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A b s t r a c t 
We introduce curbing, a new nonmonotonic technique 
of commonsense reasoning that is based on model mi­
nimality but unlike circumscription treats disjunction 
inclusively. A finitely axiomatized first-order theory 
T is transformed to a formula Curb(T) whose set of 
models is defined as the smallest collection of models 
which contains all minimal models of T and which is 
closed under formation of minimal upper bounds with 
respect to inclusion. We first give an intuitive defini­
tion of Curb in third-order logic and then show how 
Curb can be equivalently expressed in second-order 
logic. We study the complexity of inferencing from a 
curbed propositional theory and present a PSPACE 
algorithm for this problem. Finally, we address diffe­
rent possibilities to approximate the curb of a theory. 

1 I n t r o d u c t i o n 

Circumscription [McCarthy, 1980] looks to many as one 
of the most promising principles for formalizing com­
monsense reasoning. However, as recently pointed out 
by Raymond Reiter [Reiter, 1992], it runs into problems 
in connection with disjunctive information. The mini­
mality principle of circumscription often enforces the ex­
clusive interpretation of a disjunction a V 6 by adopting 
the models in which either a or 6 is true but not both. 
There are situations in which an inclusive interpretation 
is desired and seems more natural. Consider the follo­
wing example due to Reiter. Suppose you throw a coin 
into an area which is divided into a black and a white 
field. Circumscription applied to 

black-field(coin) V white. ..field(coin) 

excludes that the coin falls into both fields and tells you 
that the coin is either in the white or in the black field. 
This is certainly not satisfactory. An extension of this 
example is even more impressive. Imagine a handful of 
coins thrown onto a chessboard; circumscription tells us 
that no coin touches both a black and a white field. 
It is not clear whether any of the well-known variants 
of circumscription (cf. [Etherington, 1988]) can suitably 
handle inclusive disjunction of positive information. 
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In this paper we suggest an approach to tackle the 
problem pointed out by Reiter. We present the curb me­
thod, which is a generalization of circumscription able 
to handle inclusive disjunctions of positive information 
properly. Our method relies on the new concept of mi­
nimal upper bound models. Intuitively, a minimal up­
per bound model corresponds to a minimal model for 
the inclusive interpretation of disjuncts. Using this con­
cept, we develop the notion of a "good" model of a first-
order theory. Although the concept is more involved 
than circumscription, we show that "good" models can 
be captured like circumscriptive models in second-order 
logic.1 Furthermore, inferencing from the good models 
of a propositional sentence is feasible in quadratic space; 
we show that for a reasonable approximation of the good 
models this problem is no harder than inference from cir­
cumscriptive models. 

The rest of this paper is organized as follows. Section 2 
considers additional examples and introduces informally 
the concept of good models. Section 3 provides a formal 
definition and a logical description. Section 4 examines 
aspects of computational complexity, and Section 5 ad­
dresses approximation issues. Section 6 reviews related 
work and concludes the paper. 

2 G o o d mode l s 

Let us consider two additional scenarios in which an in­
clusive interpretation of disjunction is desirable. Models 
are represented by their positive atoms. 

Example 1: Suppose there is a man in a room with a 
painting, which he hangs on the wall if he has a hammer 
and a nail. It is known that the man has a hammer or a 
nail or both. This scenario is represented by the theory 
T\ in Figure 1. The desired models are A, n, and hnp, 
which are encircled. Circumscribing T\ by minimizing 
all variables yields the two minimal models h and n (see 
Figure 1). Since p is false in the minimal models, cir­
cumscription tells us that the man does not hang the 
painting up. One might argue that the variable p should 
not be minimized but fixed when applying circumscrip­
tion. However, starting with the model of T1where h, n 

*This is a short version not providing detailed proofs of 
all results. Full proofs and more results will appear in an 
extended report. 

1 By using a second-order predicate constant. However, it 
is quantification which counts for the order of a formula [van 
Benthem and Doets, 1983]. 
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Figure 1: The hammer-nail-painting example 

and p are all true and then circumscribing with respect 
to h and p while keeping p true, we obtain the models 
hp and rip, which are not very intuitive. If we allow p 
to vary in minimizing h and n, the outcome is the same 
as for minimizing all variables. On the other hand, the 
model hnp seems plausible. This model corresponds to 
the inclusive interpretation of the disjunction h V n. 

Examp le 2: Suppose you have invited some friends to 
a party. You know for certain that one of Alice, Bob, 
and Chris will come, but you don't know whether Doug 
wil l come. You know in addition the following habits 
of your friends. If Alice and Bob go to a party, then 
Chris or Doug will also come; if Bob and Chris go, then 
Alice or Doug will go. Furthermore, if Alice and Chris 
go, then Bob will also go. This is represented by theory 
T2 in Figure 2. Now what can you say about who will 

Figure 2: The party example 

come to the party? Look at the models of T2 in Figure 2. 
Circumscription yields the minimal models a, b, and r, 
which interpret the clause a V 6 V c exclusively in the 
sense that it is minimally satisfied. However, there arc 
other plausible models. For example, abe. This model 
embodies an inclusive interpretation of a and b within 
aVbVc; it is also minimal in this respect, abd is another 
model of this property. Similarly, bcd is a minimal model 
for an inclusive interpretation of 6 and c. The models ad, 
bd, and cd are not plausible, however, since a scenario 
in which Doug and only one of Alice, Bob or Chris are 
present does not seem well-supported. 

