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Abstract
We establish a one-to-one correspondence between Dembowski-Ostrom (DO) polynomi-
als and upper triangular matrices. Based on this correspondence, we give a bijection
between DO permutation polynomials and a special class of upper triangular matrices,
and construct a new batch of DO permutation polynomials. To the best of our knowl-
edge, almost all other known DO permutation polynomials are located in finite fields of
F2n , where n contains odd factors (see Table 1). However, there are no restrictions on n
in our results, and especially the case of n = 2m has not been studied in the literature.
For example, we provide a simple necessary and sufficient condition to determine when
γ Tr(θix)Tr(θjx) + x (see Corollary 1) is a DO permutation polynomial. In addition,
when the upper triangular matrix degenerates into a diagonal matrix and the elements
on the main diagonal form a basis of Fqn over Fq, this diagonal matrix corresponds to
all linearized permutation polynomials (see Corollary 2). In a word, we construct sev-
eral new DO permutation polynomials, and our results can be viewed as an extension of
linearized permutation polynomials.
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1. Introduction 1

For q a prime power, let Fqn be the finite field with qn elements, and let Fqn [x] be
the ring of polynomials over Fqn . A polynomial f(x) ∈ Fqn [x] is called a permutation
polynomial (PP) of Fqn if it induces a bijection from Fqn to itself. A polynomial Q(x) ∈
Fqn [x] is called a Dembowski–Ostrom polynomial (DO polynomial) if it has the shape

Q(x) =
∑

1≤i≤j≤n

cijx
qi−1+qj−1

.
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This class of polynomials was described by Dembowski and Ostrom in [3]. 2

Patarin’s HFE cryptosystem [21] was based on DO polynomials over F2n . The per- 3

mutation behaviour of DO polynomials was studied in [1] and later in [12]. Both papers 4

investigated DO permutation polynomials (DOPPs) of the form L1(x)L2(x). The result 5

of [1, 12] was extended in [22], which identified several types of DOPPs of the form 6

L1(x)(L2(x) + L1(x)L3(x)). In the above, Li(x)’s are linearized polynomials over F2n . 7

There are several classes of DOPPs with few terms. For example, the permutation 8

binomial x2m+2+αx of F22m was covered by [31, Corollary 2.3], where m is odd, α ∈ F∗
22m , 9

and ord(α2m−1) = 3. The PP αx2
s+1 + α2mx2

2m+2m+s of F23m was given in [2], where 10

α is a primitive element of F23m and m, s satisfy certain conditions. The permutation 11

trinomial x2m+1+1 + x3 + x of F2n with n = 2m + 1 was presented in [5]. The PP 12

x2
m+2+1 + x2

m+4 + x5 of F22m was found in [7], and later two classes of DO permutation 13

trinomials of F22m of the form 14

x2
m+k+2m + x2

m+k+1 + x2
k+1, 15

x2
m+k+2m + x2

m+2k + x2
k+1, 16

where k = 1, 2, were given in [29]. DO permutation quadrinomials of the form 17

x2
m+1+2m + c1x

2m+1+1 + c2x
2m+2 + c3x

3 ∈ F22m [x], 18

where m is odd, was studied in [24], and later was completely characterized in [14, 25]. 19

The boomerang uniformity of this class of DOPPs was initially studied in [26]. Soon 20

afterwards, [10, 11, 15, 16, 27] investigated the permutation behavior and the boomerang 21

uniformity of DO quadrinomials of more general form 22

c0x
2m+k+2m + c1x

2m+k+1 + c2x
2m+2k + c3x

2k+1 ∈ F22m [x]. 23

See [13, 18] for more information about the boomerang uniformity of DOPPs. 24

A linearized polynomial (or q-polynomial) over Fqn is defined by 25

L(x) =

n−1∑
i=0

aix
qi ∈ Fqn [x]. 26

The trace function from Fqn to Fq is defined in this paper by 27

Tr(x) =

n−1∑
i=0

xq
i

= x+ xq + xq
2

+ · · ·+ xq
n−1

. 28

Zhou [30] gave an explicit representation of linearized PPs as follows. 29

Theorem 1 ([30, Corollary 2.3]). Let α be a fixed primitive element in Fqn , then the set 30

