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ABSTRACT 

We d e s c r i b e work in p r o g r e s s on an a u t o m a t i c 
theo rem p r o v e r f o r r e c u r s i v e f u n c t i o n t h e o r y t h a t 
w e i n t e n d t o a p p l y i n t h e a n a l y s i s ( i n c l u d i n g 
v e r i f i c a t i o n and t r a n s f o r m a t i o n ) o f u s e f u l computer 
p r o g r a m s . The m a t h e m a t i c a l t h e o r y o f ou r theorem 
p r o v e r i s e x t e n d i b l e by t h e u s e r and s e r v e s as a 
l o g i c a l b a s i s o f p rogram s p e c i f i c a t i o n ( ana logous 
t o , s a y , t h e p r e d i c a t e c a l c u l u s ) . The theorem 
p r o v e r p e r m i t s n o i n t e r a c t i o n once g i v e n a g o a l , 
bu t many a s p e c t s o f i t s b e h a v i o r a r e i n f l u e n c e d b y 
p r e v i o u s l y p roved r e s u l t s . Thus , i t s pe r f o rmance 
on d i f f i c u l t theorems can be r a d i c a l l y improved by 
h a v i n g i t f i r s t p r o v e r e l e v a n t lemmas. W e d e s c r i b e 
s e v e r a l ways t h a t t h e theorem p r o v e r employs such 
lemmas. Among t h e i n t e r e s t i n g theorems p roved a r e 
t h e c o r r e c t n e s s o f a s i m p l e o p t i m i z i n g c o m p i l e r f o r 
e x p r e s s i o n s and t h e c o r r e c t n e s s o f a " b i g number" 
a d d i t i o n a l g o r i t h m . 

The r e s e a r c h r e p o r t e d he re has been s u p p o r t e d 
b y t h e O f f i c e o f Nava l Research under C o n t r a c t 
NOOO14-75-C-0816, t h e N a t i o n a l S c i e n c e F o u n d a t i o n 
under Gran t DCR72-03737A01, and t h e A i r Fo rce 
O f f i c e o f S c i e n t i f i c Research under C o n t r a c t 
F 4 4 6 2 0 - 7 3 - C - 0 0 6 8 . 

I INTRODUCTION 

T h i s paper p r e s e n t s work i n p r o g r e s s on an 
a u t o m a t i c theorem p r o v e r d e s i g n e d f o r use i n t h e 
a n a l y s i s o f compute r p r o g r a m s . L i k e ou r e a r l i e r 
LISP theorem p r o v e r [ 1 ] , [ 2 ] , [ 3 ] , [ 4 ] , t h e new 
sys tem p r o v e s theorems i n a v e r s i o n o f r e c u r s i v e 
f u n c t i o n t h e o r y ; however , t h e new v e r s i o n , w h i c h i s 
c o n s i d e r a b l y r i c h e r t h a n t h e o l d , i s a x i o m a t i c a l l y 
e x t e n d i b l e and can s e r v e a s a l o g i c a l b a s i s o f 
p rogram s p e c i f i c a t i o n ( a n a l o g o u s t o p r e d i c a t e 
c a l c u l u s ) . O f c o u r s e , t h e new t h e o r y i s t a i l o r e d 
t o p rogramming l anguages i n t h e sense t h a t i t i s 
easy t o m o d e l , s a y , a r r a y s and o t h e r d a t a o b j e c t s 
i n i t . But e x a c t l y how one a t t a c h e s meaning t o 
p rograms ( e . g . w i t h t h e f u n c t i o n a l app roach o f 
McCar thy and B u r s t a l l o r w i t h t h e i n d u c t i v e 
a s s e r t i o n a p p r o a c h o f F l o y d and Hoare). i s t h e 
b u s i n e s s o f t h e program v e r i f i c a t i o n s y s t e m , n o t 
t h e m a t h e m a t i c a l t h e o r y o r t h e theorem p r o v i n g 
s y s t e m . ( F o r examp le , we have r e c e n t l y f o r m a l i z e d 
i n o u r t h e o r y a v e r s i o n o f t h e Pe rnas -Rob inson [ 5 ] 
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h i e r a r c h i c a l p rogram d e s i g n methodo logy u s i n g t h e 
F l o y d app roach t o program c o r r e c t n e s s . ) 

