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Abstract

We establish a one-to-one correspondence between Dembowski-Ostrom (DO) polynomi-
als and upper triangular matrices. Based on this correspondence, we give a bijection
between DO permutation polynomials and a special class of upper triangular matrices,
and construct a new batch of DO permutation polynomials. To the best of our knowl-
edge, almost all other known DO permutation polynomials are located in finite fields of
Fon, where n contains odd factors (see Table 1). However, there are no restrictions on n
in our results, and especially the case of n = 2™ has not been studied in the literature.
For example, we provide a simple necessary and sufficient condition to determine when
v Tr(0;x)Tr(f;x) + = (see Corollary 1) is a DO permutation polynomial. In addition,
when the upper triangular matrix degenerates into a diagonal matrix and the elements
on the main diagonal form a basis of Fy» over F,, this diagonal matrix corresponds to
all linearized permutation polynomials (see Corollary 2). In a word, we construct sev-
eral new DO permutation polynomials, and our results can be viewed as an extension of
linearized permutation polynomials.
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1. Introduction

For ¢ a prime power, let Fyn be the finite field with ¢™ elements, and let Fyn[z] be
the ring of polynomials over F,». A polynomial f(z) € Fyn[x] is called a permutation
polynomial (PP) of Fyn if it induces a bijection from Fyn to itself. A polynomial Q(z) €
Fon [] is called a Dembowski—Ostrom polynomial (DO polynomial) if it has the shape

Q= T e

1<i<j<n
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This class of polynomials was described by Dembowski and Ostrom in [3].

Patarin’s HFE cryptosystem [21] was based on DO polynomials over Fan. The per-
mutation behaviour of DO polynomials was studied in [1] and later in [12]. Both papers
investigated DO permutation polynomials (DOPPs) of the form L;(z)L2(x). The result
of [1, 12] was extended in [22], which identified several types of DOPPs of the form
Ly (z)(La(z) + Li(x)L3(x)). In the above, L;(z)’s are linearized polynomials over Fon.

There are several classes of DOPPs with few terms. For example, the permutation
binomial 22" *24ax of Fy2m was covered by [31, Corollary 2.3], where m is odd, a € F3,,,.,
and ord(a?” 1) = 3. The PP az2t! + 2" 22" 2" of Fysm was given in [2], where
« is a primitive element of Fosm and m, s satisfy certain conditions. The permutation
trinomial 2" *! 4 23 4+ 2 of Fyn with n = 2m + 1 was presented in [5]. The PP
22" L g2 5 of Fa2m was found in [7], and later two classes of DO permutation
trinomials of Fy2m of the form

x2m+’“+2m +$2m+k+1 —&—kaH,

m+k | om m ok k
B I A
where k = 1,2, were given in [29]. DO permutation quadrinomials of the form
m—+1 m m—+1 m
227 o2 T a4 ega® € Foem [x],

where m is odd, was studied in [24], and later was completely characterized in [14, 25].
The boomerang uniformity of this class of DOPPs was initially studied in [26]. Soon
afterwards, [10, 11, 15, 16, 27] investigated the permutation behavior and the boomerang
uniformity of DO quadrinomials of more general form

m+tk m m-+k m k k
cox? T fea® T pepa? T 4o ega? T € Foam [2].

See [13, 18] for more information about the boomerang uniformity of DOPPs.
A linearized polynomial (or ¢-polynomial) over F,» is defined by

n—1
L(z) = Z a;x? € Fynlz].
=0

The trace function from Fgn to F, is defined in this paper by

n—1
Tr(x)zzqu:x+$Q+xq2+,,_+xq
i=0

n—1

Zhou [30] gave an explicit representation of linearized PPs as follows.

Theorem 1 ([30, Corollary 2.3]). Let o be a fized primitive element in Fyn, then the set
{f(x) = z::ol (o + ala; +a?Cas + -+ a(”_l)qsan_l)xqs € Fynlx] : where o, a1,
..y Qp_1 is any basis of Fgn over Fy} contains and only contains all the linearized PPs.

Yuan and Zeng [28] provided a simple proof of Zhou’s result and get the following
theorem.
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Theorem 2 (28, Theorem 1.1]). Let {wq,wa,...,wn} be any given basis of Fen over
F,. Let L(x) be a linearized polynomial over Fgn. Then there are n elements 01, 6, ...,
0, € Fyn such that

L(z) = Tr(b1x)wr + - - - + Tr(0,2)ws,.

