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ABSTRACT 

An opera t iona l theory is developed f o r the gener­
a l i z a t i o n o f r e l a t i o n a l product ions in the pres­
ence of background in fo rmat ion . This provides a 
u n i f i e d t h e o r e t i c a l so l u t i on f o r a broad class of 
i n t e l l i g e n c e paradigms, inc lud ing l e t t e r sequence 
complet ion, v i sua l analogies, and the learn ing of 
operators from be fore-and-a f te r s i t u a t i o n pa i rs 
or from s i t u a t i o n sequences. Rela t iona l produc­
t i ons are used as a formal model f o r operators. 
The genera l i za t i on process is given access to a 
common body of background in fo rmat ion . Background 
l i t e r a l s which have assoc ia t ion chains to fo re ­
ground l i t e r a l s may be incorporated i n to the gen­
e r a l i z a t i o n . This theory has been computer imple­
mented in SN0B0L4, and examples i l l u s t r a t e i t s 
app l i ca t i on in the four paradigms mentioned above. 

1. INTRODUCTION 

The long-range goal of t h i s work is the develop­
ment of an ope ra t i ona l , general purpose mathe­
mat ica l theory of induc t i ve learn ing whose imple­
mentat ion would be capable of emulating the 
behavior of empi r ica l programs w r i t t e n f o r spe­
c i a l i z e d tasks. This paper describes a genera l i ­
zat ion theory f o r the induct ion o f r e l a t i o n a l 
product ions in the presence of "background i n f o r ­
mat ion" , i . e . , a separate body of fac ts p o t e n t i a l l y 
re levant to the genera l i za t ion process. With only 
minor i n t e r f ace v a r i a t i o n s , a SN0B0L4 computer 
implementation o f t h i s theory exh ib i t s behavior in 
four d i s t i n c t i n t e l l i g e n c e paradigms: 

1) Le t t e r sequence completion ( e . g . , ABMCDM...); 
2) Se lec t ion of best v i sua l analogies in IQ tes t 

quest ions; 
3) Learning operators ( " ru les " ) from before-and-

a f t e r s i t u a t i o n pa i rs and counterexample p a i r s ; 
4) Learning operators from observat ion of s i t u a ­

t i o n sequences. 

Problems in the f i r s t paradigm have been solved 
repeatedly by programs spec ia l l y w r i t t e n fo r t h i s 
task . For example, Wi l l iams (1972) developed a 
program w i th behavior covering t h i s and s im i l a r 
completion problems, and Waterman (1975) presents 
a short program f o r t h i s task , expressed in condi­
t i o n / a c t i o n product ions. See also Egan and Greeno 
(1974). Evans (1968) developed a very capable 
program f o r v i sua l analogies. Hayes-Roth (1976) 
has developed a program f o r learn ing " r u l e s " from 
be fo re -and-a f te r examples. The empi r ica l program 
of Hedrick (1976) solves problems in the l e t t e r 
sequence and be fo re -and-a f te r pa i rs paradigms. 

Soloway (1976) is developing a program fo r l ea rn ­
ing the ru les of basebal l from s i t u a t i o n sequences. 
Nevertheless, i t i s d i f f i c u l t to f i n d a fundamental 
t h e o r e t i c a l p r i n c i p a l common to a l l these programs. 
However, i t w i l l be seen tha t r e l a t i o n a l produc­
t i o n induct ion does provide a common t h e o r e t i c a l 
core fo r a l l four paradigms. 

The r e l a t i o n a l product ion is a formal model f o r 
descr ib ing change in d isc re te r e l a t i o n a l systems 
(Vere 1976, 1977a). It is an amalgamation of two 
f a m i l i a r concepts: s t r i n g product ions (Post 1943) 
and STRIPS operators (Fikes et a l . , 1972). Readers 
are cautioned not to confuse t h i s model w i th the 
l i n e a r l y ordered cond i t i on /ac t i on product ions 
studied by Waterman and o thers . A major advantage 
of the r e l a t i o n a l product ion formula t ion over 
re la ted AI "p roduc t ion" systems is that the a p p l i ­
c a b i l i t y and e f f ec t of these product ions can be 
described mathematical ly using ana l y t i c too ls from 
theorem proving l i t e r a t u r e . This permits the f o r ­
mal proof of key r e s u l t s . 

