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I n t r o d u c t i o n 

T h i s papier i s concerned w i t h a c l a s s o f 

problems whose s o l u t i o n s a re in a sense l i n e a r . 

Severa l f o rma l i sms have been used to d e s c r i b e 

such prob lems [ 1 , 2 , 3 , 4 , 7 , 9 ] , b u t the c e n t r a l 

i d e a l can be s i m p l i f i e d and summarised as f o l l o w s 

The u n i v e r s e is a network c o n s i s t i n g of a s e t 

S={s, } of o b j e c t s connected by a se t E of edges. 

A p rob lem is the task o f f i n d i n g a pa th f rom one 

o b j e c t s . t o ano the r o b j e c t s . . A s o l u t i o n con -
3 

s i s t s then o f a sequence o f o b j e c t s 

Seve ra l systems have been developed f o r d i s -

c o v e r i n g s o l u t i o n s to these p rob lems . They have 

one f e a t u r e in common w i t h most a l g o r i t h m s in 

a r t i f i c i a l i n t e l l i g e n c e , namely: a t any s tage i n 

t h e search f o r a s o l u t i o n , a cho ice must be made 

among s e v e r a l p o s s i b l e nex t a c t i o n s . Th i s cho ice 

i s known t o b e c r u c i a l , f o r i f i t i s made f e l i c i 

t o u s l y a s o l u t i o n may be found q u i c k l y , whereas a 

g r e a t dea l o f t ime may o t h e r w i s e be spent f r u i t 

l e s s l y . Many s u c c e s s f u l systems i n c o r p o r a t e r e 

l a t i v e l y complex mechanisms to make t h i s cho ice 

[ 5 , 1 0 , 1 4 ] b u t these mechanisms o f t e n seem to be 

bound i n e x o r a b l y each to i t s own sys tem, and thus 

cannot be t r a n s f e r r e d to new sys tems. 

T h i s s i t u a t i o n was r e l i e v e d by a n a l y s i s 

[ 7 , 8 ] i n d i c a t i n g t h a t t h e a b i l i t y t o make a good 

cho i ce comes down to ( i n our s imp le fo rma l i sm) 

t h e a b i l i t y t o p r e d i c t t h e l e n g t h s o f s o l u t i o n s 

to prob lems b e f o r e they are s o l v e d . T h i s i s a 

p a r t i c u l a r l y u s e f u l approach because t h e l e n g t h 

of a s o l u t i o n to a p rob lem does not depend on t h e 

way t h a t t h e s o l u t i o n was f o u n d , and so the 

cho ice -mak ing f u n c t i o n can be d i v o r c e d f rom t h e 

a l g o r i t h m p r o p e r . I n p a r t i c u l a r i t i s p o s s i b l e 

t o s tudy the p r e d i c t i o n task i n i s o l a t i o n , s o 

long a s t h e i m p l i c a t i o n s o f the e v e n t u a l r e 

un ion o f a l l t he components a re borne i n m i n d . 

The f o l l o w i n g sec t ion deve lops a g e n e r a l p r e 

d i c t i o n scheme t h a t c o u l d be adapted to any 

system f o r h a n d l i n g t h i s t ype o f p rob lem. T h i s 

i s f o l l o w e d by an e x a m i n a t i o n o f i t s per formance 

on a s u b s t a n t i a l number of p rob lems . 

A Genera l Scheme 

The u n d e r l y i n g s t r u c t u r e o f t he scheme i s 

s t r a i g h t f o r w a r d . Suppose we have a s e t of p r o b 

lems whose s o l u t i o n l e n g t h is known, and an u n 

s o l v e d p rob lem whose s o l u t i o n l e n g t h we w i s h to 

e s t i m a t e . The approach taken i s t o p r e d i c t t h a t 

the unso lved prob lem w i l l have the same s o l u t i o n 

l e n g t h as t h e 'most s i m i l a r ' s o l v e d p r o b l e m . To 

de te rmine the most s i m i l a r s o l v e d p r o b l e m , we w i l l 

map a l l t h e prob lems i n t o p o i n t s in some space and 

f i n d the p o i n t c l o s e s t t o the unso lved p r o b l e m . 

