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Abstract

Using lotteries is a common tool for allocating indivisible goods. Since obtaining
preferences over lotteries is often difficult, real-life mechanisms usually rely on ordinal
preferences over deterministic outcomes. Bogomolnaia and Moulin (J. Econom. Theory 19
(2002) 623) show that the outcome of an ex post efficient mechanism may be stochastically
dominated. They define a random assignment to be ordinally efficient if and only if it is not
stochastically dominated. In this paper we investigate the relation between ex post efficiency
and ordinal efficiency. We introduce a new notion of domination defined over sets of
assignments and show that a lottery induces an ordinally efficient random assignment if and only
if each subset of the full support of the lottery is undominated.
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1. Introduction

A house allocation problem' is a resource allocation problem where a set of
indivisible objects, say houses, has to be assigned to a set of agents. Some real-life
applications include on-campus housing, public housing, office space assignment and
parking space assignment.

Lotteries are widely used to restore fairness in house allocation problems. In
particular random priority (also known as the random serial dictatorship), is very
popular in real-life applications: Randomly order the agents and assign the first
agent her top choice, the next agent her top choice among remaining houses, and so
on. An important feature of this mechanism is that it merely relies on ordinal
preferences over deterministic outcomes (i.e., houses) but not the preferences over
lotteries. Indeed, in most applications it is unrealistic to expect agents to reveal their
preferences over lotteries. So this feature of random priority is a major reason for its
popularity in real-life applications.

Using a lottery restores fairness but how should one evaluate efficiency of these
lotteries? Until recently the literature focused on ex post efficiency when only ordinal
preferences are available. Bogomolnaia and Moulin [3] recently provide an example
in which the random priority, despite its ex post efficiency, results in unambigious
efficiency loss.? In their example the random assignment that is induced by this
mechanism is stochastically dominated by another feasible random assignment.
Based on this example, they defined a random assignment to be ordinally efficient if
and only if it is not stochastically dominated by another random assignment.

Ordinal efficiency is a stronger requirement than ex post efficiency. Bogomolnaia
and Moulin [3] study these notions from a mechanism design perspective. We, on the
other hand, do not consider mechanism design aspect of the problem. Our main
purpose is to understand the relation between these two notions of efficiency. In
particular, we would like to understand why ex post efficient lotteries might induce
ordinally inefficient random assignments.

We start our quest to understand how these efficiency notions are related with a
surprising observation: An ex post efficient lottery may induce the same random
assignment with an ex post inefficient lottery (Example 2). In that sense an ex post
efficient lottery may be equivalent to an ex post inefficient lottery and this
equivalence provides at least a partial explanation to why ex post efficient lotteries
might induce ordinally inefficient random assignments. Nevertheless this potential
equivalence is not the main reason (Example 3). We introduce a domination notion
which compares sets of assignments and show that randomizing between the
members of a dominated set is responsible from this phenomenon (Theorem 1).
Based on this result, we feel that our domination notion is the primary contribution

"Hylland and Zeckhauser [12] initiate the literature on house allocation problems. See [1-3,
6,7,16,17,23,24] for some recent results and [22] for the closely related class of housing markets.

2Bogomolnaia and Moulin [4] show that a similar phenomenon happens in a related model where
(1) objects are ranked the same way by all agents, (2) receiving no object is possible and (3) agents
might consider different objects desirable. This model was initially introduced and studied by Cres and
Moulin [5].
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of this paper. It is an extension of Pareto domination: Any set which consists of
Pareto inefficient assignments is dominated. But more importantly, sets which
consist of only Pareto efficient assignments might still be dominated.

An implication of our paper is the following: Use of social choice correspondences
in social choice theory as well as in mechanism design is not uncommon. One
interpretation of the use of social choice correspondences is that the eventual
outcome will be chosen with a lottery. Requiring these correspondences not to
contain dominated sets of outcomes would be a sensible normative criterion.

2. The model

A house allocation problem is a triple (N, H, >) where N = {1,2, ...,n} is a finite
set of agents, H = {hy,hy, ..., h,} is a finite set of objects (say houses) of the same
cardinality with the set of agents and > = (>, >3, ..., >,) is a list of preferences.
Here >, is the strict preference relation of agent i over H. Let =; denote the weak
preference relation and ~; denote the indifference relation induced by > ;. Note that
we have i~/ if and only if h = /.

