARKSs and real-world systems
[Ben+19][KPV22]|[Sta23][Pol]|Zha+20]|Xie+22].

Our result can be implied to prove the soundness of FRI. Previously, Ben-Sasson, Carmon, Ishai,
Kopparty, and Saraf established the best provable soundness of FRI in [Ben+20b|, utilizing elegant
mathematical techniques. They proved the soundness error bound of FRI is

epr1 < max {O <p2 : E(‘j) (1 — 5)’5} (2)

n7
when 6 < 1 —,/p—mn. Let ¢ represent the iteration time during the QUERY phase in FRI. It is
important to note that the first term is a constant dependent on the parameters. For small values
of ¢, the second term dominates the inequality. Furthermore, this term decreases as t increases.
Consequently, when ¢ becomes sufficiently large, the first term establishes a provable upper bound
on the soundness error of FRI. We will introduce the protocol in detail in Section 6. We provide an
alternative soundness error bound of FRI:

epR1 < max {o <p1773 - HFLJ') (- 5)t} (3)



when § < 1 — ¢p—mn. When t is large, the first term dominates the soundness error bound. In
practical applications, |L| is large and significantly influences the soundness error bound. Conse-
quently, our bound indicates that FRI can provide enhanced security. However, when ¢ is small,
the previous bound is more advantageous. In practical applications, we can select the minimum of
these two bounds.

Our result and the provable soundness in [Ben+20b] fit the correlated agreement condition. The
correlated agreement of FRI is used to prove the (knowledge) soundness of protocols that use FRI
as a sub-protocol [Sta23|, as well as to prove the round-by-round soundness of FRI [Sta23||Blo+23].
There are also a variety of generalized protocols of FRI [ZCF23|[Arn+24|. These works build upon
the soundness of FRI, and improvements in the soundness of FRI can also be applied to these
subsequent works.

2 Technical overview

In this section, we outline the overall idea behind our proof of the main result, Theorem 3. We take
a new approach to address this problem through combinatorial methods. This section introduces
the tools we employ and explains how this can be done. The main theorem is articulated in the
context of the folding operation within the FRI framework. Folding and proximity gaps can be
transformed into each other. We will introduce the transformation in Section 5. For now, we will
concentrate on the concept of folding.

2.1 Polynomial folding and function folding

Let F, be a finite field and L C F, be an evaluation domain, with |L| = n. Denote p € (0,1] as
the rate. The notation RS[Fy, L, p| represents the set of code words p : L — [, that are evaluation
results of polynomials of degree strictly less than p|L|. For a given code word f : L — F,, we want
to know whether f is a member of RS[F,, L, p|]. This verification is called the low degree test(LDT)
of f.

We can use FFT to check directly. However, the time complexity of FFT is O(nlogn), which
is unacceptable in many real-world applications. The FRI protocol|Ben-+18]| is an interactive oracle
proof(IOP) to achieve this goal with time complexity O(logn). An untrusted prover may help us
to complete the verification and the time complexity of an honest prover is O(n).

The folding operation plays an important role in the FRI protocol. It can fold a polynomial
into half its degree. So we can fold a polynomial of degree n into a constant after log,(n) rounds of
folding. More precisely, let p(X) € F,[X] be a polynomial with degree d and suppose

p(X) =+ X +aX?+. . +egXh

We can divide p(X) into even and odd parts, i.e.,
p(even) (X) _ Z CZ'Xi and p(odd) (X) _ Z cin'—l’
even odd ¢

and we have
p(X) = pl=m(X) + XpI (X).



Let a € F; be a randomly chosen folding point, then define the folding result of p(X) at folding
point «, denoted by PolyFold,, (p), to be the following polynomial

(co+act) + (2 +ac3)X + ...+ (c4—1 + acd)X% if d is odd

PolyFold ,(p) = _
Y o(P) {(co +acy) + (o + ac3) X + ...+ (cg—2 + acd,l)XUlT2 + ch% if d is even

of degree |4]. Notice that we have
PolyFold, (p)(X?) = p*) (X) + ap(©d)(X).
Furthermore, for any x? € L?, we can prove

PolyFold, (p)(22) = p(x)*;’(_f”) fa. P(x);f(—x)

by calculating directly.

Recall that our goal is to verify whether a given function f : L — F, is a low-degree polynomial.
As a result, the folding operation needs to be defined on the functions. Especially, the folding
operation works on functions over evaluation domains with pairing elements, i.e. if z € L, we have
—x € L. This is because of the folding structure, which will be explained later.

Suppose L = {z1,—x1,x2, —X2,... T, —x%} is an evaluation domain with pairing elements
and L? = {z%,23,..., xQ%} Let o € Fy be a randomly chosen folding point. The folding result of f,

denoted as FuncFold,(f), is a function on L?. More precisely, suppose we have a function

f = {f(xl)af(_xl))f(xé)v f(_xQ)a o 7f($%),f(—l‘%)}
Define FuncFold,(f) : L? — F, as follows:

FuncFold,(f)(z?) = W +oa- W

for any x € L. For example, in the finite field Fi7, let L = {1,—-1,4,—4,2,—-2,8, -8} be an
evaluation domain with eight elements. Then we have L? = {1,—1,4,—4}. Let o € F, be the
folding point. For a given function f = {0,—1,4,—4,2,—2,8, —8}, the folding result of f at point
a is FuncFold, (f) = {9+ 9, a, a, a}. Figure 2 shows the folding result.

)
z (& u
Figure 2: Function folding result of f at point «. f is on the first layer and FuncFold,(f) is on the

second layer. Each element on the second layer is calculated from its parents.

Furthermore, we have the following properties:

1. For any o € Fy, the length of FuncFold,(f) is half of f.



2. When f € RS[F,, L, pl, i.e., f agrees with some low-degree polynomial p, we have
FuncFold, (f) = PolyFold,(p)
for any a € F,. This will be proved in Proposition 2.
3. For any a € F, and 22 € L?, FuncFold, (f)(x?) only depends on f(x) and f(—z).

Condition 2 implies when f € RS[F,, L, p|, we have FuncFold,(f) € RS[F,, L%, p]. Suppose L? is
still an evaluation domain with pairing elements, we can do function folding on FuncFold,(f) again.
We say L is smooth if L, L% L%, ... are all with pairing elements. Thus, we can recursively fold a
function on L until it becomes a constant. Condition 3 says the function folding operation is local.
If we want to check the accuracy of the folding on any location 2% € L2, we only need to know f(z)
and f(—xz). Furthermore, for some f € RS[F,, L, p], we can do the folding operation on it even
without knowing the polynomial coefficients.

Since the folding result of a low-degree polynomial is still a low-degree polynomial, we can fold
a polynomial of degree d into a constant after [logy d| rounds. It is easy to check a constant in
an evaluation domain. However, we can not claim a function is a low-degree polynomial even if
it can be folded into a constant after some limited number of rounds. This is because there exist
some bad folding points that will disclose the relative distance between the given function f and
RS[Fg, L, p]. Set p = % in the above example. Then RS[F;7, L, %] is the set of polynomials with
degree < i -8 = 2. It is easy to verify that f is not a member of RS[Fi7, L, %] The closest code
word of f in RS[Fi7, L, i] is p(X) = X and the relative distance between f and RS[Fy7, L, %] is é.
When o = —1, the folding result is FuncFold_;(f) = {—1,—1,—1,—1}. This is a constant and is a
member of RS[Fy7, L?, %} Then o = —1 is a bad folding point in this example. For a given relative
distance § > 0 and a function f that is d-far from the RS code. Define the bad folding points as
folding points whose folding results are §-close to the RS code. Our goal is to prove that the number
of bad folding points is limited. This is called the proximity gap for Reed-Solomon codes, defined
in [Ben+20b.

2.2 Partition the bad folding points into blocks

For a fixed 0 < § < 1 and a function f that is §-far from the RS code, define the set of bad folding
points to be
Bad(f) = {« € F; | FuncFold,(f) is é-close to the RS code}.

Many previous studies focus on the folding results and use the list-decoding skill to restrict the
number of bad folding points. We provide a new approach to deal with this problem. Instead of the
folding result, we focus on the origin function f. We pay attention to some sub-evaluation domains
of f and transform the problem into a combinatorics problem.

More precisely, let a € Bad(f) be a bad folding point and p, € RS[Fy, L, p] is the closest code
word of FuncFold,(f). The following sub-evaluation domains are related to « :

C* = {z? € L? | FuncFold,(f)(z?) = pa(2?)}

and
Pr={z e L|z*€cC’}ie., P! is the parent set of C%.

For two distinct bad folding points a, 8 € Bad(f), we prove the following lemma:



Lemma 1. [Informal] For any distinct o, f € Bad(f), there exists a polynomial p(X) € Fy[X] of
degree strictly less than p|L| such that

flpznp; = plpsnp;,

that is, f(x) = p(z) for any x € PN Pj.

Figure 3 shows a simple example. In the finite field Fi7, let L = {1,-1,4,—4,2,-2,8, -8}
and L? = {1,—1,4,—4}. Let p = %, so the member of RS[Fi7, L?, i] are constants. For a given
function f = {0,2,4,—4,2,—2,5,7}. The folding result of f at point & = 9 is {9,9,9,7}. Thus,
we have C* = {1,—1,4} and P} = {1,—1,4,—4,2,—2}. Similarly, the folding result of f at
point f = 11 is {7,11,11,11} and C; = {-1,4, —4},P§ = {4,-4,2,-2,8,—-8}. As a result,
Prn Pg = {4,—4,2,—2}. Lemma 4 says f|p&«mpg agrees with a low-degree polynomial p of degree

< p|L| = 2. It is easy to find that p(X) = X in our example.