The main p a r t o f t he scheme i s concerned w i t h 

s e t t i n g up the mapping in such a way t h a t p o i n t s 

in the space wh ich are c l ose t o g e t h e r do tend to 

have s i m i l a r s o l u t i o n l e n g t h s . Note t h a t t h e c o n 

verse i s no t t r u e : w e d o no t r e q u i r e t h a t a l l 

p o i n t s w i t h s i m i l a r s o l u t i o n l e n g t h s l i e c l ose 

t o g e t h e r . For i n s t a n c e , the p o i n t s w i t h a g i v e n 

s o l u t i o n l e n g t h may form s e v e r a l d i s t i n c t 

c l u s t e r s t h roughou t the space. 

A few p r e l i m i n a r y remarks must be made. A 

p rob lem may have many s o l u t i o n s of v a r i o u s 

l e n g t h s , so ' t h e ' l e n g t h w i l l be taken t o be t h e 

s h o r t e s t . A l t e r n a t i v e l y a prob lem may have no 

s o l u t i o n , in wh ich case we take the l e n g t h to be a 

l a r g e number. F i n a l l y , w h i l e a s o l u t i o n l e n g t h i s 

c l e a r l y an i n t e g e r , we w i l l a l l o w an e s t i m a t e to 

be a r e a l number such as 3 . 7 , wh ich may be i n t e r 

p r e t e d as ' c l o s e r to 4 than to 3 ' . 
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The f i r s t s t e p w i l l b e t o look a t t h e d i f 

fe rences between a p a i r of o b j e c t s . We are a f t e r 

some means of d e s c r i b i n g t h e changes t h a t must be 

wrought o n t h e f i r s t t o make i t i d e n t i c a l t o the 

second. C l e a r l y t h i s d e s c r i p t i o n w i l l depend o n 

the n a t u r e o f t he o b j e c t s and cannot be d e f i n e d 

in g e n e r a l t e rms . We thus p o s t u l a t e the e x i s t 

ence of a d i f f e r e n c e f u n c t i o n 

w h i c h , g i v e n a p a i r o f o b j e c t s , produces a v e c t o r 

of q n o n - n e g a t i v e r e a l numbers. S e c t i o n 3 des

c r i b e s two such f u n c t i o n s t h a t may serve as i l l u s 

t r a t i o n s . 

Now 6 maps a p a i r of o b j e c t s i n t o Rq, and a 

prob lem c o n s i s t s o f f i n d i n g a pa th between a p a i r 

o f o b j e c t s s , and s . , say . I t m igh t seem t h a t 

a lone w i l l s u f f i c e t o map prob lems i n t o a s u i t a b l e 

space. However, r e c a l l t h a t w e w i l l need t o f i n d 

the c l o s e s t p o i n t to an unso lved p r o b l e m , so we 

w i l l need t o use d i s t a n c e i n t h e space. The 

v a r i o u s components o f m igh t measure q u i t e 

d i f f e r e n t t h i n g s , w i t h t h e r e s u l t t h a t us ing 

a lone m igh t render d i s t a n c e s in t h e space meaning

l e s s . Cons ider t h e analogy o f mapping peop le 

i n t o R 2 b y t a k i n g t h e i r h e i g h t i n f e e t and t h e i r 

we igh t in pounds. Suppose we have two i n d i v i d u a l s 

who map to <3 .5 ,150 .0> and < 6 . 0 , 1 6 0 . 0 > . A t h i r d 

i n d i v i d u a l <5 .9 ,154 .0> wou ld t hen be c l o s e r t o t h e 

former than t h e l a t t e r ! To ensure t h a t d i s t a n c e s 

are m e a n i n g f u l , t h e n , our mapping must have the 

p r o p e r t y t h a t t h e c o o r d i n a t e s o f a p o i n t are 

measured in the same u n i t s . 