An assignment is a function i : N — H. Given a house A, let u~!(h) = {ie N: u(i) =
h} denote the set of agents who are assigned house / under u. Let .# denote the set of
all assignments. A feasible assignment is an assignment p such that

Vi,i'eN, i#i = p(i)#u(i).

Equivalently a feasible assignment is a bijection from N to H. Let .#  denote the set
of all feasible assignments.

A feasible assignment can be also represented as a permutation matrix = (a n X n
matrix with entries 0 or 1 and exactly one non-zero entry per row and one per
column) where each row represents an agent and each column represents a house.
Let IT denote the set of all permutation matrices.

An assignment ue.# Pareto dominates another assignment ve . if (1) u(i) = ,;v(i)
for all ie N and (2) u(i) > v(i) for some ie N. A feasible assignment is Pareto efficient
if it is not Pareto dominated by any other feasible assignment.

A random consumption is a probability distribution over H. Let AH denote the set
of all random consumptions. A lottery is a probability distribution over feasible
assignments. A lottery is denoted by ¥ = > o0 where o, €[0, 1] is the probability
weight of the feasible assignment pe.#'. Given ie N, let & (/) denote the random
consumption lottery % allocates to agent i. Let A.# " denote the set of all lotteries. A
lottery is ex post efficient if it assigns positive weight to only Pareto efficient
assignments.

Each lottery induces a random assignment P = [pj,);.y 4y Where pi€[0,1] is the
probability that agent i receives house /. Let P; denote the resulting random
consumption for agent i. Note that P;e AH.

Let 7(u) be the permutation matrix that represents the feasible assignment pe.# °.
Then the random assignment that is induced by lottery oo is P =Y a,.m(u).
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Clearly,

VieN,heH, pu=0, » pum= Y pw =1 (1)
i'eN nWeH

Given any random assignment P which satisfies (1), by the well-known Birkhoff—
von Neumann theorem there exists at least one lottery . that induces P.> In this case
we say & is a decomposition of P. Two distinct lotteries % and ¢’ may induce the
same random assignment P.* We refer to any pair of such lotteries as equivalent
lotteries. Note that for any agent i e N, the equivalent lotteries £ and ¢’ allocate the
same random consumption £ (i) = £'(i) = P; to agent i.

2.1. Ordinal efficiency

Given a strict preference relation »>; and a house 4, let U(>;h) =
{WeH: I'=h} be the upper contour set of h at >; Given a pair of random
consumptions P;, Q; and a strict preference relation >;, P; stochastically dominates
Q; under >; if and only if

VheH, Z Pin = Z qin -

heU(>;h) NeU(>;h)

That is, P; stochastically dominates Q; if and only if for any house /, the probability
of receiving a house that is at least as good as / is at least as large under P; than
under Q,.° Given a pair of distinct random assignments P, Q and a preference list >,
P stochastically dominates Q under > if and only if P; stochastically dominates Q;
under >; for all ie N. A random assignment P is ordinally efficient (Bogomolnaia
and Moulin [3]) at >, if and only if it is not stochastically dominated by any other
random assignment under >.

An important implication of the lack of ordinal efficiency (i.c., ordinal inefficiency)
of a random assignment P is the following: Suppose agents are expected utility
maximizers. Since P is stochastically dominated by another random assignment Q,
every agent i weakly prefers Q; to P; and at least one of them strictly prefers Q; to P;
no matter what their von Neumann—Morgenstern utility functions are. Therefore, a
lottery which induces an ordinally inefficient random assignment cannot be Pareto
efficient whenever agents are expected utility maximizers.® This also shows that every
ex ante efficient lottery induces an ordinally efficient random assignment.’

Even when agents are expected utility maximizers, expecting them to reveal their
von Neumann—Morgenstern utility functions is often unrealistic. A common

3See also Remark 1 in [9].

4See [20] for a similar observation in the context of rwo-sided matching markets (Gale and Shapley [8]).

S For stochastic dominance, see also [10,13,14,18,19].