Moreover, L(x) is a PP if and only if {61,02,...,0,} is a basis of Fgn over Fy.

Ling and Qu [17] generalized the result above to linearized polynomials with kernel
of any given dimensions.

Theorem 3 ([17, Theorem 2.3]). Let {61,602,...,0,} be any basis of Fon over F,,
and let L(x) be a linearized polynomial over Fgn. Then there exists a unique vector
(B1, B2, .-, Bn) € Fyn such that

L(z) = Tr(612)p1 + - - - + T (0,,2) By

Moreover, let k be an integer such that 0 < k < n, then dimg, (Ker(L)) = k if and only
if Rankg, {31, Ba, ... Bu} =1 — k.

References [17, 28, 30] discussed the permutation property of linearized polynomials.
Inspired by these works, we consider how to generalize linearized permutations to DO
permutations.

The main purpose of this paper is to find some sufficient conditions for DO polyno-
mials Q(x) to be a PP of Fyn. Section 2 gives a bijection between DO polynomials and
upper triangular matrices. In Section 3, we introduce the definition of DO permutation
matrix (DOPM), and prove that a DO polynomial Q(x) is a PP if and only if the cor-
responding matrix of Q(z) is a DOPM. Furthermore, a simple method for constructing
DOPMs is proposed, and then two classes of DOPPs are given. In Section 4, we prove
that our method can construct new DOPPs compared with other method.

2. Bijection between DO polynomials and upper triangular matrices

Lemma 1. Let {01,60s,...,0,} be any basis of Fyn over Fy and

Q)= > eya? T € Fyla]. (1)

1<i<j<n
Then Q(x) can be written in the form
Q(z) = X(2)X (2)", (2)
where ® is an n x n matriz over Fyn and X (z)T is the transpose of
X(x) = (Tr(612), Tr(022), . .., Tr(0,2)). (3)
Proof. According to [17, Theorem 2.3](see Theorem 3), we have

J

Zciquz—l — ZTr(Gux)ﬂuj and Zﬁujqu—l = ZTr(evx)Qbuv
u=1 j=1 v=1

i=1
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for some By;, Puv € Fgn. Thus,

n n n

Q) =Y (Zw)x =3 (X TOu)Bu )

j=1 " i=1 j=1 u=1

= i Tr(0,2) i ﬁujqul = i Tr(0,z) i Tr(0,) Py
u=1 j=1 u=1 v=1

= Z Z Tr(0y2)Puy Tr(Opz) = X (2)0X (2)7,

u=1v=1
where ¢ € IE‘Z"X” and ¢, is the element in the uth row and vth column of ®. O

Assume that ® = [pyy|nxn IS & square matrix of size n over F n. Then

X@)2X(@)" = > buaTr(0uz)®+ D (duv + Gou) Tr(0uz)Tr(0yz).  (4)

1<u<n 1<u#v<n

For another matrix ® = [¢!,,]nxn over Fyn, if ¢, = ¢yy for 1 <u < n and ¢, + ¢, =
¢uv+¢vu for ISU#USH, then

X(2)®X(z)" = X(2)®' X (2)T.

Thus the correspondence in (2) between Q(x) and @ is not one-to-one. Next we introduce
a matrix ¥ and establish a bijective correspondence between Q(x) and V.

Theorem 4. Let Q(z), 0;’s, X (x) and ® = [¢uy|nxn e the same as in Lemma 1. Define
an upper triangular matric ¥ = [Yyylnxn over Fyn such that

QS'U/U + QS’U'U. ifu < v7
¢u'u = ¢u7j qu =, (5)

0 if u>w,

where 1 < wu,v < n. Then Q(x) can be written in the form
Qr) = X(2)¥X (z)", (6)

and there is a one-to-one correspondence between Q(x) and ¥ as follows:

E (6?;7193].71 n egiflegjfl)wuv zfz < j,

Cii = 1<u<v<n . (7)
iy — i— e .
! Z (euev)q wuv Zfl =17
1<u<v<n
Y (af ot al al ey ifu<v,
_ ) isisise 8
'l/}uv alq: 1+q'7 ICij7 qu =, ( )
1<i<j<n

where {ay,aa, ... ,an} is the dual basis of {01,0s,...,0,}.
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Proof. From (2), (4) and (5), we get (6). Then, by (6) and (3),