In the light of these examples, the question arises how 
circumscription can be extended to work satisfactory. 
An important insight is that such an extension must 
take disjunctions of positive events seriously and allow 
inclusive (hence nonminimal) models, even if such mo­
dels contain positive information that is not contained 
in any minimal model. On the other hand, the fruit­
ful principle of minimality should not be abandoned by 
adopting models that are intuitively not concise. Our 
idea is the synthesis of both: adopt the minimal inclu­
sive models. That is, adopt for minimal models M1 , M2 

any model M which includes both M\ and M2 and is 

a minimal such model; in other words, M is a minimal 
upper bound (mub) for M\ and M 2 . 

To illustrate, in Example 1 hnp is a mub for h and n 
(notice that hn is not a model), and in Example 2 abc is 
a mub for a and c; abd is another one, so several mub's 
can exist. In order to capture general inclusive interpre­
tations, mub's of arbitrary collections M1, M 2 , M 3 , . . . of 
minimal models are adopted. 

It appears that in general not all "good" models are 
obtainable as rnub's of collections of minimal models. 
The good model abcd in Example 2 shows this. It is, ho­
wever, a mub of the good models a and bed (as well as of 
abe and abd). This suggests that not only mub's of coll­
ections of minimal models, but mub's of any collection 
of good models should also be good models. 

Our approach to extend circumscription for inclusive 
interpretation of disjunctions is thus the following: adopt 
as good models the least set of models which contains all 
circumscriptive (i.e. minimal) models and which is closed 
under including mub's. Notice that this approach yields 
in Examples 1 and 2 the sets of intuitively good models, 
which are encircled in Figs. 1 and 2. 
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4 Computat ional complexi ty 
An impor tant aspect of any reasoning method is, of 
course, its computat ional complex i ty (cf. [Garey and 
Johnson, 1979] for basic concepts and def in i t ions). It 
is clear that our method is in the fu l l first-order case 
highly undecidable, jus t as any of the wel l -known me­
thods in nonmonotonic reasoning. We give here a more 
detailed account of the proposi t ional case. Notice tha t 
in this case, a st ructure M is a t ru th-va lue assignment 
to the proposit ional variables and p and z are sets of 
proposit ional variables. In par t icu lar , we consider the 
inference problem. 
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Theorem 5.2, wh ich fails for arb i t rary structures, im­
plies a d ichotomous result on the expressivity of K~ 
bounded dis juncts: E i ther we get only the min imal mo­
dels or al l models obta inable by unbounded disjuncts. 
L i m i t i n g simultaneously the number of disjuncts and and 
the depth in bu i ld ing m in ima l upper bounds can be used 
to cut down the set of good models. 

6 Related work and conclusion 

Inclusive in te rp re ta t ion of dis junct ive models has been 
invest igated in logic p rogramming [Ross and Topor, 
1988; Sakama, 1989; Ross, 1989; Chan, 1991]. 

The Dis junct ive Database Rule ( D D R ) [Ross and To­
por, 1988] has been proposed to allow cautious deriva­
t ion of negat ive l i terals f rom a disjunct ive database. The 
D D R al lows all models in Examples 1 and 2, hence also 
the un in tu i t i ve ones. Moreover, i t depends on syntactical 
representat ion [Chan, 1991], which however is customary 
for semantics of logic programming. Thus, the D D R is 
basically di f ferent f r om our method. 

A more sophist icated approach that allows also to deal 
w i t h negative clauses was introduced in [Sakama, 1989; 
Chan , 1991] by the equivalent concepts "Possible Mo­
dels Semant ics" ( P M S ) and "Possible Worlds Semantics'' 
( P W S ) . Th is approach has recently been generalized to 
cover Negat ion by Fai lure [Sakama and lnoue, 1993). In 
Examples 1 and 2, PMS and PWS coincide wi th curb. 
However, if the clause h V n V p is added to T1, which 
has no effect on the models, then PMS and PWS adopt 
all models. Hence, P W S and PMS are syntax-dependent 
and basically differ f rom our method. 

Ano ther approach to treat disjunct ion inclusively is 
the weak wel l - founded semantics ( W W F ) for disjunc­
t ive logic programs in [Ross, 1989]. In case of negation 
free programs, th is semantics coincides wi th the DDR 
[Ross, 1989], which implies syntax-dependency of W W F . 
Hence, W W F is basically different f rom curb. 

In this paper we presented a new approach to nonmo­
notonic commonsense reasoning that seems to be more 
appropr ia te than c i rcumscr ip t ion in many cases, namely, 
when d is junct ion of posit ive in format ion is natural ly in­
terpreted in an inclusive fashion. Our method of curbing 
theories differs s igni f icant ly f rom all previous approaches 
to t reat d is junct ion inclusively. I t is syntax independent 
and yields the more in tu i t i ve models. We have shown 
tha t C u r b is second-order definable and have derived 
some relevant complex i ty results. We also have fostered 
two ways of app rox ima t i ng the curb of a theory. 

We believe t ha t this new approach deserves further in­
vest igat ions. On the one hand, it is tempt ing to find new 
and bet ter a lgor i thms for inferencing under curb or its 
approx imat ions . On the other hand, the inclusive inter­
pre ta t ion of d is junct ion is not always desired. Sometimes 

it seems that a hybr id approach which interprets cer­
tain predicates (or certain connectives) inclusively and 
others exclusively is more appropr iate, cf. [Ross, 1989: 
Sakama, 1989; Chan, 1991]. Our ongoing research deals 
w i th all these topics. 
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