SThis is not to say that ordinal efficiency is appealing only when agents are expected utility maximizers.
Indeed it is difficult to imagine any natural preference relation over AH where an agent prefers a random
consumption to another one which stochastically dominates it.

"McLennan [15] proves a converse statement which was conjectured in [3]: Each ordinally efficient
random assignment is induced by an ex ante efficient lottery.
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compromise is requiring ex post efficiency rather than ex ante efficiency. Therefore,
an important question is whether an ex post efficient lottery necessarily induces an
ordinally efficient random assignment. Bogomolnaia and Moulin [3] show that the
answer is negative. More specifically they show that although the popular real-life
mechanism random priority is ex post efficient, the random assignment it induces
might be ordinally inefficient.®

Example 1 (Bogomolnaia and Moulin [3]). Let N = {1,2,3,4} be the set of agents
and H = {a,b,c,d} be the set of houses. Preferences are as follows:

agent 1: a>1b>1c>1d agent 3: b>3a>3d >3c
agent 2: a>b>rc>od agent 4: b>4a>4d >4c

Random priority randomly orders the agents with uniform distribution and the first
agent receives her top choice, the next agent receives her top choice among the
remaining houses, and so on. This mechanism always selects an ex post efficient
lottery and it induces the following random assignment for this problem:

a b c d
1]5/12|1/12|5/12|1/12
2(5/121/12|5/12 | 1/12
3(11/12|5/12|1/12 | 5/12
411/12|5/12|1/12|5/12

P=

Next consider the following lottery:

1 2 3 4 1 2 3 4
£ =0.5 +0.5 ,
a ¢ b d ¢c a d b

which induces the random assignment
a b ¢ d
11121 0 [1/2] 0
20121 0 |12 0
310 (12 0 |1/2
4l 0 121 0 [12

0=

Note that the random assignment P assigns everyone their top choices with %
probability, second choices with ﬁ probability, third choices with % probability and
last choices with 5 probability whereas Q assigns everyone their top choices with %
probability and third choices with % probability. Hence Q stochastically dominates P
and therefore P is ordinally inefficient.

Bogomolnaia and Moulin [3] also characterize the class of all ordinally efficient
random assignments by a natural constructive algorithm. Think of each house as 1

8 Bogomolnaia and Moulin [3] also show that an ex post efficient lottery necessarily induces an ordinally
efficient random assignment whenever there are at most three agents.
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unit of an infinitely divisible commodity where “agent i receives pe|[0, 1] units of
house /4’ means she receives house /# with probability p. Each agent is given an
exogenous eating speed function, specifying a rate of instant consumption for each
time 7€[0,1] such that the integral of each function is 1. Given a profile of
preferences, their algorithm works as follows: Each agent “eats” from her best-
available house at the given speed, where a house is available at time ¢ if and only if
less than 1 unit has been eaten away up to time ¢ by all agents.

2.2. Equivalent lotteries and ex post efficiency

Example 1 (Bogomolnaia and Moulin [3]) makes a very important point.
Expecting agents to reveal their preferences over lotteries is often unrealistic (not
only in the present context but in other resource allocation problems as well). As a
result, agents are often asked to reveal their ordinal preferences over deterministic
outcomes. Until very recently the literature considered ex post efficiency the main
efficiency notion when only ordinal preferences are available. Bogomolnaia and
Moulin [3] shows that an ex post efficient outcome might still result in unambigious
efficiency loss. One of our purposes in this paper is to understand why ex post
efficient lotteries induce ordinally inefficient random assignments.

A natural question at this point is the following: Consider a pair of equivalent
lotteries ., &' and suppose & is ex post efficient. Does that imply that % is also ex
post efficient? If not, that means the random assignment P which is induced by % is
not ordinally efficient and hence provides at least a partial understanding of why ex
post efficient lotteries might induce ordinally inefficient random assignments.

Example 2 (Two equivalent lotteries, one ex post efficient, the other not). Let N =
{1,2,3,4} be the set of agents and H = {a,b,c,d} be the set of houses. Preferences
are as follows:

agent 1: a> b>c>1d agent 3: b>3a>3d>sc
agent 2: a>,b>,c>od agent 4: b>=4a>4d > 4¢

Consider the following random assignment:

a b ¢ d
050 (05]0

005 0105

005 01|05
050 (05]0

AW N =

P has two decompositions:

5)_051234_‘_051234
- \a b d ¢ “\Ne d b oa
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g’—051234+051234
- \Na d b e “\Ne b d a)

Among the two % is ex post efficient but %’ is not. Indeed £’ is a lottery between
exclusively Pareto inefficient assignments.