Since the l e n g t h o f a p r o b l e m ' s s o l u t i o n 

w i l l a l s o c l e a r l y depend on the edges E c o n n e c t 

i n g o b j e c t s , i t wou ld seem d e s i r a b l e t o b r i n g 

them i n t o the mapping somehow. Now each edge e 

connects two o b j e c t s s and s , say . We can fo rm 
x y 

a p i c t u r e o f the d i f f e r e n c e between t h e 

o b j e c t s connected by edge e. I f we c o u l d form 

such a p i c t u r e f o r each edge and average them, the 

r e s u l t would be a v e c t o r 

where d i i s t he average va lue o f the i t h component 

o f t h e d i f f e r e n c e between p a i r s o f o b j e c t s con 

nec ted by an edge. I n t u i t i v e l y , d is a p i c t u r e o f 

t h e d i f f e r e n c e c r e a t e d by moving a long a ' t y p i c a l * 

edge. Each component o f i s n o n - n e g a t i v e , so d . 

w i l l b e n o n - n e g a t i v e . Moreover , d . w i l l b e ze ro 

o n l y i f t h e i t h component o f t he d i f f e r e n c e 

between a l l p a i r s o f o b j e c t s connected b y edges 

i s zero ( i n wh ich event t h e i t h component o f t h e 

d i f f e r e n c e f u n c t i o n c o u l d w e l l be s c r a p p e d ) . But 

f o r most problems of i n t e r e s t S and E are v e r y 

l a r g e or even i n f i n i t e , so d cannot be computed as 

above. Here we make use of the f a c t t h a t the 

scheme is to be embedded in a p r o b l e m - s o l v i n g 

sys tem. I t i s most u n l i k e l y t h a t a p r o b l e m -

s o l v e r wou ld be se t up to t a c k l e a s i n g l e p rob lem 

i n some u n i v e r s e ; even i f i t w e r e , i t wou ld s o l v e 

some subproblems in the course o f i t s search f o r a 

s o l u t i o n . We can assume, t h e n , t h a t a number of 

problems w i t h i d e n t i c a l o r v e r y s i m i l a r S and E 

have been s o l v e d . The v e c t o r d can be a p p r o x i 

mated by a v e r a g i n g no t over a l l edges e , 

b u t ove r those edges used i n s o l u t i o n s to the 

p r e v i o u s p rob lems . 

A g a i n , a p rob lem is s o l v e d when a p a t h is 

then x k . i s the k t h component o f t h e d i f f e r e n c e 

t h a t w i l l a r i s e as we move f rom s . to s , . A q a i n , 

d i s t h e co r respond ing component o f t he d i f f e r 

ence t h a t a r i s e s i n moving a long a t y p i c a l edge . 

The r a t i o x k /d k . i s then t h e number o f t y p i c a l 

edges t h a t we wou ld expec t to move a l o n g in 

g e t t i n g f rom s . t o s j , . I f we form 

then z k i s a crude e s t i m a t e , d e r i v e d f rom t h e k t h 

component o f t he d i f f e r e n c e f u n c t i o n , o f t h e 

l e n g t h o f t h e s o l u t i o n t o the p rob lem. Each com

ponent o f z i s c l e a r l y measured i n t h e same u n i t s , 

so mapping problems to t h e i r z d e s c r i p t i o n s i n R q 

w i l l r e s u l t i n m e a n i n g f u l d i s t a n c e s i n t h e space . 

A t f i r s t g l a n c e , i t seems t h a t w e have 

changed the task o f p r e d i c t i n g the l e n g t h o f s o l u 

t i o n s i n t o a c l a s s i c a l p a t t e r n r e c o g n i t i o n 

p rob lem [ 6 ] i n wh ich the z ' s a re t h e d e s c r i p t i o n 

v e c t o r s and the c lasses are the s o l u t i o n l e n g t h s . 