4 4 2 -2

] 11 9 11

Figure 3: Folding results of f at folding point o = 9(black solid line) and 8 = 11(blue dotted line).
C; and C7f are filled in green on the second layer. Py N Py is filled in green on the first layer.

Because of the use of Corradi’s lemma, which will be introduced later, we extract a series of
subsections of P}, C* o € Bad(f) such that these subsections have the same size. For a given
0 < & < 1, notice that |P*| > (1 — §)|L| and |C%| > (1 — §)|L?| for o € Bad(f). We define

e C,: The set of first (1 — §)|L?| elements of CZ, i.e., |Co| = (1 — 6)|L?|.
o P,={x: x? e Cy}. That is, P, is the “parent set” of C,.

The above definitions make sense since the elements in the evaluation domain L are in order. Notice
that P, N Pg C Py N PE, Lemma 1 still holds on P, N P3. Using these definitions, we can partition
Bad(f) into blocks.

Our partition is based on some long low-degree polynomials in f. More precisely, let 0 < £ <1
and D C L satisfying |D| > &|L|. If f|p agrees with some low-degree polynomial p, then we
say p is a long low-degree polynomial contained in f. There may be many such long low-degree
polynomials p1,...,ps, denote by D;,1 < i < s the maximal agree domains of p;,1 <7 < s and f,
i.e., fIp, = pilp,- We partition the set of bad folding points Bad(f) based on Algorithm 1.

Let {A1,..., A} be the output blocks of the algorithm and {aj,...,a,} be the corresponding
represent elements. For a block A € {Ay,..., A, } and its represent element a, we have |Pg N Py| >
¢|L|. Lemma 1 implies a long low-degree polynomial in f is contained in both P, and Pg. On the

other hand, for distinct represent elements a;, aj € {a1, ..., a,}, we have | Py, N Py, | < &[L].
2
The number of blocks is limited. Let § < 1— ¢p—nand = (1—6)?—n/, where f = 33@,
we prove r < 1;/’ . Focusing on the represent elements {aq, ..., a,}, we have



Algorithm 1 Partition Bad Folding Points(Informal)

input: Bad(f)

initialization: r =0

set X* = Bad(f)

while X* # () do
r=r+1
pick an arbitrary z € X* and let a; = x
let A; = {f € Bad(f) : |PsN Py,| > &|L|}
X*=X*—A;

end while

return Aq,..., A, and a1,...,q,

o |Po|=(1=0)L,1<i<r
o |Po; NPy <Ll =(1-0)*—n)|L,1<i<j<r

Notice that |J;_; Pa, € L. Using the following lemma by Corradi, we can restrict the number of
blocks.

Lemma 2 (Corradi 1969 [Juk11]). Let P, ..., P, be s-element sets. If |P;NP;j| < k for any distinct
i,7€{1,2,...,r}, then

" sr
Pl >
i:LJl 1T s+ (r—1k
Calculating directly, we have
1—
r < 7’]/ p.

The upper bound of the number of blocks is a constant and is independent of |L|, the length of the
code word.

2.3 Partition the blocks into equivalence classes

We further restrict the number of elements in each block. Let A € {4;,..., A} be a block and
a be the corresponding represent element, i.e., for all 5 € A, we have |P, N Pg| > {|L|. Lemma
1 implies a long low-degree polynomial in f is contained in both P, and Pg. Denote by p1,...,ps
all the long low-degree polynomials contained in P,, i.e., 3D; C P, such that |D;| > £|L| and
flp; = pilp,. Furthermore, for all 5 € A\ {a}, we can find one and only one low-degree polynomial
p € {p1,...,ps} such that f|p,np, = plp.np,- We define an equivalence relation R on A\ {a}:

(B1,B2) € R <= The low-degree polynomials decided by P, N Pg, and P, N Pg, are the same.

The number of equivalence classes is limited. We restrict the number of long low-degree
polynomials p1, ..., ps contained in P,. We have

e |D;| >¢|L|,1 <i < s according to the definition of p;.

o |D;NDj;| <p|L|,1 <i<j<s because p;,p; are distinct polynomials with degree < p|L].



e |D;| < (1—6)|L| since f is o-far from RS[F,, L, p].

The first two conditions are similar to the condition of Corradi’s lemma(Lemma 2). But we have
|D;| > &|L| instead of |D;| = £|L]| in this case. As a result, we use the third condition and follow

the proof of Corradi’s lemma to prove
1

s < 3
3

3np

when § < 1— ¥p—n&=(1-6)>2—n and 1y = @. The upper bound of the number of
equivalence classes is a constant and is independent of |L|, the length of the code word.

The size of each equivalence class is bounded. For any equivalence class {31, ..., 5:}.
Suppose p is the low-degree polynomial related to the equivalence class and D is the maximal agree
domain of p, i.e., f|p = p|p. Since f is é-far from RS[Fy, L, p], |D| < (1 —9)|L|. On the other hand,
for any £;,1 < i <t in the equivalence class, we have |Pg,| = (1 — §)|L| according to the definition
of Pg,. As a result, |Pg, \ D| > 1. We prove that

(P, \D)N (P3,\ D) =0,i # j.

For any x € P3, \ D, we have f(z) # p(x). (Remember that x # 0 since Pg, C L and L is with
pairing elements.) According to the definition of Pg,, we have

FuncFoldg, (f)(z) = PolyFoldg, (p)(z).

The above equation is equivalent to

f(z) + f(=2) s f(@) = f(=2) _p(@)+p(=2) s p(z) —p(=x)
2 2x 2 2x
according to the definition and property of folding. If ! (x)gi (2) —» (l‘);g (790), then we have
f(m)gf(_x) = p(m)+2p(_m) to make the above equation hold However, this implies f(z) = p(x).

f(:c 75 p(z p( x)

A contradiction. As a result, we have and we can transform the equation

into
Bi=ux- (p(z) +p(—~’r)) — (f@) + f(=2))
(f(z) = f(=2)) — (p(z) — p(—2))
Notice that once x is fixed, the right side of the above equation is fixed. Since 3, 8; are distinct,
¢ Pg \ D.
Thus,

t

U (Ps, \ D)

The size of each equivalence class is bounded by |L \ D|. We can further optimize the bound to be
[L\D|
2

t

=Y [P\ D| >t

=1

[L\ D[ >

, see Corollary 5 for details.
Combining all these above, we finish our proof of the main theorem, i.e., the number of bad
folding points is linear in the length of the code word.

3 Preliminaries

We present the preliminaries and notations. We use F, to denote a finite field with ¢ elements.
Denote by F;* =T, \ {0} the cyclic group.



3.1 Reed-Solomon codes

Let L C F, be a subset. Let RS[F,, L, p] : IF‘f]l+1 — FLLl denote the Reed-Solomon code of de-
gree strictly less than p|L| evaluated on L, where RS[F,, L, p] maps (co,c1,...,cq) € Fg“‘l to

<Zf:0 ciazi) ; € IE‘LL‘, and d = [p|L|] — 1. Throughout the paper, we assume p|L|/2 is
TE

an integer. Then RS[F,, L, p] has code rate p.
Let f,g: L — F be two codewords. The distance between f and g is defined as

A(f,9) =z € L: f(x) # g(x)}-
The distance between f and RS[Fy, L, p| is defined as

A F,. L. p|) = i A .
(f,RS[Fy, L, p]) Jerin (f,9)

3.2 Polynomial folding and function folding
We define an operation called folding in this subsection, which is used in FRI.

Definition 1 (polynomial folding). Let p(X) € F,[X] be a polynomial of degree d, that is,
p(X)=co+aX +... 4 X<

Define the folding of polynomial p(X) at point o € Fy, denoted by PolyFold,,(p), to be the following
polynomial

(co+ac)+ (ca+acs) X + ...+ (cq-1 + acd)X% if d is odd
(co+act)+ (ca+acs)X + ...+ (cq—2 + acd,l)X% + chg if d is even
of degree |4].
The following proposition says PolyFold is a linear operator, which is straightforward to prove.

Proposition 1. For any p(X),q(X) € F,[X], and any o, 5,7 € Fy we have
PolyFold,, (8p + vq) = BPolyFold, (p) + vPolyFold, (q).

Definition 2. Let p(X) € F,[X] be a polynomial, where p(X) = Zgzo c; X' Let

(X)) = > X and pIV(X) = > X

even 1 odd i

Both pv*™ (X) and p©d9(X) are even functions, and p(X) = p(ve)(X) + Xpldd(X). One
can easily verify that
PolyFold, (p)(z*) = p* (z) + ap'*'¥(x) (4)

for any x € F,.
Codeword folding is defined on the codewords over evaluation domains with pairing elements
defined as follows:

Definition 3. Let L C IFqX be a subset.

10



e Say L is with pairing elements if for all x € L, we have —x € L.

e Say L is smooth if L is a coset of a multiplicative group whose order is a power of 2.

Notice that a smooth set must be with pairing elements. Suppose L is a set with pairing
elements, we define L? = {z% : € L}. And we have |L?| = |L|/2.

Definition 4 (codeword folding). Let L C F, be a set with pairing elements. Let f : L — F, be any
codeword (function). We define the folding of f at point a, denoted by FuncFold,(f) : L? — F,, as
follows
FLlHCFOlda(f)(l'Q) _ f((]?) + f(—.%‘) +a- f(l') — f(_w)
2 2z
for any x € L.

Proposition 2. Let p(X) € Fy[X] be a polynomial, and let o« € Fy. We have

PolyFold, (p)(x2) = 2K+ 2(=X) ) p(X) —p(=X)

2 2X (5)

Proof. By the linearity of PolyFold operator (Prop 1), it suffices to prove (5) when p is a monomial.
If p(X) = X%, where d is even, we have PolyFold,(p) = X%2. Thus,

PolyFold,, (p)(X?) = X¢.