The approach we have t a k e n t o w a r d s a u t o m a t i n g 
p r o o f s i n t h e t h e o r y i s t o model ou r sys tem o n t h e 
way we p rove t h e o r e m s : we s i m p l i f y t h e c o n j e c t u r e 
whenever p o s s i b l e , a p p l y i n g r e l e v a n t ax ioms and 
t h e o r e m s ; we s p l i t t h e p rob lem i n t o as many 
i n d e p e n d e n t s u b g o a l s as p o s s i b l e ; we c a r e f u l l y 
a p p l y v a r i o u s h e u r i s t i c s , such a s e q u a l i t y 
s u b s t i t u t i o n s , e l i m i n a t i o n o f u n d e s i r a b l e o r 
i r r e l e v a n t t e r m s , and g e n e r a l i z a t i o n ; and t h e n we 
f o r m u l a t e t h e c l e a n e s t p o s s i b l e i n d u c t i o n f o r each 
subgoa l based on a t h o r o u g h a n a l y s i s o f how t h e 
f u n c t i o n s behave . We a l s o m o n i t o r ou r p r o g r e s s by 
compar ing s u b g o a l s w i t h one a n o t h e r . For examp le , 
w e l o o k f o r i n d i c a t i o n s o f l o o p i n g and f o r 
o p p o r t u n i t i e s to subsume a subgoa l w i t h a more 
g e n e r a l s u b g o a l . Our b a s i c approach t o theorem 
p r o v i n g , t h e n , i s much i n t h e s t y l e o f B ledsoe (as 
d e s c r i b e d , f o r examp le , i n [ 6 ] and [ 7 ] ) . 

We des igned t h e new system to be e n t i r e l y 
a u t o m a t i c . However, u n l i k e our e a r l i e r LISP 
theorem p r o v e r , w h i c h was b u i l t t o d e m o n s t r a t e 
c o m p l e t e l y a u t o m a t i c i n d u c t i o n p r o o f t e c h n i q u e s , 
t h e new sys tem can t a k e advan tage o f p r e v i o u s l y 
p roved r e s u l t s t o a l t e r d r a m a t i c a l l y i t s b e h a v i o r . 
W i t h p r o p e r " t r a i n i n g " i t can c o n s t r u c t p r o o f s o f 
q u i t e c o m p l i c a t e d t h e o r e m s . The b a s i c i d e a i s t o 
b e a b l e t o d o s i m p l e p r o o f s a u t o m a t i c a l l y w h i l e 
a l l o w i n g t h e use r t o s t r u c t u r e d i f f i c u l t p r o o f s b y 
s t a t i n g r e l e v a n t lemmas t o b e p roved b e f o r e h a n d . 
The o p t i m i z i n g c o m p i l e r p r o o f , d i s c u s s e d b e l o w , 
i l l u s t r a t e s how t h e u s e r can s t r u c t u r e a 
" d i f f i c u l t " theorem b y s u g g e s t i n g s e v e r a l " s i m p l e " 
lemmas. 

Aub in [ 8 ] and C a r t w r i g h t [ 9 ] have r e c e n t l y 
p roduced r e l a t e d a u t o m a t i c theorem p r o v e r s f o r 
v e r s i o n s o f r e c u r s i v e f u n c t i o n t h e o r y . W e h i g h l y 
recommend t h e i r t h e s e s t o anyone i n t e r e s t e d i n 
m e c h a n i z i n g r e c u r s i v e f u n c t i o n t h e o r y . 

T h i s paper i s o r g a n i z e d a s f o l l o w s . W e f i r s t 
p r e s e n t a d e s c r i p t i o n o f t h e t h e o r y w i t h w h i c h t h e 
theorem p r o v e r d e a l s . We t h e n d e s c r i b e in some 
d e t a i l t h e s y s t e m ' s a u t o m a t i c p r o o f o f t h e 
c o r r e c t n e s s o f a s i m p l e o p t i m i z i n g c o m p i l e r f o r 
e x p r e s s i o n s . Next we d i s c u s s some o f t h e ways 
lemmas a r e employed t o g u i d e t h e t heo rem p r o v e r . 
Tha t s e c t i o n d i s c u s s e s lemma d r i v e n s i m p l i f i c a t i o n , 
g e n e r a l i z a t i o n , and a n i n t e r e s t i n g use o f lemmas t o 
J u s t i f y i n d u c t i o n s . The d i s c u s s i o n o f i n d u c t i o n 
summarizes one o f t h e s y s t e m ' s p r o o f s a b o u t " b i g 
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number" a r i t h m e t i c . The paper has two appendices. 
The f i r s t presents the d e f i n i t i o n s o f recurs ive 
func t ions r e fe r red to in the paper. The second 
presents the system's output dur ing a proof of a 
simple theorem about a t r e e - f l a t t e n i n g a lgo r i t hm. 
We inc lude t h i s proof both as an example of the 
theorem p rove r ' s behavior end because the recurs ion 
(8nd i nduc t i on ) in the t r e e - f l a t t e n i n g a lgor i thm is 
s i m i l a r to t ha t used by the compi ler . Because of 
space l i m i t a t i o n s we cannot ennumerate the theorems 
the system has proved. Such a l i s t w i l l be sent 
upon request . We also welcome requests fo r the 
source code of our system. 

