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ABSTRACT: A p r o c e d u r e i s d e s c r i b e d t h a t g i v e s 
v a l u e s t o s e t v a r i a b l e s i n a u t o m a t i c t heo rem p r o v ­
i n g . The r e s u l t i s t h a t a theorem i s t h e r e b y r e ­
duced t o f i r s t o r d e r l o g i c , w h i c h i s o f t e n much 
e a s i e r t o p r o v e . T h i s p r o c e d u r e h a n d l e s a p a r t o f 
h i g h e r o r d e r l o g i c , a s m a l l b u t i m p o r t a n t p a r t . 
I t i s n o t a s g e n e r a l a s t h e methods o f H u e t , 
Andrews, P i e t r z y k o w s k i , and Haynes and Henschen, 
b u t i t seems t o b e much f a s t e r when i t a p p l i e s . 
I t i s more i n t h e s p i r i t o f J . L . D a r l i n g t o n ' s F -
M a t c h i n g . T h i s p r o c e d u r e i s n o t domain s p e c i f i c : 
r e s u l t s have been o b t a i n e d I n i n t e r m e d i a t e a n a l y ­
s i s ( t h e i n t e r m e d i a t e v a l u e t h e o r e m ) , t o p o l o g y , 
l o g i c , and p rog ram v e r i f i c a t i o n ( f i n d i n g i n t e r n a l 
a s s e r t i o n s ) . T h i s method i s a " m a x i m a l m e t h o d " 
i n t h a t a l a r g e s t ( o r max ima l ) s e t i s u s u a l l y p r o ­
duced i f t h e r e i s o n e . A p r e l i m i n a r y v e r s i o n has 
been programmed f o r t h e computer and r u n t o p r o v e 
s e v e r a l t h e o r e m s . 

F i g u r e 1 

The I n t e r m e d i a t e Va lue Theorem 

There a r e s e v e r a l o t h e r theorems i n a n a l y s i s , such 
a s t h e H e i n e - B o r e l Theorem where t h e c h i e f d i f f i ­
c u l t y l i e s i n d e f i n i n g a p a r t i c u l a r s e t . A l s o a 
s i m i l a r s i t u a t i o n comes u p a g a i n and a g a i n i n 
o t h e r p a r t s o f m a t h e m a t i c s , and i n a p p l i c a t i o n 
a reas such as p rogram v e r i f i c a t i o n and program 
s y n t h e s i s . 

The p r o b l e m o f f i n d i n g a v a l u e f o r a s e t v a r ­
i a b l e A , i s o f c o u r s e e q u i v a l e n t t o t h e p r o b l e m 
o f g i v i n g a v a l u e t o a one p l a c e p r e d i c a t e v a r i ­
a b l e P . 

T h i s i s a p a r t o f h i g h e r o r d e r l o g i c , and a s 
such can be a t t a c k e d by t h e systems and i d e a s o f 
Huet [ 3 ] , P i e t r z y k o w s k i [ 1 0 ] , Haynes and Henschen 
[ 7 ] , Andrews [ 1 1 ] , e t c . But t h e s e a r e v e r y s l o w 
f o r many s i m p l e p r o o f s . For example , H u e t ' s 
b e a u t i f u l sys tem [ 3 ] i s f o r c e d i n t o d o u b l e s p l i t ­
t i n g o n t h e r a t h e r easy theorem g i v e n i n Example 
4 b e l o w . (Even a human has t r o u b l e a p p l y i n g h i s 
p r o c e d u r e t o t h i s e x a m p l e . ) 

In t h i s paper we d e s c r i b e a p r o c e d u r e w h i c h 
a t t e m p t s t o overcome t h i s d i f f i c u l t y . I t i s l e s s 
g e n e r a l t h a n t h o s e r e f e r r e d t o above ; i t u s u a l l y 
a p p l i e s o n l y t o a p a r t o f second o r d e r l o g i c ( b u t 
a n i m p o r t a n t p a r t ) ; and i t seems t o b e must f a s t e r 
when i t a p p l i e s . Ours i s more i n t h e s p i r i t o f J . 
L . D a r l i n g t o n ' s " F - M a t c h i n g " , b u t d i f f e r e n t i n 
method and scope . 

Our methods a r e n o t domain s p e c i f i c , n o t j u s t 
a c o l l e c t i o n o f h e u r i s t i c s f o r f i n d i n g s e t s i n a 
p a r t i c u l a r a r e a l i k e a n a l y s i s . They can b e used 
t o p r ov e theorems (such a s t h e i n t e r m e d i a t e v a l u e 
theorem) i n a n a l y s i s where t h e s e t A i s a s e t o f 
r e a l numbers, a s w e l l a s theorems i n t o p o l o g y 
where t h e s e t A i s a f a m i l y o f s e t s , and theorems 
f r o m program c o r r e c t n e s s , o r f r om o t h e r a reas where 
s e t v a r i a b l e s a r e t o b e i n s t a n t i a t e d . 

