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ABSTRACT 

The Hough t r a n s f o r m a t i o n can d e t e c t 
s t r a i g h t l i n e s i n a n edge-enhanced p i c ­
t u r e ; however, i t s e x t e n s i o n t o recove r 
e l l i p s e s r e q u i r e s too much comput ing 
t i m e . Th i s paper proposes a m o d i f i e d 
method wh ich u t i l i z e s two p r o p e r t i e s o f 
a n e l l i p s e i n such a way t h a t i t i t e r a -
t i v e l y searches f o r c l u s t e r s i n two d i f ­
f e r e n t parameter spaces t o f i n d v i s i b l e 
e l l i p s e s , then eva lua tes t h e i r parameters 
by t he l e a s t means squares method. 

INTRODUCTION 

A n a l y s i s of a scene c o n t a i n i n g many 
comp l i ca ted -shaped o b j e c t s i s a c u r r e n t 
p rob lem o f computer v i s i o n . S ince t h e 
usua l l i n e f i n d e r s f a i l t o e x t r a c t a 
r e l i a b l e l i n e drawing f rom the scene, 
Fa l k and G r i f f i t h have proposed methods 
wh ich i d e n t i f y each o b j e c t i n a b l o c k s 
w o r l d by u t i l i z i n g i n p u t da ta and ex ­
t e r n a l c o n s t r a i n t s so as to suggest and 
t e s t hypotheses on the scene [Fa lk 7 2 ] , 
[ G r i f f i t h 7 3 ] . I n o rde r f o r a computer 
v i s i o n system to ana lyze more complex 
p i c t u r e s c o n t a i n i n g r e a l o b j e c t s such as 
t e l e p h o n e s , cups , o r i n d u s t r i a l p a r t s , 
t h e i r h e u r i s t i c s have been m o d i f i e d as 
f o l l o w s : (1) search f o r s imp le f a m i l i a r 
p a t t e r n s such as po lygons and e l l i p s e s 
i n s t r o n g f e a t u r e p o i n t s i n the p i c t u r e s , 
(2) s e l e c t models o f o b j e c t s whose f e a ­
t u r e s c o n t a i n these p a t t e r n s , (3) t e s t 
the v a l i d i t y o f t he models by examin ing 
whether weak f e a t u r e p o i n t s around the 
p a t t e r n s s a t i s f y the proposed models 
[ T s u j i 7 5 ] . 

L i n e f i n d i n g methods u t i l i z i n g the 
Hough t r a n s f o r m a t i o n are u s e f u l t o f i n d 
po l ygons , e s p e c i a l l y p a r t l y occu luded 
ones, because they u t i l i z e g l o b a l p r o ­
p e r t i e s o f edge p o i n t s [Hough 62 ] , [Duda 
7 2 ] , [ G r i f f i t h 73] , [O 'Gorman 7 6 ] . Duda and 
Har t a l s o d i scussed p o s s i b i l i t i e s o f ex ­
t e n d i n g t h e i r methods t o f i n d curves i n 
the p i c t u r e [Duda 7 2 ] , and Shap i ro ana­
l y zed the per formance o f the t r a n s f o r ­
mat ion method t o d e t e c t curves i n no i sy 
p i c t u r e s [Shap i ro 7 5 ] . D i r e c t a p p l i c a ­
t i o n o f t he p a r a m e t e r i z a t i o n , however, 
i s l i m i t e d to curves w i t h a s m a l l number 
o f pa ramete rs , say two o r t h r e e a t most , 
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s i nce necessary memory space and com­
p u t i n g t ime grow e x p o n e n t i a l l y w i t h t he 
number of pa ramete rs . For example, de ­
t e c t i o n o f c i r c l e s r e q u i r e s a t h r e e -
d imens iona l a r r a y of accumu la to r s , and a 
m o d i f i c a t i o n o f t he a l g o r i t h m i s neces­
sa ry t o recove r the c i r c u l a r a rcs i n a 
reasonab le t ime [Kimme 7 5 ] . 