II THE NEW THEORY 

The theory we now use admits a r b i t r a r y 
recurs ive d e f i n i t i o n s . (Our e a r l i e r LISP theorem 
prover is l i m i t e d to p r i m i t i v e recu rs ion . ) We 
regard d e f i n i t i o n a l equations as axioms which are 
used only to expand func t ion c a l l s . (One might use 
recurs ive func t ions as a l o g i c a l basis f o r 
i nduc t ion arguments. However, we der ive our 
Induc t ion p r i n c i p l e s so le l y from proven lemmas in a 
way described below. Of course, we use the 
recurs ive s t ruc tu re o f the func t ions in our 
theorems to suggest which p r i n c i p l e of i nduc t ion Is 
most app rop r ia te . ) 

The domain of ob jec ts is p a r t i t i o n e d i n t o an 
i n f i n i t y o f d i s j o i n t " type c lasses . " The user is 
f ree to def ine ax iomat i ca l l y the p roper t ies of any 
c l ass . Because the f ree va r iab les in a conjecture 
are understood to range over a l l ob jec ts (even 
ob jec ts not yet d is t ingu ished by the ax iomat iza t ion 
of t h e i r conta in ing c lasses) , theorems remain 
theorems even when a new c lass is ax iomat ized. Of 
course, va r i ab les in a theorem may be constrained 
w i th ax ioma t i ca l l y or recu rs i ve ly def ined 
p red ica tes . Unl ike the languages of Aubin [ 8 ] and 
Cartwr ight [ 9 ] , our language is not typed; we do 
not have typed va r iab les in our theorems or type 
cons t ra i n t s on the input or output of our 
f unc t i ons . 

The i n i t i a l ob jec ts are TRUE and FALSE, the 
sole members of t h e i r respect ive c lasses. The 
i n i t i a l f unc t i ons are IF and EQUAL. ( IF x y z) is 
z if x is FALSE and y otherwise. (EQUAL x y) is 
TRUE if x is y and FALSE otherwise. 

Ar i thmet ic over the non-negative i n t ege rs , the 
l i t e r a l atoms, l i s t s , push-down s tacks, charac ters , 
and s t r i n g s of characters &re examples of classes 
that have been added ax i oma t i ca l l y . There is a 
(meta-) f a c i l i t y ca l l ed ADD.SHELL f o r au tomat ica l l y 
ax iomat iz ing new classes of ob jec ts w i th p roper t ies 
v i r t u a l l y i d e n t i c a l t o B u r s t a l l ' s s t ruc tu res [10] 
and close to the s t y l e of Clark and Tarnlund [ 1 1 ] . 

The theory a lso conta ins a vers ion of the 
p r i n c i p l e o f i nduc t i on ca l l ed the Generalized 
P r i nc i p l e o f Induct ion (Noetherian induc t ion) in 
B u r s t a l l [ 1 0 ] . The p r i n c i p l e a l lows one to induct 
over any wel l - founded p a r t i a l o rde r i ng . 

I l l AN EXAMPLE 

Let us now consider the system's proof of the 
correctness of a very simple op t im iz ing compiler 
fo r expressions. Although t h i s proof f a i l s to 
exercise many of the new h e u r i s t i c s in the system, 
it does i l l u s t r a t e the use of lemmas and the 
system's general competence at handl ing 
s i g n i f i c a n t l y l a rge r problems than our e a r l i e r LISP 
theorem prover cou ld . A de ta i l ed presenta t ion of 
the proof (complete w i th the set o f a l l axioms 
used, the system's very readable commentary on the 
proof , end a d iscuss ion of several bugs discovered 
in e a r l i e r attempts to w r i t e the compi ler) i s 
ava i l ab le i n [ 1 2 ] . 

Suppose we have ax iomat i ca l l y in t roduced as 
d i s t i n c t classes the non-negative i n t ege rs , atomic 
symbols, l i s t s t r u c t u r e s , end push-down s tacks. 
For s i m p l i c i t y , suppose we want to opt imize and 
compile numer ica l ly valued expressions composed of 
i n t e g e r s , v a r i a b l e s , and binary f unc t i on symbols. 
We w i l l represent such expressions as S-expressions 
( e . g . " (3 ♦ x) • y" is represented as (TIMES (PLUS 
3 x) y ) ) . The recurs ive pred icate FORMP recognizes 
such forms. ( A l l o f the func t ions mentioned in 
t h i s sec t ion are fo rma l l y def ined in Appendix A.) 

The main theorem we wish to prove is tha t 
execut ing the (opt imized end) compiled code fo r a 
form in the context of some stack and environment 
is equivalent j u s t to pushing onto the stack the 
value of the unoptimized form in the environment. 
That i s : 

CORRECTNESS.OF.OPTIMIZING.COMPILER: 
(FORMP x) -> (EXEC (COMPILE x) pds envrn) 

(PUSH (EVAL x envrn) pds) . 