Q)= > $uTr(0ur)Tr(6yz)

1<u<v<n
n—1 kn—l )
= > w0 > (0,3)
1<u<v<n k=0 =0
n—1 n—1 (9)
0 0
= > tuwy Y 0407 a7t
1<u<v<n k=0 ¢=0
n—1 n—1

k=0 £=0 1<u<v<n

By comparing the coefficients of Q(x) in (1) and (9), we have (7).
Since {ay, g, ..., a,} is the dual basis of {61,60s,...,0,}, for 1 <u < n,

X(ay) = (Tr(braw), Tr(O20r,), . . ., Tr(Op o))

uth
=(0,...,0, 1,0,...,0)

= ey.

Similarly, X (v, + @) = e, + ¢, for 1 < u < v < n. Note that
Q)= Y ey’ T = X(@)UX ()"
1<i<j<n

Hence

Qo) = Z cijoz?;flﬂjfl = X()UX ()" = e ¥el =,

1<i<j<n

Qlay +ay) = Z cij(ow + 047J)qi71'*"1j71 = Xy + @)U X (ay + )’
1<i<j<n

= (eu + ev)\I/(eu + ev>T = wuu + wuv + 1ﬁv'u-
Then we obtain (8). This competes the proof. O

Remark 1. The DO polynomial Q(z) can be viewed as a quadratic form in x1, 2, ...,

%y, over Fyn, where x; = 29", Thus there is a natural bijection between @Q(x) and the
upper triangular matrix C' = [¢;;],xn as follows:

Qz) = (z,29,...,27 )C(z,a9,...,27 )T, (10)

where (z,z9,... 29" ) € Fy.. However, in the relationship (6), the vector
X(z) = (Tr(612), Tr(627), . .., Tr(0,7)) € Fy

runs through all the vectors of Fy when z runs over Fy». This property plays an important
role in (11). It is the reason we establish the relationship (6) instead of directly using (10).
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3. DO permutation polynomials and DO permutation matrices

In this section, two classes of DO permutation polynomials will be presented by
constructing DO permutation matrices.

If ¢ is odd, then Q(z) = Q(—=x) for each « € Fyn \ {0}, and so Q(z) is not a PP of
Fgn. Therefore, we need only consider the case ¢ is even.

We first introduce a definition of a special class of upper triangular matrices.

Definition 1. Let ¥ be an n X n upper triangular matrix over Fy», and let
V= {Y\IIYT : X = (21,72,...,7,) € IF;L}
If #V = ¢, then ¥ is called a DO permutation matriz (DOPM) over Fyn.
Theorem 5. Let {61,02,...,0,} be a basis of Fgn over F, and
X(z) = (Tr(612), Tr(622), . .., Tr(0,2)).

For any n x n upper triangular matriz ¥ over Fyn, let Q(z) = X (2)VX (z)T. Then Q(x)
is a DOPP of Fgn if and only if ¥ is a DOPM over Fyn.

Proof. Let {w1,ws,...,w,} be a basis of Fn over F,, and define
L(z) = Tr(612)wy + Tr(fax)ws + - - - + Tr(0px)wp,-
Then L(x) is a PP of Fyn by Theorem 2, and so X (z) runs through all the vectors of Fy
when x runs over Fg». Therefore,
{Q(z) = X(2)UX (2)" : 2 €Fpn} = {XUX : X €FI} =V, (11)
which implies that Q(x) is a PP of Fyn if and only if #V = ¢". O

By Theorem 5, to find a DOPP Q(x) of Fyn, we need only construct a DOPM ¥ over
Fqn. Now we consider the affine equivalence relation between DOPPs.

Definition 2. Let F' and F’ be two functions from Fyn to Fyn. Then F and F’ are
called affine equivalent if

F'(z) = A1(F(Az(2))),
where A; and A, are affine permutations of Fy».

Lemma 2. Let o be any permutation of Fgn. Then there exists an affine independent sub-
set {v0,71,---,n} over Fy such that {o(v0),0(y1),...,0(vn)} is also affine independent
over F,.

Remark 2. Hou [8] proved Lemma 2 when ¢ = 2. In fact, Hou’s method can be gener-
alized to ¢ = p” for any prime p and positive integer r. Please turn to [8, Lemma 2.2]
for a proof.