Th i s paper d e s c r i b e s how we can mod i ­
fy the p a r a m e r i z a t i o n techn ique so as to 
r ecove r b o t h l i n e a r and e l l i p t i c edges, 
wh ich are i m p o r t a n t cues f o r a n a l y z i n g 
scenes c o n t a i n i n g a r t i f i c i a l l y con ­
s t r u c t e d o b j e c t s . We can e a s i l y d e t e c t 
and erase l ong s t r a i g h t l i n e s i n an edge-
enhanced p i c t u r e ; then the prob lem is how 
t o e f f i c i e n t l y d e t e c t e l l i p s e s (each o f 
wh ich has f i v e unknown parameters) in a 
se t o f f e a t u r e p o i n t s on curved o r s h o r t 
l i n e a r segments. I n s t e a d o f u t i l i z i n g 
a f i v e - d i m e n s i o n a l a r r a y o f a c c u m u l a t o r s , 
w e s e q u e n t i a l l y search f o r c l u s t e r s i n 
two d i f f e r e n t parameter spaces; one f o r 
f i n d i n g the approx imate p o s i t i o n s o f 
cen te r s o f e l l i p s e s and s e l e c t i n g c a n d i ­
da te f e a t u r e p o i n t s f o r a n e a s i l y d e t e c t ­
ab le e l l i p s e , and the o t h e r f o r t e s t i n g 
whether the cand ida tes are e x a c t l y on t he 
e l l i p s e s o r n o t . There e x i s t i n t e r a c ­
t i o n s between d i f f e r e n t p a t t e r n s when one 
maps edge p o i n t s i n t o the parameter spaces. 
As the r e s u l t , e l l i p s e s w i t h many edge 
e lements sometimes mask weak c l u s t e r s c o r ­
respond ing t o o t h e r e l l i p s e s . T h e r e f o r e , 
the computer v i s i o n system i t e r a t i v e l y 
searches f o r a n e a s i l y v i s i b l e e l l i p s e i n 
a s e t o f f e a t u r e p o i n t s in an edge-en­
hanced p i c t u r e f rom wh ich edge p o i n t s o f 
the recovered l ong s t r a i g h t l i n e s and e l ­
l i p s e s have been e rased . 

DETECTION OF ELLIPSES 

The d i r e c t a p p l i c a t i o n o f t he Hough 
t r a n s f o r m a t i o n t o t he d e t e c t i o n o f e l l i p ­
t i c o b j e c t s i n a d i g i t i z e d p i c t u r e r e ­
q u i r e s a f i v e - d i m e n s i o n a l a r r a y o f accumu­
l a t o r s ; t he a r r a y i s indexed b y f i v e p a r a ­
meters s p e c i f y i n g t he l o c a t i o n , shape, 
and o r i e n t a t i o n o f a n e l l i p s e . I t s usuage, 
however, i s i m p r a c t i c a l because o f ex -
c e s s i n g comput ing t i m e . An i dea f o r o v e r ­
coming t he d i f f i c u l t y i s a s f o l l o w s : 
i n s t e a d o f t he t ime consuming process o f 
mapping each edge p o i n t i n the p i c t u r e 
i n t o t he f i v e - d i m e n s i o n a l parameter space, 
we s e q u e n t i a l l y examine c l u s t e r s i n b o t h 
a t w o - d i m e n s i o n a l and a one -d imens iona l 
space, by u t i l i z i n g two w e l l known p r o ­
p e r t i e s o f a n e l l i p s e , and e f f i c i e n t l y 
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select a small number of candidate edge 
points for an easily visible el l ipse. 
Next, the f ive unknown parameters of the 
best f i t t i n g ell ipse to the candidates 
are evaluated by the least mean squares 
method. 