The compi ler , COMPILE, works in two passes. 
I t f i r s t uses OPTIMIZE to perform constant f o l d i n g 
( e . g . , (TIMES (PLUS 3 4) y) is opt imized to (TIMES 
7 y) if (APPLY 'PLUS 3 4 were to have the value 
7 ) . A f t e r o p t i m i z i n g , the compiler c a l l s CODEGEN 
to generate a l i s t of i n s t r u c t i o n s to be executed 
( i n REVERSE o r d e r ) . (CODEGEN form i n s j generates a 
l i s t o f i n s t r u c t i o n s fo r form, t r e a t i n g ins as the 
l i s t o f i n s t r u c t i o n s prev ious ly " l a i d down". I f 
form is a number or v a r i a b l e , CODEGEN lays down a 
PUSHI or PUSHV i n s t r u c t i o n (by consing it onto 
i n s ) . (PUSHI n) causes the "hardware" to push n 
onto i t s s tack . (PUSHV x) causes i t to push the 
value of the va r i ab l e x in the cur rent environment. 
I f the form is not a number or v a r i a b l e , then 
CODEGEN assumes it is an S-expression such as ( fn 
a rg l a rg2 ) . I t f i r s t lays down the code f o r a r g l , 
then the code f o r arg2, and then the i n s t r u c t i o n 
f n , which means to the hardware "pop two t h i n g s , 
apply fn to them, and push the r e s u l t . " 

The reader is encouraged to inspect the 
d e f i n i t i o n of CODEGEN in Appendix A. Note, in 
p a r t i c u l a r , t ha t the compi la t ion o f arg2 takes 
place w i t h ins being the sequence produced by a 
recurs ive c a l l of CODEGEN on a r g l . 

As an example of CODEGEN, i t s (reversed) 
output f o r the form (TIMES 3 (PLUS x y ) ) i s : 
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The sys tem proves t h i s lemma e a s i l y , by i n d u c t i o n 
o n t h e s t r u c t u r e o f x . 

Once " c o g n i z a n t " o f t h i s lemma, t h e theorem 
p r o v e r can p r ov e t h e c o r r e c t n e s s o f CODEGEN. T h i s 
p r o o f r e q u i r e s a r a t h e r s u b t l e i n d u c t i o n argument 
due t o t h e f a c t t h a t t h e c o m p i l a t i o n o f t h e second 
argument p o s i t i o n o f a f o rm t a k e s p l a c e a f t e r t h e 
f i r s t argument has been c o m p i l e d . The c a r e f u l 
r e a d e r w i l l n o t e t h a t t h e use o f INS i n CODEGEN 
(see Appendix A ) i s ana logous t o t h e use o f Y i n 
MC.FLATTEN ( a l s o i n Appendix A ) : i n b o t h cases t h e 
f u n c t i o n s r e c u r s e and pass down i n t h e i n d i c a t e d 
argument p o s i t i o n t h e v a l u e o f a n o t h e r r e c u r s i v e 
c a l l . Ra ther t h a n p r e s e n t t h e d e t a i l s o f t h e p r o o f 
o f CORRECTNESS.OF.CODEGEN we r e f e r t h e r e a d e r to 
Appendix B where we p r e s e n t t h e s y s t e m ' s p r o o f of a 
s i m p l e theorem about MC.FLATTEN r e q u i r i n g e s i m i l a r 
i n d u c t i o n a rgumen t . 

Once t h e sys tem has p roved 
CORRECTNESS.OF.OPTIMIZE, CORRECTNESS.OF.CODEGEN, 
and FORMP.OPTIMIZE i t can p rove t h e main t h e o r e m , 
CORRECTNESS.OF.OPTIMIZING.COMPILER, above , by 
r e w r i t i n g : 

(EXEC (REVERSE (CODEGEN (OPTIMIZE x) N I L ) ) 
pds e n v r n ) 

t o 
(PUSH (EVAL (OPTIMIZE x) e n v r n ) p d s ) , 

u s i n g t h e CORRECTNESS.OF.CODEGEN as a r e w r i t e r u l e . 
[No te t h a t i n o r d e r t o d o s o i t must f i r s t 
e s t a b l i s h (FORMP (OPTIMIZE x ) ) . T h i s i s done by 
backwards c h a i n i n g t h r o u g h FORMP.OPTIMIZE, p i c k i n g 
up t h e (FORMP x) h y p o t h e s i s f rom t h e main t h e o r e m ] . 
F u r t h e r s i m p l i f i c a t i o n g i v e s : 

w h i c h i s j u s t CORRECTNESS.OF.OPTIMIZE, s o t h e p r o o f 
i s c o m p l e t e . (No te t h a t had we n o t a l r e a d y p roved 
CORRECTNESS.OF.OPTIMIZE t h e system would have 
g e n e r a t e d i t and p roved i t h e r e . ) 

