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Abstract In the present work our object is to establish some geometric properties (like univalence,
starlikeness, convexity and close-to-convexity) for the generalized Struve functions. In order to prove
our main results, we use the technique of differential subordinations developed by MILLER and Mo-
CANU, some inequalities, and some classical results of OZAKI and FEJER.
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1 Introduction and preliminary results

It is well known that the special functions (series) play an important role in geomet-
ric function theory, especially in the solution by de Branges of the famous Bieber-
bach conjecture. The surprising use of special functions (hypergeometric functions)
has prompted renewed interest in function theory in the last few decades. There is
an extensive literature dealing with geometric properties of different types of special
functions, especially for generalized, Gaussian, Kummer hypergeometric functions and
Bessel functions. Many authors have determined sufficient conditions on the param-
eters of these functions for belonging to a certain class of univalent functions, such
as convex, starlike, close-to-convex, etc. Someone can find more information about
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2 Halit Orhan, Nihat Yagmur

geometric properties of special functions in [2-4,11,15-18,14]. In this present investi-
gation our goal is to determine conditions of univalence, starlikeness, convexity and
close-to-convexity of generalized Struve functions. In order to achieve our goal in this
section, we recall some basic facts and preliminary results.

Let A denote the class of functions f normalized by

f(2) :z+2anz” (1.1)

n>2

which are analytic in the open unit disk & = {z : |z| < 1}. Let S denote the subclass
of A which are univalent in U. Also let $*(«), C(«) and K(«) denote the subclasses of
A consisting of functions which are, respectively, starlike, convex and close-to-convex
of order avin U (0 < & < 1). Thus we have (see, for details, [5]),

S*(a) = {f fedand R (i{??) >a,(zel; 0<a< 1)} , (1.2)

Cla)= {f :feAand R <1 + Z;’Zi?) >a,(zelU; 0<a< 1)} ) (1.3)

IC(a)z{f:fEAand?R(ﬁjEji) >a,(zel;0<a< 1;g€C)}, (1.4)
where, for convenience,

§*(0)=8%, C(0)=C, and K(0) =K. (1.5)

We remark that, according to the Alexander duality theorem (see [1]) the function
f : U — C is convex of order o, where 0 < o < 1 if and only if 2 — zf/(2) is
starlike of order cr. We note that every starlike (and hence convex) function of the
form (1.1) is in fact close-to-convex, and every close-to-convex function is univalent.
However, if a function is starlike then it is not necessary that it will be close-to-convex
with respect to a particular convex function. For more details we refer the interested
in the papers [5], [7], [13] and the references therein.

Lemma 1.1 ([10]) Let E be a set in the complex plane C and ¢ : C*xU — C a
function, that satisfies the admissibility condition ¥(pi, o, p+ vi;z) € E, where z € U,
p,0, 1,0 € R with p+0 <0 and 0 < —(1+ p?)/2. If h : U — C, which satisfies
h(0) = 1, is analytic and for all z € U we have ¥ (h(2), zh/(2), 221" (2); z) € E, then
R{n(z)} > 0 for all z € U. In particular, if we only have ¥ : C*xU — C the
admissibility condition reduces to (pi,o;2) ¢ B, for all z € U and p,0 € R with
o< —(1+p?)/2.

Lemma 1.2 ([13]) If the function f(z) = z + a22® + ... + an2™ + ... is analytic in U
and in addition 1 > 2a9 > ... > nap, > ... >0 or1 <2as < ... <na, < .. <2, then
f is close-to-convex with respect to the convex function z — —log(1l — z). Moreover,
if the odd function g(z) = z + b3z® + ... + boy, 122"~ + ... is analytic in U and if
1>3b3>..> (2n—0—1)b2n+1 >.>200r1<335<...< (2n+1)b2n+1 <...<2, then
g s univalent in U.
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Generalized Struve functions 3

Lemma 1.3 ([6]) If the function f(z) = a1z + a2z + ... + 2™ + ..., where a1 =
1 and an, > 0 for all n > 2, is analytic in U, and if the sequences {nan}n21,
{nan — (n+1)ant1},>, both are decreasing, then f is starlike in U. Moreover, if for

the analytic function g(z) = by +baz+...+bpy12"+ ..., where by = 1 and b, > 0 for all
n > 2, we have that {b,},~, , is a convex decreasing sequence, i.e., bp—2bp114+byp 2 > 0

and by, — b1 >0 for alln > 1, then R{g(2)} > 1/2 for all z € U.
Theorem 1.4 ([19]) If f € A satisfies