Erasing Long Straight Lines in Edge-
Enhanced Picture 

We preprocess a digit ized input pic­
ture to find edge points by applying a 
simple gradient operator to every point 
in the picture and thresholding i t , and 
we thus obtain an edge-enhanced picture E 
in which each edge element is character­
ized by i t s location (x,y) and quantized 
direction 9 which ranges between 0° and 
360° (the distinctness of the edge point 
is not used in the following process). 
Next, the edge points are arranged in a 
set {e } of edge l i s t s : the edge l i s t eθ 
is a collection of edge points of a 
direction θ. Now the l ine finding method 
[0'Gorman 76] detects sets of collinear 
edge points in E and registers them in a 
l i s t of straight l ines, however some of 
them may belong to ell ipses. Straight 
lines longer than a threshold are con­
sidered not to be parts of the e l l i p t i c 
arcs, and their edge points are erased 
from E and {e } in order to simplify the 
following algorithm for detecting e l ­
lipses. 

Detection of Centers of Ellipses 
Let us consider two paral lel tangents 

at P and Q to an ell ipse (see Fig. l (a)). 
A simple property, namely that P and Q 
are at equal distance from the center 0 
of the el l ipse, is useful for finding 
locations of ellipses in E by a two-
dimensional accumulator array {a }; the 
array is indexed two parameters x,y (x,y) 
specifying the location of an el l ipse. 
For each pair of edge points (x,,y-) and 
(x2,y2) in an edge l i s t e (a collection 
of edge points having an orientation e), 
an accumulator at ((x,+x2)/2,(y +y )/2) 
is incremented by one. After^al l pairs 
of the set {eQ> are processed in this way, 
the array is locally averaged by using 
a 3x3 neighborhood. Thus, the accumulator 
corresponding to the center of a complete 
ell ipse has a count approximately pro­
portional to the length of i t s circum­
ference. 

Now, we search for the accumulator 
a with the highest count, whose i n -
dices specify the location of the center 
of an easily visible ell ipse (or concen­
t r i c el l ipses), and then select a l l pairs 
of edge elements which increased a in 
the above-mentioned process, as m,n can­
didates for the el l ipse. The process of 
erasing long straight lines is necessary 
before applying this center-finding a l ­
gorithm because two paral lel lines gene­
rate a mountain ridge, considerably dis-

F ig . l Two properties of an el l ipse. 
(a) OP=OQ, if two tangents are paral lel . 
(b) (l/OP2)+(l/OQ2)=l/R2=constant, if 

/POQ=90° 

turbing the peak-finding process, in the 
array. 

Testing Candidates for the Ellipse and 
Evaluation of I ts Parameters 

Let C be the set of the selected can­
didates for the el l ipse. The above-men­
tioned center-finding procedure simply 
collects edge points such that they are 
on symmetrical curved or linear segments 
to the point (m,n) in E; therefore a mem­
ber in C is not always on an el l ipse. 
Application of the least mean squares me­
thod to f i t t i n g an ell ipse to C is l ikely 
to give an unsatisfiable result, espe­
c ia l ly when there exist concentric e l ­
lipses, because the f i t t i n g process is 
signif icantly disturbed by the symmetri­
cal patterns not on one el l ipse. Thus 
we must select from the candidates the 
edge points which l i e exactly on an e l ­
lipse by u t i l i z ing a property of an e l ­
l ipse, and then apply the f i t t i n g process 
for evaluating accurate parameters. 

Consider two points P and Q on an e l ­
lipse such that /POQ=90°, where 0 is the 
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c e n t e r o f t he e l l i p s e (see F i g , 1 ( b ) ) . 
I t i s easy t o p rove the p r o p e r t y t h a t 