{f(x) =
∑n−1

s=0 (α0 + αqsα1 + α2qsα2 + · · · + α(n−1)qsαn−1)x
qs ∈ Fqn [x] : where α0, α1, 31

. . ., αn−1 is any basis of Fqn over Fq} contains and only contains all the linearized PPs. 32

Yuan and Zeng [28] provided a simple proof of Zhou’s result and get the following 33

theorem. 34

2



Theorem 2 ([28, Theorem 1.1]). Let {ω1, ω2, . . . , ωn} be any given basis of Fqn over
Fq. Let L(x) be a linearized polynomial over Fqn . Then there are n elements θ1, θ2, . . .,
θn ∈ Fqn such that

L(x) = Tr(θ1x)ω1 + · · ·+Tr(θnx)ωn.

Moreover, L(x) is a PP if and only if {θ1, θ2, . . . , θn} is a basis of Fqn over Fq. 35

Ling and Qu [17] generalized the result above to linearized polynomials with kernel 36

of any given dimensions. 37

Theorem 3 ([17, Theorem 2.3]). Let {θ1, θ2, . . . , θn} be any basis of Fqn over Fq,
and let L(x) be a linearized polynomial over Fqn . Then there exists a unique vector
(β1, β2, . . . , βn) ∈ Fn

qn such that

L(x) = Tr(θ1x)β1 + · · ·+Tr(θnx)βn.

Moreover, let k be an integer such that 0 ≤ k ≤ n, then dimFq
(Ker(L)) = k if and only 38

if RankFq{β1, β2, . . . , βn} = n− k. 39

References [17, 28, 30] discussed the permutation property of linearized polynomials. 40

Inspired by these works, we consider how to generalize linearized permutations to DO 41

permutations. 42

The main purpose of this paper is to find some sufficient conditions for DO polyno- 43

mials Q(x) to be a PP of Fqn . Section 2 gives a bijection between DO polynomials and 44

upper triangular matrices. In Section 3, we introduce the definition of DO permutation 45

matrix (DOPM), and prove that a DO polynomial Q(x) is a PP if and only if the cor- 46

responding matrix of Q(x) is a DOPM. Furthermore, a simple method for constructing 47

DOPMs is proposed, and then two classes of DOPPs are given. In Section 4, we prove 48

that our method can construct new DOPPs compared with other method. 49

2. Bijection between DO polynomials and upper triangular matrices 50

Lemma 1. Let {θ1, θ2, . . . , θn} be any basis of Fqn over Fq and 51

Q(x) =
∑

1≤i≤j≤n

cijx
qi−1+qj−1

∈ Fqn [x]. (1) 52

Then Q(x) can be written in the form 53

Q(x) = X(x)ΦX(x)T , (2) 54

where Φ is an n× n matrix over Fqn and X(x)T is the transpose of 55

X(x) = (Tr(θ1x),Tr(θ2x), . . . ,Tr(θnx)). (3) 56

Proof. According to [17, Theorem 2.3](see Theorem 3), we have 57

j∑
i=1

cijx
qi−1

=

n∑
u=1

Tr(θux)βuj and
n∑

j=1

βujx
qj−1

=

n∑
v=1

Tr(θvx)ϕuv 58
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for some βuj , ϕuv ∈ Fqn . Thus, 59

Q(x) =

n∑
j=1

( j∑
i=1

cijx
qi−1

)
xq

j−1

=

n∑
j=1

( n∑
u=1

Tr(θux)βuj

)
xq

j−1

60

=

n∑
u=1

Tr(θux)

n∑
j=1

βujx
qj−1

=

n∑
u=1

Tr(θux)

n∑
v=1

Tr(θvx)ϕuv 61

=

n∑
u=1

n∑
v=1

Tr(θux)ϕuvTr(θvx) = X(x)ΦX(x)T , 62

where Φ ∈ Fn×n
qn and ϕuv is the element in the uth row and vth column of Φ. 63

Assume that Φ = [ϕuv]n×n is a square matrix of size n over Fqn . Then 64

X(x)ΦX(x)T =
∑

1≤u≤n

ϕuuTr(θux)
2 +

∑
1≤u ̸=v≤n

(ϕuv + ϕvu)Tr(θux)Tr(θvx). (4) 65

For another matrix Φ′ = [ϕ′uv]n×n over Fqn , if ϕ′uu = ϕuu for 1 ≤ u ≤ n and ϕ′uv + ϕ′vu = 66

