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Abstract 

The Dempster-Shafer theory gives a solid ba
sis for reasoning appl icat ions characterized by 
uncertainty. A key feature of the theory is 
that proposi t ions are represented as subsets of 
a set which represents a hypothesis space. Th is 
power set along w i t h the set operations is a 
Boolean algebra. Can we generalize the theory 
to cover a rb i t ra ry Boolean algebras ? We show 
that the answer is yes. The theory then covers, 
for example, in f in i te sets. 

The pract ical advantages of general ization are 
tha t increased f lex ib i l i ty of representation is a l 
lowed and that the performance of evidence ac
cumula t ion can be enhanced. 

In a previous paper we generalized the 
Dempster-Shafer or thogonal sum operat ion to 
support pract ical evidence pool ing. 

In the present paper we provide the theoret ical 
underp inn ing of tha t procedure, by systemat
ical ly considering fami l iar evident ia l funct ions 
in t u rn . For each we present a "weaker f o r m " 
and we look at the relat ionships between these 
var iat ions of the funct ions. The relat ionships 
are not so st rong as for the conventional func
t ions. However, when we specialize to the fa
mi l ia r case of subsets, we do indeed get the wel l-
known relat ionships. 

1 In t roduc t ion 

Uncer ta in ty is a feature of our experience and observa
t ion of the wor ld . F ind ing suitable means of represen
ta t ion and man ipu la t i on of uncer ta inty of i n fo rmat ion 
and knowledge [Bell 1992] is a challenge which w i l l have 
to be met i f computer ized decis ion-making based on i m 
perfect i npu t is to be contemplated. An understanding 
of the effect of uncer ta inty on evidence appraisal , and 
u l t ima te ly on the behavior and propert ies of agents is 
essential. Th is paper contr ibutes to this understanding 
and to the pract ical hand l ing of evidence. I t addresses 
the extension, in both pract ical and theoret ical terms, of 
a numer ical system which enables computer appl icat ions 
to reflect some aspects of uncertainty. 

The theory of evidence which or ig inated w i th Demp
ster and Shafer underpins a method which has been 
shown to be a promis ing too l for mak ing judgements 
when confronted w i th uncerta inty in numer ical evidence. 
It generalizes Bayesian theory which is itself a popular 
theory of uncertainty. 

The general ization of evidence theory in tu rn is the 
subject of this paper. I t involves mov ing away f rom 
the standard f ini te set based der ivat ion of theoretical 
and computa t iona l results underp inn ing the Dempster-
Shafer approach. Convent ional ly proposit ions are rep
resented as subsets of a col lect ion of a l l possible values 
of a target variable. This par t icu lar representation of 
the hypothesis space, is not the only way to represent 
proposi t ions. Most obviously we can th ink of leaving the 
proposi t ions as they are, avoid ing their t ransformat ion 
in to subsets. Th is is of immedia te interest in reasoning 
appl icat ions, because proposit ions are fami l iar and can 
be used to represent arguments, hypotheses, etc. 

If th is were done we would st i l l be dealing w i th a struc
ture which has an impo r t an t s im i la r i t y to the previous 
space — both are Boolean algebras. Th is leads to the 
quest ion: can we generalize evidence theory to general 
Boolean algebras ? If we can, this allows us to choose a 
representation — we can use subsets, proposit ions, and 
other means to represent hypotheses and their relat ion
ships, as appropr ia te , in the hypothesis space. It can 
also al low us to establish a theory which covers inf ini te 
hypothesis spaces and evidence spaces by this extension. 

Th is representat ional and theoret ical advantage of the 
general izat ion is our focus of a t ten t ion in this paper. 
However we have argued elsewhere [Guan & Bell 1993a], 
and supported our arguments by def ining operat ions, 
tha t many appl icat ions can achieve improved perfor
mance through using more appropr ia te representations. 
We demonstrated tha t by general izing the orthogonal 
sum operat ion so tha t hypotheses could be represented 
d i rect ly as proposi t ions, such a performance enhance
ment could accrue. Using this representat ion, all the 
subsets of the hypothesis space , i.e., subsets, need 
not be considered (as they would in s tandard Dempster-
Shafer theory) . By focusing on relevant proposit ions 
only, the t ime complex i ty may be reduced to well be
low the previous t ime . 

To these advantages of representat ional and man ipu
lat ive flexibility and efficiency for appl icat ions, we can 
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add the advantage of developing a theory which covers 
infinite hypothesis spaces and evidence spaces, and ex
tending our understanding of the Dempster-Shafer tech
nique. 

In section 2 we define evident ial funct ions which are 
based on Boolean algebras. In par t icu lar we introduce 
weak versions of Bayesian funct ions, belief funct ions, and 
other evident ia l funct ions. We establish relationships be
tween these weak funct ions and the fami l iar correspond
ing funct ions f rom evidence theory, showing that the re
sults for power sets do not carry over to Boolean algebras 
in the general case. In section 3 we discuss nested eviden
t ia l funct ions. We show in section 4 tha t we can obta in 
fami l iar relat ions for the par t icu lar case of the power set. 
The wel l -known inversions between the most conspicu
ous evident ia l funct ions are derived. Then we complete 
the paper by summar iz ing the relationships between the 
weak evident ia l funct ions obta ined. 

2 Evident ia l functions 
In evidence theory, evidence is described in terms of evi
dent ia l funct ions. There are several funct ions commonly 
used in the theory — mass funct ions, belief funct ions, 
commona l i t y funct ions, doubt funct ions, and plausibi l 
i ty funct ions. No rma l l y they are defined over f inite sets. 
Here we generalize evident ial funct ions to Boolean alge
bras. The significance of this is that conventional eviden
t ia l funct ions are defined over the power set of a frame 
of discernment, but Boolean algebras include other in
teresting spaces, such as the space of proposit ions. 
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5 SUMMARY 
Most i m p o r t a n t spaces in ar t i f ic ia l intelligence are 
Boolean algebras, for example, power sets and propo
si t ion sets. The Dempster-Shafer theory or ig inal ly ad
dressed only the power sets. Th is paper generalizes the 
theory to Boolean algebras. 

We investigate al l the most impor tan t kinds of belief 
funct ions on an algebra to enable us to choose the most 
suitable belief f unc t i on to represent evidence, according 
to the par t icu lar s i tuat ion presented. The generaliza
t ion enables us to choose the most suitable algebra to 
represent knowledge and reason efficiently. 

We int roduce weak Bayesian (probabi l is t ic) funct ions, 
Bayesian (probabi l is t ic ) funct ions, weak belief funct ions, 
and belief funct ions. We show that Bayesian functions 
are weak Bayesian funct ions; and Bayesian functions and 
belief funct ions are weak belief funct ions. 

Mass funct ions, commonal i ty funct ions, p lausib i l i ty 
funct ions, and doubt funct ions are also introduced. 

In the case where is a finite set, we 
show that weak Bayesian funct ions are Bayesian func
t ions and vice versa. Moreover, weak belief functions are 
then belief funct ions and vice versa, and weak nested be
l ief funct ions are nested belief functions and vice versa. 
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