The lemma CORRECTNESS.OF.CODEGEN is 
r e m i n i s c e n t o f t h e c o r r e c t n e s s o f a c o m p i l e r f o r 
e x p r e s s i o n s p r e s e n t e d b y McCarthy and P a i n t e r i n 
[ 1 3 ] . We have assumed t h a t we have a push-down 
s t a c k w h i l e t h e y e x p l i c i t l y a l l o c a t e r e g i s t e r s . 
D i f f i e [ 1 4 ] and M i l n e r and Weyhrauch [ 1 5 ] were a b l e 
t o p r o o f check v e r s i o n s o f t h i s theorem w i t h a 
c o n s i d e r a b l e amount o f u s e r i n t e r a c t i o n . 
C a r t w r i g h t [ 9 ] o b t a i n e d a p r o o f w i t h l e s s u s e r 
a s s i s t a n c e t h a n [ 1 4 ] and [ 1 5 ] . Our a u t o m a t i c p r o o f 
i s d i s t i n g u i s h e d f rom t h e s e p r o o f s i n t h a t t h e 
p r o o f o f t h e lemma CORRECTNESS.OF.CODEGEN r e q u i r e s 
o n l y t h a t one lemma be p roved ahead o f t i m e , does 
n o t r e q u i r e any g u i d a n c e i n d o i n g i n d u c t i o n , and 
h a n d l e s t h e f u n c t i o n CODEGEN, whose r e c u r s i o n i s 
more e f f i c i e n t and more d i f f i c u l t t o u n d e r s t a n d 
t h a n t h e v e r s i o n s w h i c h employ APPEND. Our 
i n v e s t i g a t i o n o f t h e s u b j e c t o f c o m p i l i n g 
e x p r e s s i o n s was i n s p i r e d b y t h e B u r a t a l l v e r s i o n o f 
t h e theorem [ 1 0 ] . I n f a c t , o u r f i r s t p r o o f s 
employed f u n c t i o n s a k i n t o t h e L I T f u n c t i o n 
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B u r s t a l l u s e s . A f t e r p r o d u c i n g t h i s p r o o f and 
w r i t i n g [ 1 2 ] w e r e c e i v e d a copy o f A u b i n ' s t h e s i s 
[ 8 ] . I n i t h e p r e s e n t s a n a u t o m a t i c p r o o f o f a 
theorem e x t r e m e l y s i m i l a r t o o u r 
CORRECTNESS.OF.CODEGEN e m p l o y i n g a s i n g l e lemma 
a n a l o g o u s to SEQUENTIAL.EXECUTION. 

Readers f a m i l i a r w i t h t h e o l d LISP theorem 
p r o v e r may be i n t e r e s t e d in knowing how t h a t sys tem 
f a i l s t o p r o v e t h e c o r r e c t n e s s o f o u r o p t i m i z i n g 
c o m p i l e r . The re a r e f i v e b a s i c i n a d e q u a c i e s : i t s 
t h e o r y i s t o o s i m p l e t o p e r m i t a n a t u r a l s t a t e m e n t 
o f t h e p r o b l e m ; i t c o u l d n o t f o r m u l a t e t h e r i g h t 
i n d u c t i o n f o r CODEGEN; i t s t y p e h a n d l i n g i s 
i n a d e a u r t e t o s i m p l i f y t h e i n d u c t i o n a r g u m e n t s ; i t 
wou ld run ou t o f l i s t space because i t wou ld n o t 
s p l i t o f t e n enough ; and i t c o u l d n o t have made 
s u f f i c i e n t use o f lemmas. 

IV HOW LEMMAS ARE USED 

The new system uses lemmas in many ways ; in 
t h i s s e c t i o n w e e x p l a i n t h r e e o f them. 

A . Lemmas. fo r R e w r i t i n g 

The most common use of ax ioms and lemmas is as 
r e w r i t e r u l e s d u r i n g s i m p l i f i c a t i o n . O f c o u r s e , 
t h e s i m p l i f i e r uses f u n c t i o n d e f i n i t i o n s a s r e w r i t e 
r u l e s t o "open u p " a f u n c t i o n c a l l b y r e p l a c i n g i t 
w i t h i t s d e f i n i t i o n (when t h e r e s u l t i s s i m p l e r i n 
some s e n s e ) . But more g e n e r a l l y , t h e theorem 
p r o v e r i n t e r p r e t s a l l ax ioms and lemmas a s r e w r i t e 
r u l e s i n t h e f o l l o w i n g way. 

G iven any f o r m u l a (ax iom or lemma) c o n s i d e r 
a l l o f t h e s e q u e n t s 

H1 & H2 & . . . & Hn ~> C 
one can deduce f rom i t b y p r o p o s i t i o n a l c a l c u l u s . 
We c l a s s i f y each sequen t a c c o r d i n g to t h e f o r m o f 
C . I f C i s o f t h e fo rm (NOT u ) t h e n t h e r u l e can 
b e used t o r e w r i t e any t e rm w h i c h u n i f i e s w i t h u t o 
FALSE, p r o v i d e d t h e i n s t a n t i a t e d H i can be 
e s t a b l i s h e d . I f C i s o f t h e f o rm (EQUAL u v ) i t 
can be used t o r e w r i t e u t o v , a g a i n p r o v i d e d t h e 
i n s t a n t i a t e d H i can b e e s t a b l i s h e d . O t h e r w i s e , i f 
C i s J u s t u , where u i s B o o l e a n , t h e n i t can b e 
u s e d , t o r e w r i t e u to TRUE, under t h e same 
p r o v i s i o n . 