The r e l a t i o n a l product ion model w i l l be i n fo rma l l y 
reviewed in sect ion 2. Section 3 develops the 
theory o f r e l a t i o n a l product ion gene ra l i za t i on , 
based on e a r l i e r work in concept i nduc t i on , and 
discusses the ro le of background in fo rma t ion . Sec­
t i o n 4 discusses the app l i ca t i on of r e l a t i o n a l 
product ion induct ion to each of the four paradigms 
together w i th an example run on the computer 
implementation. 

2. REVIEW OF RELATIONAL PRODUCTIONS 

A r e l a t i o n a l product ion is a r e l a t i o n rev i s i on 
mechanism, analogous to s t r i n g product ions. S t r i n g 
product ions speci fy poss ib le rev is ions of a s t r i n g 
of symbols; r e l a t i o n a l product ions spec i fy poss ib le 
rev is ions o f a con junct ion o f l i t e r a l s . In t h i s 
paper, a l i t e r a l w i l l be taken to be an ordered 
l i s t of terms, and a term w i l l be a constant or a 
va r i ab l e . 

For the purposes of t h i s paper, a r e l a t i o n a l p ro­
duct ion has the form a-*B, where a and B are con­
junc t ions of l i t e r a l s . The substrate which a set 
of product ions may rev ise is ca l l ed a s i t u a t i o n , 
which is also a con junct ion of l i t e r a l s . 

To i l l u s t r a t e the s t ruc tu re and a p p l i c a t i o n of 
r e l a t i o n a l product ions, consider a "b lockswor ld " 
cons is t ing of a number of cubic blocks of un i form 
s i ze . Figure 2.1 shows schemat ical ly a b locks-
world s i t u a t i o n in which there are three b locks . 
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We w i l l use three types of l i t e r a l s to descr ibe 
t h i s wor ld : 

1 . 

2. 

3. 

The convention is tha t var iab les are i d e n t i f i e d 
by a per iod p r e f i x . Otherwise, s t r i ngs of l e t t e r s 
and d i g i t s are constants. 

Figure 2.1 A Simple Blocksworld S i t u a t i o n 

Using these l i t e r a l types, a desc r ip t i on of the 
s i t u a t i o n o f Figure 2.1 i s : (c lear a ) 

(ontable a) 
(on c b) 
(ontable b) 
(c lear c) 

The f o l l o w i n g r e l a t i o n a l product ion spec i f i es the 
unstacking of a b lock : (c lear .X) (c lear .X) 

(on .X .Y) (ontable .X) 
(c lear .Y) 

In words, t h i s spec i f i es tha t i f a block X is 
c lear and res ts on block Y, then the s i t u a t i o n 
may change i n to one in which X res ts on the tab ic 
and Y is c lea r . We emphasize tha t a product ion 
is not the same as a pred icate calculus imp l i ca ­
t i o n , since the l i t e r a l s on the l e f t o f the pro­
duct ion are deleted from the s i t u a t i o n . This 
w i l l be described p rec i se l y below. 