In S e c t i o n 2 we g i v e some p r e l i m i n a r y examples 
and i n S e c t i o n 3 w e d e s c r i b e o u r r u l e s f o r g e n e r ­
a t i n g t h e d e s i r e d s e t A . They c o n s i s t o f b a s i c 
r u l e s w h i c h a p p l y t o s i m p l e f o r m u l a s and c o m b i n i n g 
r u l e s f o r c o m b i n i n g t h e r e s u l t s f r o m t h e b a s i c 
r u l e s . 

One o f o u r g o a l s i n t h i s work i s t o a v o i d i n -
d e s c r i m l n a n t matches ( o r a t t e m p t s a t m a t c h e s ) b e ­
tween f o r m u l a s such as ( t e A) and P, (where 
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P is f i r s t o rde r ) , but ra ther to a l low such a 
match only when (t € A) and P are somehow 
"connected" . In t h i s way the search is d r a s t i c a l l y 
reduced. Our basic ru les (see Figure 2) are a 
p a r t i a l at ta inment o f t h i s goa l . 

Our methods are "maximal" in tha t they usua l l y 
generate the la rges t set w i t h the desi red proper­
t i e s ( i f there is one). Of course some theorems 
such as, 

has no maximal (nor minimal) so l u t i on f o r A. A l ­
so in some cases there is more than one maximal 
s o l u t i o n (see Example 5, Sect ion 3 ) , even i n f i n ­
i t e l y many s o l u t i o n s . However, we be l ieve there 
is a wide class of i n t e r e s t i n g cases that have a 
unique maximal s o l u t i o n , or at most one or two 
maximal s o l u t i o n s . 

Our procedure u t i l i z e s the automatic prover 
described in [1] as a " c o n t r o l " (see Sect ion 4) 
f o r generat ing the desired se ts . But one can 
fo l l ow t h i s presenta t ion wi thout f u l l knowledge o f 
tha t paper. 

In ac tua l p rac t i ce the prover makes two passes 
on a theorem: f i r s t to def ine the set A; second 
to prove the r e s u l t i n g theorem, a f t e r the set A 
has been i n s t a n t i a t e d . Thus the procedure is sound 
i . e . there is no danger of i t producing a fa lse 
so l u t i on since the so lu t i on is always v e r i f i e d . 

In Sect ion 5 we give excerpts from some major 
examples which are described in more d e t a i l in [0] . 
In Sect ion 6 we make several comments. 

These methods do not s a t i s f a c t o r i l y handle 
the i nduc t ion axiom. This is discussed in Sect ion 
6 of [ 0 ] . Some completeness proofs f o r these 
methods are given in Appendix I I o f [ 0 ] . 

where the v a r i a b l e A is to be found ( i . e . , given 
a value) . Since ( (VAP(A) ) > C) is equivalent 
to 3 A ( P ( A ) > C), we w i l l usua l l y act as i f our 
theorem is already in the form 3 A P(A) . Theorems 
where A is a constant can usua l l y be handled as 
f i r s t order l o g i c . 

We w i l l t r e a t only the case where there is 
but one such set v a r i a b l e A. However our methods 
w i l l o f ten work f o r theorems w i t h many such 
va r i ab les . 

Once the set A has been found, the theorem 
becomes f i r s t order , and hope fu l l y not too d i f f i ­
c u l t . That w i l l o f t en be the case. However, i t 
is w e l l known tha t automatic theorem proving f o r 
f i r s t order l og i c is a most cha l leng ing and un­
resolved task . 

I t i s our ob jec t i ve here to au tomat ica l l y de­
f i n e such v a r i a b l e s . 

Let us look at some examples before g i v i ng 
the r u l e s . These fragments help i l l um ina te the 
procedure. More subs tan t i a l theorems w i l l be 
given l a t e r in Sect ion 5 . 
* Provided tha t A does not occur in C. 
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If P(A) or Q(A) has more than one maximal 
so l u t i on (see Example 5 and F igure 5 below), 
t h i s r u l e s t i l l appl ies to a t l eas t one o f the 
so lu t ions A- of P(A) and one of the so lu t ions 
A2 of Q(A)t 
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the proof on other par ts of the theorem. This is 
exac t ly what happens in the use of the Least Upper 
Bound Axiom, LUB, to prove theorems l i k e Example 
11 of Sect ion 5. 