Theorem 6. Let Q(x) be a DOPP of Fyn and X (x) be the same as in Theorem 5. Then
Q(x) is affine equivalent to

Q'(z) = X(x)¥'X (2)",
where V' is a DOPM over Fgn and the entries on the main diagonal of V' form a basis
of Fgn over IFy.
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Proof. In Theorem 5, we proved that X (z) runs through all the vectors of Fy when
runs over Fgn. Thus there exist ag = 0 and a}s in Fgn such that

X(a;) =(0,...,0, ‘tlh,Ow..,O):ei for 1 <i<n.

Since Q(z) is a PP of Fyn, by Lemma 2, there exists an affine independent subset

{70,715 -+, ¥n} such that {Q(70), Q(71),-..,RQ(7n)} is also affine independent. Let 5y =
0 and let {81, B2, ..., Bn} be a basis of Fyn over F,. Choose affine permutations h, g such

that g(a;) = v; and h(Q(7y;)) = f5; for 0 < i < n. Set
Q =hoQogy.

Then @ is affine equivalent to Q'(z), and so Q'(z) is a DOPP of Fyn. From Theorems 4
and 5, Q'(z) can be uniquely represented as Q'(z) = X (2)¥’ X (z)? and ¥’ is a DOPM
over Fyn. The ith entry on the main diagonal of ¥ is

eiW'el = X(a;)¥'X(a;)" =Q'(a;) =hoQog(a;) =4, 1<i<n. O

Theorem 6 allows us to study only the DOPMs whose main diagonal entries form a
basis of Fy» over F,. We will give a simple method for constructing such DOPMs after
the notations below.

Definition 3. For a set T = {a1,®s,...,ar} C Fyn, define
span(Y) = {Aa1 + Aeae + -+ + Agag : A € Fy )
If T is an empty set, denote span(T) = {0}.

Theorem 7. Let {61,02,...,0,} and {$1, B2, .., Bn} be two bases of Fyn over F,, where
q is even. For any vy € Fgn and fized i,j € {1,2,...,n} with i # j, define
Q(z) = v Tr(0;2)Tr(9;2) + Z Bu(Tr(6,z))

1<u<n

Then Q(z) is a DOPP of Fyn if and only if

’yESpan({ﬁlaﬁQa"'vﬁn}\{Biaﬁj})' (12)
Proof. Indeed, Q(z) = X(x)", where ¥ = [thy,] € Fy™ such that
ifu=nw,
ifu=17andv=j,
otherwise,
and X (z) = (Tr(61x), Tr(f22), . ). By Theorem 5, we need only prove that ¥
is a DOPM over Fyn (ie., #V =¢q ) 1f and only if (12) holds, where V' = {X\I!X X €
q
We may without loss of generality assume that ¢ =1 and j = 2. Then
Bi oy e 0
0 B - 0
U= . . .
0 0 --- B,
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Since {B1, B2, ..., Bn} is a basis of Fgn over Fy, there are ¢;’s in F, such that 157

y=cbi+ b+ + cnfn. 158
Then 159
V= {Y\I/YT 0 X = (#1,22,...,2,) €F)}
= {12} + Baxl + -+ + Bpxl + Y172 1 1; € Fy} (13) 10
= { S Bu(@? + cyzizs) tx; € ]Fq}.
Note that 2? runs through all the elements of F, when z runs over F,. Thus 161

Vo = {Xo¥X] : Xo = (0,29,3,...,2,) € Fy }
= {Box3 + P32 + - + Bnxl 1 x; €Fy} (14) 1w
= {XaBa+ XaBs+ -+ M i €Fy )
(i) If v € span({fs, B4, ..., Bn}), then ¢; = co = 0, and so by (13), 163
V = {B1a} + Boad + X _g Bu(al + curra) : w; € Fy ). o0

For 3 < u < n and any fixed 1, z2 € Fy, xi + cyx122 runs through F, when x, runs over 1es
F,. Hence #V = ¢™. (ii) If v ¢ span({Bs, B4,...,0n}), then ¢; # 0 or c2 # 0. We may 1

assume, without loss of generality, that c; # 0. For fixed as,...,a, € F; with ag # 0, 1
let Xy = (c1ae,as,as3,...,a,). By (13) and (14), 168
XiUXT = (1+ciea)a3fo + Xy_s(ay, + cucra3)fu € Vo 169