T h i s u n f o r t u n a t e l y i s no t so . S ince t h e p i c t u r e 

o f a p rob lem i s i n c o m p l e t e , i t i s q u i t e p o s s i b l e 

to env isage two problems w i t h the same p i c t u r e 

b u t d i f f e r e n t s o l u t i o n l e n g t h s . Second ly , we have 
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a l l o w e d the p r e d i c t i o n f u n c t i o n t o take r e a l 

v a l u e s so t h e number o f c l a s s e s wou ld become i n 

f i n i t e . As a m a t t e r o f p e r i p h e r a l i n t e r e s t , when 

t h e f i r s t s e t o f da ta f rom t h e nex t s e c t i o n was 

s e t up as a p a t t e r n r e c o g n i t i o n prob lem us ing a 

c l u s t e r i n g a l g o r i t h m [ 1 3 ] , t he r e s u l t s were p o o r . 

S t i l l , t he approach taken i s a v a r i a n t o f a 

f a m i l i a r p a t t e r n r e c o g n i t i o n t e c h n i q u e . Each z 

is c l e a r l y a p o i n t in q - s p a c e , so we imagine a 

s e t { p . } o f p r o t o t y p e p o i n t s embedded i n t h i s 

space. Each p r o t o t y p e p o i n t p . has a s s o c i a t e d 

w i t h it a f requency f j. and a c l a s s sum c , b o t h 

of wh ich are i n t e g e r s . As usua l we ope ra te in 

two modes, c l a s s i f y i n g and t r a i n i n g . For c l a s s i 

f i c a t i o n we a re g i v e n to d e s c r i p t i o n z of a 

p rob lem; we f i n d t h e p r o t o t y p e p o i n t p . n e a r e s t 

to z and p r e d i c t the s o l u t i o n l e n g t h as the r a t i o 

c . / f . . in t r a i n i n g we have a d e s c r i p t i o n o f a 

prob lem w i t h known s o l u t i o n l e n g t h n . I f t h e r e 

a l r e a d y e x i s t s a p r o t o t y p e p o i n t p j t h a t i s ve ry 

( i i ) changing i t s f requency and c l a s s sum; 

f. becomes f +1 and c. becomes c . + n . 

I f n o p r o t o t y p e p o i n t i s ve ry c lose t o z , w e 

e n t e r the l a t t e r as a new p r o t o t y p e p o i n t 

s e t t i n g f . to 1 and c. to n. 

One m a t t e r remains to be d e a l t w i t h . I f the 

p r e d i c t o r i s t o b e u s e f u l i n p r a c t i c e i t cannot 

b e a l l o w e d t o a c q u i r e p r o t o t y p e p o i n t s w i t h o u t 

l i m i t . There must be some mechanism f o r r e d u c i n g 

t h e i r number so t h a t t h e per formance o f the p r e 

d i c t o r i s degraded a s l i t t l e a s p o s s i b l e . T h i s 

i m p l i e s t h a t some means of g e n e r a l i z i n g a subse t 

o f t h e p r o t o t y p e p o i n t s i s r e q u i r e d , i n t h e v e i n 

o f Samuel 's g e n e r a l i z a t i o n o f checker p o s i t i o n s 

[ 1 1 ] . A s imp le p rocess i s d e f i n e d t h a t reduces 

by one t h e number o f p r o t o t y p e p o i n t s . 

B a s i c a l l y , i t l ooks f o r two n e i g h b o u r i n g p o i n t s 

w i t h s i m i l a r c l a s s sum/ f requency r a t i o s and r e 

p l a c e s them by an average p o i n t . 

We say two p r o t o t y p e p o i n t s p. and p. a re 

a d j a c e n t i f t h e d i s t a n c e between them i s l e s s 

than t h e d i s t a n c e f rom e i t h e r t o any o t h e r p r o t o -

The p rocedu re t hen c o n s i s t s o f examin ing each p a i r 

o f a d j a c e n t p o i n t s and merg ing t h a t p a i r f o r wh i ch 

t h e above c o s t i s m i n i m a l . Each a p p l i c a t i o n o f 

t he p rocedu re reduces t h e number o f p r o t o t y p e 

p o i n t s by one . S e c t i o n 3 r e p o r t s on the d e g r a d a 

t i o n o f p r e d i c t i o n per fo rmance as t h e number o f 

p r o t o t y p e p o i n t s i s r educed . 