ϕuv + ϕvu for 1 ≤ u ̸= v ≤ n, then 67

X(x)ΦX(x)T = X(x)Φ′X(x)T . 68

Thus the correspondence in (2) between Q(x) and Φ is not one-to-one. Next we introduce 69

a matrix Ψ and establish a bijective correspondence between Q(x) and Ψ. 70

Theorem 4. Let Q(x), θi’s, X(x) and Φ = [ϕuv]n×n be the same as in Lemma 1. Define 71

an upper triangular matrix Ψ = [ψuv]n×n over Fqn such that 72

ψuv =

 ϕuv + ϕvu if u < v,
ϕuv if u = v,
0 if u > v,

(5) 73

where 1 ≤ u, v ≤ n. Then Q(x) can be written in the form 74

Q(x) = X(x)ΨX(x)T , (6) 75

and there is a one-to-one correspondence between Q(x) and Ψ as follows: 76

cij =


∑

1≤u≤v≤n

(θq
i−1

u θq
j−1

v + θq
i−1

v θq
j−1

u )ψuv if i < j,∑
1≤u≤v≤n

(θuθv)
qi−1

ψuv if i = j,
(7) 77

78

ψuv =


∑

1≤i≤j≤n

(αqi−1

u αqj−1

v + αqi−1

v αqj−1

u )cij if u < v,∑
1≤i≤j≤n

αqi−1+qj−1

u cij , if u = v,
(8) 79

where {α1, α2, . . . , αn} is the dual basis of {θ1, θ2, . . . , θn}. 80
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Proof. From (2), (4) and (5), we get (6). Then, by (6) and (3), 81

Q(x) =
∑

1≤u≤v≤n

ψuvTr(θux)Tr(θvx)

=
∑

1≤u≤v≤n

ψuv

n−1∑
k=0

(θux)
qk

n−1∑
ℓ=0

(θvx)
qℓ

=
∑

1≤u≤v≤n

ψuv

n−1∑
k=0

n−1∑
ℓ=0

θq
k

u θq
ℓ

v x
qk+qℓ

=

n−1∑
k=0

n−1∑
ℓ=0

∑
1≤u≤v≤n

θq
k

u θq
ℓ

v ψuv x
qk+qℓ .

(9) 82

By comparing the coefficients of Q(x) in (1) and (9), we have (7). 83

Since {α1, α2, . . . , αn} is the dual basis of {θ1, θ2, . . . , θn}, for 1 ≤ u ≤ n, 84

X(αu) = (Tr(θ1αu),Tr(θ2αu), . . . ,Tr(θnαu)) 85

= (0, . . . , 0,
uth
1 , 0, . . . , 0) 86

= eu. 87

Similarly, X(αu + αv) = eu + ev for 1 ≤ u < v ≤ n. Note that

Q(x) =
∑

1≤i≤j≤n

cijx
qi−1+qj−1

= X(x)ΨX(x)T .

Hence 88

Q(αu) =
∑

1≤i≤j≤n

cijα
qi−1+qj−1

u = X(αu)ΨX(αu)
T = euΨe

T
u = ψuu, 89

90

Q(αu + αv) =
∑

1≤i≤j≤n

cij(αu + αv)
qi−1+qj−1

= X(αu + αv)ΨX(αu + αv)
T

91

= (eu + ev)Ψ(eu + ev)
T = ψuu + ψuv + ψvv. 92

Then we obtain (8). This competes the proof. 93

Remark 1. The DO polynomial Q(x) can be viewed as a quadratic form in x1, x2, …, 94

xn over Fqn , where xi = xq
i−1 . Thus there is a natural bijection between Q(x) and the 95

upper triangular matrix C = [cij ]n×n as follows: 96

Q(x) = (x, xq, . . . , xq
n−1

)C(x, xq, . . . , xq
n−1

)T , (10) 97

where (x, xq, . . . , xq
n−1

) ∈ Fn
qn . However, in the relationship (6), the vector 98

X(x) = (Tr(θ1x),Tr(θ2x), . . . ,Tr(θnx)) ∈ Fn
q 99

runs through all the vectors of Fn
q when x runs over Fqn . This property plays an important 100

role in (11). It is the reason we establish the relationship (6) instead of directly using (10). 101
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3. DO permutation polynomials and DO permutation matrices 102