The right-hand side of (5) is also X
If p(X) = X%, where d is odd, we have PolyFold,, (p) = aX(@=1/2_ Thus, PolyFold, (p)(X?) =
aX? 1. The right-hand side of (5) is

X4 — (=x)d
.. 2;) — X% = PolyFold,, (p)(X?).

O

Remark 1. When the characteristic of the finite field char(F,) = 2, the polynomial and function
folding structures are different from Definition 1 and Definition 4. This is because ¢(X) = X? is no
longer a 2 to 1 map. But we can still prove the corresponding Proposition 2 under this situation.
Further details can be found in [Ben+18] and [BKS18]/.

3.3 Correlated agreement

For a series of functions fy,..., f;, we not only require them to be close to a codeword set V'
individually but also to share a common large agreement domain. The property that such a domain
exists is called correlated agreement.

Definition 5. [Ben+20b] Let L C Fy be a subset. Let fo, ..., fr : L — Fq be a sequence of functions.
Let V be a set of codewords. Let 0 < § < 1. If there exists a subdomain L' C L and vy, ...,v; € V
satisfying

e Density: |L'|/|L| >1-9, and
e Agreement: for all i € {0,...,t}, the functions f; and v; agree on L'.

Then we say féo), ey ft(o) have correlated agreement with V on L

11



4 Main proof

Let L C IF, be a set with pairing elements. f : L — [F, is a codeword d-far from RS codes, where ¢
is under the one-and-a-half Johnson bound 1 — ¥p. Let > 0 be the gap between ¢ and the double
Johnson bound, ie., § <1 — ¥p—mn. Our goal is to prove that with high probability, the folded
codeword FuncFold,(f) is still 6-far from RS codes, where a € F, is chosen uniformly at random.
Our motivation is to analyze the soundness of the FRI protocol.

Definition 6 (bad folding points). Let L C F, be a set with pairing elements. Let 0 < 6 <1 — p.
Let f : L — F, be a codeword such that A(f,RS[Fy, L, p]) > 6|L|. Define the bad folding points to
be

Bad(f) = {a € Fy : A (FuncFold, (f), RS[F,, L?, p]) < 6|L|)}.

Our main theorem limits the number of bad folding points when ¢ is within the Johnson bound.

Theorem 3. Let L C Fy be a set with pairing elements. Let 6,m,p > 0 satisfy 6 <1 — /p—mn. Let
f:L —Fy be a codeword such that A(f,RS[Fy, L, p|) > §|L|. Then,

(- yp)-p), . 21—
Bad()| < YLy 2L 20)
P 3p3 12
Corollary 1. Let L C Fy be a set with pairing elements. Let 6,m,p > 0 satisfy 6 <1— p—mn and
n < %pfé. Let f: L — T, be a codeword such that A(f,RS[Fq, L, p]) > 0|L|. Then,

(- plL]

Bad(f)| < 5 1

Proof. Since L is a set with pairing elements, we have |L| > 2. Thus, |L| > 6p%n. As a result, we
have

1— ¥p)(1— 2(1 —
[Bad(f)] < ( \/ﬁ)(g p)|L\ + ( : P) by Theorem 3
9/)77 3p§n2
1 1
(1= p) (ILI = p3(IL] = 6pin))
a 9pn?
o A=plL|
- 9o

To prove the main theorem, we first introduce a few definitions.

Definition 7. Fiz an arbitrary order for all the elements in the finite field Fy. Let L C Fy be a set
with pairing elements. Let f: L — F, be a codeword. Let oo € Bad(f).

e Let Closest(f,RS[Fy, L, p]) € RS[Fy, L, p] denote the closest codeword (polynomial). If there
are more than one codewords with the same minimal distance, choose the one with the smallest
lexicographical order.

12



C* = {z € L? : FuncFold,(f)(x) = Closest(FuncFold, (f), RS[F,, L, p])(z)}. That is, Cy is
the set of evaluations points where FuncFold, (f) agrees with Closest(f, RS[Fy, L, p]).

o Pr={x:2? € C}}. Thatis, P’ is the “parent set” of C.
o C,: The set of first (1 — §)|L?| elements of C%, i.e., |Co| = (1 — 6)|L?|.
o P,={x: x? e Cu}. That is, P, is the “parent set” of Cy.

Poof overview: The overall strategy is to partition the bad points Bad(f) C [F, into r subsets,
denoted by A, As,..., A, with representatives a; € Aj,a0 € As,...,a, € A, such that r is
bounded. To put restriction on |A;|, we provide an equivalent relation on A; \ {c;}. Denote by s
the number of equivalence classes and ¢ the number of elements in an equivalence class. We put
upper bounds on s and ¢ respectively. Thus, we restrict the number of elements in the set of bad
folding points.

We use a greedy algorithm to find the partition of Bad(f) and the representatives.

Algorithm 2 Partition Bad Folding Points

input: Bad(f)

initialization: » =0

set X* = Bad(f)

while X* # () do
r=r+1
pick an arbitrary x € X* and let a; =z
let A; = {B € Bad(f) : |PsN Pa,| > (1 —0)*>—n') |L|}
X =X*—A;

end while

return A,..., A, and aq,...,q;

4.1 Upper bound on the number of blocks
In this subsection, we limit the number of blocks. We prove that r < 1;/p when 6 <1 — ¥p—n,
where 7’ = @.

Without loss of generality, we can set n < 1 since 0 < <1 — p —n. Then we have

1
3p3n?
(L=8) =1 = (p5 +m)* = 7
2 L Bps
=ps+ (25— —5 )+
2
> p3 > p. (6)

Using Corradi’s lemma(Lemma 2), we can restrict the number of blocks.
Lemma 3. Let L C T, be a set with pairing elements. Let f : L — Iy be any codeword. We have

1—p

r< o

13



Proof. We associate a set P,, for each representative a;. From Algorithm 2, we know
o [Py, NPyl < ((1 —9)? — 77’) |L| for any distinct i, j.
o |P,,| =2|Cy,| = (1-9)|L| for any i.

By Lemma 2, we have

T
Ur.
i=1

On the other hand, |J;_, Pa, is a subset of L. Thus,

r(1—6)*L”
L= 0)[L[+ (r = 1) ((1 = 6)> =) [L|

o

r(1—08)*L|
(1=0)+ (r=1((1=0)*—n)

L] >

that is
(1=8)+ (-1 (1-06)>*—17)>r1-105)7>

which implies

1-0—(1=0)*-7)
(1=0)?=((1—=0)*=n)
< 1—(5/—,0

n
< 1_,p.
n

r <

4.2 Upper bound on the size of each block

In this subsection, we aim to bound the number of elements in each block A;. Combined with
Lemma 3, we can limit the number of bad folding points and finish our proof of the main theorem.

Lemma 4. For any distinct ay, a2 € Bad(f), there exists a polynomial p(X) € Fq[X] of degree
strictly less than p|L| such that

f|PalmPa2 :p|PalmPa2’ (7)

and

f|P;10P(;2 = PIPx NPy, - (8)

Moreover, if |Py, N Pa,| > p|L|, polynomial p(X) is uniquely determined.

Proof. Notice that (8) implies (7) because P,, N Py, € P; N P;,. So we only prove (8). By
Definition 7, there exists a polynomial p;(X) € Fy[X] of degree strictly less than p|L|/2 such that
FuncFold,, (f)|(;§1 = p1|c(»;1. By Definition 4, we have

p1($2) _ f(.%') +2f(—$) +ay - f(.%') ;xf(_a:) (9)

14



for any x € Pj . Similarly, there exists a polynomial p2(X) € F,[X] of degree strictly less than
p|L|/2 such that FuncFoldQQ(f)|c;2 = pg\c;2. And we have

p2($2) _ f(.%') +2f(—37) +ay - f(.%') ;mf(_x) (10)
for any x € P;,.

From (9) and (10), we have

p1(a?) = po(a®) = S22 - (f(a) - f(-a)

arpi(a?) — aupa(a®) = 27 (J(@) + ()
for any x € Py N P;,. That is,

J@) = f(=2) = —2 . (p1(?) - pa(a?)

a7 (6%

F@)+ f(=2) = —=— (a1 () - arpale?))

Therefore, for any z € P, N P, , we have
f(z) = o f - . (pl(x2) —pg(azZ)) + - i . . (agpl(xQ) — ozpo(xQ)) . (11)

Note that deg(p1),deg(p2) < & - p|L| — 1. From (11), we have
deg(f) < 1+ 2max(deg(p1),deg(pz))

1+ p|L|—2

p|L| — 1.

IA

If [Py NPy | > [Pay N Pay| > p|L|, polynomial p(X) is unique, since p|L| points uniquely determine
a polynomial of degree at most p|L| — 1. O]

Proposition 3. Let a, 5 € Bad(f) be different points such that |Po, N Pg| > p|L|. Let p(X) be the
unique polynomial of degree < p|L| such that p|p,np, = f|p.nps- Then

Closest(FuncFolds(f), RS[F,, L?, p]) = PolyFoldg(p). (12)

Proof. Since both sides of (12) are polynomials of degree at most p|L?| — 1, it suffices to find p|L?|
points on which both sides of (12) are equal. We have [C, N Cp| = L - | Py N Ps| > p|L?|.
Let 22 € C, N Cp. By the definition of folding, we have

PolyFolds(p)(x?) = p() +2P(—l‘) L. P2 —2 5(—:6)
_ @) +2f(—a:) L 5. 1@ —2$f(—:c) By Definition 7
= FuncFoldﬁ(f)(x2),

Thus, we have exhibited at least p|L?| points where the evaluations of both sides of (12) are equal.
O
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Corollary 2. Let o, 8 € Bad(f) be distinct and |Py N Pg| > |Po N Pg| > p|L|. Let p(X) be the
unique polynomsial such that f|p;mpg = plpznp; (by Lemma 4). For any x € L, x € PN Py if and

only if f(z) =p(x) and f(-x) = p(—=).