= c o n s t a n t (1) 

f o r a n e l l i p s e . 
Now, a one -d imens iona l accumula to r 

a r r a y { a . } is used to t e s t t he c a n d i ­
d a t e s . ' We assume t h a t 0 is l o c a t e d 
a t (m,n) o b t a i n e d by t he c e n t e r - f i n d i n g 
a l g o r i t h m . I f any two p o i n t s P and Q 
in C s a t i s f y /POQ=90°+ 6 ( 6 is a t h r e s ­
h o l d v a l u e ) , t hen t h e " accumula tor c o r ­
respond ing to R e v a l u a t e d by (1) is 
inc remented by one. A f t e r p r o c e s s i n g 
a l l members in C i n t h i s way, we o b t a i n 
a h i s t o g r a m of R, wh ich g i ves us v a l u ­
ab le i n f o r m a t i o n on e l l i p s e s in C ; m u l ­
t i p l e p rominen t peaks i n i t suggest the 
e x i s t e n c e o f c o n c e n t r i c e l l i p s e s i n C 
(however the number o f the e l l i p s e s i s 
l e s s t han t h a t o f t he peaks i n most 
c a s e s ) , o r we would dec ide t h a t t h e r e i s 
n o v i s i b l e e l l i p s e i n C , i f the h i s t o ­
gram c o n t a i n s o n l y low h i l l s . 

Mutua l i n t e r a c t i o n s between edge 
p o i n t s o n the c o n c e n t r i c e l l i p s e s gene­
r a t e s i g n i f i c a n t f a l s e peaks i n the 
h i s t o g r a m , sometimes h i g h e r than the 
peaks co r respond ing t o t r u e e l l i p s e s . 
The s m a l l e s t e l l i p s e i n C i s examined 
f i r s t , because the count i n the accumu­
l a t o r c o r r e s p o n d i n g t o i t i s l e ss s e n s i ­
t i v e t o t h i s i n t e r f e r e n c e . W e s e l e c t 
a l l p a i r s o f edge p o i n t s , c o n t r i b u t i n g 
t o t he l e f t m o s t peak i n t he h i s t o g r a m , 
and then e v a l u a t e f i v e parameters o f 
t he b e s t f i t t i n g e l l i p s e t o these edge 
p o i n t s by the l e a s t mean squares method. 
The f i t t i n g process is judged to be a 
f a i l u r e i f t he edge p o i n t s i n E cover 
o n l y a s m a l l f r a c t i o n o f t h i s e l l i p s e . 
O t h e r w i s e , i t i s cons ide red a success , 
and t he edge p o i n t s on the recove red 
e l l i p s e are exc luded f rom E, C and {e ) 
i n o r d e r t o e l i m i n a t e t h e i r i n t e r a c t i o n 
w i t h o t h e r e l l i p s e s . The c a n d i d a t e -
t e s t i n g p rocess i s i t e r a t e d b y c a l c u ­
l a t i n g a new h is togam of R in updated C 
and examin ing the l e f t m o s t peak i n i t , 
u n t i l t h e h i s t o g r a m does n o t c o n t a i n 
any p rominen t peak. 

The above-ment ioned procedure f o r 
t e s t i n g cand ida tes i s i t e r a t i v e l y ap­
p l i e d t o a l l p rominen t c l u s t e r s i n t he 
t w o - d i m e n s i o n a l accumula to r a r r a y t o r e ­
cover a l l v i s i b l e e l l i p s e s i n t he p i c ­
t u r e . F i n a l l y , we t e s t whether each 
s h o r t l i n e i n t h e l i s t o f s t r a i g h t l i n e s 
belongs t o t he recovered e l l i p s e s o r 
n o t . S ince t he edge p o i n t s o n these e l ­
l i p s e s have been exc luded f rom the up ­
da ted edge-enhanced p i c t u r e E , we d i s ­
ca rd the l i n e f rom t h e l i s t i f t he edge 
p o i n t s s t i l l r ema in i ng i n E a re n o t o r 

s p a r s e l y d i s t r i b u t e d o n the l i n e ; o t h e r ­
w ise i t q u a l i f i e s f o r a s t r a i g h t l i n e . 