At this point we have at least a partial understanding of why ex post efficient
lotteries might induce ordinally inefficient random assignments. A natural next
question is the following: Suppose not only a lottery is ex post efficient, but also all
its equivalent lotteries as well. Does that imply that the induced random assignment
is ordinally efficient? If the answer is positive, then the potential equivalence between
ex post efficient and ex post inefficient lotteries provides us a complete understanding
of why ex post efficient lotteries might induce ordinally inefficient random
assignments. It turns out that the answer to this question is negative.

and

Example 3 (An ex post efficient lottery with no equivalent lottery and which induces
an ordinally inefficient random assignment). Let N = {1,2,3,4,5} be the set of
agents and H = {a,b, c,d, e} be the set of houses. Preferences are as follows:

agent 1: ¢ ja> b>d> e agent 4. a>4d >4b>4c>4e

agent 2: a>,b>re>c>2d agent 5: b>sd>sa>sc>se

agent 3: b>3c>3e>3a>3d

Consider the following random assignment:
a b ¢ d e

05/ 0 (05/010
P 0]o5/0] 0105
N 00050105

05 0] 0]05]0
00501050

W AW N =

P has a unique decomposition:’

1 2 3 4 5 1 2 3 4 5
£ =0.5 +0.5
a e ¢ d b c b e a d

& is an ex post efficient lottery. Next consider the following lottery:

g’—0512345+0512345
"\ e a e d b “\Ne e b a d)

°Let the permutation matrix 7 be one of the bases for an arbitrary decomposition of P. Either 7, = 1 or
ng1 = 1. For the formercase njy = 1l = a3 =0=> a3 =1=>ms=0=>ns=1=>n1n=0=>n5 =1 =
ns4 = 0 = myq = 1 imposing a unique permutation matrix. For the latter case my) = 1 = 71 =0 = 713 =

l=n3=0=>mn5=1=ms=0=nn=1= n5 = 0= nsy = | also imposing a unique permutation
matrix. Therefore 7 should be one of these two permutation matrices.
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which induces

a b ¢ d e
1folof1]o]o
~2]o05][ 0 o] o005
0= 31 0]05[0[ 0 (05
410500 |0]0s5] 0

51 005[0[05]0

For i =1,2,3 the random consumption Q; stochastically dominates the random
consumption P; and for i = 4, 5 the random consumption Q; is equal to the random
consumption P;. Therefore P (which can only be induced by the expost-efficient
lottery %) is ordinally inefficient.

2.3. Dominated sets of assignments

We need some additional notation in order to introduce a new domination notion
which will be of key importance for this paper.
A set of assignments M <./ is frequency equivalent to a set of assignments M' < .4
with |M’| = |M| if and only if
vieN, Uty = U u,

neM neM’

where |_| denotes the variant of the union operator which allows for replicated
elements.

A set of feasible assignments M'<.# " dominates a set of feasible assignments
M<.# " if and only if

1. there exists a set of assignments M <./ that is frequency equivalent to M’ and
2. there exists a one-to-one function f : M — M such that

(a) for all ue M, u Pareto dominates or equal to f(u), and

(b) there exists ue M such that u Pareto dominates f(u).

Remark 1. Suppose that a set of infeasible assignments M is frequency equivalent to

a set of feasible assignments M’. Since a lottery is defined to be a probability

distribution over feasible assignments, the uniform probability distribution over M
1

. B . i .
(ie. > e MMOI“) is not a lottery. Nevertheless > we M v H induces the same random

assignment with the uniform lottery over M’. This observation will be key to relate
our domination notion with ordinal efficiency.

Clearly the singleton that consists of a feasible but Pareto inefficient assignment
ve./#" is dominated by the singleton that consists of a feasible assignment pe.# "
that Pareto dominates v. (Here M’ = M = {u} and f(u) =v.) Therefore our
domination notion is an extension of Pareto domination.
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What is more important is that a set of feasible and Pareto efficient assignments
might still be dominated.