The reader is r e fe r red to [1] f o r d e t a i l s and 
examples. For our purposes here the prover des­
cr ibed in [1] has been augmented by a data base 
fo r handl ing our set va r iab les and i n t e r v a l types 
(see Sect ion 4 . 2 ) . These data base manipulat ions 
are in the s p i r i t of those mentioned in [9] and 
appl ied in [5 ,6 ] and [ 8 ] . 
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which is the usual i n t e r v a l asser t ion given by 
humans f o r the program d i p i c t e d in Figure 6. See 
[ 0] f o r more d e t a i l s . 

6_. Comments 

Delaying 

In our procedure we have employed a concept 
of de lay ing , whereby we delay the f i n a l determin­
a t i o n of a set A u n t i l a l l parts of the theorem 
have been processed. Ear ly subgoals place 
r e s t r i c t i o n s of the form { z : P(z) } on A, but 
leave A i t s e l f as a va r i ab l e to be f u r t h e r con­
sidered l a t e r . La te r subgoals may f u r t h e r r e ­
s t r i c t A, or may force A to take a p a r t i c u l a r 
va lue A0 ( e . g . , by matching). In t h i s l a s t 
e v e n t u a l i t y the program must check tha t Ao is 

cons is ten t w i t h the e a r l i e r r e s t r i c t i o n 
( z : P ( z ) } . This k ind of de lay ing has the marked 
advantage of not c los ing o f f the determinat ion of 
A by assuming ear ly values fo r i t ; but ra ther 
keeping i t "as general as poss ib le " , p u t t i n g on 
r e s t r i c t i o n s only as they are fo rced . Thus we see 
tha t the not ions of "max imal i ty " and "de lay ing" 
are somewhat analogous. 

This concept of de lay ing is an important one 
in other par ts of automatic theorem prov ing . 
Huet 's constra ined Resolut ion 13] is an example of 
i t where he delays the higher order u n i f i c a t i o n s 
u n t i l r e s o l u t i o n matches have been made. The most 
general u n i f i e r [16] is another example, in tha t 
i t l e t s r e s o l u t i o n (or whatever prover tha t uses 
i t ) delay as long as possib le the assignment of 
constant values to v a r i a b l e s . 

Also our use of de lay ing fo r set var iab les 
is e n t i r e l y analogous to the concept of i n t e r v a l 
types [ 2 ,5 ,6 ] explained in Sect ion 4 . 2 , when a 
v a r i a b l e x is r e s t r i c t e d to an i n t e r v a l 
[a < x < b] to s a t i s f y an e a r l i e r subgoal, but 
l e f t a v a r i a b l e to be i n s t a n t i a t e d or f u r t he r 
r e s t r i c t e d l a t e r . This technique has g rea t l y sim­
p l i f i e d our proofs in ana lys is , and we expect 
other such "de lay ing " methods to be developed. 

Re la t i on to the Work of Others 

Da r l i ng ton ' s program [12,14] has proved 
Example 8 and other examples using h is F-matching. 
Our procedure has a s i m i l a r i t y to F-matching and 
was p a r t i a l l y i nsp i red by t a l k s w i t h Dar l i ng ton . 
But i t i s d i f f e r e n t espec ia l l y i n i t s use o f the 
maximal ! ty concept which is an outgrowth of the 
ideas in [15, Sec. 10 ] , and in other ways. 

This work is of course re l a ted to Behmann's 
dec is ion procedure f o r monadic f i r s t and second 

order l o g i c [ 1 3 ] 1 3 . A cursory look at [13] i n d i ­
cates tha t our so lu t ions are o f ten the same as 
Behmann's. His methods might be extended to also 
handle a number of non-monadic cases (as ours do) . 
So it seems tha t an extensive study of papers on 
monadic l o g i c is very much in order . 

13 J.A. Robinson f i r s t pointed t h i s out to me. 

The procedures of [3 ,4 ,7 ,10 ,11 ] are more gen­
e r a l than ours, and t h e i r research provides a 
necessary base f o r t h i s type research; we only f e e l 
that our work can be more e f f e c t i v e on a l i m i t e d , 
but important pa r t , o f h igher order l o g i c . 

Completeness 

A l l of our ru les are sound because no matter 
what value we get f o r the set v a r i a b l e A, we 
always v e r i f y i t w i t h another pass through the 
prover. The only quest ion, then, is one of 
completeness. 

See Sect ion 7.5 and Appendix II of [0 ] fo r a 
d iscussion o f , and some proofs on, completeness of 
these r u l e s . 

Implementation 

An augumented vers ion of the prover described 
in | 1 ] , which operates in Machine-only Mode ( i . e . , 
not man-machine), has been used to prove some ex­
ample theorems. But not a l l of Examples 1-15 of 
t h i s paper were ac tua l l y proved. Examples 1-4, 
6-12, were proved o u t r i g h t . Some others could 
have been proved by minor changes in the program 
which we are in the process of making; and some 
requ i re more extensive changes. 
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