When t h e s i m p l i f i e r has d e c i d e d to use a g i v e n 
r e w r i t e i t t r i e s t o e s t a b l i s h t h e H i b y 
( r e c u r s i v e l y ) s i m p l i f y i n g them ( t o non-FALSE) . 
T h i s was i l l u s t r a t e d above i n t h e d i s c u s s i o n o f t h e 
p r o o f o f CORRECTNESS.OF.OPTIMIZING.COMPILER when 
t h e h y p o t h e s i s (FORMP (OPTIMIZE x ) ) was e s t a b l i s h e d 
( i . e . , r e w r i t t e n t o TRUE). 

Care i s t a k e n t o a v o i d i n f i n i t e r e g r e s s i o n 
( e . g . , r e p e a t e d a p p l i c a t i o n s o f a c o m m u t a t i v i t y 
r e w r i t e o r " p u m p i n g " u p a t e r m w i t h a r e w r i t e l i k e 
t h e c o n t r a p o s i t i v e o f FORMP.OPTIMIZE.) For 
examp le , w e a v o i d t h e f i r s t p r o b l e m b y r e f u s i n g t o 
a p p l y a r e w r i t e of t h e f o rm (EQUAL u v) when u and 
v e r e v a r i a n t s u n l e s s t h e r e s u l t i s 
l e x i c o g r a p h i c a l l y l e s s t h a n t h e o r i g i n a l f o r m u l a . 
Thus , t h e lemmas 

(PLUS i J) = (PLUS J i) 
and 

T h e o r e m P r o v 
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t r i c k , then, to f i n d i n g an appropr ia te induc t ion 
fo r a conjecture is to f i n d a wel l - founded p a r t i a l 
order on n- tup les and an n- tuple of va r iab les in 
the con jec tu re , such tha t if one were to open up 
some of the func t ion c a l l s in the conjecture one 
would f i n d subexpressions occurr ing tha t could be 
obtained by i n s t a n t i a t i n g the conjecture i t s e l f 
w i t h smal ler n- tup les chosen from the o rder ing . 
Thus, one is lead n a t u r a l l y to the quest ion: "What 
are some p laus ib le wel l - founded order ings on n-
tup les of va r iab les t ha t a given recurs ive func t ion 
descends through in i t s recurs ion?" 

To answer t h i s quest ion , our system 
imposes a basic r e s p o n s i b i l i t y upon the user to 
assume or to prove c e r t a i n lemmas that we term 
"measure lemmas". Measure lemmas s ta te that 
ce r t a i n terms are less than other terms under w e l l -
founded order ings such as LESSP (on the non-
negative i n t e g e r s . ) Our induc t ion f a c i l i t y then 
uses such lemmas at the time a recurs ive func t ion 
is def ined to determine some induc t ion p r i nc i p l es 
appropr ia te to tha t f u n c t i o n . Of course, t h i s 
induc t ion mechanism is capable of examining a l l 
subsets of arguments to f i n d appropr ia te p r i n c i p l e s . 
I t also recognizes lex icograph ic order ings induced 
by e x i s t i n g order ings and chains together measure 
lemmas using t r a n s i t i v i t y ( f o r example, to der ive 
tha t (SUB1 (SUB1 x ) ) is less than x from the fac t 
tha t (SUB1 x) is less than x . ) 

As an example of the use of such "measure 
lemmas" consider "b i g number" a r i t h m e t i c . The 
problem is to represent and manipulate ( i n our 
case, add) in tegers tha t are la rger than the word 
s ize of the host machine. The obvious so lu t i on is 
to represent them as sequences of d i g i t s in some 
chosen base, and to add them w i th the a lgor i thm we 
a l l learned in the t h i r d grade. Two examples of 
the use of tha t (or s i m i l a r ) a lgor i thms in 
computing are the "b ig number" a r i t hme t i c of 

MACLISP (where the base is 2 ) and the binary 
representa t ion of in tegers on most machines (where 
the base is 2 ) . 

To s ta te and prove the correctness of a 
big number add i t i on a lgor i thm one must def ine the 
mappings from in tegers to b ig numbers and back. 
Consider the f i r s t : To convert an in teger i to a 
big number in base base, i f i is less than base, 
then w r i t e down the d i g i t i and s top , otherwise 
d i v ide i by base, w r i t e down the remainder as the 
leas t s i g n i f i c a n t d i g i t , 8nd obta in the more 
s i g n i f i c a n t d i g i t s by ( r ecu rs i ve l y ) conver t ing the 
quot ient to a b ig number in base base. This 
a lgor i thm is embodied in the func t i on POWER.REP 
( f o r "power se r ies represen ta t ion" ) in Appendix A, 
where b ig numbers are represented as l i s t s of 
in tegers w i t h l eas t s i g n i f i c a n t d i g i t in the CAR. 

Note tha t the a lgor i thm above recurses on 
the quot ien t of i d iv ided by base. What is the 
measure lemma tha t J u s t i f i e s t h i s recurs ion (o r , 
analogously, the induc t ion necessary to unwind i t ) ? 
I t i s : 

(i i 0) & (j i 0) & ((SUB1 j) i 0) 
- > 

(QUOTIENT i J ) < i , 

That i s , the QUOTIENT of i d i v ided by j 
is less than i i f i is not 0, and j is ne i the r 0 
nor 1 ( a c t u a l l y , in our untyped language, 
a r i t hmet i c on non- integers is l ega l and a l l non-
in tegers are t rea ted as though they were 1, thus 
(SUB1 j) i 0 is stronger than j i V, it imp l ies 
tha t j is ne i the r 1 nor a non-number). 