2f'(z)
e 1‘ < M, (1.6)

where M is the solution of the equation cos M = M, then R{f'(z)} > 0.
Theorem 1.5 ([8]) If f € A satisfies

‘f(zz)—l‘<1, (zel), (1.7)

then f(z) is univalent and starlike for |z| < 1.
Theorem 1.6 ([9]) If f € A satisfies
|f(z) - 1] <1, (zelU), (1.8)
then f(z) is convez for |z| < 3.
Theorem 1.7 ([12]) If f € A satisfies the inequality

11—«

121" ()| < T (zel; 0<a<l), (1.9)
then 1
R{f(2)} > Za, (zeU; 0<a<).

2 Univalence, convexity and starlikeness of generalized Struve functions

Let us consider the second-order inhomogeneous differential equation ([20], p.341)

2w (2) + 20/ (2) + (22 — pPw(z) = M (2.1)

Vval(p+3)

whose homogeneous part is Bessel’s equation, where p is an unrestricted real (or
complex) number. The function H,, which is called the Struve function of order p, is
defined as a particular solution of (2.1). This function has the form

B (=)™ 2\ 2n+p+1
Hy(z) = nZ:O T3/ DT tnT32) (§> , for all z € C. (2.2)
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4 Halit Orhan, Nihat Yagmur

The differential equation

_ A2
VAl (p+1/2)
which differs from (2.1) only in the coefficient of w. The particular solution of (2.3)

is called the modified Struve function of order p, and is defined by the formula ([20],
p.353)

2w (2) + 20/ (2) — (22 + pHw(z) (2.3)

Ly(2) = —ie ™2 H,(iz)

1 2n+p+1
— T;] Il (%) : , forallze C.  (2.4)

n+3/2)I'(p+n+3/2)

Now, let us consider the second-order inhomogeneous linear differential equation

22" (2) 4+ bzw'(2) + [e2* — p* + (1 = b)p] w(z) = M (2.5)

VA (o 072)
where b,c,p € C. If we choose b = 1, ¢ = 1 then we get the equation (2.1) and if
we choose b = 1, ¢ = —1 then we get the equation (2.3). So this generalizes the

equations (2.1) and (2.3). Moreover, this permits to study the Struve and modified
Struve functions together. A particular solution of the differential equation (2.5),
which is denoted by w,(z), is called the generalized Struve function of order p. In fact
we have the following series representation for the function wy(2) :

(=1)"e" 2\ 2ntp+l
: 2 , forall z€ C. 2.6

In the study of geometric properties of these generalized Struve functions an inter-
esting method is the technique of differential subordinations, i.e. the application of
Lemma 1.1. Thus, we would like to apply Lemma 1.1 for the analytic funtion h :
U — C, defined by h(z) = wp(z) and for the function 1 : C3*xU — C, defined by

Y(h(2), 21 (2), 220" (2); 2) = 2°R"(2) + bzh/(2)
_ A/
Val(p+3%)

with E ={0}. But we have that w,(0) = 0, and therefore, we consider the transfor-
mation

+ [022 —p? 4+ (1 - b)p] h(z) (2.7)

b+2

)27 wy(v/z) (2.8)

to obtain wuy(z) = by + b1z + boz? + ...+ bp2™ + ..., where for all n > 0

up(2) = 2°v/7L(p +

_ (=nrer (3/2) L(p+ H2)
Y (n4+3/2) D(p+n+ H2)
232
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Generalized Struve functions

Using the Pochhammer (or Appell) symbol, defined in terms of Euler’s gamma func-
tions, by (M), = I'(A+n)/T'(A) = AM(A+ 1)...(A + n — 1), we obtain for the function

up, the following form

_ (/9"
up(z) = 7;7(3/2) ol (2.10)

where £ = p + (b +2)/2 # 0,—1,—2,.... This function is analytic in C, satisfies the

condition u,(0) = 1 and satisfies also the differential equation

422u" (2) +2(2p + b+ 3) 20/ (2) + (cz + 2p + b)u(z) = 2p + b. (2.11)

The next proposition will be applied for the study of the univalence of the function

including w,,.

