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As one aspect of the endeavor to c r e ­
a te new i n t e l l e c t u a l t o o l s f o r mankind, 
we w ish to enable computers to p rove , and 
t o a s s i s t i n the p roo f s o f , theorems o f 
mathematics and ( e v e n t u a l l y ) o t h e r d i s c i ­
p l i n e s which have ach ieved the r e q u i s i t e 
l o g i c a l p r e c i s i o n . For t h i s purpose, a 
p a r t i c u l a r l y s u i t a b l e f o rma l language i s 
Church 's f o r m u l a t i o n [4] o f type t heo ry 
w i t h A -convers ion . i n t h i s language t r a ­
d i t i o n a l mathemat ica l n o t a t i o n s can be 
expressed ve ry d i r e c t l y , and the i n t u i ­
t i v e d i s t i n c t i o n s between d i f f e r e n t types 
of mathemat ica l e n t i t i e s (such as num­
b e r s , f u n c t i o n s , and se ts o f f u n c t i o n s ) 
are made s y n t a c t i c a l l y e x p l i c i t . 

The program f o r p r o v i n g theorems of 
type theo ry which we d iscuss is i n tended 
to p rov ide exper ience r e l e v a n t to such a 
p r o j e c t , and was developed w i t h the a i d 
of Char les E, B l a i r and John J. 
G r e f e n s t e t t e . 

A f t e r reduc ing the nega t i on o f the 
sentence to be proved to a se t of c lauses 
( b a s i c a l l y as i n the r e s o l u t i o n method) , 
the program seeks an accep tab le mat ing by 
the method o u t l i n e d i n [ 3 ] . The u n i f y i n g 
s u b s t i t u t i o n s are found by Hue t ' s a l g o ­
r i t h m [ 6 ] , augmented b y h e u r i s t i c s t o 
min imize b ranch ing o f the search t r e e , 
and a procedure f o r d e l e t i n g nodes which 
are e s s e n t i a l l y superse ts o f o the r nodes. 
The s e m i - d e c i s i o n procedures which search 
f o r a p o t e n t i a l l y accep tab le mat ing and 
f o r the assoc ia ted u n i f y i n g s u b s t i t u t i o n s 
opera te i n p a r a l l e l , and i n t e r a c t s o t h a t 
i n f o r m a t i o n acqu i red by each procedure 
l i m i t s the o t h e r ' s search . A f t e r a n 
accep tab le mat ing is found , the computer 
c o n s t r u c t s from i t a more t r a d i t i o n a l 
r e f u t a t i o n , us ing s u b s t i t u t i o n , cu t 
(ground r e s o l u t i o n ) , and s i m p l i f i c a t i o n 
o f d i s j u n c t i o n s as r u l e s o f i n f e r e n c e . 

The program can be run in au tomat i c 
or i n t e r a c t i v e mode. The i n t e r a c t i v e sys­
tem embodies a se t of l o g i c a l r u l e s which 
i s i n a c e r t a i n sense complete [ 1 ] , b u t 
the user must p r o v i d e some of the s u b s t i ­
t u t i o n s f o r p r e d i c a t e v a r i a b l e s . (As 
shown i n [ 2 ] , even completeness i n t h i s 
weak sense is not t r i v i a l . ) The program 
in au tomat ic mode is no t l o g i c a l l y com­
p l e t e f o r type theo ry ( though i t i s com­
p l e t e when a p p l i e d t o sentences o f f i r s t 
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o rder l o g i c ) , s i nce no p r a c t i c a l method 
i s known f o r a u t o m a t i c a l l y g e n e r a t i n g a l l 
r e q u i r e d s u b s t i t u t i o n s f o r p r e d i c a t e v a r ­
i a b l e s . Th is i s the fundamental t h e o r e t i ­
c a l problem o f au tomat ic theorem-prov ing 
in type t h e o r y , and no p r a c t i c a l gene ra l 
s o l u t i o n t o i t seems imminent , s i nce sub­
s t i t u t i o n s f o r p r e d i c a t e v a r i a b l e s o f t e n 
express the impo r t an t concepts in a 
mathemat ica l p r o o f . 

As noted i 
axioms o f ex te 
or cho ice must 
A c t u a l l y , the 
f u n c t i o n s to e 
t e n t i a l q u a n t i 
use o f the A x i 
t h e o r y , so the 
consequences o 
V Y . 3 Z , [ R o„ Y , Z , 

n [ 1 ] , f o r c e r t a i n purposes 
n s i o n a l i t y , d e s c r i p t i o n s , 
be taken as hypotheses, 

i n t r o d u c t i o n o f Skolem 
l i m i n a t e e s s e n t i a l l y e x i s -
f i e r s i n v o l v e s a n i m p l i c i t 
om of Choice (AC) in type 

system can prove c e r t a i n 
f AC, such as 
] => a p M VY § on i f F n Y J 

Among the theorems which can be 
proved comp le te l y a u t o m a t i c a l l y are Can­
t o r ' s Theorems t h a t a se t has more sub­
se ts than members, and t h a t t he re are 
more f u n c t i o n s on a n o n - u n i t se t than 
members of the s e t . (Thus the re are un-
coun tab l y many f u n c t i o n s of n a t u r a l num­
b e r s . ) F o l l o w i n g [ 5 ] , the Cantor Theorem 
f o r Sets can be expressed by the sentence 
~&H VS a j . [H J = S ], wh ich as-

OH Ol I O i l I Ol ' 
s e r t s t h a t t he re is no f u n c t i o n H from 
i n d i v i d u a l s to se ts which has every se t S 
in i t s range. The computer dec ides to s u b s t i t u t e f o r S_ the w f f oi 
[AXj . ~H X t X ( ] , which denotes the se t 
( x | ~ x e H x ) , and expresses the key idea in 
the c l a s s i c a l d i a g o n a l argument. 
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