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M o t i v a t i o n 

T h i s paper d e s c r i b e s work i n p r o g r e s s t o 
d e v e l o p methods t h a t s e a r c h d i r e c t l y f o r u n s a t i s -
f i a b l e i n s t a n c e s o f u n s a t i s f i a b l e c l a u s e s e t s 
( i . e . H e r b r a n d methods) r a t h e r t h a n deduce c o n ­
t r a d i c t i o n s f rom such s e t s . Such approaches 
a t t a c k two s e r i o u s d i s a d v a n t a g e s , i n t h e a u t h o r s 1 

o p i n i o n , o f r e s o l u t i o n . F i r s t , r e s o l u t i o n i s a 
d e d u c t i o n - o r i e n t e d r u l e , and t h e r e a re g e n e r a l l y 
v a s t l y more i n f e r e n c e s t h a t can b e deduced f r om 
a s e t o f c l a u s e s t h a n a r e used i n t h e r e f u t a t i o n s 
p r o d u c e d , even when v e r y r e s t r i c t i v e s t r a t e g i e s 
a re u s e d ; w e p o i n t t o t h e l ow p e n e t r a n c e f a c t o r s 
c i t e d i n t h e l i t e r a t u r e . Second , w h i l e t h e s e p ­
a r a t i o n o f v a r i a b l e s i n s u r e s t h a t t h e g e n e r a l 
r e s o l v e n t w i l l subsume f a m i l i e s o f r e s o l v e n t s o f 
i n s t a n c e s , such g e n e r a l i t y p u t s t h e i n f e r e n c e i n 
a s t r i c t l y l o c a l c o n t e x t - - a s i d e f r om p o s s i b l e 
f u t u r e r e s o l u t i o n s , t h e r e i s n o c o n n e c t i o n w i t h 
any o t h e r d e d u c t i o n p e r f o r m e d i n t h e s e a r c h s o 
f a r . 

He rb rand methods g e n e r a l l y have t h r e e p a r t s -
- 1 . f o r m some s e t o f r e p l i c a s o f c l a u s e s , 2 . 
mate t h e l i t e r a l s i n t h e r e p l i c a s , and 3 . t e s t 
f o r t r u t h - f u n c t i o n a l u n s a t i s f i a b i l i t y — t y p i c a l l y 
p e r f o r m e d i n t h e above o r d e r . I t i s t h e a u t h o r s ' 
o p i n i o n t h a t t h e f i r s t two o f t h e s e a r e t h e c r u ­
c i a l o n e s ; u n f o r t u n a t e l y , most He rb rand methods 
r e p o r t e d i n t h e l i t e r a t u r e have c o n c e n t r a t e d o n 
t h e t h i r d . Fo r examp le , P r a w i t z f 3 ] s u g g e s t s t h a t 
when m a t r i x r e d u c t i o n o n a s e t o f r e p l i c a s f a i l s , 
one s h o u l d add a n o t h e r r e p l i c a o f each i n p u t 
c l a u s e and t r y a g a i n . G i l m o r e f s t e c h n i q u e [ 1 ] 
s u f f e r s f r o m t h e a d d i t i o n a l p r o b l e m t h a t a d i s ­
j u n c t i v e no rma l f o r m i s c a l c u l a t e d b e f o r e any 
l i t e r a l s a r e even m a t e d . T h i s l e a d s t o d i s j u n c ­
t i o n s t h a t a r e e x t r e m e l y l o n g . We p ropose t h a t 
t h e t h r e e p a r t s above can work t o g e t h e r , and t h a t , 
i n p a r t i c u l a r , t h e r e s u l t s o f t h e u n s a t i s f i a b i l i t y 
t e s t can p r o v i d e s i g n i f i c a n t i n f o r m a t i o n abou t 
how a d d i t i o n a l r e p l i c a s s h o u l d be c h o s e n . We a l s o 
p ropose t h a t i t i s u s e f u l f o r t h e t h r e e o p e r a t i o n s 
t o b e i n t e r s p e r s e d , because s t e p s o f t h e u n s a t i s ­
f i a b i l i t y t e s t can o f t e n s u g g e s t p r o f i t a b l e l i t e r ­
a l m a t i n g s . T h i s w i l l a l s o r e d u c e t h e s i z e o f t h e 
i n t e r m e d i a t e f o r m u l a e . 