Proof. The “only if” direction is trivial. Let 2 € P; N P3. Then —z € Py N Pj by Definition 7.
Since f‘pémpg = p’p&kmpg, we have f(z) = p(z) and f(—x) = p(—=x).

For the “if” direction, assuming f(z) = p(z) and f(—x) = p(—z), our goal is to prove z € P3NP3.
We prove x € P}; x € PE is similar to prove.

By Proposition 3, we have

PolyFold,, (p) = Closest(FuncFold, (f), RS[F,, L?, p]). (13)
Since f(z) = p(z) and f(—x) = p(—=x), by the definition of folding, we have
FuncFold, (f)(z?) = PolyFold,, (p)(z?). (14)
Combining (13) with (14), we have
Closest(FuncFold,, (f), RS[F,, L?, p])(2*) = FuncFold, (f)(z?),
which implies 2% € C*, i.e., z € P}. O

Lemma 5. Let «, B, B2 € Bad(f) be different such that |P, N Pg,| > p|L| and |Py N Pg,| > p|L|.
Denote by p1(X) and pa(X) the polynomials of degree at most p|L| — 1 decided by f|PamP31 and
flP.np,, (Lemma 4). Then exzactly one of the followings holds:

e p1 =py and P&kﬂPEl :P&kﬂPgQ.
e p1 #p2 and |[Po N P, N Pg,| < [PyNP; NP;[<plL|—1.

Proof. If p1 = pz, we claim Py N Py = Py N P . Let us prove Py N P; C Py N Pj first. Let
z € Py NP5 . By Corollary 2, we have f(z) = pi(x) and f(—z) = p1(—=z). Since p1 = pa, we
have f(z) = pa(z) and f(—z) = pa(—z). By Corollary 2, z € P; N Pj . Thus, we have shown that
Py NP5 C PyNP; . The other direction, Py N Py C Py N Pj , is similar to prove.

If p1 # pa, we want to prove |[PyNP; NP4 | < p|L|—1. Note that, for any x € PyNP; NP, by
Corollary 2, f(z) = p1(x) and f(z) = pa(z), which implies p1(z) = p2(x). Since p1, po are different
polynomials of degree at most p|L| — 1, and two different polynomials of degree at most p|L| — 1
agree on at most p|L[ — 1 points, we have [Py NP5 N Pj | < p[L|— 1. O

Proposition 4. Let a, 81, B2 € Bad(f) be different points such that
d |PO¢OP51‘7 |PamP52‘ ZP|L’

® p1 # po, where p1 and py are the polynomials of degree at most p|L|—1 determined by f‘Pampﬁl
and f|pampﬁ2 respectively.

Then PolyFold,, (p1) = PolyFold,, (p2).
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Proof. By our condition, we have p;| PPy, = [ \Pampﬁ1 and po| PPy, = f |P.n Py, Which implies
that

PolyFold, (pi)|canc,, = FuncFolda(f)|cancy, i = 1,2.

By Definition 7, FuncFold,(f) coincides with a polynomial of degree < p|L?| on C,, denoted

by p(X). Notice that |[Co N Cgy| > L - |Py N Pyy| > p- 2 = p|L2|; thus, PolyFold,(p1) is

uniquely determined, and equals p. A similar argument shows PolyFold,(p1) = p. Therefore,
PolyFold,, (p1) = PolyFold,, (p2). O

Remark 2. Definition 7 can be extended to general points inFy, i.e., we can define the corresponding
Co, Py for any a € Fy. Furthermore, if [Py N Pj| > p|L|, the above results still hold.

Let A € {Ay,..., A} be aset of folding points defined in Algorithm 2 and « be the corresponding
folding point, i.e., for any 8 € A, we have |PgN Py| > ((1 —6)? — /) |L|. Since ((1 —8)? —7') > p
according to (6), we can define an equivalence relation R on A\ {a} as follows:

(B1,P2) €E R <= p1 = pa,

where p; and py are the low-degree polynomials determined by f|p,n Ps, and f|p,n Ps, respectively.
R gives a partition on set A\ {a}. Let s be the number of equivalence classes. For convenience, let

1Bil =4{Bi1,---, Bit; }s

1 < < s denote the equivalence classes.
From the definitions, we know

e (Lemma 5) Different equivalence classes correspond to different low-degree polynomials, de-
noted by p1(X),...,ps(X).

e (Proposition 4) The foldings of the polynomials pi, ..., ps at point « are the same. That is,

PolyFold, (p1) = PolyFold, (p2) = ... = PolyFold,, (ps).

e (Proposition 3) For any i € {1,...,s}, and for any j € {1,...,¢;}, we have

Closest (FuncFoldg, ; (f), RSy[F, L?, p]) = PolyFoldg, (p:).

On the one hand, we can bound the number of equivalence classes by using the following gen-
eralization of Corradi’s lemma, whose proof is almost the same as Corradi’s.

Corollary 3 (Corollary of Corradi’s lemma). Let Py, ..., P, be r sets satisfying
s1 <[P <s2,1<i<r
If |P; N Pj| < k for any distinct 1,5 € {1,2,...,r}, then

2
s1r

” sg+ (r—1)k’
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Proof. Follow the proof of Corradi’s Lemma. For any = € |J,_; P;, denote by d(z) the count of x,
i.e., the number of P; containing z, we have

> d(z)=> |PNP| =[P+ |PnN P

zEP; Jj=1 j#i
< s2+ (r—1)k. (15)

Summing over all sets P;, we have

S Y= Y dep
i=1 z€P; zeUi_, P
2

1
> Z d(x) by Cauchy—Schwarz inequality

1 " 2 5%7‘2
= Bl >——. 16
U m \ =) = e (16)

Combining (15) and (16), we have

2
ST

7 (s2+ (r—1)k) > LJ g;;j‘;jjij%

\Uz 1P|

O

Corollary 4. When é < 1—/p—n andn' = 3%/25772, Let A € {Ay,..., A} be a set of folding points
defined in Algorithm 2 and « be the correspondmg folding point. Let s be the number of equivalence
classes decided by R on A\ {a}. We have s <

3np3
Proof. Let
[Bi] = {Bixs- -, Bi; )1 <i<s

be the equivalence classes. Notice that we have

o |[PaNPg | <(1-0)L|,1<i< ssince A(f,RS[Fq, L, p]) > 6|L| and f|p,np,, , agrees with a
low-degree polynomial according to Lemma 4.

o |[PoNPg | > ((1-0)>—17)|L|,1 <i< s according to Algorithm 2.
e |P,NPg,NPs | <p|lL|,1 <i<j<saccording to Lemma 5.
o [Ui—i (Pa N Ps1)l < [Pal = (1= 6)[L].

By Corollary 3, we have

- ((1=8)% —7/) IL])* s
= > S (s = Dol
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Thus,

(1-6-p)(1-9)
(1=8)2=n)* = p(1-9)
(1-0—-p)(1-9)
(1=6)3=p) (1 =0) =20/ (1 = 6)* + 1
(1-6—-p)(1-9) .
(377%% + 3np3 + n3) (1—=0) =20 (1=06)*+n?

s <

<

1
T2
Notice that n’ = 3’);77 , then we have

311205 (1 - 6) — 20 (1 — 8)2 > 3np3 (1 — 8) — 2/ (1 — 6) = 0.
Thus, we have

(1—5—p)(1—5):1—5—p< 1

s < 3 3 <
3np3 (1 —9) 3np3 3np

7
3
0

On the other hand, we can bound the number of elements in each equivalence class based on
the following lemma.

Lemma 6. Let o, 31,...,05; € Bad(f) be distinct such that
e PANP; =P NP; =...=P;NP;, and
o [PNFS|>|FPanPp|>plL.

Then Pgl, e 7P,§t form a sunflower with core P} N Pgl. That is, for any distinct i,5 € {1,...,t},
we have
Py NP; =PyNFg.
Proof. Let i,j € {1,...,t} be any two distinct numbers. Let p(X) denote the unique polynomial of
degree at most p|L| — 1 determined by f’PngE_ (Lemma 4).
Observe that P;ﬁPﬁ*i = ngﬂPﬁ*i ﬂPﬁ*j - Pgi ﬁng. By Lemma 4, there exists a unique polynomial
q(X) € Fy[X] of degree strictly less than p|L| determined by f|P§ﬂP§v. Since p
i j

panpy, = flranps s
and polynomial p is uniquely determined, we have g = p.