Proposition 2.1 Ifb,c,p e C, sk =p+ (b+2)/2 #1,0,—1,-2, ..., and z € C, then

for the gemeralized Struve function of order p the following recursive relations hold:

(i) s1a(2) + ety (2) = (26 = By 2) + 250305

(1) 2wl (2) + (p+ b — Dwy(2) = zwp_1(2);
(4ii) zwy(2) + czwpy1(2) = pwp(z) + 2\(/274?(:31;
(iv) [27Pwp(2)] = —ez Pwyia (2) + 5rdrgy
(v) up(2) + 2zl (2) + Eupii(2) = 1.

Proof. (i) If we compute the expression wy—1(z) + wp41(z), then we have that

B (=1)"e 2\
wpfl(Z)-i-wp-Q—l(Z)—r;) (n+3/2)F(p+TL+ ) (2)

—1)7cn 2n+p+2
+Z ( ) - b+2 5)
nZOF(n+3/2)F(p+n+T+1)
1

r/2)r (n— 1) (%)p

+ Z { I'(n+3/2)T 1)n(c,:+n— 1) + I’(n(;ll)/n;) lfn(/_-@—l—n)} (5)2n+p

- %; : [F(3/2)F(n2— 1) (2k —3) (i)pH

TLTL

+Z n+3/2 I'(k+n) ( )2n+p

n+1 c(c—1) 2\ 2ntp+2
+Z n+3/2 I'(k+n+1) (5) ’

where Kk =p+ (b+2)/2.
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6 Halit Orhan, Nihat Yagmur

Consequently, we obtain that

2k — 3 1 z\pt1l
= |23 32T () (5) + wp(z)]
+ (1 = Jwp1(2)

wp—1(2) + wp1(2) =

which implies that zwp_1(z) + czwp1(2) = (26 — 3)wy(2) + QE/ZE/?(:;I holds, as we
required.

(ii) Analogously, if we compute the expression wy_1(2) — wp41(2), then we have

. (~1)e” 2y
wpfl(Z) - wp+1(2) = % F(n+ 3/2) F(p-i— n—+ %) (2)

S LU Ol
ST (n+3/2)F(p+n+ 52 +1) \2

- e &)

N Z (_1)ncn ('L€ 4+n— 1) + (—1)"_10”_1(n + 1/2) (E)Qnﬂ)
= I'(n+3/2)T (k+n) 2
p+b—1
= wf2) + LD )y (a)
and thus we obtain the second recursive relation.
(iii) Combining the recursive relations (i) and (ii), we get that
/ 2(z/2)P1
zwy(2) + (p+ b — Dwy(2) + czwpia(z) = (2p + b — Dwp(2) + NGRD]

2(z/2)rt!
Vrl'(k)

which implies that 2w, (2) + czwpi1(2) = pwy(2) +
(iv) Using the third recursive relation we obtain

[zfpwp(z)], =% [w;,(z)zp — p2Phwy(2)]
= 27771 [zwy(2) — pwy(2)]

—czwp i (2) + (2/2)p+1
" \ff( )

= Z_p_l

= —cz Pwp1(2) + o= QPﬁF (k)

(v) For convenience, we use part (iv). Since from definition and from part (iv)

we have wy(z) = 2;,\2/{}1 H)Up( z%) and [Zipwp(z)]l = —cz Pwpya(2) + 2p\f1F(n)’ we
2pt2

get [¢7Pwy(2)]" = 2p\/7?1‘(5) [zup (= %))'. We have Wwpt1(2) = muzﬂﬂ( ?), so

[2uy(2%)] = =22 up11(2%) +1. Consequently, we get up(2)+2zul(2) = SZupy1(2)+1,
thus the proof is complete. O

234



Generalized Struve functions 7

The next result contains conditions for the function g,(z) = zu,(2) to be univalent,
convex and starlike in the unit disk.

Theorem 2.2 Ifb,c,p € R, k = p+ (b+2)/2 then the functions u, and g, satisfy the
following properties:

(i) If k > V12 Vé*%?, then R{up(2)} >0 for all z € U;

(ii) If 5 > IMI2EVMELI2MAEL |0 yhere M is the solution of the equation cos M = M,

240
then R {g;, } >0 for all z € U and hence gy(z) is univalent in U;

(7i1) If Kk > 9+‘ﬁ c|, then gp(2) is starlike in U;
(iv) If K > 13 \ then g,(z) is convex in U;

(v) If k> 3 | |, then gy(z) is starlike for |z < 1
(vi) If k> 15 |c|, then gy(2) is convez for |z| < 3.