In this section, two classes of DO permutation polynomials will be presented by 103

constructing DO permutation matrices. 104

If q is odd, then Q(x) = Q(−x) for each x ∈ Fqn \ {0}, and so Q(x) is not a PP of 105

Fqn . Therefore, we need only consider the case q is even. 106

We first introduce a definition of a special class of upper triangular matrices. 107

Definition 1. Let Ψ be an n× n upper triangular matrix over Fqn , and let 108

V =
{
XΨX

T
: X = (x1, x2, . . . , xn) ∈ Fn

q

}
. 109

If #V = qn, then Ψ is called a DO permutation matrix (DOPM) over Fqn . 110

Theorem 5. Let {θ1, θ2, . . . , θn} be a basis of Fqn over Fq and 111

X(x) = (Tr(θ1x),Tr(θ2x), . . . ,Tr(θnx)). 112

For any n×n upper triangular matrix Ψ over Fqn , let Q(x) = X(x)ΨX(x)T . Then Q(x) 113

is a DOPP of Fqn if and only if Ψ is a DOPM over Fqn . 114

Proof. Let {ω1, ω2, . . . , ωn} be a basis of Fqn over Fq, and define

L(x) = Tr(θ1x)ω1 +Tr(θ2x)ω2 + · · ·+Tr(θnx)ωn.

Then L(x) is a PP of Fqn by Theorem 2, and so X(x) runs through all the vectors of Fn
q 115

when x runs over Fqn . Therefore, 116

{Q(x) = X(x)ΨX(x)T : x ∈ Fqn} = {XΨX
T
: X ∈ Fn

q } = V, (11) 117

which implies that Q(x) is a PP of Fqn if and only if #V = qn. 118

By Theorem 5, to find a DOPP Q(x) of Fqn , we need only construct a DOPM Ψ over 119

Fqn . Now we consider the affine equivalence relation between DOPPs. 120

Definition 2. Let F and F ′ be two functions from Fqn to Fqn . Then F and F ′ are
called affine equivalent if

F ′(x) = A1(F (A2(x))),

where A1 and A2 are affine permutations of Fqn . 121

Lemma 2. Let σ be any permutation of Fqn . Then there exists an affine independent sub- 122

set {γ0, γ1, . . . , γn} over Fq such that {σ(γ0), σ(γ1), . . . , σ(γn)} is also affine independent 123

over Fq. 124

Remark 2. Hou [8] proved Lemma 2 when q = 2. In fact, Hou’s method can be gener- 125

alized to q = pr for any prime p and positive integer r. Please turn to [8, Lemma 2.2] 126

for a proof. 127

Theorem 6. Let Q(x) be a DOPP of Fqn and X(x) be the same as in Theorem 5. Then
Q(x) is affine equivalent to

Q′(x) = X(x)Ψ′X(x)T ,

where Ψ′ is a DOPM over Fqn and the entries on the main diagonal of Ψ′ form a basis 128

of Fqn over Fq. 129
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Proof. In Theorem 5, we proved that X(x) runs through all the vectors of Fn
q when x

runs over Fqn . Thus there exist a0 = 0 and a′is in Fqn such that

X(ai) = (0, . . . , 0, 1
ith
, 0, . . . , 0) = ei for 1 ≤ i ≤ n.

Since Q(x) is a PP of Fqn , by Lemma 2, there exists an affine independent subset 130

{γ0, γ1, . . . , γn} such that {Q(γ0), Q(γ1), . . . , Q(γn)} is also affine independent. Let β0 = 131