For any z € P NPy, we have f(z) = q(z) and f(—x) = q(—x) by Corollary 2. Since f(x) = p(x)
and f(—z) = p(—z), using Corollary 2 again, we have z € Py N P = Py N P; N Pj . Thus,

Py NP; =PyNFP; NPy =PyNPs.
Since i, j are arbitrary, we have completed the proof. O

Corollary 5. Denote by t the upper bound of the number of elements in each equivalence class.
Then we have t < g|L!.
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Proof. Let
[Bi] = {Bix, - Bin;}
be an equivalence class. According to the definition of equivalent relation, we have P} ﬂPEi ==
P;ﬂPEi’ti. According to Algorithm 2, we have ]P;ﬂPEi’J > |PaNPs, | > ((1=0)? =) |L] > p|L].
Lemma 6 tells us
Pg@_’j ﬁPﬁ*i’k =P ﬁPﬁ*i’l, 1< <k <t

This implies

Qﬁd\%)meﬁk\ﬁ>:&1§j<kgm. (17)
Thus,

ti

t;
oL = 1L\ Pal = | (Pa, \ Pa)| = D0 |Pa, \ P
j=1 j=1

(18)

For each f;; € [B;], we have [P}, j\ > (1—4)|L| according to the definition of bad folding points
(Definition 6). On the other hand, Lemma 4 tells us f agrees with some low-degree polynomial on
PNPj . Since A (f,RS[Fy, L, p]) > d|L|, we have ]P;C‘OPEZ_,],] < (1—0)|L|. Furthermore, according
to Definition 7, the number of elements in Pgij \ P is even. As a result, we have

)Pgm, \ Pl > 2. (19)

Plug (19) into (18), we have

0
S|L| =2t = t; < i‘L"

4.3 Proof of Theorem 3

Algorithm 2 gives a partition of Bad(f), denoted by Ay, ..., A, C Bad(f). By Lemma 3, the number
of blocks is at most r < 1;,” . The size of each block A; is less than st + 1, which is bounded by
Corollary 4 and Corollary 5. So

Bad(f)| =) |Ail <7 (st+1)

=1
1— 1
<—L. ( , .2LL1+-1> Corollary 4 and Corollary 5
N 3nps
1 1 1-ps8
—p —p3 =7
N 3nps
1
Ca(es) o,
3 12 2 ‘L|+3 12
Sp3N° - 3nps -2 2P31)
1
an()
9om3 3372



5 Proximity gaps for Reed-Solomon codes

A property displays a proximity gap (Definition 1.1 in [Ben+20b]) for Reed-Solomon codes if either
all the members of a Reed-Solomon code are §-close to the property or only a tiny fraction of
members are d-close this property. [Ben+20b| proposes this notion to improve the analysis of the
soundness of (batched) FRI. Furthermore, their analysis covers the power of correlated agreement,
which is used in the proof of (knowledge) soundness of protocols that use FRI as a sub-protocol.

In this section, we analyze the proximity gaps for Reed-Solomon codes using our main theorem.
The correlated agreement property is also held in our improved results. More precisely, we prove
correlated agreement over lines (Theorem 4) and correlated agreement over affine spaces (Theorem
6). These theorems lead to the soundness analysis of (batched) FRI in Section 6.

5.1 Correlated agreement over lines

Theorem 4. Let L be a subset of ¥, Let ug,ur : L — Fg. Let §,n,p > 0 satisfy § <1 — Yp—n
and n < %pfé, and suppose
2(1—p)|L|
9pm? ||
Then ug, w1 are simultaneously §-close to RS[Fy, L, p|, i.e., Jvg,v1 € RS[Fy, L, p| such that
{z € L: (uo(x), ur(z)) = (vo(x), vi(x))} = (1 = d)|L|.

Proof of Theorem 4 We use Corollary 1 to prove Theorem 4. In order to apply Theorem 3,
we construct a function f whose folding result at point z is exactly ug + zu1.

We can find an extension field of F,, denoted by K, such that /L £ {z | 22 € L} is in this field.
We define a function f : VL — K as follows

f(x) = uo(2?) + zu1 (2?), x € VL.
Then for any 2 € Fy, for any 2% € L,

FuncFold, (f)(z?) = /(@) +2f(_1:) +z- /(@) ;xf(_x) = ug(2?) + zuy (2?) € Fy.

P.cr, (A(ug + zur, RS[Fy, L, p]) < 9) >

Thus we have

{z € K| A(FuncFold,(f),RS[K, L, p]) < d|L|}
D{zeF, | A(ug+ zu1,RS[Fy, L, p]) <6|L|}.
Since 21— L]
—P
< >
Peer, (A(uo + zu1, RS[Fq, L, p]) < 0) > IpmP|Fy|

we have

21 -p)|L] _ (1-p) VL]
9pm? 9om>
Corollary 1 implies that f is d-close to RS[K, /L, p]. However, this is insufficient for our pur-

poses, as we aim to demonstrate the correlated agreement of ug and wy. For this purpose, we define

a new distance called pairing distance and slightly improve Theorem 3 and Corollary 1 under this
new distance.

|{z € K| §(FuncFold,(f),RS[K, L, p]) < d}| > (20)
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Definition 8 (pairing distance). Let L C T be a set with pairing elements. Let f, f': L — Fy be
two functions. Define the pairing distance between f and f’ to be

Ap(f.f) =Rz e L| f(z) # f'(x) or f(=z) # f'(-2)}].
Let V be a set of codewords on L. Define the pairing distance between f and V to be

AP(fa V) £ ]Igleu‘}AP(fa f/)

Let Closestp(f, V') denote the closest codeword (polynomial) under the pairing distance. If there are
more than one codeword with the same minimal pairing distance, choose the one with the smallest
lexicographical order.

The following lemma improves the result of Corollary 5 by using the pairing distance. Cy, P,, C
and P} are defined as in Definition 7, with the distance is replaced by the pairing distance.

Lemma 7. Let L C Fy be a set with pairing elements. Let f : L — Fy be a codeword such that
Ap(f,RS[Fy, L, p]) > O|L|. «,pBi,...,B: € Bad(f) are distinct and C, P,C*, P* are defined as in
Definition 7 satisfying

1. NPy =P NP =...=F,NF;.
2. [PIN P 2 [Pan Py = plLl;
Then we have t < %|L]
Proof. Since «, B, ..., B¢ satisfy the first two conditions, Lemma 6 tells us
PgiﬂPEj =P NP, 1<i<j<t

This implies
(P5\P2)N (ng\P;) —01<i<j<t
We have |P%| > (1 — §)|L]| since o € Bad(f). Thus,

O|L| = [L\ Pol =

U@\ =3[P\ P (21)
=1 =1

Since Ap(f,RS[Fq, L, p]) > 6|L|, we have [Py N P;| < (1 —0)|L|. Otherwise, if [Py N Pj | >
(1 —6)|L], by Lemma 4, let p be the low degree polynomial that agrees with f on Py N P;. By
Corollary 2, for any z € Py N P, f(z) = p(x). According to Definition 7, —z € P; N Pj and
f(==x) = p(—x). Thus, Ap(f,p) <|L\ (P3N PZ)| <6|L|. A contradiction. On the other hand, we

have [P; | > (1 —0)|L| since 5; € Bad(f). As a result, }PEZ \P&k‘ > 0. Furthermore, according to

Definition 7, the number of elements in Pj \ P} is even. Thus, we have
|P3. \ Pa| > 2. (22)

Plug (22) into (21), we have
o
L >2t=t< §|L]
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Lemma 7 limits the number of elements in the same equivalence class in this case. Following
a similar argument as that of Theorem 3 (Corollary 1), we can prove the following result, which
strengthens Theorem 3 (Corollary 1).

Theorem 5. Let L CF, be a set with pairing elements. Let 6,m,p > 0 satisfy 6 <1 — ¢p—n and
n < %pfé. Let f: L — T, be a codeword such that ép(f,RS[Fy, L, p|]) > . Then,

[{a € Fy : A (FuncFold, (f), RS[Fq, L, p]) < 6|L%|}| < W.

Notice that v/L is with pairing elements. According to Theorem 5, (20) implies 5p(f, RS[K, V'L, p]) <
§. Let p = Closestp(f,RS[K, V'L, p]) be the closest codeword (in pairing distance), then we have

VI|=ap(fp) = |{we VI (f(@), f(=2)) = (p(w), p(~2)))
> (1—5)‘@‘. (23)
Construct v, v1 € RS[K, L, p| as follows:

vo(2?) = 1 (p(z) + p(—1))
{ (@) = & (@) —p(—a)) * T EVE

Then
{2 € L : (uo(2?),u1(2?)) = (vo(2?),v1(z?))}]
= 5 |tr € VI (7). $(-2)) = (pla), o))}

Vil
> (1-8) - =

(L=0)ILI. By (23)

By the definition of vg,v;, we know vy and v are low-degree polynomials in K[X]. Further-
more, since (1 — J)|L| > p|L|, we can interpolate on the agree points to get the unique low-degree
polynomials vg,v1. And vg,v; takes the values in F, on these points. Thus, vg,v1 € RS[Fq, L, pl.
Therefore, we have completed the proof of Theorem 4.

5.2 Correlated agreement over affine spaces

Theorem 6. Let L be a subset of F. Let ug, -+ ,u: L — Fg,1 > 1 be a sequence of functions. Let
1

0,m,p >0 satisfy 6 <1— ¢p—mn andn < %pfﬁ. For convenience, denote V.= RS[Fy, L, p|. Define
S={z= (21, ,2) € IFf] s A(ug + ziug + - -+ ziug, V) < |LJ}

and suppose

P, e (71 € S) > (2(1_’))’L‘> .

9pn*[F|
Then ug, - - - ,u; are simultaneously d-close to V', i.e., Jvg, -+ , vy € V such that

Hx € L|ui(x) =vi(x),i=1,...,1} > (1—0)|L].
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To prove the above theorem, we consider the list decoding of a given function. We bound the
number of folding points that enlarge the agree domains. More precisely, we consider the following
domains:

Definition 9 (Maximal J-pairing-agree domain). Let 0 <6 < 1. Let L C F; be a set with pairing
elements. Let f : L — F, be a function. Let V be a set of codewords on L. Let D C L be a domain
satisfying:

e Density: |D| > (1 —6)|L|;

e Pairing: x €D <— —x € D;

o Agreement: Jv € V such that f|p = v|p;

e Mazimal: If D C D', then fv € V such that f|p = v|pr.

We define such domain as a mazimal §-pairing-agree domain between f and V. Denote the set of
all of the maximal -pairing-agree domains between f and V as

Ds.tv = {D1,...,Dn}.
Notice that Ds fv is unique and when 6p(f,V) >0, Ds v is empty.
Definition 10. Let L C F, be an evaluation domain. Let f1, fa : L — Fy be to functions on L.

Function Agree(f1, fo) returns the locations where fi agrees with fa, i.e.,

Agree(f1, f2) ={z € L | fi(z) = fa(x)}.

Based on the above definitions, we can define the set of bad folding points that enlarge the
list-decoding agree domains.