Example 3 (Continued). Consider the random assignment problem in Example 3.
Both assignments in the set

M—{ }_12345 1 2 3 4 5
TVRRIEAN N e d b))\ e b e a d

are feasible and Pareto efficient. Next consider the sets

gy (02 (e
— Wi = ¢c a e d bl'\c e b a d
i {2 A (24
SWRRIEAN L b da b))\ e a e a d) [

Note that (1) both elements of M’ are feasible assignments, (2) M is frequency
equivalent to M’, and (3) fi; Pareto dominates u; and [, Pareto dominates u,.
Therefore M’ dominates M.

and

Remark 2. Even though members of M’ do not Pareto dominate members of M on a
one-by-one basis, members of M do. Therefore, infeasible assignments play a key
role in our dominance condition.

One could also consider the following stronger version of our domination notion:
A set of feasible assignments M’ = .4 © strictly dominates a set of feasible assignments
M<.# " if and only if

1. there exists a set of assignments M <./ that is frequency equivalent to M’ and
2. there exists a one-to-one function f: M— M such that for all ue M, u Pareto
dominates f'(u).

Our first result states that these two notions are essentially equivalent.

Proposition 1. Let M =.# " be dominated. Then there exists M* <M that is strictly
dominated.

Proof. See the appendix. [
3. Main characterization result

Ordinal efficiency and our domination notion are closely related. In order to
explain this relation, we need additional notation.

Given a lottery & = Y a,0p, let M(¥) = {ue.#": 0,>0} be the full support of
lottery &.
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What is wrong with a lottery which has a subset of its full support that is
dominated? Loosely speaking, the flaw of such a lottery is similar to that of a lottery
which gives positive weight to Pareto inefficient assignments. We illustrate this point
with the following (familiar) example.

Example 3 (Continued). We have already shown that both assignments in M are
Pareto efficient and yet M is dominated by M’. Now consider the lottery ¥ =
0.5u; + 0.5u,. Had any of the assignments in M, say p,, been Pareto inefficient,
replacing it with a feasible assignment that Pareto dominates y; would result in a
“better” lottery. Similarly had assignments i, (I, been feasible, replacing u; with f;
and u, with i, would result in a “better” lottery. That is because, fi; Pareto
dominates p, and j, Pareto dominates u,. Unfortunately neither [, nor g, is
feasible. Nevertheless, because M = {fi;, i} and M’ = {i}, 5} are frequency
equivalent, agents do not care whether [y, is replaced with f; and u, is replaced
with ] or [u; is replaced with w} and g, is replaced with p5]. Hence lottery &' =
0.5u) + 0.5 is a “better” lottery than & = 0.5u; + 0.54,.
We are now ready to generalize this observation.

Proposition 2. Let £ be an arbitrary decomposition of a random assignment P and let
M be an arbitrary subset of the full support of lotter . If M is dominated then P is
ordinally inefficient.

Proof. We construct a random assignment Q which stochastically dominates P.

Let M < M (%) be dominated by M'=.# '. Let ¢ = min{a,: ue M},

,2”’:3—3.2 U+ e Z u
ueM ueM’
and Q be the random assignment that is induced by lottery ..

Recall that M’ is frequency equivalent to a set of assignments M whose members
Pareto dominate members of M on a one-to-one basis. Therefore, modifying lottery
% by decreasing weights of members of M by ¢ and replacing them by members of
M’ results in a lottery ' such that %'(i) stochastically dominates (i) for each

ie N. Therefore, the random assignment Q that is induced by %’ stochastically
dominates P. [

It turns out that the converse statement holds as well. We need the following
lemma in order to prove this result.

Lemma 1. Let M = {fi}, iy, ..., i} ©.4 be a set of assignments such that
k
VheH, > | (h)| = k.
=1
Then there exists a set of feasible assignments M’ = {y}, iy, ..., Wy <M U such that M
is frequency equivalent to M’ .
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Proof. See the appendix. [

Theorem 1. Let ¥ be an arbitrary decomposition of a random assignment P. P is
ordinally efficient if and only if each subset M of the full support of lottery & is
undominated.

Proof. Proof of the “only if” part follows from Proposition 2. We next prove the
“if”” part.