Thus there is a vector Xy = (0,25, ...,;,) € Fy such that Xj # X; and 170
X, 0xT = xjoxg’ m

So #V < ¢™. (iii) Hence #V = ¢™ if and only if v € span({Bs, B4, ..., Ln}). O 1

Theorem 7 gives a simple criterion for Q(z) to be a DOPP by employing the upper 1
triangle matrix W. However, it is difficult to find this criterion by using the coefficient 17

matrix of Q(z). Hence our method is preferable over quadratic forms. 175

Since {61,0s,...,60,} and {B1,P2,...,0,} are arbitrary bases, we can assume that s
they are normal bases and one is the dual basis of the other. In this case, the expression 1
of Q(z) becomes very explicit. 178

Corollary 1. Let {a,a?, ... ,a2n_1} be a normal basis of Fan overFo, and let {8, 52, ..., 6271;719}

be its dual basis. For any v € Fan and 0 <i # j <n —1, define 180
Qx) = 'yTr(aQim)Tr(anx) + . 181

Then Q(x) is a DOPP of Fon if and only if 182
~v € span({B, 8%,..., 52" }\ {8%,5%}).



Proof. By Theorem 7, we need only show ZZ;% B2 (Tr(a?"z))? = 2" Indeed,

Yo mea)?= Y Y (@)

0<u<n—1 0<u<n—1 0<k<n—1

Z Z 62u (a2k+1)2ux2k+1

0<k<n—1 0<u<n-—1
k+1 k+1
E Tr(Ba® " )a?
0<k<n-—1

n
=%, ]

Corollary 1 presents an explicit class of DOPPs of For, where n is an arbitrary positive
integer. However, the first 15 results of Table 1 in Section 4 require that n has an odd
divisor or n =4 (mod 8). Therefore, Corollary 1 provides new class of DOPPs.

In Theorem 7, if v = 0, then ¥ becomes a diagonal matrix and Q(x) degenerates
into a linearized polynomial. Thus we can also investigate the permutation property of
linearized polynomials by diagonal matrices.

Corollary 2. Let {01,0s,...,0,} be a basis of Fgn over F,, where q is even. Let

n

Qz) = Z Bu (Tr(@ux))Q,

u=1
where B1, B2, ..., Bn € Fgn. Then the following statements hold:

(1) Q(x) is a permutation polynomial over Fyn if and only if {$1,P2,...,Bn} is a basis
of Fgn over Fy;
(2) dimp, (Ker(Q)) = k if and only if Rankg {f1, B2,...,Bn} =n —k, where 0 < k < n.

Note that Q(z) in Corollary 2 is affine equivalent to L(z) = Y_._, B, Tr(6,x), and
(Tr(01), ..., Tr(#pa)) runs through F? if and only if (Tr(612)?, . . ., Tr(6,)?) runs through
Fy. Therefore, Corollary 2 is equivalent to Theorems 1 to 3, and thus Theorem 7 is a
generalization of the results in [17, 28, 30].

We next give another important result of this paper, which generalizes the sufficient
condition in Theorem 7 for Q(z) to be a DOPP.

Theorem 8. Let {f1,02,...,0n} be any basis of Fyn over F,, where q is even. For any
subset S of {1,2,...,n} with #S > 2, define an upper triangular matric ¥ = [yp]nxn
over Fgn as follows:
Bu ifu=w,
Yuv =& Yuo fu,v €S andu < v, (15)
0  otherwise,

where Yyy € Fgn. LetT = {yyw 1u,v € S andu < v} and T = {p; :i € {1,2,...,n}\S}.
IfT' C span(Y), then ¥ is a DOPM over Fgn and

Q)= Y Y Tr(0ux)Tr(0px) + Y Bu(Tr(fuz))? (16)

u,0ES, ulv 1<u<n

is @ DOPP of Fyn, where {61,02,...,6,} is a basis of Fyn over Fy.
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Proof. By Theorem 5, we need only prove that ¥ is a DOPM. Let T'= {1,2,...,n}\ S.
Then Y = {f; : t € T} and so

span(T) = {Zatﬂt tay € Fq}.
teT
(When S = {1,2,...,n}, T is an empty set and span(Y) = {0} by Definition 3.) If
Yuv € span(T) for all u,v € S and u < v, then