Definition 11. Let L C F; be a set with pairing elements. Let 0 < § < 1. Let f : L — Fy be a
function. Suppose Ds s rsF,1,p9) = 1D1; - - s Dm}. Define the set of list-bad folding points to be
Bady(f) £ {a € F, |3v € RS[F,, L?, p], such that §(FuncFold,(f),v) < &
and Agree(FuncFold, (f),v) # D?,i =1,...,m}.

Theorem 7. Let 6,m,p > 0 satisfy 6 <1— p—n andn < %p_%. Let L CF be a set with pairing
elements. Let f : L — Iy be a function. Then we have
(1—p)L]

9om>

The proof of Theorem 7 follows the proof of Theorem 3. We only outline the modifications here.
The proof details can be found in Appendix A.

[Bady (f)] <

Proof. We first modify the definition of some sets corresponding to Definition 7. For any a €
Bady(f), Jv € RS[F,, L?, p] such that §(FuncFold,(f),v) < & and Agree(FuncFold,(f),v) #

D?,z’ = 1,...,m. If more than one codewords satisfy these conditions, choose the one with the
smallest lexicographical order. Define
C} .o = Agree(FuncFold, (f),v) C L2 (24)

and P; £ {z | 2% € C; } C L is the parent set of C} . For each C} , we prove that there are
two possible cases:
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L [C] . ND?| < p|L?|,i€{1,...,m}, or

2. dD; € D(S,f,RS[FmL,p]’ such that C7 D l)z2

La #

This is because if 3D;, |C] , N D?| > p|L?|, denote by p the low-degree polynomial f agrees on D;.
According to Definition 9, x € D; <= —x € D;, thus

FuncFold, (f)|p2 = PolyFold, (p)|p2-

Notice that
PolyFold,(p)lc; npz = vlc; b2

because of (24). Since |C} , N D?| > p|L?|, we have PolyFold, (p) = v. Then

FuncFold, (f)|p2 = PolyFold,, (p)|pz = v|p2.

As aresult, we have C7 , = Agree(FuncFold,(f),v) 2 D?. Definition 11 tells us Agree(FuncFold, (f), v) #
Diz, thus,
Agree(FuncFold, (f),v) 2 D?.

Run Algorithm 2 on Bady,(f) and the corresponding parent sets to give a partition on Bady,(f).
Denote the output as A},..., A and aq,...,a,. Lemma 3 still holds because our partition strategy
is unchanged and we have |Cf o| = (1 — §)|L?| for any o € Bady(f). Thus, we have r < 1;,p. If we
can bound the size of each block A;, we finish our proof of the theorem.

For any a € {a,...,a,}, denote by A the block « is in.

For the first case that |C} , N D?| < p|L?,i = 1,...,m, we claim that A = {a}. Otherwise,
if 46 € A and 8 # «, we have [ agree with some low-degree polynomial p on Py N Py 5 by
using the same skill as Lemma 4 (see Lemma 9 in Appendix A for details). Since [P}, N Py 5| >
|Pr.a N Prg| > p|L| according to the partition in Algorithm 2 and |C7 , N D?| < p|L?,i=1,...,m

according to our assumption, Pia N PE’B ¢ D;,i =1,...,m. A contradiction to Definition 9. So
|A| = 1.
For the second case, if |A] = 1, we finish our proof of the theorem. Otherwise, we prove

|A] < 62‘5,‘ + 1 in this case, we outline the proof sketch here, details can be found in Appendix A. We

still have the equivalent relation on A\ {a} (see Lemma 10 in Appendix A). Notice that Corollary 4

still holds in this case, we can bound the number of equivalence classes (Corollary 7), i.e., s < —15
3np3
On the other hand, Lemma 6 still holds (Lemma 11), so we can limit the number of elements in
each equivalence class (Corollary 8). Let

B =1{B1,.... 0}

be an equivalence class. Based on Lemma 11, we can prove

O|L| = [L\ Prol =

t t
=1 =1

According to Lemma 9, f agrees with a low-degree polynomial p on P} N P 8, Since x €
Pr N Pl s < —xe€P[ NP} 5, 3D; € DsyRs[F,, L), such that Pr ,NPf 5 C D;. According
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to the definition of Badr(f) and P} 5, Pr 5 # D;. Furthermore, the number of elements in
Pr 5\ Pf, is even. As a result,

1PL \ Pral = [Prs, \ (Pro N PLg )l > 2. (26)

Plugging (26) into (25), we have
)
0L =2t =t < Z|LJ.
So we have |A| < st+1< SILL 41 in this case. O
6np3

Definition 12 (maximal d-correlated-agree domains). Let 0 <6 < 1. Let LCTF q be an evaluation
domain. Let 1 > 2, u; : L — Fy,1 <1 <1 be a series of functions. Let V be a set of code words on
L. Let D C L be a domain satisfying:

e Density: |D| > (1 —96)|L|;
e Correlated agreement: For i€ {1,...,l}, Jv; € V, such that u;|p = vi|p;
e Mazimal: If D C D', then 3i € {1,...,1}, for allv € V, u;|p/ # v|pr.

We define such domain as a mazximal §-correlated-agree domain between u and V. Denote the set of
all of the mazimal §-correlated-agree domains between w and V' as As gy, . w3,V 2 {Dy,...,Dp}.
Notice that As (u,.....u;},v S unique and can be empty.

We have the corresponding theorem in the proximity gap version:

Theorem 8. Let L be a subset of F\. Let §,n,p > 0 satisfy 6 <1 — p—mn and n < %pfé, Let
ug,u1 : L — Fy. Let
Sy £{z € F, |3v € RS[F,, L, p], such that 6(ug + zuy,v) < §

and Agree(ug + zuq,v) ¢ Aé,{uo,ul},RS[IFq,L,p]}-

Then
2(1 —p)|L]

9pm?

Proof. Let VL 2 {x € K| 2? € L} be the parent set of L, where K is an extension field of I, whose
characteristic is the same as [F;. Construct a function f : VL — K as follows:

1S1] <

f(x) = ug(2?) + zuy (2?), z € VL.

Suppose A fugur } RS[Fq,Lop) = D157+ s Dm}. Let v/ D; 2 {r|2?>e€ D;}y CVL,i=1,...,m be the
parent sets of D;,i = 1,...,m. D(SfRS[]K N is the set of the maximal J-pairing-agree domains

between f and RS[F,, V'L, p]. We want to prove that

D p syl = (VD1 V/ D} (27)

On one hand, for any D; € As ry.u1},RS[F,,L,0)> 160 V0,01 € RS[F,, L, p] be the corresponding
codewords satisfying

uo|p; = volp;, wi|p, = vilp;-
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Construct v(z) = vo(z?) + zv1(2?),2 € VL. Then v € RS[K,VL,p] and flyp: = vlyp;- So
VD e DéfRS[Kﬁp] such that +/D; C V/D. For any r € \/5, we have —x € VD according to
Definition 9. Then we have f(z) = v(x) and f(—=z) = v(—=z), which implies the following equations:

{ up(2?) + zur (2°) = vo(2?) + wv1 (2?)
ug(x?) — wuy (2?) = vo(2?) — wv1 (2?)
(

Since x # 0, we have ug(2?) = vo(22),u1(2?) = vi(z?). As a result, z € v/D;. So we have
VD C v/D;. Thus vD; = VD € Dy poi 1 -

On the other hand, for any VD € D57 FRSK AT’ let v € RS[K, VL, p] be the corresponding
codeword such that

flys =vl/5
Since * € VD <= —x € /D according to Definition 9, FuncFold,(f)|p = PolyFold,(v)|p,
Vz € Fy. Since |[D| > (1 = 6)|L|, 3D; € As fug,u1},RS[F,,L,p) Such that D C D;. Let the v, v1 be the
code words such that
uo|p; = volp;, u1lp; = vi|p;-
Then we have
f(z) = up(x?) + zuy (2?) = vo(2?) + 2v1(2?) = v(z), 2 € /D;.

This implies D; € v'D. We have proved D = D;.

Thus, (27) holds. Furthermore, Vz € F,, V2% € L, we have

f(x) + f(—x) f(z) — f(—x)
2 tE %

FuncFold, (f)(z?) = = ug(2?) + zuy (2?) € Fy.

Then

S1 ={z € F, |3v € RS[F,, L, p|, such that d(ug + zui,v) <¢
and Agree(ug + zu1,v) # D;, i =1,...,m}
C{zeK|3v e RSIK,L,p], such that 6(FuncFold,(f),v) <4¢
and Agree(FuncFold,(f),v) # D;,i =1,...,m}.
We have proved that (27) holds, so Theorem 7 tells us

1-pIVL| _2(1-p)|L]
9pom3 9>

5] <
O

Corollary 6. Let L be a subset of Fy. Let L C Fy be a set with pairing elements. Let 6,m,p > 0
satisfy 6 <1—p—mn andn < gp_%. 1 >1, letug,---u: L — Fy be a series of functions, denoted
as u; = {ug, - ,w}. V £ RS[Fy, L, p|. Suppose Asw, v = {D1, -+ ,Dm,}. Let
S & {z € Ffl |Fv € V, such that A(ug + -+ + zjug,v) <6
and Agree(ug + - - + zjug, v) & Asu, v }-

—_— p
P €S <
z€F, (Zl l) 9 773|Fq|
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Proof. We use induction to prove the result. When [ = 1, the problem is reduced to Theorem 8.