Of course, a product ion may not be app l icab le in 
a given s i t u a t i o n . For example, an unstacking 
operat ion cannot occur i f no block res ts on 
another. Let o represent a s i t u a t i o n and a con­
ven t iona l s u b s t i t u t i o n of the k ind used in deduc­
t i v e theorem prov ing , and having the form 

where each t^ is a term and 
each v^ is a v a r i a b l e . Then product ion is 
app l icab le to s i t u a t i o n a i f f a C a . In t h i s 
r e l a t i o n , the conjunct ions a and o are regarded 
as sets of l i t e r a l s . Thus the unstacking produc­
t i o n above is app l i cab le to the s i t u a t i o n o f 
Figure 2.1 since 

To spec i fy the new s i t u a t i o n a f t e r a product ion 
has rev ised a s i t u a t i o n , we w i l l use add i t i ona l 
set opera tors : 

Here and denote set union and i n t e r s e c t i o n , 

r espec t i ve l y , and the overbar denotes set comple­
ment, is any s u b s t i t u t i o n which s a t i s f i e s the 
a p p l i c a b i l i t y r e l a t i o n . In the absence of paren­
theses, i n t e r s e c t i o n takes precedence over union 
in expressions. 

Cont inuing the example above, i f the unstacking 
product ion is app l ied to the s i t u a t i o n o f Figure 
2 . 1 , the new s i t u a t i o n is determined as f o l l ows : 

Thus the product ion serves to unstack a b lock . 
S im i la r product ions can be formulated to t r a n s f e r 
a block from one stack to another and to stack 
b locks. By cont inu ing to apply product ions , a 
s i t u a t i o n can be rev ised repeatedly. The nota-

w i l l denote that product ion p t r ans ­
forms s i t u a t i o n o i n t o s i t u a t i o n a ' . 

Beyond a r t i f i c i a l i n t e l l i g e n c e a p p l i c a t i o n s , r e l a ­
t i o n a l product ions are also capable of model l ing 
the semantics of computer programs, i nc lud ing l i s t 
processing and s t ruc tu red data (Vere 1976). 

The Context Form f o r Re la t iona l Productions 

The antecedent a and consequent B of a product ion 
may conta in common l i t e r a l s . This 
set of common l i t e r a l s y w i l l be ca l l ed the context 
of the p roduc t ion . Considerat ion of tt ie app l i ca ­
b i l i t y r e l a t i o n a6Ca and next s i t u a t i o n r e l a t i o n 

shows tha t adding or de le t i ng l i t ­
e ra ls in the context a f f ec t s a p p l i c a b i l i t y o f a 
p roduc t ion , but not the t rans format ion caused by 
that p roduct ion . The context form of a product ion 

3. GENERALIZATION OF RELATIONAL PRODUCTIONS 

This sec t ion develops an a n a l y t i c , opera t iona l 
theory f o r the genera l i za t ion o f r e l a t i o n a l p ro ­
duc t ions . F i r s t , " g e n e r a l i z a t i o n " i s def ined f o r 
p roduct ions ; second, p roper t ies o f genera l i za t ions 
are reviewed; t h i r d , a method f o r genera l i z ing 
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example is presented which was run on the computer 
implementation of the theory prev ious ly descr ibed. 
This program is designated Thoth-pb, one of a 
ser ies of induc t ion programs which have been 
developed. ( In Egyptian mythology, Thoth is the god 
of knowledge and lea rn ing . ) Thoth-pb consists of 
about 1,600 executable SN0B0L4 statements. 

4.1 App l i ca t i on to the Le t te r Sequences Paradigm 

In the l e t t e r sequences paradigm, a sequence of 
l e t t e r s is presented, such as ABMCDMEFMG, and the 
problem is to p red i c t the next l e t t e r in the 
sequence. For t h i s paradigm, the background 
in format ion is the order ing o f the l e t t e r s o f the 
alphabet: (next A B)(next B C) . . . (next Y Z ) . 
In common w i th Waterman (1975), we assume the 
sequence has a f i x e d " p e r i o d " i , i . e . , any l e t t e r 
in the sequence is a func t ion of the previous i 
symbols. This assumption is not v a l i d f o r 
sequences such as ABBCCCDDDD.... Suppose we 
assume the per iod is 2 ( ac tua l l y it is 3 ) . Wc 
could then construct the f o l l ow ing set of 
product ions: 