EXPERIMENTAL RESULTS 

The f o l l o w i n g example shows some of 
t h e f e a t u r e s o f the e l l i p s e - f i n d i n g a l ­
g o r i t h m . F i g . 2 (a) shows a 128x128 d i g i ­
t i z e d p i c t u r e w i t h 6 4 g ray l e v e l s , wh i ch 
c o n t a i n s t h r e e p a r t s o f a g a s o l i n e e n g i n e ; 
two c y l i n d r i c a l p a r t s and a r o d . A 
s imp le g r a d i e n t o p e r a t o r u s i n g a 3x3 w i n ­
dow [0'Gorman 76] w i t h a no i se t h r e s h o l d 
o f 30 i s a p p l i e d to o b t a i n an edge-en­
hanced p i c t u r e . F i g . 2 (b) shows t he r e ­
s u l t , wh ich c o n t a i n s 2643 edge p o i n t s . 

F i g . 2 I n p u t p i c t u r e . 
(a) A 128 by 128 d i g i t i z e d p i c t u r e , 

c o n t a i n i n g t h r e e i n d u s t r i a l p a r t s . 
(b) An edge-enhanced p i c t u r e o f ( a ) . 

S e t t i n g the q u a n t i z a t i o n s t ep o f 8 a t 6 ° , 
we c l a s s i f y t he edge p o i n t s i n t o 30 
groups (edge l i s t s ) . A t t h i s p o i n t , t he 
l i n e f i n d i n g a l g o r i t h m i s a p p l i e d , and 
a l l l i n e a r segments are d e t e c t e d . 
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Now l e t us c o n s i d e r how we can s e l e c t 
t he t h r e s h o l d f o r d i s c r i m i n a t i n g l ong 
s t r a i g h t l i n e s f rom f l a t p o r t i o n s o f e l ­
l i p s e s . The maximum l e n g t h L of a f l a t 
p o r t i o n o f a n e l l i p s e d e s c r i b e d b y 
( x / a ) 2 + ( y / b ) 2 = 1 i s 

L = 2 ( a V b ) (π/180°) ( 6 ° /2 ) m 
= ( a / b ) ( a / 1 0 ) (2) 

C o n s i d e r i n g the s i z e o f t he p i c t u r e i s 
128 by 128, we expec t a<50. T h e r e f o r e , 
n o t h i g h l y c o n c e n t r i c e l l i p s e s (a<b) do 
n o t i n c l u d e l i n e a r segments l onge r than 
20. Thus we r e g i s t e r l o n g e r segments 
than 2 0 i n the l i s t o f s t r a i g h t l i n e s , 
and erase t h e i r edge p o i n t s . The edge 
l i s t and E now c o n t a i n 1993 edge e l emen ts . 

Nex t , t he e l l i p s e - f i n d i n g a l g o r i t h m 
i s a p p l i e d . A f t e r a l l p a i r s o f the edge 
p o i n t s i n eve ry edge l i s t a re mapped i n t o 
the t w o - d i m e n s i o n a l (128x128) a r r a y o f 
a c c u m u l a t o r s , t he a r r a y i s l o c a l l y ave­
raged u s i n g a 3x3 ne ighbo rhood . The c o n ­
t e n t s o f these accumu la to rs a re d i s p l a y e d 
i n F i g . 3 ; t h e r e e x i s t two p rominen t 
c l u s t e r s h i g h e r than a no i se t h r e s h o l d o f 
100. 

F i g . 3 Conten ts o f t he t w o - d i m e n s i o n a l 
a r r a y o f accumula to rs a f t e r mapping 
p a i r s o f p a r a l l e l edge p o i n t s . 
There a re two p rominen t peaks. 