Proof. (1) Clearly when ¢ = 0 we have uy(z) = 1, thus R {u,(2)} >0 for all z € U.

Now suppose that x > LV;’M and ¢ # 0. Put h = u,. Since h satisfies (2.11), we
have
422K (2) +2(2p + b+ 3)zh/(2) + (cz + 2p + b)h(z) —2p — b= 0. (2.12)
If we let ¥(r,s,t;2) = 4t +2(2p+ b+ 3)s + (cz + 2p + b)r — 2p — b and E ={0},
then (2.12) can be written as ¥(h(z), zh/(2), 22h"(2); 2) € E for all z € U. Now we use
Lemma 1.1 to prove that R {u,(2)} > 0, for all z € Y. If we put z = x + iy, where
x,y € R, then R{¢(pi,o,pn+ vi;x +iy)} =4(p+0) +2(26 — 1)o —cpy — 2(k — 1)
for all p,o, u,v € R. Let p,o,u,v € R satisfy ,LL—i—U <0and o < —(1+ p?)/2. Since
k > 1/2, we have §R{w(pz o+ vise +iy)} < — (26 — 1)p? — cpy — (4x — 3). Set
Qp) = —(2k — 1)p? — cpy — (4/-@ - ) This value will be strlctly negative for all real
p, because the discriminant A of Q(p) satisfies A = ¢y — 4(2xk — 1)(4k — 3) < 0,
whenever y € (—1,1).Consequently v satisfies the admissibility condition of Lemma
1.1. Hence by Lemma 1.1 we conclude that R {h(z)} = R{u,(2)} >0, for all z € U.
(ii) By using the well-known triangle inequality |z1 + 22| < |z1| + |22| and the in-

equalities (%)n > 3n, (k), = k" (n € N), we have

c/4)™ c/4
- Z(g}z)/ Z' /| (2.13)

n>1 n>1

2 |c| _ 2| |
34,{2( ) =3y "7 1)

Furthermore, if we use reverse triangle inequality |z1 — 22| > ||21| — |22]|| and the
inequalities (ﬁ)n > (2)", (k), > K™ (n€N), then we get

c/4 c\"
=1+3 3/2/())Z">1_§1<l3,l> (2.14)

n>1
c le N\ 6k —2]c] |
6/&%(6/—@) 6k —c| (H>6)

235
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8 Halit Orhan, Nihat Yagmur

which is positive. Next, by combining the inequalities (2.13) with (2.14), we immedi-
ately see that

)| MGl 215
9p(2) ~ 3(4k — |c) (3K — [e])
So, for r > TM+2+ VQ%VQ[“2M+ lc|, we obtain
/
9p(2) 1‘ < M, (2.16)
9p(2)

where M is the solution of the equation cos M = M. From Theorem 1.4, we get
R{g,(2)} >0 forall zeU.

(iii) Suppose that x > 9+\ﬁ |, from the inequality (2.15), we have
/
29p(2) 1’ <1 (2.17)
9p(2)

which shows g,(z) is starlike in U.

(iv) By using the well-known triangle inequality and the inequalities (2),, > nndl)

(k), > K" (n € N), we arrive at the following

n—1

n+1)(—c/4)" c
ol = e, | <2 X (i) 219

= 2 |C| K > M
4k — ||’ 4 )
3(n+1)

Furthermore, if we use reverse triangle inequality and the inequalities (%)n > =,
(k),, = k" (n € N), we have

|9p(2)] = 1+Z 3/2 644) 2| > _§ﬂ2<|0|> (2.19)

n>1

125 — 7|¢] S |c|
= K _—
3(4k — |c])’ 4
which is positive. Next, by combining the inequalities (2.18) with (2.19), we immedi-
ately deduce that

29 (%) 6l (2.20)
gy(2) | 7 126 = T|c| '
So, for k> 13 |c| we have
"
‘Zg”(z) <1 (2.21)
9p(2)

This shows gp(2) is convex in U.
236



Generalized Struve functions 9

(v) Suppose that £ > % le|, by using well-known triangle inequality and the inequal-
ities (%)n > (%)n, (), > K" (neN), we get

= ;(3(/2§/4( . g( ) (222)
Z(M) 6n|i|c|<1'

So, from Theorem 1.5, gp(2) is starlike for |z| < 3.
(vi) Suppose that £ > 5 |c|, by using well-known triangle inequality and the in-
equalities (%)n > W, (k),, > K" (n € N), we obtain

, n+1)(—c/4)™ | _4lc o\
=[S S () e
__ 4]
3(4k — |c])

gp(2) 1’

< 1.