Yuv = Z buvt B¢ for some by, € Fy.
teT

Since SUT = {1,2,...,n}, we have

V= {Y‘I’YT: X = (z1,79,...,7,) EIFZ}

= {Zﬂsxg +Zﬂtxf + Z VurTyLy @ T1, Xy, Ty € Fq}

ses teT u<veS

_ 2 2 b . F

- Bsxs + Bt n + wotTuly | 1 T1,T2,...,Ty € qf(-
seSs teT u<vesS

Since T'={1,2,...,n} \ S and ¢ is even, for any fixed z,,z, € F,

2 § :
xt + buvtxu$v
u<ves

runs through all the elements of F, when x; runs over F,. Hence #V = ¢", and so V is
a DOPM over Fn. O

Theorem 8 provides a simple method for constructing DOPMs and DOPPs. Next we
give an example to illustrate this method.

Corollary 3. Let n =5 and {1, B2, 53, B4, B} be any basis of Fys over Fy. Define four
square matrices of size 5 over Fys as follows:

B1 Y12 P13 Ye O B1 Y2 Yz 0 0
0 B2 o3 You O 0 B2 33 0 0
U= 0 0 B3 3 O Vo= 0 0 B 0 O
0 0 0 By O 0 0 0 B4 O
0 0 0 0 B 0 0 0 0 B
Br iz iz 0 s B 0 i3 0 s
0 B2 a3 0 o3 0 B2 0 0 O
Us=| 0 0 B3 0 435 Uy=| 0 0 B3 0 435
0 0 0 B4 O 0 O 0 B4 O
0 0 0 0 B L0 0 0 0 B |

Then the following statements hold:

(1) If o5 € span({fs}) for all1 <i < j <4, then ¥y is a DOPM;
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(2) If ¢i; € span({Ba, Bs}) for all 1 <i < j <3, then Uy is a DOPM;
(3) If vy € span({fa}) for alli,j € {1,2,3,5} and i < j, then W3 is a DOPM;
(4) If i € span({fa, fa}) for alli,j € {1,3,5} and i < j, then ¥y is a DOPM.
Since {01, 0,...,0,} and {51, Ba, ..., Bn} are arbitrary bases, we can assume that the

first one is a polynomial basis and the other is the dual basis. In this case, the expression
of Q(x) becomes very explicit.

Example 1. Let {1,9,9% ¢%,9%, 6% 9% g7} be a basis of Fys over Fy, where g is a root of
28+ 2t + 2% + 22 + 1. Then its dual basis is {g*°?, g?°1, g*°, 98, 9,1, ¢***, g?°3}. Define

Q(x) = 712 Tr(2) Tr(gx) + 3 Tr(z)Tr(g°x) + 723 Tr(g2) Tr(g%x) + =,
where Tr(x) = ZZ:O 22", Then Q(z) is a DOPP of Fys if

{712»7137723} g Span({9987g7 1a9254vg253})~

4. Comparison with known DO permutation polynomials

To show a permutation f is new, one usually has to prove that f is not affine equivalent
(Definition 2) to known permutations, see for example [4, 9, 22]. In this section, we also
use affine equivalence to show that our DOPPs are new. Obviously, the affine equivalence
class of DOPPs are also DOPPs. Therefore, we need only show that DOPPs constructed
in this paper are new compared to other DOPPs. To this end, we list all infinite classes
of DOPPs we know in Table 1.

In the third column of Table 1, each n has an odd divisor or n = 4 (mod 8) for
1 < ¢ < 15. However, n is arbitrary positive integer for ¢ = 16,17 by Corollary 1
and Theorem 8, and Theorem 7 contains the following new DOPPs over Fon with n = 8.

Example 2. Let {f1,02,...,0s} and {61,02,...,03} be two bases of Fos over Fy. For
any v € Fos and fized i,j € {1,2,...,8} with i # j, define

Q) =y Tr(0ix) Tr(0;z) + Y BuTr(0uz),

1<u<8
where Tr(x) = ZZ:O 22", Then Q(x) is a DOPP of Fas if and only if

v € span({f1, B2, ..., Bs} \ {5, B })-
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Table 1: Infinite classes of DO permutation polynomials over Fan

i fi Conditions Ref.