E a r l y i n t h i s s e c t i o n we p o s t u l a t e d a f u n c 

t i o n 6 f o r p r o d u c i n g a v e c t o r d e s c r i p t i o n o f the 

changes t h a t wou ld have to be made to one o b j e c t 

i n o r d e r t o make i t i d e n t i c a l t o a second. T h i s 

f u n c t i o n e v e n t u a l l y y i e l d e d a d e s c r i p t i o n z o f a 

p rob lem in q - space . The scheme proceeded under 

t h e assumpt ion t h a t two prob lems w i t h p o i n t s 

l y i n g near each o t h e r w i l l t end t o have s o l u t i o n s 

o f s i m i l a r l e n g t h . I n o t h e r wo rds , we r e q u i r e d 6 

t o p r o v i d e a m e a n i n g f u l d e s c r i p t i o n s o t h a t t h i s 

s p a t i a l p r o p e r t y comes a b o u t . Now f o r some 

prob lem areas w i t h b u i l t - i n s p a t i a l c o n n o t a t i o n s 

(such a s t r a n s p o r t a t i o n problems) i t i s n o t d i f f i 

c u l t to f o r m u l a t e such a 6 . But what about t h e 

r e s t ? The n e x t s e c t i o n examines two u n i v e r s e s , 

one f i n i t e and one i n f i n i t e . I n each case i t i s 

p o s s i b l e to deve lop a s imp le 6 so t h a t t h e p r e 

d i c t i o n scheme g i v e s u s e f u l r e s u l t s . H o p e f u l l y 

these successes i n d i c a t e a g e n e r a l a p p l i c a b i l i t y 

o f t h e scheme. 

T e s t i n g the Scheme 

I n t h e f i r s t un i ve r se o b j e c t s a r e b i n a r y 

t r e e s , a r e p r e s e n t a t i o n r e c o g n i z e d as b e i n g b o t h 
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common and g e n e r a l [ 7 ] , The u n i v e r s e i s i n f i n i t e , 

so o b j e c t s and edges cannot be s t a t e d e x p l i c i t l y . 

Edge i n f o r m a t i o n i s g i v e n b y r e w r i t i n g r u l e s , 

each o f the form where a re 

o b j e c t s . The meaning o f such a r u l e i s as f o l l o w s : 

i f s i s a n o b j e c t c o n t a i n i n g a n i n s t a n c e o f 

then s . can be r e w r i t t e n as t h e o b j e c t s . formed 

by r e p l a c i n g t h e i n s t a n c e o f w i t h a c o r r e s 

pond ing i n s t a n c e of s . For example, c o n s i d e r 

t h e o b j e c t (a+b)+c and the r u l e x+y := y+x . The 

o b j e c t i s an i n s t a n c e o f x+y , and so can be r e 

w r i t t e n a s t h e c o r r e s p o n d i n g i n s t a n c e o f y + x , 

namely c + ( a + b ) . But a+b i s a l s o an i n s t a n c e o f 

x + y , s o t h e o r i g i n a l o b j e c t c o u l d a l s o b e r e 

w r i t t e n by t h i s r u l e as (b+a)+c. An edge connects 

s . t o s j i f and o n l y i f s . can b e r e w r i t t e n a s s , . 

S ince S i s i n f i n i t e , each r e w r i t i n g r u l e n o r m a l l y 

d e f i n e s an i n f i n i t e number o f edges. 

Two s e t s of p rob lems were e s t a b l i s h e d . The 

f i r s t ( s e t A ) c o n t a i n e d 152 prob lems r e l a t i n g t o 

t h e m a n i p u l a t i o n o f a l g e b r a i c e x p r e s s i o n s i n v o l v 

i n g + and - . The number o f r e w r i t i n g r u l e s 

v a r i e d f rom 6 to 23 , s o l u t i o n l e n g t h s f rom 1 to 6 . 