So, from Theorem 1.6, gp(z) is convex for |z| < 3. O

Struve functions. Choosing b = ¢ = 1, we obtain the differential equation (2.1) and
the Struve function of order p, defined by (2.2) satisfies this equation. In particular,
the results of Theorem 2.2 become:

Corollary 2.3 Let H, : Y — C be defined by

Hy(z) = 2°/7l <p - ;’) 2P H,(2).

Then the following assertions are true:

(i) If p > %\/3, then R [H, (21/2)] >0 forallzel;
. —20M +/ M2 12M
(ZZ) pr > 29M+ 24M+12 +4

, where M is the solution of the equation cos M = M, then
R [2H, (2/2)]' > 0, for all z € U and hence H, (2V/2) is univalent in U;

(i73) If p > _27+\ﬁ then zH, (2/2) is starlike in U;

(v

)

) If p>— 12, then My (2 1/2) is convex in U;
(v) If p> —£, then zH, ( 1/2) s starlike for |z| < &
(vi) If p > —1. then 2H, (21/2) is conver for |2| < 3.

Modified Struve functions. Choosing b = 1, ¢ = —1, we obtain the differential
equation (2.3) and the modified Struve function of order p, defined by (2.4). For
the function £, : U — C be defined by L,(z) = 2°/7I (p+ 3) 27P71Ly(2), the
properties are same like for function #,, because we have |c| = 1. More precisely, we
have the following results.
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Corollary 2.4 The following assertions are true:

(i) If p> %ﬁ, then R [Lp, (21/2)] >0 for all z € U;

(i5) If p > =—20M+ 3%}“2]\44“4, where M is the solution of the equation cos M = M, then

R [zﬁp (zl/Q)]/ >0 forall z €U and hence L, (21/2) is univalent in U;

(i) Ifp > —%, then zL, (21/2) s convex in U;

)
)
(v) If p> —%, then 2L, (z1/2) is starlike for |z| < %;
(vi) If p> —13, then 2L, (21/2) is convez for |z| < i.

% > _7+\/§, we obtain

FExample 2.1 For p = — S

sin
NZ

From part (i) of Corollary 2.3, we have ® [H_, /5 (z1/2)] = R [Si“

S

H_1/2 (21/2> = 2_1/2ﬁ2_1/4H—1/2(21/2) =

B

| >0

N

3 Convexity and starlikeness of order aof the generalized Struve functions

The following results contain conditions for the functions u,, g, and w, to be convex
and starlike of order « in the unit disk.

Theorem 3.1 Ifb,c,p € R, k =p+ (b+2)/2 and a € [0,2 — V/2) then u, satisfy the
following property:
302 —10a+5+(1—a)y/(1—a)2+c2(a2—4a+2
Ifr= I(a®—4a+2)

), then R{up(z)} > a, for all z € U.

Proof. First suppose that ¢ = 0 we have u,(z) = 1, thus R {u,(2)} > o for all z € Y.

2_ _ _ 2 2 2_
Now suppose that £ > Sa 10a+5+(1482\{i+az)) ¥ (of Aot 2) and ¢ # 0. Define the

function h : Y — C by h(z) = % Since u,, satisfies (2.11), h will satisfy the
following differential equation:

4220 (2) + 2(2p + b+ 3) 2k (2)
+(cz+2p+b) (h(z) + -2 ) - <2p+b> = 0. (3.1)

11—« l1—«

If we use ¢(r, s,t; 2) = 4t+2(2p+b+3)s+(cz+2p+b) (r+ﬁ)7(2lpftf) and E ={0}, we
see that equation (3.1) implies ¥ (h(2), zh/ (2), 221" (2); 2) € E for all 2 € U. Now we use
Lemma 1.1 to prove that ${u,(z)} > 0 for all z € U. If we put z = x+iy, where z,y €