1 22" n/ ged(m,n) is odd 6]

2 22"t pax n =2m, m is odd, a € F}., and ord(a?"!) =3 [31]

3 g2 4 g2 20 n=23m,3tm,3|m+s, Fi. = (a), 2]

ged(n, s) | m, and m/ ged(n, s) is odd

4 22"l 34y n=2m+1 [5]

5 22" 42" gy n=3m, a € Fam \ {0,1} [23]

6 a2l g g2y S n = 2m, m is odd [7]

7 2T 4 2T g5 n=2m, m =2 (mod4) [29]

8 TR 4 g2 ALy g5 n=2m, m=2 (mod4) [29]

9 b2 4oap?" 2 4 g8 n =2m, m is odd, a,b € Fj.., and others [20]

10 22772 g2 2 4 opd n = 2m, m is odd, b, ¢ € F.., and others [19, 29]
11 cx?™ 27 pp2" T g8 n = 2m, m is odd, b, c € F5.., and others [20, 29]

12 2" (coz®" + ar)+ 22" (cox®™ + cs)

13 z(Tr(x) + ax)
14 z(L(Tr(z)) + aTr(z) + ax)
15 z(L(Tr(z)) + aTr(z) + ax + b)

16 ’yTr(aziw)Tr(azjx) +x
17 Q(z) in Theorem 8

n = 2m, m is odd, ¢; € Fan, and others

n==Fk{ kisodd, a € Fye \ {0,1}

n==k{, kis odd, a € F},, xL(x) permutes Fy

2¢»

n=~kl{, k>1isodd, a€F;,, be Fy,

and z(L(z) + b) permutes Fye

n is arbitrary, v € Span({ﬁ,ﬂ2, . 52"‘1} \ {52”” 52-7'})

see Theorem 8

10, 11, 14-16, 24-27]
[1]
[12]
[22]

Corollary 1
Theorem 8

* Note that f16 is a special case of f17.

f In Lines 13 to 15, Tr(z) = Z?;& 2?”" and L(z) = Zf;é az? € Fye[x].



Conflict of Interest The authors declared that they have no conflicts of interest.

Data Availability The authors do not have any research data outside the manuscript.

References

[1]

A. Blokhuis, R. S. Coulter, M. Henderson, and C. M. O’Keefe. Permutations
amongst the Dembowski—Ostrom polynomials. In D. Jungnickel and H. Niederre-
iter, editors, Finite Fields and Applications: Proceedings of the Fifth International
Conference on Finite Fields and Applications, pages 37-42, 2001.

C. Bracken, C. H. Tan, and Y. Tan. Binomial differentially 4 uniform permutations
with high nonlinearity. Finite Fields Appl., 18(3):537-546, 2012.

P. Dembowski and T. G. Ostrom. Planes of order n with collineation groups of order
n?. Math. Z., 103:239-258, 1968.

L. E. Dickson. The analytic representation of substitutions on a power of a prime
number of letters with a discussion of the linear group, Part I. Ann. Math., 11:
65-120, 1896.

H. Dobbertin. Almost perfect nonlinear power functions on GF(2™): the Welch case.
IEEE Trans. Inf. Theory, 45(4):1271-1275, 1999.

R. Gold. Maximal recursive sequences with 3-valued recursive crosscorrelation func-
tions. IEEE Trans. Inf. Theory, IT-14(1):154-156, Jan. 1968.

R. Gupta and R. K. Sharma. Some new classes of permutation trinomials over finite
fields with even characteristic. Finite Fields Appl., 41:89-96, 2016.

X.-D. Hou. Affinity of permutations of F}. Discrete Appl. Math., 154(2):313-325,
2006.

X.-D. Hou. Permutation polynomials over finite fields—a survey of recent advances.
Finite Fields Appl., 32:82-119, 2015.

K. H. Kim, S. Mesnager, J. H. Choe, D. N. Lee, S. Lee, and M. C. Jo. On permutation
quadrinomials with boomerang uniformity 4 and the best-known nonlinearity. Des.
Codes Cryptogr., 90:1437-1461, 2022.

K. H. Kim, S. Mesnager, C. H. Kim, and M. C. Jo. Completely characterizing a
class of permutation quadrinomials. Finite Fields Appl., 87:102155, 2023.