Thus, if one wanted to prove by induc t ion 
a theorem of the form P((POWER.REP i base) ) , and 
one were cognizant of the above lemma, a p laus ib le 
induc t ion to perform would be: 

(i = 0) -> P((POWER.REP i base)) 
& 

(base = 0) -> P((P0WER.REP i base)) 
& 

((SUB! base) = 0) -> P((POWER.REP i base)) 
& 

( ( i i? 0) A (base i 0) 4 ((SUB1 base) i 0) 
h P((POWER.REP (QUOTIENT i base) base))) 

- > 
PUPOWER.REP i base)) 

Note tha t the induc t ion hypothesis is an 
instance of the theorem being proved, tha t the 
i n s t a n t i a t i o n takes the tup le <i> i n t o the smal ler 
tup le <(QU0TIENT i b?se)>, according to the above 
measure lemma, and that the term (POWER.REP 
(QUOTIENT i base) base) appearing in the hypothesis 
w i l l reappear when we open up the conc lus ion. 
F i n a l l y , observe tha t by employing proved measure 
lemmas we not only a l low the theorem prover to be 
extended but we insure tha t i t is done soundly. 
(Our f i r s t attempt to s ta te the induc t ion p r i n c i p l e 
fo r QUOTIENT l e f t out the J i 1 case and would 
have produced unsound induct ions had it been e i t he r 
e x p l i c i t l y assumed or wired i n t o the theorem prover 
program.) 

The system has proved the measure lemma 
above. The proof invo lves a s i m i l a r induc t ion by 
DIFFERENCE (note in Appendix A how QUOTIENT i t s e l f 
recurses) which in tu rn was j u s t i f i e d by a (proved) 
measure lemma s t a t i n g tha t i - j is less than i under 
c e r t a i n cond i t i ons . Once the QUOTIENT measure 
lemma has been proved the system, in accept ing the 
d e f i n i t i o n o f POWER.REP, w i l l pre-process i t to 
discover the p laus ib le induc t ion scheme above. 
That scheme is p rec ise ly the one the system uses to 
prove tha t the mapping back from big numbers to 
in tegers (POWER.EVAL in Appendix A) is the 
" inverse" (modulo non-numbers) of POWER.REP: 

(EQUAL (POWER.EVAL (POWER.REP i base) base) 
( IF (NUMBERP i) i 1 ) ) . 

The above lemma is c r u c i a l to the 
system's proof tha t a b ig number a d d i t i o n a lgor i thm 
(BIG.PLUS in Appendix A) is c o r r e c t : 

(EQUAL (POWER.EVAL (BIG.PLUS (POWER.REP i base) 
(POWER.REP j base) 
0 base) 

base) 
(PLUS i j ) ) . 

As a second example of a measure lemma, 
consider : 
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2. Choosing the Right Instances 

If one has a wel l - founded order on n-
tup les then i t can t r i v i a l l y be extended to a w e l l -
founded order on n+k- tup les , where the l a s t k 
elements are simply i r r e l e v a n t . Thus, once the 
system has found a p laus ib le we l l - o rde r i ng tha t 
accounts f o r how n of the arguments change in 
recu rs ion , i t i s f ree to throw in the remaining k 
arguments and l e t them change a r b i t r a r i l y . One 
example of t h i s occurs in the compiler proof . 
Recal l tha t CODEGEN has two arguments, FORM and 
INS, and tha t dur ing recurs ion it changes FORM by 
d igging out one of i t s sub-expressions. However, 
whi le in one of i t s recurs ive c a l l s INS (the 
i n s t r u c t i o n s thus f a r l a i d down) is unchanged, in 
the other c a l l INS is a r b i t r a r i l y l a r g e r . This i s 
acceptable since the behavior on FORM induces a 
wel l - founded order . Thus, the system knows that in 
a conjecture i nvo l v i ng (CODEGEN form ins ) an 
induc t ion on the s t ruc tu re of form leaves i t f ree 
to choose any i n s t a n t i a t i o n i t wants fo r i n s . (For 
an example of such a choice in a s impler s i t u a t i o n 
see Appendix B.) However, in a conjecture 
i n v o l v i n g (CODEGEN form NIL) (where the INS 
argument is not a f ree va r iab le ) the system s t i l l 
knows it is sound to induct on form. 