R, then R{+(pi, o, ptvis; x+iy) } = 4(u+0)+2(2k—1)0—cpy+(cx+2K—2) 19 — 2(1':3),
for all p,o,u,v € R. Let p,o, u,v € R satisfy p+ 0 <0 and o < —(1 + p?)/2. Since
k> 1/2, we have R {1(pi, o, u +vi;x +iy)} < —(2k—1)p? —cpy— (26— 1)+ (cx+2K —

2) 12 — 22D Get Qy(p) = — (26— 1)p? — cpy — (26— 1) + (car 4 25 — 2) 72 — 282D
238
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This value will be strictly negative for all real p, because the discriminant A; of Q1(p)
satisfies

A =cAy? +4(26 - 1) <—(2KL — 1)+ (cx + 2k —2) . fa - 2(1H—_a1)>
<A1 —2%) — 426 —1)* +4(26 — 1)(cz + 2K — 2) a

_8@e= D=1 6 0 <o,

11—«

l1—«

whenever 22 + y? < 1 and the discriminant Ay of Q2(z) is negative satisfies Ay has

the form Ay = 4c?[4(2k — 1)2(1272)2 — 4(2k — 1)(4k — 3) + ?] and this is negative if
2_ — _ —

and only if we have k > 3o 10a+5+(14((1032\{&&))2“2((12 4a+2). Hence by Lemma 1.1

we conclude that R{h(2)} = R[2=(up(z) — )] > 0, for all z € U, and this implies

—Q

that R {u,(2)} > a for all z € U, as we required. O

Remark 3.1 If we choose a@ = 0 in Theorem 3.1 then we get part (i) of Theorem 2.2.

Theorem 3.2 Ifb,c,pe R, k =p+ (b+2)/2 and a € [0,1) then g, and w, have the
following properties:

(6) If & > S=ebyer= ol o] then g,(z) € §*(a);

(i) If k > 1123(’1__73) lc| then gp(z) € C(a);
(iii) If k > 2=etyva-—ldat? W|c| and a # 0, then z — z(1=20=P)/2aly, (21/12e]) s starlike
mU.
Proof. (i) Assume that x > é%;fg) |c|. Then from the inequality (2.15), we get
295(2) ‘ ] (6r — |c])
—1| < <l-a (3.2)
9p(2) 3(4k — [e])(3k — |e])

This shows that g,(z) € S*(a).
(ii) If & > 3= |¢| then from the inequality (2.20), we have

12(1—a)
29, (2) 6 |c|
1—oc. 3.3
gp(2) | T 125 = T|c| < “ (3:3)

This shows g,(z) € C(a).
(iii) Define the function hy, : U — C by hy(z) = z(1727P)/Raly, (21/e]) | Since
2= ey, (21/@) it follows that

zhy(2) 1 zl/o‘g;(zl/“) B
gp(21/®)

Finally, because g, is starlike of order a, we deduce that h,, is starlike in 4. O

ho(2) = sty

hp(2)  «

Remark 3.2 If we choose @ = 0 in parts (i) and (ii) of Theorem 3.2 then we get
parts (iii) and (iv) of Theorem 2.2, respectively.
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4 Close-to-convexity of the generalized Struve functions

Motivated by the paper of BARICZ [2], we discuss in this section a few conditions
concerning the parameters of u,, which guarantee the close-to-convexity with respect
to the convex functions fi, fo : U — C, defined by fi(z) := —log(l — z) and

fo(z) = 5 log 1£2.

Theorem 4.1 If b,c,p € R, k = p+ (b+2)/2 and a € [0,1) then the function g,
satisfy the following property:

If Kk > 48+_90) lc| then gp(z) € K(15%) and R {g,(2)} > 5%, for all z € U.

Proof. If k > 4at?1) lc| then from the inequality (2.18), and Theorem 1.7, we have

|zg,(2)] = 43|_C|‘C| <12 (2 €eU;0 < a<1). SoR{gy(z)} > 152 This shows that

g(2) € K(H®). O

Theorem 4.2 Ifc <0 and b,p € R, then the following assertions are true:

(1) If k > —c/3 then g,(z) is close-to-convexr with respect to the function fi and hence
univalent in U.

(ii) If K > —c/2 then z — zuy(2?%) is close-to-convex with respect to the function fo
and hence univalent in U.