0 and let {β1, β2, . . . , βn} be a basis of Fqn over Fq. Choose affine permutations h, g such 132

that g(ai) = γi and h(Q(γi)) = βi for 0 ≤ i ≤ n. Set 133

Q′ = h ◦Q ◦ g. 134

Then Q is affine equivalent to Q′(x), and so Q′(x) is a DOPP of Fqn . From Theorems 4 135

and 5, Q′(x) can be uniquely represented as Q′(x) = X(x)Ψ′X(x)T and Ψ′ is a DOPM 136

over Fqn . The ith entry on the main diagonal of Ψ′ is 137

eiΨ
′eTi = X(ai)Ψ

′X(ai)
T = Q′(ai) = h ◦Q ◦ g(ai) = βi, 1 ≤ i ≤ n. 138

Theorem 6 allows us to study only the DOPMs whose main diagonal entries form a 139

basis of Fqn over Fq. We will give a simple method for constructing such DOPMs after 140

the notations below. 141

Definition 3. For a set Υ = {α1, α2, . . . , αk} ⊆ Fqn , define 142

span(Υ) = {λ1α1 + λ2α2 + · · ·+ λkαk : λi ∈ Fq}. 143

If Υ is an empty set, denote span(Υ) = {0}. 144

Theorem 7. Let {θ1, θ2, . . . , θn} and {β1, β2, . . . , βn} be two bases of Fqn over Fq, where 145

q is even. For any γ ∈ Fqn and fixed i, j ∈ {1, 2, . . . , n} with i ̸= j, define 146

Q(x) = γ Tr(θix)Tr(θjx) +
∑

1≤u≤n

βu(Tr(θux))
2. 147

Then Q(x) is a DOPP of Fqn if and only if 148

γ ∈ span({β1, β2, . . . , βn} \ {βi, βj}). (12) 149

Proof. Indeed, Q(x) = X(x)ΨX(x)T , where Ψ = [ψuv] ∈ Fn×n
qn such that 150

ψuv =

 βu if u = v,
γ if u = i and v = j,
0 otherwise,

151

and X(x) = (Tr(θ1x),Tr(θ2x), . . . ,Tr(θnx)). By Theorem 5, we need only prove that Ψ 152

is a DOPM over Fqn (i.e., #V = qn) if and only if (12) holds, where V = {XΨX
T
: X ∈ 153

Fn
q }. 154

We may without loss of generality assume that i = 1 and j = 2. Then 155

Ψ =


β1 γ · · · 0
0 β2 · · · 0
...

...
...

0 0 · · · βn

 . 156
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Since {β1, β2, . . . , βn} is a basis of Fqn over Fq, there are ci’s in Fq such that 157

γ = c1β1 + c2β2 + · · ·+ cnβn. 158

Then 159

V =
{
XΨX

T
: X = (x1, x2, . . . , xn) ∈ Fn

q

}
=

{
β1x

2
1 + β2x

2
2 + · · ·+ βnx

2
n + γx1x2 : xi ∈ Fq

}
=

{∑n
u=1 βu(x

2
u + cux1x2) : xi ∈ Fq

}
.

(13) 160

Note that x2 runs through all the elements of Fq when x runs over Fq. Thus 161

V0 :=
{
X0ΨX

T
0 : X0 = (0, x2, x3, . . . , xn) ∈ Fn

q

}
=

{
β2x

2
2 + β3x

2
3 + · · ·+ βnx

2
n : xi ∈ Fq

}
=

{
λ2β2 + λ3β3 + · · ·+ λnβn : λi ∈ Fq

}
.

(14) 162

(i) If γ ∈ span({β3, β4, . . . , βn}), then c1 = c2 = 0, and so by (13), 163

V =
{
β1x

2
1 + β2x

2
2 +

∑n
u=3 βu(x

2
u + cux1x2) : xi ∈ Fq

}
. 164

For 3 ≤ u ≤ n and any fixed x1, x2 ∈ Fq, x2u+cux1x2 runs through Fq when xu runs over 165

Fq. Hence #V = qn. (ii) If γ /∈ span({β3, β4, . . . , βn}), then c1 ̸= 0 or c2 ̸= 0. We may 166

assume, without loss of generality, that c1 ̸= 0. For fixed a2, . . . , an ∈ Fq with a2 ̸= 0, 167

let X1 = (c1a2, a2, a3, . . . , an). By (13) and (14), 168

X1ΨX
T
1 = (1 + c1c2)a

2
2β2 +

∑n
u=3(a

2
u + cuc1a

2
2)βu ∈ V0. 169

Thus there is a vector X ′
0 = (0, x′2, . . . , x

′
n) ∈ Fn

q such that X ′
0 ̸= X1 and 170

X1ΨX
T
1 = X ′

0ΨX
′
0
T
. 171

So #V < qn. (iii) Hence #V = qn if and only if γ ∈ span({β3, β4, . . . , βn}). 172