A f t e r a l l p a i r s o f edge p o i n t s , wh ich 
c o n t r i b u t e d t o t he h i g h e s t ( l e f t ) peak i n 
F i g . 3 , are s e l e c t e d a s cand ida tes f o r 
e l l i p s e s , we app ly to them the c a n d i d a t e -
t e s t i n g a l g o r i t h m , whose f i r s t s tep i s 
t o c a l c u l a t e t h e ^ h i s t o g r a m o f R o f t he 
c a n d i d a t e s . The r e s u l t i s i l l u s t r a t e d i n 
F i g . 4 ( a ) . S ince t he number o f edge 
p o i n t s on an e l l i p s e depends on t he s i z e 
o f t he e l l i p s e , i t seems reasonab le t o 
use a t h r e s h o l d f u n c t i o n wh ich i s p r o p o r ­
t i o n a l t o R , f o r supp ress ing no i ses i n 
t he h i s t o g r a m , and 15R i s used i n t h i s 
exp e r im e n t . A f t e r a p p l i c a t i o n o f t h i s 
t h r e s h o l d f u n c t i o n , a peak f i n d e r d e t e c t s 
t he s i n g l e p rominen t peak i n F i g . 4 ( a ) , 
and then t h e l e a s t mean squares method 
can e a s i l y f i t s e l l i p t i c a r cs t o the edge 

F i g . 4 Contents o f t h e one -d imens iona l 
a r r a y o f accumu la to r s . 

(a) H is tog ram o f R f o r the c l u s t e r o f 
t he l e f t peak i n F i g . 3 . 

(b) H is tog ram o f R f o r the c l u s t e r o f 
t he r i g h t peak i n F i g . 3 . 

(c) H is tog ram o f R a f t e r e r a s i n g t h e 
edge p o i n t s on the e l l i p s e c o r r e s ­
pond ing t o t h e l e f t m o s t peak i n 
( b ) . 
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p o i n t s o f t h e peak. S e l e c t i o n o f ano the r 
t h r e s h o l d f u n c t i o n w i t h a s m a l l e r c o e f ­
f i c i e n t does n o t i n f l u e n c e t h e f i n a l l y 
o b t a i n e d e l l i p s e s , b u t much comput ing 
t ime is wasted by p r o c e s s i n g low peaks and 
r e j e c t i n g them as n o i s e . 

F i g . 4 (b) shows ano ther h i s t o g r a m of 
R , o b t a i n e d f o r t he second peak i n F i g . 3 , 
in wh i ch we can observe t h r e e p rominen t 
peaks and a medium peak. Edge p o i n t s 
c o n t r i b u t i n g t o t he l e f t peak a re s e l e c t e d 
a s q u a l i f i e d members f o r t he s m a l l e s t e l ­
l i p s e in C, and then t he l e a s t mean 
squares method f i t s a n e l l i p s e t o them, 
wh i ch cor responds t o the i n n e r e l l i p s e o n 
t he c y l i n d r i c a l p a r t a t t he r i g h t s i d e i n 
t he i n p u t p i c t u r e . E r a s i n g t he edge 
p o i n t s on t h a t e l l i p s e f rom the s e t C o f 
c a n d i d a t e s , we aga in c a l c u l a t e a new h i s ­
togram of R. The r e s u l t ( F i g . 4 ( c ) ) im ­
p l i e s t h a t t h e second peak i n F i g . 4 (b) 
i s a f a l s e one, genera ted by t h e i n t e r a c ­
t i o n o f t he recove red e l l i p s e w i t h t he 
o t h e r , because the peak d i sappea rs as a 
r e s u l t o f e r a s i n g the edge p o i n t s c o n t r i ­
b u t i n g t o t he a d j a c e n t peak. S ince t he 
l e f t peak i n the new h i s t o g r a m happens to 
be lower t han the t h r e s h o l d f u n c t i o n o f 
15R, we examine t he r i g h t peak and d e t e c t 
t he o u t e r e l l i p s e o n t he r i g h t p a r t . I f 
a lower t h r e s h o l d f u n c t i o n , say 10R, is 
used , t hen the l e f t peak wh ich cor responds 
t o t he e l l i p t i c a rcs between the two e l ­
l i p s e s i s examined, b u t t h e peak i s judged 
to be a f a l s e one because the edge p o i n t s 
i n E cover o n l y a s m a l l f r a c t i o n o f e l ­
l i p s e s e v a l u a t e d by t he l e a s t mean squares 
method. F i n a l l y , t he l i n e a r segments, 
wh ich a re judged as p a r t s o f t he recove red 
e l l i p s e s , a re d i s c a r d e d f rom t h e l i s t o f 
l i n e s , and w e o b t a i n t h e r e s u l t d i s p l a y e d 
i n F i g . 5 . 