Augmenting the context w i th background l i t e r a l s 
using a maximum chain length of four g ives: 

General iz ing these product ions g ives: 
[ (next .Nl . N 2 ) , n u l l ] ( s t r i n g .N5 .N6)+(s t r ing .N3 .N4) 

which is nonde te rmin is t i c , as p rev ious ly def ined. 
Thus the per iod cannot be 2. Thoth-pb i n i t i a l l y 
assumes the per iod is 1, cons t ruc t ing the product ions: 

I t then augments these product ions w i th background 
l i t e r a l s and genera l izes. I f the r esu l t i s not 
d e t e r m i n i s t i c , i t increases i by one and t r i e s 
again, and so on, u n t i l e i t h e r a de te rm in i s t i c 
genera l i za t ion is found, or the per iod i becomes 
so large t ha t two product ions cannot be con­
s t r uc ted . (Thoth-pb requi res at leas t two produc­
t i ons to genera l i ze . ) For t h i s example, f o r i = 3, 
the program computed the f o l l ow ing de te rm in i s t i c 
gene ra l i za t i on : 

The t o t a l execut ion time was 11 seconds. To pre­
d i c t the next l e t t e r , we can match the l e f t side 
of the product ion to the r i g h t end of ABMCDMEFMG 
using the s u b s t i t u t i o n 8 = {E/.N3,F/.N4,G/.N1 ,H/.N2} 
The next l e t t e r is thus H, since .N2 fo l lows .Nl 
in the p roduc t ion . Thoth-pb only computes the 
gene ra l i za t i on , wi thout a c t u a l l y using i t t o pre­

d i c t the next l e t t e r ; t h i s is a simple c l e r i c a l 
task. Thoth-pb has successfu l ly solved a l l 15 
problems in Simon and Kotovsky (1963). 

4.2 App l i ca t ion to Visual Analogies 

It seems s i g n i f i c a n t that the same product ion 
induct ion process can be used in a problem class 
which, to the present t ime, has been regarded as 
d i s t i n c t : the f a m i l i a r v i sua l analogy problems 
studied by Evans (1968). One such problem is 
shown in Figure 4 . 1 . Using the ana l y t i c concepts 
of t h i s paper, i t is possible to give a formal 
representat ion and so lu t ion f o r such problems. 

Figure 4.1 A Visual Analogy Problem 

To begin, each scene must be t rans la ted i n to a 
conjunct ion of l i t e r a l s . This t r a n s l a t i o n is a 
s i g n i f i c a n t problem in i t s e l f , but not an induc­
t i o n problem. For example, scene B is t r ans la ted 
i n to the con junc t ion : (ISA P3 TRIANGLE) 
(ISA P5 DOT)(ISA P4 SQUARE)(ABOVE P3 P4)(IN P5 P4). 
The end resu l t of t h i s t r a n s l a t i o n , here performed 
manually, is a set of e ight conjunct ions s A , sB, 
SC, S ] , . . . , S5. From these Thoth-pb constructs 
the fo l l ow ing s i x r e l a t i o n a l product ions: SA * sB 
and The maximal common general ­
i za t ions are computed fo r each of the f o l l ow ing 
f i v e pa i rs o f product ions: 

Scene iD is 
the "bes t " answer i f f g1 < gjh f o r a l l i # ib,. This 
example does not requ i re background in fo rmat ion , 
although more complex analogies may requ i re back­
ground in format ion f o r se lec t ion of the best answer. 

For g1 and g3, Thoth-pb reported that no genera l ­
i z a t i o n e x i s t s ; g 2 , g4 and g5 are shown below. 
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Apply ing the genera l i za t ion theorem of sect ion 3 
the program observes tha t g2 < g4 and g5 < g4. Con­
sequently scene 4 is chosen as best answer. Tota l 
execut ion time was 11 seconds. 