Theorem 7 gives a simple criterion for Q(x) to be a DOPP by employing the upper 173

triangle matrix Ψ. However, it is difficult to find this criterion by using the coefficient 174

matrix of Q(x). Hence our method is preferable over quadratic forms. 175

Since {θ1, θ2, . . . , θn} and {β1, β2, . . . , βn} are arbitrary bases, we can assume that 176

they are normal bases and one is the dual basis of the other. In this case, the expression 177

of Q(x) becomes very explicit. 178

Corollary 1. Let {α, α2, . . . , α2n−1} be a normal basis of F2n over F2, and let {β, β2, . . . , β2n−1}179

be its dual basis. For any γ ∈ F2n and 0 ≤ i ̸= j ≤ n− 1, define 180

Q(x) = γ Tr(α2ix)Tr(α2jx) + x. 181

Then Q(x) is a DOPP of F2n if and only if 182

γ ∈ span({β, β2, . . . , β2n−1

} \ {β2i , β2j}). 183
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Proof. By Theorem 7, we need only show
∑n−1

u=0 β
2u(Tr(α2ux))2 = x2

n . Indeed, 184∑
0≤u≤n−1

β2u(Tr(α2ux))2 =
∑

0≤u≤n−1

β2u
∑

0≤k≤n−1

(α2ux)2
k+1

185

=
∑

0≤k≤n−1

∑
0≤u≤n−1

β2u(α2k+1

)2
u

x2
k+1

186

=
∑

0≤k≤n−1

Tr(βα2k+1

)x2
k+1

187

= x2
n

. 188

Corollary 1 presents an explicit class of DOPPs of F2n , where n is an arbitrary positive 189

integer. However, the first 15 results of Table 1 in Section 4 require that n has an odd 190

divisor or n ≡ 4 (mod 8). Therefore, Corollary 1 provides new class of DOPPs. 191

In Theorem 7, if γ = 0, then Ψ becomes a diagonal matrix and Q(x) degenerates 192

into a linearized polynomial. Thus we can also investigate the permutation property of 193

linearized polynomials by diagonal matrices. 194

Corollary 2. Let {θ1, θ2, . . . , θn} be a basis of Fqn over Fq, where q is even. Let 195

Q(x) =

n∑
u=1

βu
(
Tr(θux)

)2
, 196

where β1, β2, . . . , βn ∈ Fqn . Then the following statements hold: 197

(1) Q(x) is a permutation polynomial over Fqn if and only if {β1, β2, . . . , βn} is a basis 198

of Fqn over Fq; 199

(2) dimFq (Ker(Q)) = k if and only if RankFq{β1, β2, . . . , βn} = n− k, where 0 ≤ k ≤ n. 200

Note that Q(x) in Corollary 2 is affine equivalent to L(x) =
∑n

u=1 βuTr(θux), and 201

(Tr(θ1x), . . . ,Tr(θnx)) runs through Fn
q if and only if (Tr(θ1x)2, . . . ,Tr(θnx)2) runs through 202

Fn
q . Therefore, Corollary 2 is equivalent to Theorems 1 to 3, and thus Theorem 7 is a 203

generalization of the results in [17, 28, 30]. 204

We next give another important result of this paper, which generalizes the sufficient 205

condition in Theorem 7 for Q(x) to be a DOPP. 206

Theorem 8. Let {β1, β2, . . . , βn} be any basis of Fqn over Fq, where q is even. For any 207

subset S of {1, 2, . . . , n} with #S ≥ 2, define an upper triangular matrix Ψ = [ψuv]n×n 208

over Fqn as follows: 209

ψuv =

 βu if u = v,
γuv if u, v ∈ S and u < v,
0 otherwise,

(15) 210

where γuv ∈ Fqn . Let Γ = {γuv : u, v ∈ S and u < v} and Υ = {βi : i ∈ {1, 2, . . . , n}\S}. 211