Let P be an arbitrary random assignment. Suppose P is ordinally inefficient. That
means there exists a random assignment Q which stochastically dominates P. Since
both P and Q are random assignments, Q — P is a zero-sum matrix (i.e., an n x n
matrix where each row and each column adds up to zero). Then we can decompose
Q — P = A — B where the matrices 4 = [an);cypcpy and B = [by];cy ey are such
that

qin — pin 1if g — pin >0 pin — qin  if piy — qin >0,
aip = and by =

0 otherwise 0 otherwise.
Then
VI.EN,/’IGH, Cl,’h>02>bi]1:0 and bih>0:>aih:(); (2)
VieN,heH, a;>0= 3i#i such that by, >0, (3)
VieN,heH, bj>0= 3h'eH such that a;; >0 and /' > h. (4)

Here (2) follows by construction, (3) follows by construction together with the fact
that A — B= Q — P is a zero-sum matrix and (4) follows by definition.

Since Q stochastically dominates P, there exists an agent-house pair (7', h NeN x
H such that by >0. Moreover relation (4) implies there exists I*eH such that
ax»>0 and /’l~2>i~1/’l~l and hence relation (3) implies there exists ZeN such that
leh"Q >0.

Similarly, given a sequence of (not necessarily distinct) agent-house pairs
(0N, (2,12, ..., (, FF) with

1. by >0forl=1,2,....,k and
2. W = ah! for 1=1,2, ...,k —1

there exists another pair (#*!,/**1)e N x H such that bai1js1>0 and R s iE
When we construct a sequence in this way, since there are n”> distinct pairs, at some
point a pair in this sequence will re-appear in the sequence. Therefore there exists a
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sequence'® (i',h'), (%, h?), ..., (i, H¥) of distinct pairs such that
bi’/1/>0 forl:laza"wkv (5)

WU an' for 1=1,2, ...,k — 1 and h' > «h". (6)
Relations (2) and (5) imply au;,; = 0 for/ = 1,2, ..., k and this together with 0 — 4 =
P — B imply

Vie{l,2,...;k}, pay — by = quy — auy = quy =0.

Therefore,
Vie{l,2,...,k}, puay=bu>0. (7)

Let ¥ be an arbitrary decomposition of P. We want to show that there exists
M= M(Z) that is dominated. Relation (7) implies that

Vie{l,2,....k}, 3JueM(Z) such that u(i') = K.
Next recursively construct a subset M of M(¥) together with a function

g:{1,2,....k}—>{1,2,...,k} as follows:

1. For [ = 1, pick a feasible assignment u, € M (%) such that u,(i') = h'. Set M' =
i) and g(1) = 1.

2. Given M'~!, if there is a feasible assignment u, e M'~! such that p,(i') = i’ then
set M! = M'~! and g(I) = t. Otherwise let s = |[M'~!| +1 and pick a feasible
assignment ;e M(.%) such that pu(i') = '; set M' = M~ U {u,} and g(I) = s.

3. Set M = M* = {pu,, ..., }. Note that k' <k.

By construction
Vie{1,2, ...k}, (i) =H. (8)
Let g~': {1,....,k'} > {1, ..., k} be the inverse correspondence of g. That is,
Vee{l, ...k}, g '(0)={le{l,....k}: g(l) = t}.

Now construct the set of assignments M = {fij, ..., iy} as follows: For all
te{l,....k'},
vie{l,...n)\g ' (0),  m() = u, (i), ©)
and

if <k then fi,(i') = iy = it
Weg_l(t { (i) :ug(l+1)( ) (10)

if =k then i(i") = puy,(i') = h".

1 Existence of such a sequence is also implied by Lemma 3 in [3] where they characterize the set of
ordinally efficient random assignments by the acyclicity of the following binary relation on H:

Vh,WeH, ht(P,>)h' < {there exists ie N: h>>" and py, >0}.