Y. Laigle-Chapuy. A note on a class of quadratic permutations over Fon. In S. Boztag
and H.-F. Lu, editors, Applied Algebra, Algebraic Algorithms and Error-Correcting
Codes, 17th International Symposium, AAECC-17, volume 4851 of LNCS, pages
130-137, 2007.

K. Li, L. Qu, B. Sun, and C. Li. New results about the boomerang uniformity of
permutation polynomials. IEEE Trans. Inf. Theory, 65(11):7542-7553, Nov. 2019.

K. Li, L. Qu, C. Li, and H. Chen. On a conjecture about a class of permutation
quadrinomials. Finite Fields Appl., 66:101690, 2020.

13

263

264

265

266

267

268

269

270

272

273

274

275

276

277

278

279

280

281

282

283

284

285

286

287

288

289

290

291

292

293

294

295

296

297

298

299



[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

K. Li, C. Li, T. Helleseth, and L. Qu. Cryptographically strong permutations from
the butterfly structure. Des. Codes Cryptogr., 89:737-761, 2021.

N. Li, M. Xiong, and X. Zeng. On permutation quadrinomials and 4-uniform BCT.
IEEFE Trans. Inf. Theory, 67(7):4845-4855, 2021.

S. Ling and L. Qu. A note on linearized polynomials and the dimension of their
kernels. Finite Fields Appl., 18:56-62, 2012.

S. Mesnager, C. Tang, and M. Xiong. On the boomerang uniformity of quadratic
permutations. Des. Codes Cryptogr., 88:2233-2246, 2020.

F. Ozbudak and B. G. Temiir. Classification of permutation polynomials of the form
22g(2971) of Fg2 where g(x) = 2° + bz + ¢ and b, ¢ € F};. Des. Codes Cryptogr., 90:
1537-1556, 2022.

F. Ozbudak and B. G. Temiir. Complete characterization of some permutation
polynomials of the form z7 (1 + az*1 (9= 4 bxs2(a=1) over Fg2. Cryptogr. Commun.,
15:775-793, 2023.

J. Patarin. Hidden fields equations (HFE) and isomorphisms of polynomials (IP):
two new families of asymmetric algorithms. In U. Maurer, editor, Advances in
Cryptology — EUROCRYPT ’96, volume 1070 of LNCS, pages 33-48, 1996.

S. Samardjiska and D. Gligoroski. Quadratic permutations, complete mappings and
mutually orthogonal Latin squares. Math. Slovaca, 67(5):1129-1146, 2017.

Z. Tu, X. Zeng, and L. Hu. Several classes of complete permutation polynomials.
Finite Fields Appl., 25:182-193, 2014.

Z. Tu, X. Zeng, and T. Helleseth. New permutation quadrinomials over Fo2m. Finite
Fields Appl., 50:304-318, 2018.

7. Tu, X. Liu, and X. Zeng. A revisit to a class of permutation quadrinomials. Finite
Fields Appl., 59:57-85, 2019.

Z. Tu, N. Li, X. Zeng, and J. Zhou. A class of quadrinomial permutations with
boomerang uniformity four. IEEE Trans. Inf. Theory, 66(6):3753-3765, 2020.

Y. Wu, L. Wang, N. Li, X. Zeng, and X. Tang. On the boomerang uniformity of
a class of permutation quadrinomials over finite fields. Discrete Math., 345(10):
113000, 2022.

P. Yuan and X. Zeng. A note on linear permutation polynomials. Finite Fields
Appl., 17(5):488-491, 2011.

Z. Zha, L. Hu, and S. Fan. Further results on permutation trinomials over finite
fields with even characteristic. Finite Fields Appl., 45:43-52, 2017.

K. Zhou. A remark on linear permutation polynomials. Finite Fields Appl., 14:
532-536, 2008.

M. E. Zieve. Permutation polynomials induced from permutations of subfields, and
some complete sets of mutually orthogonal Latin squares. arXiv:1312.1325v3, 2013.

14

300

301

302

303

304

305

306

307

308

309

310

311

312

313

314

315

316

317

318

319

320

322

323

324

325

326

327

328

329

330

331

332

333

334

335

336

337



	1 Introduction
	2 Bijection between DO polynomials and upper triangular matrices
	3 DO permutation polynomials and DO permutation matrices
	4 Comparison with known DO permutation polynomials