We o r i g i n a l l y t r i e d to avoid such a deep 
and lemma dr iven ana lys is of the wel l - founded 
order ings used by func t ions by using subgoal 
induct ion [ 1 6 ] , where, provided one assumes a 
func t ion terminates, one can use the cond i t i ona l 
s t ruc tu re o f the func t ion plus i t s recurs ive c a l l s 
to def ine a wel l - founded order on the n- tup le of 
a l l of i t s arguments. However we found tha t in 
many theorems it was c r u c i a l to be able to induct 
on some subset of the arguments (knowing tha t they 
alone were s u f f i c i e n t to def ine an order ing) and 
that the cond i t i ona l s t ruc tu re of most func t ions 
unnecessar i ly c l u t t e r s induct ions (which may seem 
l i k e a mere inconvenience but o f ten sets up too-
r e s t r i c t e d subgoals fo r subsequent i n d u c t i o n s ) . 

V REMARKS 

W e would l i k e t o r e i t e r a t e t h a t t h i s paper 
r e p o r t s work i n p r o g r e s s ( b o t h o n t h e f e a t u r e s o f 
o u r t h e o r y and t h e p r o o f t e c h n i q u e s ) . W h i l e t h e 
o u r r e n t sys tem i s c l e a r l y n o t y e t s u i t a b l e a s t h e 
theorem p r o v e r f o r p r a c t i c a l program a n a l y s i s , w e 
are encouraged by o u r success a t e x t e n d i n g t h e 
t h e o r y o f t h e ou r e a r l i e r LISP theorem p r o v e r 
w i t h o u t l o s s o f p r o o f - p o w e r . We b e l i e v e we w i l l be 
a b l e t o d e v e l o p t h e sys tem i n t o a u s e f u l t o o l . 

Appendix A 

FUNCTION DEFINITIONS 

Here we present the d e f i n i t i o n s of the 
func t ions invo lved in the op t im iz ing compiler 
proof , the b ig number d iscuss ion , and the proof in 
Appendix B. Several ax ioma t i ca l l y spec i f i ed 
p r i m i t i v e s are used. (NUMBERP x) is TRUE if x is a 
number and FALSE otherwise. (L1STP x) is TRUE if x 
is a CONS and FALSE otherwise. (PUSH x pds) 
re tu rns a stack w i t h x pushed onto pds. (TOP pds) 
re turns the top-most element of a s tack, and (POP 
pds) re tu rns the popped s tack. GETVALUE and APPLY 
are undefined (but APPLY is ax ioma t i ca l l y spec i f i ed 
to be numeric - a f a c t c r u c i a l to 
CORRECTNESS.OF.OPTIMIZE). 

1 
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A l l o f t h e commentary i n t h e above p r o o f was 
m e c h a n i c a l l y p roduced b y t h e theorem p r o v e r i n 
r esponse to t h e u s e r command to p rove (EQUAL 
(MC.FLATTEN X Y) (APPEND (FLATTEN X) Y ) ) . S e v e r a l 
a d d i t i o n a l comments a r e i n o r d e r . 

The base case o f t h e i n d u c t i o n argument i s 
f o r m u l a * 1 . i and t h e i n d u c t i o n s t e p i s • 1 . 1 1 . Note 
t h a t i n b o t h cases t h e c o n c l u s i o n s a r e t h e same 
(namely t h e theorem t o b e p roved ) and t h a t i n * 1 . i i 
t h e two i n d u c t i o n hypo theses a r e i n s t a n c e s o f t h e 
theorem to be p r o v e d . One sends t h e t u p l e <X,Y> 
i n t o <(CDH X ) ,Y> and t h e o t h e r sends <X,Y> i n t o 
<(CAR X),(MC.FLATTEN (CDR X) Y ) > , b o t h of w h i c h a r e 
s m a l l e r t h a n <X,Y> a c c o r d i n g t o t h e measure t h a t 
compares o n l y t h e f i r s t e l emen ts and uses t h e 
t r a d i t i o n a l o r d e r i n g o n l i s t s t r u c t u r e s . The 
i n s t a n t i a t i o n p i c k e d f o r Y i n t h e second h y p o t h e s i s 
was chosen because such a t e rm wou ld r e a p p e a r when 
t h e c o n c l u s i o n was opened up . 

Formula * 1 . i s i m p l i f i e s t o TRUE and i s t h u s 
p r o v e d . Formula * 1 . i i s i m p l i f i e s t o * 1 . i i i , w h i c h 
i s p roved by r e - a s s o c i a t i n g one o f t h e APPEND te rms 
( t o p roduce * i . i v ) and t h e n d o i n g a " c r o s s -
f e r t i l i z a t i o n . " (The r e s u l t o f " c r o s s - f e r t i l i z i n g 
y f o r x in ( IMPLIES (EQUAL x y) Q ) " is Q w i t h some 
o c c u r r e n c e s o f x r e p l a c e d by y . ) 

I f t h e a s s o c i a t i v i t y o f APPEND had no t been 
p r e v i o u s l y p r o v e d , t h e theorem p r o v e r wou ld have 
a u t o m a t i c a l l y p roduced i t ( f r o m * 1 . i v , b y two 
c r o s s - f e r t i l i z a t i o n s , a g e n e r a l i z a t i o n , and an 
e l i m i n a t i o n o f a n i r r e l e v a n t h y p o t h e s i s ) and t h e n 
p roved i t b y i n d u c t i o n . 
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