The second (se t S) of 139 problems was concerned 

w i t h e s t a b l i s h i n g the e q u i v a l e n c e o f programs 

us ing a f o r m a l language to d e s c r i b e f l o w c h a r t s 

[ 1 2 ] . The number o f r u l e s ranged f rom 26 to 40 , 

s o l u t i o n l eng ths f rom 1 to 5. Sample problems 

and s o l u t i o n s f o r s e t s A and S appear in [ 9 , 1 0 ] . 

A number of problems f rom bo th s e t s have been 

p r e s e n t e d to human p r o b l e m - s o l v e r s who found them 

n o n - t r i v i a l . 

A moderate amount of e x p e r i m e n t a t i o n was 

needed to f i n d a s u i t a b l e 6 ( l a r g e l y because the 

e a r l y a t t e m p t s were t oo s o p h i s t i c a t e d ) . I t was 

dec ided t o use o n l y s y n t a c t i c i n f o r m a t i o n , i . e . , 

t o d i s r e g a r d e n t i r e l y t h e meanings o f o b j e c t s 

rep resen ted a s t r e e s . F u r t h e r i t was dec ided t o 

i gno re t h e d i f f e r e n c e between o p e r a t o r s and 

operands. S i x o p e r a t i o n s f o r m a n i p u l a t i n g b i n a r y 

t r e e s were f o r m u l a t e d , as 

Any changes to a b i n a r y t r e e can be d e s c r i b e d 

u s i n g these o p e r a t i o n s . The f u n c t i o n 6 produces 

a v e c t o r of 6 e l e m e n t s , one f o r each of t h e 

o p e r a t i o n s . The k t h e lement o f i s 

s i m p l y t h e number o f t imes t h a t the k t h o p e r a t i o n 

above was used in chang ing s j to s j . The u n i q u e 

ness of t he v e c t o r was ensured by a number of 

a r b i t r a r y r e s t r i c t i o n s , such a s o n l y u s i n g t h e 

o p e r a t i o n s when t h e move o p e r a t i o n s by 

themselves were i n a d e q u a t e . For example , c o n 

s i d e r t h e two o b j e c t s 

T h i s i s c o m p l e t e l y independent o f t h e r e w r i t i n g 

r u l e s a v a i l a b l e t o so l ve a p r o b l e m ; t h e r e i s no 

i d e a o f p r o v i d i n g a model o f how to g e t 

f rom s to s j . The same was thus used f o r b o t h 

s e t s o f p rob lems. The ' t y p i c a l ' edge d i f f e r e n c e 

d f o r each prob lem was computed f rom t h e s o l u 

t i o n s t o p r e v i o u s problems i n i t s s e t . 

The second u n i v e r s e was t h a t o f t h e 8-

p u z z l e . An o b j e c t c o n s i s t s of a 3x3 a r rangement 

o f t i l e s b e a r i n g the d i g i t s 1 to 8 and a b l a n k 

t i l e . A n edge e x i s t s between two o b j e c t s i f t h e 

second a r i s e s f rom the f i r s t b y i n t e r c h a n g i n g t h e 

b l ank t i l e w i t h one o f i t s n e i g h b o u r s . I n t h i s 

p rob lem domain bo th S and E a re f i n i t e , though 

l a r g e (S c o n t a i n s about 360,000 o b j e c t s ) . 

Three measures were used to se t up a l l o f 

them adapted f rom those ment ioned by N i l s s o n [ 7 ] , 
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The b a s i c measure o f t h e p r e d i c t o r ' s p e r f o r m 

ance on a p rob lem was taken to be the a b s o l u t e 

e r r o r , i . e . , t h e magni tude o f t h e d i f f e r e n c e 

between t h e a c t u a l and p r e d i c t e d s o l u t i o n l e n g t h s . 