Proof. (i) From (2.10) we have g,(2) = zup(2) = 2+b122+b223+...4-b,_12"+..., where
by, is defined by (2.9). Clearly we have b,_; > 0 for all n > 2 and 2b; = —¢/ (3k) < 1.
From the definition of the ascending factorial notation we observe that (we use the
formula (), = (k+n—1)(x),_;)

22n+1)(k+n—-1)

We use Lemma 1.2 to prove that g,(z) is close-to-convex with respect to the function
fi(2) = —log(1l — z). Therefore, we need to show that {nb,_1},-, is a decreasing
sequence. By a short computation we obtain

by, = — bn—1.

e(n+1)
22n+1)(k+n—1)
bn_lUl(TL)
22n+1)(k+n—1)

nbp—1 — (n+1)by, = bp—1 |0+

where Up(n) = 4n3 + 2(2k — 1)n? + (26 — 2+ ¢) n + c¢. Using the inequalities n® >
3n? —3n+1and n? > 2n—1, we get Ur(n) > (4k +10)n* + (26 — 14 +c)n+c+4 >
(10k +6 +c)n —4k + ¢ — 6 > Uy(1) = 6Kk 4+ 2¢ > 0 because 4k + 10 > 0 and
10k + 6 4+ ¢ > 0 by the assumptions. This implies that nb,—1 — (n 4+ 1)b, > 0, for all
n > 1, thus {nb,—1},~, is a decreasing sequence. By Lemma 1.2 it follows that g,(z)
is close-to-convex with respect to the convex function —log(1 — z).

(i) We have zup(22) = 2+ b123 + b22° + ... + bp—122" "1 + ..., where by, is defined by
(2.9). Therefore we have 3b;y = —¢/ (2k) < 1 and b,—; > 0 for all n > 2. We want to
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show that {(2n — 1)bu—1},,>, is a decreasing sequence. Fix n > 2. Then we have

c(2n+1)
22n+1)(k+n—1)

(2n —1)bp—1 — 2n+ )b, =by—1 [2n— 1+

- bn_lUQ(n)
220+ 1) (k+n—1)

where Us(n) = 8n% + 8(k — 1)n? +2(c — 1)n — 2(k — 1) + c. Using the inequalities
n® > 3n?—3n+1and n® > 2n—1, we obtain Us(n) > 8(k+2)n?+2(c — 13) n—2(k—
5)4+¢>28k+c+13)n—2(56+3) +c > 3(26+c¢) > 0. Hence {(2n — 1)bp—1},,, is
a decreasing sequence. By applying Lemma 1.2 we get the desired conclusion. 0O

Remark 4.1 Observe that choosing ¢ = —1 and b = 1 in Theorem 4.2 we obtain the
following sufficient conditions of close-to-convexity:

(i) If p > —7/6 then 2L, (2!/2) is close-to-convex with respect to the function f;.
(ii) If p > —1 then 2L, (z) is close-to-convex with respect to the function fs.

Let f € A. The Alexander transform A[f] : U — C of f is defined by A[f](z) =
= t) dt = z + Zn>2 2. The following theorem contains some properties of the
Alexander transform of the function g,(z).

Theorem 4.3 Let b,p € R and ¢ < AU=VU3 ~ 10438 If x >

8
036106535
—(20c+29)+ 1162002 3640c—6839 , then the function Alg,| is close-to-convex with respect to
the function —log(1—2z) (md it is starlike inU. Moreover, we have that R {uy(z)} > 1/2
holds for all z € U.

Proof. From (2.10) we have
(/4"
gp(2) = zup(z —Z—I—an 12" —z—i—z B/2). (,{) — 2"
n>2 n>2

So, the Alexander transform of the function g,(z) takes the form

_ n—1
Algp)(z ZA z", where A, bn71 = (=¢/4)

— , foralln>1.
n>1 n n (3/2)n—1 (K)n—l

Obviously we have A; = 1. Because c¢ is negative and x > \(¢) > —c¢/6 > 0, we also
have A,, > 0 for all n > 2, where

—(20c + 29) + v/160c2 — 3640c — 6839

Ale) = 120

(4.1)