Suppose the result holds for [ — 1 functions. Denote {ug,--- ,u;—1} as w;_1. Define

S 12 {z_ € IFf]_l |Fv € V, such that A(ug+ - + z_1u—1,v) <9
and Agree(ug + - -+ + zjuy, v) ¢ A57uz—17V}‘

Then we have

Py eri (21 € 51)
(zi—1 € S;—1)+

Zl_leFé_l

=Pert (20 € S1 | 2121 € 511) - P
. le,leFé_l(Zl*1 ¢ Si-1)

Py eri (z1 € Sy [ 211 & Si-1)

S]P)zlileﬂréfl(zl—l € S1-1) + Pyem (20 € S [ 201 ¢ S1-1). (28)
According to our assumption, the first item satisfies
2(1—p)|L]|
_ HES )< ———-(1—-1). 29
For the second item, for any fixed z;_1 ¢ S;_1, define the set
Szl—l £ {Zl S Fq : <Z1_1,Zl> (S Sl}.
For convenience, use v’ to denote ug + - - - + z;_1u;—1. Consider the set
S5 quw v = 121 € Fy [3v € V, such that §(u’ + zug,v) <6
and Agree(u’ + zjuy,v) ¢ As {3V 1
We want to prove
Sy S Ssfut v (30)
Notice that [Ss u u3,v] < % by Theorem 8. So if (30) holds, we have
2(1—p)|L|
S, < —. 31
‘ Zl—l‘ 9/)773 ( )
Suppose As fw v = {D1-- -, D7’n,1}. Since z;—1 ¢ Ssu,_, v, {D],--- ’D:ﬂ’l} are d-correlated-
agree domains of ug, -+ ,w_1 (may be not maximal). According to the definition of As (s u,},v
{D},..., D!, } are 6-correlated-agree domains of ug, - - - ,u;. For any D € As ¢ ,3,v> 3D € Asu, v,
1 ) ) ) } )

such that D, C D. If D # D, it is obvious that D is a correlated-agreement between v/, u; and V.

This is a contradiction to D} € As w3, S0 we have

As fut gy v © Asuyv

Fixa z € Sy, (z1-1,%) € S;. According to the definition of S;, v € V such that

Agree(u' + zuj,v) ¢ Asy, v and [Agree(u’ + zuy,v)| > (1 — §)|L].
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(32) tells us Agree(u’ + zuy,v) & As {u/ w},v- Thus,

z S&7{ul7ul}7v.

We have proved (30).
Plugging (29) and (31) into (28), we have

leng (z € 5) < W .
O
Proof of Theorem 6
We have S; C S according to their definitions. Furthermore, since
Pyer (2 €5) > W 1> Py ep (2 € 5)) by Corollary 6
we have S; € S. This means there exists a J-correlated-agree domain between wug,---,u; and

RS[FQ7L7p]

5.3 Conjectured proximity gaps

Besides the provable proximity gaps of the RS codes, [Ben+20b]| also provides a conjecture. Many
implementations of FRI are based on this conjecture.

Conjecture 1 (Conjecture 8.4 in [Ben+20b]). There exist universal constants c1,ca > 0 such that
the following holds. Let ug,uy : L — F,. Let 6,1 >0 and 6 <1 — p —n, and suppose

1 |L[*
(np)er ‘Fq’ .

Then ug, w1 are simultaneously §-close to RS[Fy, L, p|, i.e. Jug,v1 € RS[Fy, L, p] such that
{z € L: (uo(x), ur(x)) = (vo(z),v1(x))} = (1 - 0)|L|.

[Ben+20b| proofs the conjecture when co = 2 and § is under the Johnson bound, i.e., § <
1—/p—mn. They state that “To the best of our knowledge, nothing contradicts setting ¢; = ¢y = 27
and “When limiting the scope to fields of characteristic greater than k (degree of the RS code), we
are not aware of anything contradicting ¢; = co = 1"

Theorem 4 provides proof for a part of the conjecture when setting co = 1. The parameter §
needs to be under the double Johnson bound in our setting, i.e., § <1 — ¥p —n.

The proof of the remaining part of the conjecture is still open.

Pzqu(A(uo + zuz, RS[F%L?p]) < 5) >

6 Soundness of batched FRI

FRI[Ben+18| is an IOPP for testing proximity to the RS codes. It is used to help the verifier to
check whether a given function f : L(® — [F, belongs to RS[F,, LO), p] or is far from the code. In
particular, FRI works for smooth evaluation sets defined in Definition 9. We apply our results to
prove the soundness of FRI.
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6.1 The batched FRI protocol

Let L be a smooth domain, 0 < p < 1. For a given function f© : L — IFy, the verifier wants to
know whether it is a member of RS[F,, LO), p|. An untrusted prover may help the verifier while the
verifier has query accesses to f(°). The verifier and the prover agree on a series of smooth evaluation
domains L LM ... L) where n, is the number of interactive rounds. For convenience, we
will focus on a specific case of folding where L*+1) = (L())2. For general cases, the definition of
folding can be found in [Ben+18|, and we will not discuss those details here.

The FRI protocol has two phases, called COMMIT and QUERY.

In the COMMIT phase, the prover and the verifier work together round by round to fold the
target function (9 into a field element (or a short vector). Thus, the verifier can check the element
casily. In the k™ round, the prover sends the oracle of a function f*) to the verifier. The verifier
randomly selects a folding parameter o¥) e F, and sends it to the prover. In this context, we
assume that the folding parameter cannot be zero. Upon receiving a*)| the prover folds f*) using
this parameter to obtain a new function f*+1) . L+ F,. If the prover is honest, the folding

result is supposed to be
U — FuncFold, ) (fR.

If f*) is a member of RS[F,, LX), p], then the degree of f(+1) is expected to be halved. Conse-
quently, any member of RS[F,, L(?), p] will be folded into a single element after log(p|L(?)|) rounds.

In the QUERY phase, the verifier queries some random locations in L(?)| and the prover responds
with the queried elements as well as those involved in the folding path. The verifier then calculates
the folding results to verify the correctness of the folding process.

Batching Batched FRI is a generalization of the FRI protocol. Instead of checking only
one function f(© is near RS[F,, Lo, p|, the prover is now required to prove a series of functions

éo), e ,fl(o) : L9 — T, are near RS[F,, L), p]. A trivial strategy is checking each function indi-
vidually; however, this approach becomes inefficient when the number of functions is large. Batched
FRI provides a way to do the verifications at one time.

Suppose the prover has a series of functions féo), e ,fl(o) € IF(?(O), and the verifier has or-
acle access to these functions. Before executing the FRI protocol, the verifier randomly selects
21, ,2 € [Fy and sends them to the prover. The prover and the verifier then run the FRI protocol
on the combined function defined as f(©) £ féo) + 21 fl(o) + 4z fl(o). The COMMIT phase of
the batched FRI protocol is the same as the basic FRI protocol, while the QUERY phase includes
additional checks to verify that the combination is correct. More precisely, the batched FRI protocol
works as follows:

BATCH Phase:
1. The verifier picks uniformly random 21, ..., 2 € F.
2. Set fO 2 f{0 o fO g0,

COMMIT Phase:
1. For each k € [0,n, — 1] :

(a) The verifier picks a uniformly random (%) € Fy.
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(b) The prover writes down a function
f(k+1) . L(k+l) N F

and sends the oracle of f**1) to the verifier. For an honest prover, we have f#+1) =
FuncFold ) (f*).

2. The prover writes down a value C' € .
QUERY Phase: Repeat t times:

1. The verifier picks a uniformly random s(© e L.
I FOEO) £ 57 (50) + 2176 O) + -t af (s9), REJECT,
3. For each i € [0,n, — 1] :

(a) Define s(t1) e L+1) by s(k+1) — (5(k))2,
(b) Compute FuncFold, ) (f*)(s*+1)) by making queries to f*)(s®*)) and f*)(—s*)).
(c) If FuncFold ) (f*)) (s £ fU+D(5k+1D)) REJECT.

4. If f(r)(s()) £ € REJECT.
5. ACCEPT.

o

6.2 Soundness of batched FRI

The soundness error of batched FRI consists of bad batching, bad folding, and prover’s cheating.
The bad batching is restricted by Theorem 6 directly. We propose an analysis of the possibility
of bad folding based on Corollary 1. Let f© : L(O) — F, be the initial function. Without loss of
generality, we state the case ¢(X) = X2 here. The prover and the verifier have agreed on a series of
“smooth” evaluation domains, L(®), L . Suppose there are n, rounds in the FRI protocol. Let

o™ £ §(f, RS[F,, LW, p))

be the relative distance. )

Let B®) = min{s(*) W — ¢/p—n}. Let n < £p~3. Define the k'" Bad Event E®) 0 <
k <n, — 1 as the event:

E® = {a® e F, : §(FuncFold, u (f*), RS[F,, LEY o)) < B®)Y
where ¥ is the random folding point chosen by the verifier in the " round. According to Corollary
1, we have
1—p)|L®
9pm*|Fq]

. (k) e1s .
Notice that |L*+1)| = % Then the possibility that in all of the n, rounds, the bad events do
not happen satisfies:

ny—1 ny—1
P( /\ TERY > — Z P(EW)
k=0 k=0
2(1 — p)|L©
Ly 209
9pm?|IFy|
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Suppose bad batching and bad folding do not happen in all the n, rounds. A dishonest prover
may modify some locations of the codeword to pass the verification. However, modifications will be
checked during the QUERY phase and can not increase the possibility of passing. As a result, we
have the following soundness error bound of batched FRI.

Suppose that bad batching and bad folding do not occur in any of the n, rounds. A dishonest
prover may alter some positions of the codeword to pass verification; however, these modifications
will be scrutinized during the QUERY phase and cannot increase the likelihood of passing. Conse-
quently, we derive the following soundness error bound for batched FRI. Further details regarding
the soundness of FRI can be found in [Ben+18|, which offers a comprehensive soundness analysis.

Theorem 9 (Batched FRI soundness). Let F, be a finite field. Let LO) c Fy be a smooth evaluation
domain.

Let féo), e >fl . LO) - F,,1 <1 be a sequence of functions and let v = = RS[F, ,LO) o] and
p satisfies p = 271 for a positive integer R. Let 8,1 > 0 satisfy 6 < 1 — Ip—n cmd n<gp s
Furthermore, let t denote the number of invocations of the FRI QUERY step.