A. Abdulkadiroglu, T. Sonmez | Journal of Economic Theory 112 (2003) 157-172 169

Note that
K K
VheH, M IE ()=l ()] =K.
=1 =1

Therefore M is frequency equivalent to a set of feasible assignments M’ =
{uy, ..., s} by Lemma 1. Moreover relations (6), (8)—(10) imply that for all
te{l,...,k'},

vie{l, ...,nP\g7 (1), (i)~ (i),
and
Vieg ' (0), i) >up (i) .
—— ——
Jl+1 Wl

Hence M’ dominates M = M (%) completing the proof. [

Appendix A. Omitted proofs

Proposition 1. Let M <./ " be dominated. Then there exists M* <M that is strictly
dominated.

Proof. Let M <./ be dominated by M’'<.#". Then

1. there exists a set of assignments M <./ that is frequency equivalent to M’ and
2. there exists a one-to-one function f : M — M such that

(a) for all e M, u Pareto dominates or equal to f(u), and

(b) there exists ue M such that u Pareto dominates f(u).

Let M = {ueM: u=f(u)}. Note that M\M#0. Moreover since the range of f is
Mc.#" we have M= M M.
We are now ready to show that M* = M\M is strictly dominated. Let

g: M\M— M* be such that

Vue M\M, g(u) = /().
Then

Yue M\M, u Pareto dominates g(p). (A.1)
Moreover since M is frequency equivalent to M’ <.# ", Mc M < .4 " implies

vheH, S ()] = (MM

e M\M

and therefore by Lemma 1 there exists a set of feasible assignments M” <./ " such

that M\M is frequency equivalent to M”. This together with relation (A.1) implies
that M” strictly dominates M*= M. O
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In order to prove Lemma 1, we need the following well-known result as well as
Lemma 0:

Hall’s Theorem (Hall [11]). '' Fix H(I)= H for each ISN. A feasible assignment
et with

VISN, |Ju@)<sH(I)
iel

exists if and only if |H(I)|= 1| for all IS N.

Lemma 0. Let M = {fi\, fiy, ..., fix} ©.4 be a set of assignments such that

Vhe H, Z|~_1

Then there exists a feasible assignment e 4/ * such that

vieN, u(i)e| ) m().
t=1

Proof. Let I = {i',...,i"} be an arbitrary subset of agents and let

1-UU

Thanks to Hall’s theorem all that needs to be shown is that |I| = m< H(I)."?
Suppose m>|H(I)|. Two simple counting exercises yield the desired contradiction.
First we have

HC»

m k

k
U s =| U Ue'wan|. (A2)

/=1 =1 heH(I) t=1

See also [21].

12 Alternatively one can show that the following recursive construction yields one such feasible
assignment pe.# '
Let i' e N be such that

(D] <

-
=

VieN

|
Pick i'e U', 4 t)andset u(i'y = h'.
In general, given (i',4"), (2, h%), ..., (i*"',k’7"), let i’ € N be such that

oo

Pick /e ", m()\{A', ...k} and set (i) =

=
Il

vieN\{d,...,i" "}
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Next we have

k
N
H ,:L! @) = km (A3)
whereas,
k k
IU Ql(,z;l(h)mz) = S Mg wen|< Y k=k|HD)| <km
heH(I) 1= heH ()| =1 heH (1)

contradicting (A.2), (A.3) and completing the proof. [

Lemma 1. Let M = {fi), iy, ..., i} ©.4 be a set of assignments such that
k
VheH, Y |g ' (h)| = k.
=1

Then there exists a set of feasible assignments M' = {p}, s, ..., W y < .M U such that M
is frequency equivalent to M.

Proof. By induction. For k = 1 the proof is obvious.
Assume that the claim is correct for k = r. Let M = {fiy, ..., fis, fi,+1 } =.# be such
that

r+1

VheH, Y i ‘(W) =r+1.
t=1

Then by Lemma 0, we can always find a feasible assignment pe.# " such that

r+1
vieN, u(i)e | ).
=1

Foreach ie N, let /;e{l, ...,r + 1} be such that u(i) = fis,(i). Next construct the set
of assignments M = {/i|, ..., fi,} as follows:
Aci) if £#4

veell,...r), (i) = .
el or}, i) {a,“(z) o

By construction
.
VheH, > i (h)| =r
=1
and therefore by the induction hypothesis, there exists a set of feasible assignments

M = {u,, ..., 1} such that M is frequency equivalent to M. But then, M is frequency
equivalent to M’ = Mu{u}. O
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