Next we prove that the sequence {nA,}, -, is decreasing. Fix any n > 1. From the
definiton of the Pochhammer symbol it follows

cn A
22n+1)(k+n—-1)""
241
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Using (4.2) we have

nU;(n)
22n+1) (k+n—1)""

nA, —(n+ 1A, = (4.3)
where Uj(n) = 4n? + 2(2k — 1)n + 2k + ¢ — 2. Since n? > 2n — 1 and 6k > —c, we
have Uy(n) > (4k +6)n+ 2k — 6 + ¢ > U1(1) = 6K + ¢ > 0. Consequently, (4.3) yields
nAp > (n+1)Apq1. This shows that the sequence {nA,}, -, is strictly decreasing.
Next, we show that the sequence {nA, — (n+1)A,41},5, is also decreasing. For

convenience we denote B, = nA, — (n+1)A,41 for each n > 1. Fix any n > 1. Using
(4.3), we find that

nUs(n)Ay,
42n+1)2n+3)(k+n) (k+n—1)’

where Uz(n) = 16n* + (k + 16) n® + Din? + Dan + D3,

Bn - Bn—i—l =

Di = 16k% + 48k + 8¢ — 20, Dy = 32k% + 8kc — 8k + 12¢ — 12,

Dy = 1262 + 12kc — 12k + ¢ + 32.
Our aim is to show that Uz(n) > 0. First we observe that the inequality n* > 4n3 —
612 + 4n — 1 holds. By using this inequality we obtain Us(n) > V(n), where V(n) =
(k 4+ 80) n3 + (D1 — 96)n? + (Da + 64)n + D3 — 16. Clearly, the coefficient of n3 in the

above expression is nonnegative, since £ > 0. Therefore using that n > 3n? —3n +1,
we obtain V(n) > W(n), where

W(n) = Dyn* + Dsn + D,

Dy = 16k% + 51k + 8¢ + 124, D5 = 32k% + 8kc — 11k + 12¢ — 188,
D¢ = 12k% + 12kc — 11k + ¢ + 96.

Now, we observe that D, is also nonnegative, because
k> A(c) > [-51 4+ v/=5335 — 512¢| /32,

where the value [—51 + +v/—5335 — 512¢| /32 is the greatest root of the equation Dy =
0. Similarly n? > 2n — 1, therefore W (n) > X(n), where X (n) = Dyn + Dg, D7 =
2Dy + D5 and Dg = Dg — D4. Analogously, by the hypothesis, we can deduce easily
that D7 = 64k2 + (91 + 8¢) k + 28¢ + 60. Indeed, the relation

_ 2 _ _
> A0 > [=(8c+91) + V64c> — 5712¢ — 7079] _ .
128
(here k. is the greatest root of the equation D7 = 0) implies that D7 is nonnegative,
and leads to X (n) > X(1). In this case X (1) = Dy + D5+ Dg = 602 + (20c + 29) k +
c? + 20c + 32 is also positive, because £ > A(¢) > 0. Thus, we proved a chain of
inequalities Uz(n) > V(n) > W(n) > X(n) > X (1) > 0, which implies B, — Bp+1 > 0.
Hence the sequence {nA, — (n + 1)A,41},,>, is strictly decreasing. By Lemma 1.3 we
deduce that A[g,] is starlike in U.
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The sequence {nAy},~; is strictly decreasing and 24, = by = —¢/ (6x) < 1. Thus
it follows by Lemma 1.2 that A[g,] is close-to-convex with respect to the function
—log(1 — z). Now, we apply Lemma 1.3 to prove that R {u,(2)} > 1/2 for all z € U.
For this consider g = u,. Therefore we have C,, = b,_1 = nA, for all n > 1 and thus,
the sequence {C), },,~, is strictly decreasing. In addition we have C), —2C), 11 +Cpqo =
B, — By41 > 0 for all n > 1. Hence, Lemma 1.3 yields the asserted property, which
completes the proof. O

Corollary 4.4 Ifb,p € R and ¢ < 2= 11353 VSHW’ ~ —1.9438 such that & > A(c) — 1 then

the function
[P L= up(t) — 2tu(?)
o= [ — (1.4)

is univalent in U, where X(c) is given in (4.1).

Proof. By the proof of Theorem 4.3 the Alexander transform

/ o (1)t
0

is close-to-convex with respect to the function —log(1—2z) if & > A(¢)—1, and therefore,
in particular, it is univalent. Using part (v) of Proposition 2.1, we have

Z 2% [*1l—u (t) — 2tu’ (t) 2%
/ Up1(t)dt = — . dt = — fy(2).
0 & 0 t C

Consequently the function 27” fp(2) is univalent in U. Since the addition of a con-
stant and the multiplication by a nonzero quantity do not disturb the univalence, we
immediately deduce that f, is univalent in ¢/. This completes the proof. 0O
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