We d e s c r i b e a He rb rand method based on a 
n o t a t i o n w h i c h a l l o w s f a s t , e f f i c i e n t t e s t i n g f o r 
u n s a t i s f i a b i l i t y and easy e x t r a c t i o n o f i n f o r m a ­
t i o n when t h e t e s t f a i l s . I n t h e g round case each 
c l a u s e y i e l d s a c o v e r e x p r e s s i o n . These e x p r e s ­
s i o n s a r e combined t o f o r m a c o v e r f o r t h e s e t . 
Each c l a u s e i s used o n c e , and t h e c l a u s e s can be 
t a k e n i n any o r d e r . There i s n o wrong o r d e r o r 
wrong p a i r o f c l a u s e s t o use i n r e s o l u t i o n - b a s e d 
me thods . I n t h e g e n e r a l c a s e , w e s t a r t w i t h some 
r e p l i c a s and c a l c u l a t e t h e c o v e r , t h e n compare 

this cover with the input clauses to find promis­
ing new replicas and l i t e r a l matings. A more 
detailed presentation of the method can be found 
in [ 2 ] . 

Ground Case 

We now describe the truth functional test 
and related notation* Theorems w i l l be stated 
without proof. The proofs are straightforward. 
Let S be a set of ground clauses over n atoms, 

Theorem 1. S is unsatisfiable if f S subsumes each 
of the 2n c l a u s e s w h e r e each q^ is 
Pi or -p£. 

A cover term is a sequence of n symbols, each of 
which is +, -, or 0. The symbols + and - are 
determined symbols. A cover expression is a set 
of cover terms. A cover term t containing k 
determined symbols represents the 2 n "* clauses 
whose i th l i t e r a l has the same sign as position 
i of t for the positions containing determined 
symbols and pi for 0 positions. For example, 
0+0- represents the 4 clauses ±p\ +P2 ±P3 -P4. 

We use terms in a way very similar to Gi l -
more's disjunctive normal forms. Consider the 
clause 
DNF of 
clauses Gilmore forms such a DNF for each clause 
and translates the conjunction of those DNFs to 
DNF, deleting contradictory conjuncts. We formu­
late a cover expression for each clause; for the 
above clause, COV(C) consists of the three terms 

and analogous to Gilmore1s DNF. 
However, we interpret the terms as disjuncts, i. 
e. clauses, not as conjuncts. In general, if 
c = Piiv • • • v Pii,* t h e n c o v ( c ) h a s k terms. The 
j th term has the same symbol in position im as 
the sign of p-̂  for m < j, the opposite symbol 
as the sign oFpi-t in position i i , and 0 every­
where else. The reason for our interpretation 
as disjunctions is given by 

THEOREM 2. COV(C) represents the set of clauses 
not subsumed by C. 

We then "mult iply" the covers for the 
clauses together. If t and s are terms, then t 
and s are compatible if there is no position in 
which they contain opposite determined symbols; 
in this case the product, t *s , is the term whose 
symbol in position k for any k is given as f o l ­
lows: if either s or t (or both) contain a deter­
mined symbol in position k, then the symbol in 
position k of t*s is that determined symbol, 
otherwise it is 0 (see example below). The pro­
duct of two expressions is the union of the 
products of compatible pairs of terms from the 
individual expressions. 

THEOREM 3. If S is a set of ground clauses, then 
the product of the covers of clauses in S repre­
sents the set of clauses not subsumed by S. 

Example. Let S contain p1 P2, Pi~P2> and "PI 
-P2. Then we have 

Theorem P r o v i n g - 2 : Henschen 
541 



Theorem Proving - 2 : Henschen 
542 