4.3 App l i ca t i on to the Before-and-After 
Pairs Paradigm 

In the be fo re -and-a f te r pa i rs paradigm, pa i rs of 
s i t u a t i o n s are presented which describe a system 
both before and a f t e r an act ion has occurred. 
More than one ac t ion may be exempl i f ied . Opt ion­
a l l y , "nonpa i rs " may also be presented, in which 
the t rans format ion between the two s i t ua t i ons was 
not caused by one of the ac t ions . 

Each be fo re -and-a f te r pa i r (o~b,o"a) may be viewed 
a s a s ing le r e l a t i o n a l product ion c T h e 
new s i t u a t i o n equation from sect ion _, 

shows tha t t h i s product ion exact ly 
accomplishes the t ransformat ion from the f i r s t 
s i t u a t i o n to the second. Consequently, a set of 
such pa i rs may be t rea ted as a set of product ions, 
which may then be augmented w i th background i n f o r ­
mation and general ized as in sect ion 3. General­
ized product ions which are " i n c o n s i s t e n t " (Vcre 
1975) w i th counterexample product ions arc auto­
m a t i c a l l y d iscarded. 

As an example, consider Figure 4.2 in which the 
arrows i nd i ca te legal and i l l e g a l white pawn moves 
in chess. The background in format ion f o r t h i s 
problem consis ts of the r e l a t i v e pos i t i ons of the 
squares on a chess board, here l abe l l ed si through 
s64, plus in format ion on the squares which form 

Figure 4.2 Examples and Counterexamples of 
the White Pawn's Move in Chess 

the bottom row f o r white and f o r b lack . This 
in fo rmat ion t o t a l s 128 l i t e r a l s . L i t e r a l s such as 
(E SI S2), i . e . , east of SI is S2, spec i fy the 
ho r i zon ta l p o s i t i o n of the squares. L i t e r a l s such 
as (S SI S9), i . e . , south of S1 is S9, spec i fy the 
v e r t i c a l p o s i t i o n o f the squares. L i t e r a l s such 
as (WBR S57) and (BBR S I ) , i . e . , S57 i s i n the 
whi te bottom row and S1 is in the black bottom 
row, spec i fy the bottom rows f o r whi te and b lack . 
The p o s i t i o n of the pawn before and a f t e r a move 
is foreground in fo rmat ion . For example, the move 
from square S49 to S33 is represented by the s i t u ­
a t i on p a i r : (WP S49), (WP S33). Here the "WP" 
l i t e r a l s i nd i ca te the p o s i t i o n of a whi te pawn. 
Nonpairs are represented in the same way. This 
problem cons is ts of seven pa i r s and seven 
"nonpa i rs " . Thoth-pb computed the f o l l ow ing 
genera l i za t ions in 100 seconds: 

The f i r s t product ion describes the standard "one 
square n o r t h " move by a white pawn. The second 
product ion describes a "two squares n o r t h " move, 
which is poss ib le only when the pawn is in i t s 
i n i t i a l p o s i t i o n , located one square above the 
whi te bottom row. 

If Thoth-pb is given only the seven legal move 
p a i r s , wi thout counterexamples, i t overgenera l izcs , 
ob ta in ing the f o l l ow ing con junc t ive genera l i za t i ons : 

Both product ions cover a l l seven be fo re -and-a f te r 
p a i r s , but they are nondete rmin is t i c , as def ined 
in sect ion 3.5. By request ing Thoth-pb to ignore 
nondetermin is t ic genera l i za t i ons , we can obta in 
( i n 84 seconds) the two co r rec t , d i s j u n c t i v e 
genera l i za t ions seen above wi thout p rov id ing any 
counterexamples. 

4.4 App l i ca t i on to the S i t u a t i o n Sequence Paradigm 

The s i t u a t i o n sequence paradigm is c lose ly r e l a ted 
to the be fo re-and-a f te r pa i r s paradigm. A sequence 
o f s i t u a t i o n s is presented, descr ib ing successive 
"snapshots" of a d i sc re te system undergoing change. 
The problem is to f i n d a minimal set of produc­
t i o n s , one of which is capable of causing the 
t ransformat ion between any p a i r of adjacent s i t u a ­
t i ons in the sequence. 