(Th is f o l l o w s the approach t o e r r o r s i n h e u r i s t i c 

f u n c t i o n s i n [ 8 ] . ) For a s e t o f problems the 

per fo rmance measure was t h e average a b s o l u t e e r r o r 

on t h e s e t . The p r e d i c t o r c o u l d be c o n s i d e r e d 

u s e f u l i n s o f a r a s i t o u t s t r i p s the o b v i o u s r a n 

dom p rocedu re o f s e l e c t i n g an a r b i t r a r y l e n g t h 

f rom those a c t u a l l y o c c u r r i n g i n t h e s e t . T h i s 

random p rocedu re has an expec ted average a b s o l u t e 

e r r o r o f 

2 ,02 on s e t A ( s e l e c t i n g a l e n g t h f rom 1 to 6) 

1.63 on s e t S ( d i t t o f rom 1 to 5) 

6 .10 on s e t P ( d i t t o f rom 1 to 1 8 ) . 

The f i r s t expe r imen t was des igned t o t e s t t h e 

scheme i n an env i ronment s i m i l a r t o t h a t wh ich 

wou ld be encoun te red in p r a c t i c e . Each s e t was 

f i r s t s h u f f l e d s o t h a t t h e o r i g i n a l o r d e r o f t h e 

prob lems wou ld have no b e a r i n g on t h e outcome. 

Each p rob lem i n a s e t was f i r s t t e s t e d , t h e 

a b s o l u t e e r r o r f o u n d , and t hen t h e p rob lem used t o 

t r a i n the sys tem. Each p rob lem was thus t e s t e d 

w i t h t h e p r e d i c t o r h a v i n g the b e n e f i t o n l y o f 

e x p e r i e n c e f rom p r e v i o u s prob lems i n t h e s e t . 

Three average a b s o l u t e e r r o r s were computed: 

f o r t h e f i r s t 2 /3 o f t h e p r o b l e m s , f o r the l a s t 

1 / 3 , and f o r the whole s e t . T h i s expe r imen t was 

pe r fo rmed w i t h 2 0 d i f f e r e n t s h u f f l e s o f each s e t . 

The r e s u l t s o b t a i n e d appear i n Table 1 . T h i s 

shows t h a t t h e per fo rmance on the whole s e t was 

b e t t e r t han t h e random p rocedu re i n a l l cases , b u t 

p a r t i c u l a r l y so f o r s e t s A and P. There i s a l s o 

a c l e a r improvement o n the l a s t 1/3 i n a l l s e t s . 

C o n s i d e r i n g the numbers o f prob lems and 

s h u f f l e s , t h i s improvement can o n l y be a s c r i b e d 

t o t h e expe r i ence o b t a i n e d o n p r e v i o u s ( d i f f e r e n t ) 

p rob lems . 

Tab le I 

A l t e r n a t i n g t e s t and t r a i n : average a b s o l u t e 

e r r o r s on 20 s h u f f l e s and mean. 

The v a l u e s shown f o r each s e t a re f o r the f i r s t 

t w o - t h i r d s o f the p r o b l e m s , t h e l a s t t h i r d , and 

t h e whole s e t . 

The second expe r imen t was drawn up to i n v e s t i -

ga te t h e p r e d i c t o r ' s per fo rmance o n t h e s e t s o f 

p rob lems a f t e r t r a i n i n g , and t o see how i t was 

a f f e c t e d b y r e d u c t i o n o f t h e number o f p r o t o t y p e 

p o i n t s . The p r o t o t y p e p o i n t s deve loped i n the 

f i r s t expe r imen t were r e t a i n e d and each p rob lem 

a g a i n p r e s e n t e d f o r c l a s s i f i c a t i o n . The number 

o f p r o t o t y p e p o i n t s was then reduced by r e p e a t e d 

merg ing and each p rob lem a g a i n f e d t o the p r e d i c 

t o r . T h i s r e d u c t i o n p rocess was pe r fo rmed 

s e v e r a l t i m e s . 

The r e s u l t s appear i n Table I I . I t i s c l e a r , 

f i r s t o f a l l , t h a t t h e p r e d i c t o r i s d o i n g v e r y 

w e l l w i t h i t s f u l l complement o f p r o t o t y p e p o i n t s . 