If Γ ⊆ span(Υ), then Ψ is a DOPM over Fqn and 212

Q(x) :=
∑

u,v∈S, u<v

γuv Tr(θux)Tr(θvx) +
∑

1≤u≤n

βu(Tr(θux))
2 (16) 213

is a DOPP of Fqn , where {θ1, θ2, . . . , θn} is a basis of Fqn over Fq. 214
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Proof. By Theorem 5, we need only prove that Ψ is a DOPM. Let T = {1, 2, . . . , n} \ S. 215

Then Υ = {βt : t ∈ T} and so 216

span(Υ) =
{∑

t∈T

atβt : at ∈ Fq

}
. 217

(When S = {1, 2, . . . , n}, Υ is an empty set and span(Υ) = {0} by Definition 3.) If 218

γuv ∈ span(Υ) for all u, v ∈ S and u < v, then 219

γuv =
∑
t∈T

buvtβt for some buvt ∈ Fq. 220

Since S ∪ T = {1, 2, . . . , n}, we have 221

V =
{
XΨX

T
: X = (x1, x2, . . . , xn) ∈ Fn

q

}
222

=
{∑

s∈S

βsx
2
s +

∑
t∈T

βtx
2
t +

∑
u<v∈S

γuvxuxv : x1, x2, . . . , xn ∈ Fq

}
223

=
{∑

s∈S

βsx
2
s +

∑
t∈T

βt

(
x2t +

∑
u<v∈S

buvtxuxv

)
: x1, x2, . . . , xn ∈ Fq

}
. 224

Since T = {1, 2, . . . , n} \ S and q is even, for any fixed xu, xv ∈ Fq, 225

x2t +
∑

u<v∈S

buvtxuxv 226

runs through all the elements of Fq when xt runs over Fq. Hence #V = qn, and so Ψ is 227

a DOPM over Fqn . 228

Theorem 8 provides a simple method for constructing DOPMs and DOPPs. Next we 229

give an example to illustrate this method. 230

Corollary 3. Let n = 5 and {β1, β2, β3, β4, β5} be any basis of Fq5 over Fq. Define four 231

square matrices of size 5 over Fq5 as follows: 232

Ψ1 =


β1 ψ12 ψ13 ψ14 0
0 β2 ψ23 ψ24 0
0 0 β3 ψ34 0
0 0 0 β4 0
0 0 0 0 β5

 , Ψ2 =


β1 ψ12 ψ13 0 0
0 β2 ψ23 0 0
0 0 β3 0 0
0 0 0 β4 0
0 0 0 0 β5

 , 233

Ψ3 =


β1 ψ12 ψ13 0 ψ15

0 β2 ψ23 0 ψ25

0 0 β3 0 ψ35

0 0 0 β4 0
0 0 0 0 β5

 , Ψ4 =


β1 0 ψ13 0 ψ15

0 β2 0 0 0
0 0 β3 0 ψ35

0 0 0 β4 0
0 0 0 0 β5

 . 234

Then the following statements hold: 235

(1) If ψij ∈ span({β5}) for all 1 ≤ i < j ≤ 4, then Ψ1 is a DOPM; 236
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(2) If ψij ∈ span({β4, β5}) for all 1 ≤ i < j ≤ 3, then Ψ2 is a DOPM; 237

(3) If ψij ∈ span({β4}) for all i, j ∈ {1, 2, 3, 5} and i < j, then Ψ3 is a DOPM; 238

(4) If ψij ∈ span({β2, β4}) for all i, j ∈ {1, 3, 5} and i < j, then Ψ4 is a DOPM. 239

Since {θ1, θ2, . . . , θn} and {β1, β2, . . . , βn} are arbitrary bases, we can assume that the 240

first one is a polynomial basis and the other is the dual basis. In this case, the expression 241

of Q(x) becomes very explicit. 242

Example 1. Let {1, g, g2, g3, g4, g5, g6, g7} be a basis of F28 over F2, where g is a root of 243

x8 + x4 + x3 + x2 + 1. Then its dual basis is {g252, g251, g45, g98, g, 1, g254, g253}. Define 244

Q(x) = γ12 Tr(x)Tr(gx) + γ13 Tr(x)Tr(g
2x) + γ23 Tr(gx)Tr(g

2x) + x, 245

where Tr(x) =
∑7

k=0 x
2k . Then Q(x) is a DOPP of F28 if 246

{γ12, γ13, γ23} ⊆ span({g98, g, 1, g254, g253}). 247

4. Comparison with known DO permutation polynomials 248

To show a permutation f is new, one usually has to prove that f is not affine equivalent 249