The p rocedure is programmed in FORTRAN, 
and t h e t o t a l comput ing t ime on a m i n i ­
computer PDP8/E (12kw of co re memory, 
24kbytes of b u f f e r memory, and 1.8Mw d i s k 
memory) is about 13 min 20 sec ; 2 min 10 

F i g . 5 De tec ted l i n e a r and e l l i p t i c edges. 

sec f o r c a l c u l a t i n g the g r a d i e n t s and 
s t o r i n g them in the d i s k , 1 min 40 sec 
f o r d e t e c t i n g the l i n e a r segments, and 
9 min 30 sec f o r r e c o v e r i n g t h e e l l i p s e s 
and e v a l u a t i n g t h e i r pa rame te rs . Th i s 
comput ing t ime seems r a t h e r l o n g ; however, 
we pay more a t t e n t i o n to t h e r a t i o o f t he 
t ime f o r r e c o v e r i n g t he e l l i p s e s t o t h a t 
f o r r e c o v e r i n g t he s t r a i g h t l i n e s , s i n c e 
the comput ing t ime depends on t he a b i l i t y 
o f t he computer used . The r a t i o 6 : 1 f o r 
our example seems to be accep tab le when 
we c o n s i d e r the c o m p l e x i t y of t he shapes 
o f e l l i p s e s . 

DISCUSSION 

The proposed method seems to be s a t i s ­
f a c t o r y f o r e x t r a c t i n g the g l o b a l f e a t u r e s 
o f t he a r t i f i c i a l l y c o n s t r u c t e d o b j e c t s . 
A l t hough i t can d e t e c t some o f p a r t i a l l y 
h idden e l l i p s e s , such a s the e l l i p t i c 
a rcs o n the o b j e c t a t t he l e f t s i d e i n 
F i g . 5 , t h e r e are many coun te rexamp les . A 
p a r t i a l l y obscured e l l i p s e i s n o t d e t e c t ­
a b l e i f i t c o n t a i n s a l e s s number o f edge 
p o i n t s symmet r i ca l t o the c e n t e r o f the 
e l l i p s e than the t h r e s h o l d f o r f i n d i n g 
peaks i n t he t w o - d i m e n s i o n a l a r r a y . 
S e t t i n g the t h r e s h o l d a t a lower l e v e l i s 
n o t e f f e c t i v e , because i t can add few e l ­
l i p s e s t o t h e r e s u l t w h i l e much comput ing 
t ime is wasted by examin ing a l a r g e number 
o f weak c l u s t e r s in t he a r r a y . An example 
o f ano the r c l a s s o f unde tec ted e l l i p s e s 
is shown in F i g . 6 . We can recove r a c l u s ­
t e r c o r r e s p o n d i n g t o t he c e n t e r o f t he e l ­
l i p s e ; however, t h e number o f t h e edge 
p o i n t s wh ich have p a r t n e r s mapped t o g e t h e r 
i n t he o n e - d i m e n s i o n a l accumu la to r a r r a y 
i s v e r y s m a l l , s o t h a t t h e method m i s -
p e r c e i v e s the e l l i p t i c a rcs a s n o i s e . 

Another d i f f i c u l t y a r i s e s when we 
app l y t he method to a p i c t u r e c o n t a i n i n g 
v e r y l a r g e o r h i g h l y c o n c e n t r i c e l l i p s e s . 
F l a t p o r t i o n s o f t he e l l i p s e s a re erased 