Figure 4.3 shows a sequence of s i x s i t u a t i o n s in 
the f a m i l i a r Tower of Hanoi puzz le . Each scene 
w i l l be represented using " o n " and " c l e a r " 
l i t e r a l s , as in sect ion 2. The elements invo lved 
are the three discs A, B, C and the three pegs P I , 
P2, P3. For example, the second scene is repre­
sented by the f o l l ow ing con junct ions : ( c lea r C) 
(on C P I ) ( c l e a r A)(on A B)(on B P2)(c lear P3). 
The background in fo rmat ion f o r t h i s problem con­
s i s t s o f l i t e r a l s g i v ing the r e l a t i v e s izes o f the 
elements: 
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F i g u r e 4 . 3 A Tower o f Hanoi S i t u a t i o n Sequence 

From t h e s i x c o n j u n c t i o n s d e s c r i b i n g t h e scenes , 
T h o t h - p b c o n s t r u c t s f i v e p r o d u c t i o n s f rom t h e 
a d j a c e n t p a i r s o f d e s c r i p t i o n s , and t h e n augments 
t h e c o n t e x t o f each p r o d u c t i o n w i t h r e l e v a n t back­
g round i n f o r m a t i o n . For examp le , f r om t h e f i r s t 
two d e s c r i p t i o n s i s c o n s t r u c t e d t h e p r o d u c t i o n : 

The following conjunctive generalization of the 
f ive productions was obtained in 36 seconds: 

This genera l i za t i on corresponds c lose ly to our 
i n t u i t i v e idea of the Tower of Hanoi operator , 
except f o r the l a s t three l i t e r a l s o f the fo re ­
ground con tex t , which r e f l e c t an id iosyncrasy of 
t h i s sequence: in every case when a move occurred, 
there happened to be an .N8 c lea r , an .N6 on an 
.N7 and an .N4 on an .N5. Note tha t none of these 
var iab les have assoc iat ions to the product ion 
antecedent or consequent. Such "no ise" l i t e r a l s 
could be screened out by checking t h i s proper ty . 
A l t e r n a t i v e l y , we could show an add i t i ona l sequence 
i n v o l v i n g j u s t one disc to break the id iosyncrasy. 

5. CONCLUSION 

R e l a t i o n a l p r o d u c t i o n i n d u c t i o n has been shown t o 
be a common p r o c e s s in f o u r d i s t i n c t , i n t e l l i g e n c e 
p a r a d i g m s , wh i ch sugges ts t h a t i t may be a b a s i c 
p r i n c i p a l o f i n d u c t i v e i n f e r e n c e . The examples o f 
s e c t i o n 4 a l l r e q u i r e o n l y modest c o m p u t a t i o n 
t i m e s , and a re f a r f r o m b e i n g upper bounds on t h e 
d i f f i c u l t y o f p rob lems s o l v a b l e b y t h e s e methods . 
I n i n d u c t i o n , a s i n p r o b l e m s o l v i n g and computa­
t i o n i n g e n e r a l , t h e s t y l e o f r e p r e s e n t a t i o n o f 
i n f o r m a t i o n i n f l u e n c e s t h e f o rm and d i f f i c u l t y o f 
s o l u t i o n s . T h i s paper has assumed e r r o r f r e e d a t a : 
" n o i s y " d a t a p r e s e n t s a t o p i c f o r f u t u r e w o r k . The 
background i n f o r m a t i o n concept c o u l d b e g e n e r a l i z e d 
b y a l l o w i n g t h e l i t e r a l s t o b e d y n a m i c a l l y i n f e r r e d , 
i n s t e a d o f r e q u i r i n g them t o b e s t o r e d e x p l i c i t l y . 
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