Suppose there exists a batched FRI prover P* that interacts with the batched FRI verifier and
causes it to output “accept” with a probability greater than

(1= p)IL@] ¢
atched-FRI= | ——=—— | - (I +1 1—90 33
€ Batched-FRI ( OprP|F,| (T+1)+( ) (33)
Then féo), e ,f( ) have correlated agreement with V© on a domain D C L of density at least

1-9.

Remark 3. For general cases that ¢(X) = X2k,kz € N*, this error bound also holds. One folding
in this case can be seen as k foldings of the special case with the same folding parameter.

6.3 Numerical Example

We provide a numerical example to show the improvement in the provable soundness of FRI. Set
q = |Fy| > 2'®3 (the extension field used in [Sta23]), p = §, m = 3, n =27, |ILO)] = 2% and | = 28.
n, = logy(|L(9]) = 24 is the number of rounds. ¢ is the number of QUERY times.

Let

2p%/%q v g

= 2 in our example. And we have

o mt3) - ILOP @m+1) (LO]+1) 'O

€c

IL®]

where l(l) = m

2712 e <2712

The soundness error bound provided in [Ben+20b] is

1 t
€Batched-FRI = €c + (x/ﬁ(l + 2m)> . (34)

This can reach 121 bits of security when ¢ > 97, and can not reach 128 bits of security. For higher
security levels, we can apply the FRI protocol in a bigger extension field. However, this will increase
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the cost of operations. Our soundness error bound is provided in (33). And we have

X )
27136 <\/|ﬁ?72|IE’“ ’> C(1+1) <2713,
q

We prove FRI can reach 128 bits of security in the current field when ¢ > 134.
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A Proof of Theorem 7

Definition 13. Let L € F; be a set with pairing elements. Let f : L — Fy be a function. Let
0 < § <1 and Bady(f) is defined in Definition 11. For any o € Bady(f), Jv € RS[F,, L?, p] such
that 6(FuncFold,(f),v) < 6 and Agree(FuncFold,(f),v) # D2?,i = 1,...,m. If more than one

)

codewords satisfy these conditions, choose the one with the smallest lexicographical order. Define

e Closesty, (6, FuncFold,(f), RS[F,, L2, p]) = v.

e (7 , = Agree(FuncFold,(f),v) C L.

o P}, ={x| 22 € Cl.o} € L is the parent set of Cj ,.

o Cpo: The set of the first (1 — 8§)|L?| elements of Clar i€, |CLal = (1 - §)|L?|.
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o Pro={x| % e CrLa} C L is the parent set of Cp 4.

Lemma 8. Let L € F; be a set with pairing elements. Let f : L — Fy be a function. Let 0 <§ <1
and Bady (f) is defined in Definition 11. For each C7 o, we prove that there are two possible cases:

1.1C; ,NDF < p|L?,i € {1,...,m}, or
2. 3D; € Ds f RS[F,,L.p), Such that CT , 2 D?.

=

Proof. 1f 3D;,|Ct ,NDZ| > p|L?|, denote by p the low-degree polynomial f agrees on D;. According
to Definition 9, x € D; <= —x € D;, thus

FuncFold, (f)|p2 = PolyFold, (p)|p2-

Notice that
PolyFold,, (p)

Cy D2 = U|Cz7amD§
because of (24). Since |C} , N DF| > p|L?|, we have PolyFold, (p) = v. Then

FuncFold, (f)|p2 = PolyFold,(p)|pz = v|p2.

Asaresult, we have C7 , = Agree(FuncFolda(f),v) 2 D?. Definition 11 tells us Agree(FuncFold,(f), v) #
DZZ, thus,
Agree(FuncFold, (f),v) 2 D?.

O

Lemma 9. For any distinct o, o0 € Bady,(f), there exists a polynomial p(X) € F,[X] of degree
strictly less than p|L| such that

f|PL,a1 mPL,O&Q = p‘PL,cxl mPL,OLQ7 (35)

that is, f(x) = p(x) for any x € Pp o, N Pp q,.

Moreover, if | Pr, o, N Pr.a,| > p|L|, polynomial p(X) is uniquely determined. (If |Pr o, NPLa,| <
p|L|, the existence of p(X) is obvious.)

Furthermore, we have

f|P;;1r1P;2 =p|PglnP;2' (36)

Proof. Notice that if (36) holds, then we have (35) because Pra, N Pra, € Pr , NPr .. So we
only prove (36). By Definition 13, there exists a polynomial

v1(X) = Closest,(6, FuncFold,, (f), RS[F,, L?, p]) € F,[X]
of degree strictly less than p|L|/2 such that FuncFolda, (f)|c; o = vilcy oy By Definition 4, we

have
’U1(l’2) _ f([l?) —‘r2f(—.%') +ag - f([l?) ;xf(_x) (37)
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for any x € P7 , . Similarly, there exists a polynomial v2(X) € Fy[X] of degree strictly less than
p|L|/2 such that FuncFolda, (f)|cs oy = V20Cg And we have

ity = 1) | S~ Sos) 59
for any x € Py .

From (37) and (38), we have

0(@?) —va(e?) = S22 () - f(-2)

oo (%) — anva(e?) = 5 (f(a) + f(-2)
for any x € Pﬁal N szw. That is,

f@) = f(-2) = 2 (0(a?) - wa(a?))

f@) + (-2) = —2— - (a0 (a?) — area(e?))
Therefore, we have

f(z) = f . (vl(xz) - vg(a:Q)) + i : (0421)1(:132) - alvg(m’Q)) . (39)
o1 — (9 Qg — a1

for any x € Py , NP[ ..
Note that deg(vy),deg(v2) < & - p|L| — 1. From (39), we have

deg(f) < 1+ 2max(deg(v1),deg(ve))
< 1+p|L[-2

= plL|-1.

If [P ., NP1 = plL|, polynomial p(X) is unique, since p|L| points uniquely determine a poly-
nomial of degree at most p|L| — 1. O

Lemma 10. Let o, 81, B2 € Bady(f) be different such that |P} ,NPr 5| > p|L| and |P} NP} 5| >
p|L|. Denote by p1(X) and p2(X) the polynomials of degree at most p|L| — 1 decided by f

P} JOPF 5
and f|Pz,aszﬁ2 (Lemma 9). Then exactly one of the followings holds:

® p1 =p2 and Pff,aﬂPE,ﬁl :Pff,ampz,ﬁz'

e p1 # pa and ‘PL,a N PL,,31 ﬂPL752| < ‘sza N P;

L5 N PL | <plL]—1.

Proof. The proof is the same as Lemma 5. O

Run Algorithm 2 on Bady,(f) and the corresponding parent sets to give a partition on Bady,(f).
Denote the output as A},..., A and aq,...,a,. Lemma 3 still holds because our partition strategy
is unchanged and we have |C, | = (1 — §)|L?| for any o € Badyp(f). So if we can bound the size of
each block A;, we finish our proof of the theorem.
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Let A € {4],...,Al} and «a be the corresponding folding point, i.e., for any 8 € A, we have
|PLgN Pral> ((1—6)*—n')|L| > p|L|. Since Lemma 10 holds, The relation R on A\ {a}:

(B1,P2) €ER <= p1 = D2,

where p; and py are the low-degree polynomials determined by f] ProNPp s, and f|p, .n Pr 5, YeSPeC-
tively. R is still an equivalence relation and gives a partition on set A\ {a}. Let s be the number
of equivalence classes.

Corollary 7. When 6 <1—/p—n andn' = 3%5"2. Let A e {A},..., A} be a set of folding points
defined in Algorithm 2 and a be the corresponding folding point. Let s be the number of equivalence

classes decided by R on A\ {a}. We have s < ; L.
1p3

Proof. The proof is the same as Corollary 4. O
We modify Lemma 6 into the following lemma.

Lemma 11. Let o, f1,..., 3 € Bady(f) be distinct such that
e P NPg =P NP5 =...=P NP} 5, and
o |[PL o NPLgl2>[PLanPrgl|>plLl

Then PE’BI,...,PE@ form a sunflower with core Pz,a N PZ,Bl' That is, for any distinct 1,7 €
{1,...,t}, we have
P[*/nBi a Pzng = sza n Pz,ﬁl'

The proof of Lemma 11 is the same as Lemma 6. We omit the details here. Now we can bound
the number of elements in each equivalence class. The following lemma has the same result as
Corollary 5, but the proof is slightly different.

Corollary 8. Denote by t the upper bound of the number of elements in each equivalence class.
Then we have t < %|L|

Proof. Let
(8] ={B1,.... B}

be an equivalence class. According to the definition of equivalent relation, we have P} , N Py 8 =
...= P} NP} 5. According to Algorithm 2, we have |P; ,NPr 5 | > (\/p+7')|L| > p|L|. Lemma
11 tells us

P[*/”@ZHPE7BJ :Pz;asz’ﬁl,l §Z<]§t

This implies
(Pis \Pha) 0 (Pig \ Pio) =01<i<j<t.
Thus,

OIL| = [L\ Ppo| >

t t
U (PLa \PLa)| =D [Pis\ Pial (40)
=1 =1
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According to Lemma 9, f agrees with a low-degree polynomial p on Py, NPy B Since = €
PEQHPE@ <— —zx€ Piaﬁpzﬁi, 3D; € Ds f RS[F,,L,p]» Such that PEQHPE”BZ, C D;. According to
the definition of Bady(f) and P} 4., P 5 # D;. Furthermore, the number of elements in P 5 \ P;
is even. As a result,

1PLg \ Pral = Prs, \ (PN Prg)l = 2. (41)
Plugging (41) into (40), we have

5
SIL| = 2t =t < Z|L].
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