S e c o n d l y , i t i s p o s s i b l e t o merge q u i t e a l a r g e 

number o f p r o t o t y p e p o i n t s b e f o r e t h e pe r fo rmance 

o f t h e p r e d i c t o r i s s e r i o u s l y deg raded ; even 
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a l l o w i n g o n l y 10, t h e p r e d i c t o r s t i l l does 

p a s s a b l y . T h i s sugges ts t h a t t h e scheme s h o u l d 

s t i l l b e u s e f u l i f a r e s t r i c t e d amount o f space 

was a v a i l a b l e t o h o l d p r o t o t y p e p o i n t s . 

On t h e b a s i s o f i t s per fo rmance on t h e s e t s 

o f problems i n t h e p r e v i o u s s e c t i o n , i t seems 

f a i r t o say t h a t the scheme g i v e s u s e f u l r e s u l t s , 

even w i t h a n u n s o p h i s t i c a t e d 6 f u n c t i o n . I t i s 

b e i n g i n c l u d e d as p a r t o f a p r o b l e m - s o l v e r i n t h e 

p rocess o f deve lopment . S t i l l , many improvements 

are p o s s i b l e . 

In S e c t i o n 2 we went to some l e n g t h s to e n 

sure t h a t t h e v a r i o u s components o f t h e z d e s c r i p 

t i o n o f a prob lem were measured in t h e same u n i t s . 

A s a r e s u l t , d i s t a n c e s were e q u i v a l e n t i n a l l 

d imens ions o f the prob lem d e s c r i p t i o n space. 

T h s does n o t a l l o w f o r t h e p o s s i b i l i t y t h a t 

s m a l l changes in one component c o u l d be more 

s i g n i f i c a n t than l a r g e changes i n a n o t h e r . A 

more f l e x i b l e d e f i n i t i o n would a l l o w d i s t a n c e s i n 

d i f f e r e n t d imensions t o b e w e i g h t e d d i f f e r e n t l y . 

Exper iments have been conducted a l o n g these l i n e s 

us i ng s t a t i s t i c s such a s t h e v a r i a n c e o f d . f rom 

prob lem to p rob lem in a s e t . The r e s u l t was a 

s m a l l b u t n o t i c e a b l e improvement . 

C e r t a i n aspec ts of t h e scheme may no t be 

a p p r o p r i a t e i f t h e number o f t r a i n i n g p o i n t s 

were t o run i n t o t h e thousands. I n p a r t i c u l a r . 

i t may be d e s i r a b l e to impose some s o r t o f age ing 

p rocess on p r o t o t y p e p o i n t s and on the s o l u t i o n s 

used t o g i v e a p i c t u r e o f t h e ' t y p i c a l ' edge . 

These measures would be des igned to make t h e 

system more r e s p o n s i v e t o i t s r ecen t h i s t o r y 

r a t h e r than i t s t o t a l h i s t o r y i n some p rob lem 

domain . 

F i n a l l y , t h e r e s t i l l remains t h e nu isance o f 

d e s i g n i n g an a p p r o p r i a t e . T h i s may n o t be as 

annoy ing a s i t a p p e a r s . For t h e u n i v e r s e o f 

b i n a r y t r e e s we used o n l y s t r u c t u r a l i n f o r m a t i o n 

on o b j e c t s , so t h e same 6 was a p p r o p r i a t e f o r two 

q u i t e d i f f e r e n t p rob lem domains . A r e l a t i v e l y 

s m a l l number o f s t r u c t u r e s i s used t o r e p r e s e n t 

o b j e c t s i n a r t i f i c i a l i n t e l l i g e n c e , s o a few 6 ' s 

may s u f f i c e to hand le a l a r g e number of p rob lem 

domains. The i d e a l sys tem, o f c o u r s e , wou ld 

s p e c i f y a l oose framework f o r 6 and a l l o w the 

f u n c t i o n i t s e l f t o b e i nduced f rom e x p e r i e n c e , 

a l o n g t h e l i n e s o f a f e a t u r e e x t r a c t i o n e x e r c i s e . 

I n t r i g u i n g a s t h i s sounds , i t may t u r n o u t t o b e 

p i n n i n g o n e ' s hopes on a deus ex mach ina. 
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