F i g . 6 A n example o f e l l i p t i c a rcs c o n ­
t a i n i n g few p a i r s o f edge p o i n t s 
mapped in the h i s t o g r a m of R. 
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f rom the edge-enhanced p i c t u r e b e f o r e 
a p p l y i n g t he e l l i p s e - f i n d i n g a l g o r i t h m , 
because they s a t i s f y t he c o n d i t i o n s f o r 
t he l o n g s t r a i g h t l i n e s . However, t he 
o t h e r p a r t s o f t he e l l i p s e s a re g e n e r a l l y 
d e t e c t e d a s se t s o f e l l i p t i c a r c s , t h e r e ­
f o r e we c o u l d improve t he method by 
add ing a f u n c t i o n f o r f i n d i n g s t r a i g h t 
l i n e s wh ich connect these e l l i p t i c a r c s , 
and then f i t t i n g aga in a n e l l i p s e t o t he 
edge p o i n t s on them. 

F i n a l l y , l e t u s b r i e f l y s tudy o n the 
compu ta t i on r e q u i r e d f o r d e t e c t i n g e l ­
l i p s e s u s i n g t he approach of Duda and 
H a r t , who have shown t h a t t he compu ta t i on 
r e q u i r e d f o r o b t a i n i n g l i n e s i nc reases 
w i t h the number o f edge p o i n t s i n t he p i c ­
t u r e [Duda 7 2 ] . Suppose t h a t t he e n ­
hanced p i c t u r e E has n edge p o i n t s a f t e r 
e r a s i n g the l ong s t r a i g h t l i n e s f rom i t . 
I f we d e t e c t e l l i p s e s by s e a r c h i n g the 
f i v e - d i m e n s i o n a l parameter space f o r 
c l u s t e r s , then t h e compu ta t i on r e q u i r e d 
f o r mapping each edge e lement i n t o t he 
space is p r o p o r t i o n a l to dh, where d i s 
the number of q u a n t i z a t i o n of a pa ramete r . 
Thus, t he compu ta t i on r e q u i r e d f o r de­
t e c t i n g e l l i p s e s i s p r o p o r t i o n a l t o nd4. 

The comput ing t ime of the proposed 
method i s spent i n s e a r c h i n g the two p a r a ­
meter spaces and e v a l u a t i n g parameters o f 
t he e l l i p s e s . I f t h e d i s t r i b u t i o n o f t he 
d i r e c t i o n s o f edges i s u n i f o r m i n [ 0 ° ,180° ) , 
t hen an edge l i s t has n / d θ e l e m e n t s , where 
d θ i s t h e number o f q u a n t i z a t i o n o f 6 . 
T h e r e f o r e , n2/2dθ

2 p a i r s o f each edge l i s t 
a re mapped i n the t w o - d i m e n s i o n a l a r r a y , 
and t h e t o t a l number o f mapping p a r a l l e l 
edge e lements i s n2 /2d θ . In o rde r to 
o b t a i n edge e lements c o n t r i b u t i n g t o the 
p rominen t peaks , t h i s mapping process i s 
repea ted a g a i n , thus t ime t 1 f o r t h e 
c e n t e r - f i n d i n g process i s a p p r o x i m a t e l y 
p r o p o r t i o n a l to n2 /dθ On the o t h e r hand, 
mapping i n t o t he one -d imena iona l space 
and e v a l u a t i n g parameters is done on much 
s m a l l e r numbers of cand ida tes than n ; 
t hus t h e r a t i o o f t h e comput ing t ime t 2 
o f t h i s process t o t 1 w i l l become v e r y 
s m a l l f o r l a r g e n . 

When we s imp l y compare n2 /dθ w i t h nd4
θ 

s u p e r i o r i t y o f t h e proposed method over 
t h e d i r e c t a p p l i c a t i o n o f p a r a m e t r i z a t i o n 
i s a p p a r e n t . However, p i c t u r e s w i t h many 
edge p o i n t s r e q u i r e s t o o much comput ing 
t i m e , so t h a t we must make n as s m a l l as 
p o s s i b l e . One i dea f o r dec reas i ng n is 
t o app l y a t h i n n i n g o p e r a t o r t o t he edge-
enhanced p i c t u r e b e f o r e mapping i n t o t he 
parameter spaces. 
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