(Definition 2) to known permutations, see for example [4, 9, 22]. In this section, we also 250

use affine equivalence to show that our DOPPs are new. Obviously, the affine equivalence 251

class of DOPPs are also DOPPs. Therefore, we need only show that DOPPs constructed 252

in this paper are new compared to other DOPPs. To this end, we list all infinite classes 253

of DOPPs we know in Table 1. 254

In the third column of Table 1, each n has an odd divisor or n ≡ 4 (mod 8) for 255

1 ≤ i ≤ 15. However, n is arbitrary positive integer for i = 16, 17 by Corollary 1 256

and Theorem 8, and Theorem 7 contains the following new DOPPs over F2n with n = 8. 257

Example 2. Let {β1, β2, . . . , β8} and {θ1, θ2, . . . , θ8} be two bases of F28 over F2. For 258

any γ ∈ F28 and fixed i, j ∈ {1, 2, . . . , 8} with i ̸= j, define 259

Q(x) = γ Tr(θix)Tr(θjx) +
∑

1≤u≤8

βuTr(θux), 260

where Tr(x) =
∑7

k=0 x
2k . Then Q(x) is a DOPP of F28 if and only if 261

γ ∈ span({β1, β2, . . . , β8} \ {βi, βj}). 262
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Table 1: Infinite classes of DO permutation polynomials over F2n

i fi Conditions Ref.

1 x2
m+1 n/ gcd(m,n) is odd [6]

2 x2
m+2 + ax n = 2m, m is odd, a ∈ F∗

2n , and ord(aq−1) = 3 [31]

3 x2
2m+2m+s

+ a1−2mx2
s+1 n = 3m, 3 ∤ m, 3 | m+ s, F∗

2n = ⟨a⟩, [2]

gcd(n, s) | m, and m/ gcd(n, s) is odd

4 x2
m+1+1 + x3 + x n = 2m+ 1 [5]

5 x2
2m+1 + x2

m+1 + ax n = 3m, a ∈ F2m \ {0, 1} [23]

6 x2
m+2+1 + x2

m+4 + x5 n = 2m, m is odd [7]

7 x2
m+2+2m + x2

m+4 + x5 n = 2m, m ≡ 2 (mod4) [29]

8 x2
m+2+2m + x2

m+2+1 + x5 n = 2m, m ≡ 2 (mod4) [29]

9 bx2
m+1+1 + ax2

m+2 + x3 n = 2m, m is odd, a, b ∈ F∗
2m , and others [20]

10 x2
m+1+2m + bx2

m+2 + cx3 n = 2m, m is odd, b, c ∈ F∗
2m , and others [19, 29]

11 cx2
m+1+2m + bx2

m+1+1 + x3 n = 2m, m is odd, b, c ∈ F∗
2m , and others [20, 29]

12 x2
m+k

(c0x
2m + c1x) + x2

k

(c2x
2m + c3x) n = 2m, m is odd, ci ∈ F2n , and others [10, 11, 14–16, 24–27]

13 x(Tr(x) + ax) n = kℓ, k is odd, a ∈ F2ℓ \ {0, 1} [1]

14 x(L(Tr(x)) + aTr(x) + ax) n = kℓ, k is odd, a ∈ F∗
2ℓ , xL(x) permutes F2ℓ [12]

15 x(L(Tr(x)) + aTr(x) + ax+ b) n = kℓ, k > 1 is odd, a ∈ F∗
2ℓ , b ∈ F2ℓ , [22]

and x(L(x) + b) permutes F2ℓ

16 γ Tr(α2ix)Tr(α2jx) + x n is arbitrary, γ ∈ span({β, β2, . . . , β2n−1} \ {β2i , β2j}) Corollary 1

17 Q(x) in Theorem 8 see Theorem 8 Theorem 8
* Note that f16 is a special case of f17.
† In Lines 13 to 15, Tr(x) =

∑k−1
j=0 x2jℓ and L(x) =

∑ℓ−1
t=0 atx2t ∈ F2ℓ [x].
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