1 Proof of main theorem

The main result of this section is

Theorem 1. There exists an absolute constant C' > 0 such that for every & € (0,1), every integer 1 < m < n*
and every matriz U € R™*?% with orthonormal columns, if B > %C(log n)t-d?>-m'/?, S € REX" is a random
CountSketch matriz, and G € R™*B and G € R™*™ are matrices of i.i.d. unit variance Gaussians, then the
total variation distance between the joint distribution GSU and GU is less than 6.

Remark 2. Note that we restrict the range of values of m in Theorem [I| to [1 : n*]. This is because if
m > n?, the theorem requires B > %nQ, at which point the CountSketch matrix S becomes an isometry
of R™ with high probability and the theorem follows immediately. At the same time restricting m to be
bounded by a small polynomial of n simplifies the proof of Theorem [T] notationally.

Recall that a CountSketch matrix S € REX" is a matrix all of whose columns have exactly one nonzero
in a random location, and the value of the nonzero element is independently chosen to be —1 or +1. All
random choices are made independently. Throughout this section we denote the number of rows in the
CountSketch matrix by B. Note that the matrix S is a random variable. Let G denote an m X B matrix
of independent Gaussians. For an n x d matrix U with orthonormal columns let ¢ : R? — R denote the
p.d.f. of the random variable G1.SU, where G is the first row of G (all rows have the same distribution and
are independent). We note that G1SU is a mixture of Gaussians. Indeed, for any fixed S the distribution
of G1SU is normal with covariance matrix (G1SU)T(G1SU) = UTSTSU. We denote the distribution of
G1SU given S by
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Throughout this section we use the notation M := U7 ST SU. Note that since S is a random variable, M is
as well. With this notation in place we have for any = € R?

q(z) = Es [gs(x)] . (1)
Let p: R — R, denote the pdf of the isotropic Gaussian distribution, i.e. for all z € R?

p) = e 2)

Before giving a proof of Theorem [I| which is somewhat involved, we give a simple proof of a weaker
version of the theorem, where the number of buckets B of our CountSketch matrix is required to be ~ %dzm
as opposed to =~ %dQ\/m:

Theorem 3. There exists an absolute constant C' > 0 such that for every ¢ € (0,1), every integer m > 1 and
every matriz U € R™ ? with orthonormal columns if B > 6%C'd2 -m, S € RBX" s a random CountSketch

matriz, and G € R™*B and G € R™*™ gre matrices of i.i.d. unit variance Gaussians, then the total variation
distance between the joint distribution GSU and GU s less than .

We will use the following measures of distance between two distribution in the proof of our main theorem
(Theorem [1)) as well as the proof of Theorem

Definition 4 (Kullback-Leibler divergence). The Kullback-Leibler (KL) divergence between two random

variables P, with probability density functions p(z), ¢(z) € R? is given by Dk (P||Q) = [ga p(z)In %dm
Definition 5 (Total variation distance). The total variation distance between two random variables P, Q
with probability density functions p(z), q(z) € R? is given by Dry (P, Q) = 3 [54 [p(z) — q(z)|dz.

Theorem 6 (Pinsker’s inequality). For any two random variables P,Q with probability density functions
p(z),q(x) € R one has Dry (P, Q) < ,/%DKL(PHQ).



The proof of Theorem [3| uses the following simple claim.

Claim 7 (KL divergence between multivariate Gaussians). Let X ~ N(0,I3) and Y ~ N(0,%). Then
Dgr(X||)Y)=3Tr(Z7 = I) + L Indet 5.

Proof. One has

Drr(X|IY) = Exano1l—5 Ixrx 2XTE X 4= 5 L1 det 5]

1 _ 1
= EX~N(0,1d,)[§XT(Z DX+ 3 In det X]

1 1
= 5EXNN(OJd)[Tr((z—l ~DXXT) + 5 Indet %

1 1
= iTI'(Z_l — I) + 5 hldet E,

where we used the fact that for a vector X of independent Gaussians of unit variance one has Ex[XT AX] =
Tr(A) for any symmetric A (by rotational invariance of the Gaussian distribution). O

We can now give
Proof of Theorem (3 One has by Lemma (1) (see below; this is a standard property of the CountSketch
matrix) that for any U € R™*? with orthonormal columns, and B > 1, if S is a random CountSketch
matrix and M = UTSTSU, then Eg[||M — I||%] = O(d?/B). By Markov’s inequality Prg[||[I — M||r >
(2/6) - O(d*/B)] < 6/2. Let &€ denote the event that |[I — M||r < (2/8) - O(d?*/B). We condition on & in
what follows. Since B > %Cde for a sufficiently large absolute constant C' > 1, we have, conditioned on
&, that

11— M|} < (2/5) - O(d*/B) = (2/6) - §°/(Cm) < 26%/(Cm). (3)

Note that in particular we have ||[I — M|| < ||I — M|[r < 1/2 conditioned on £ as long as C' > 1 is larger
than an absolute constant.

By Claim [7| we have Dy (X||Y) = 2Tr(I — £7!) 4+ L Indet . We now use Taylor expansions of matrix
inverse and log det provided by Claim [9| and Claim [10] (see below) to obtain

Do (X||Y) = %Tr(M‘l o %lndetM
= T (S| ST (T - M)y )
k>1 k>1
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k>2 k>2
= O(TH(I - M)?)) (since |1 = Mll2 < || = M]|r < 1/2)
= oI~ Ml}3)
— 0028%/(Cm)) (by @)
< (6/4/m (4)

as long as C' > 1 is larger than an absolute constant. This shows that for every S € £ one has Dg,(pllgs) <
(6/4)2/m, and thus Dy (p|[gl€]) < (5/4)2/m, where we let d(x) := Eslgs(x)|€).

We now observe that the vectors (G;SU)™, and (G;U)f™, are vectors of independent samples from
distributions g(x) and p(x) respectively. We denote the corresponding product distributions by ¢™ and p™
Since the good event £ constructed above occurs with probability at least 1 — 6/2, it suffices to consider the
distributions ¢(z) and p(z), as

Dry(¢™,p™) < Prl€] 4+ Dpv(¢™, p™|€) = Pr[€] + Drv (7™, p™), (5)



where Dry(¢™,p™|E) = Dry(q™,p™) stands for the total variation distance between the distribution of
(G;U)™, and the distribution of (G;SU)™, conditioned on S € £. We can now use the estimate from
to get

1
Dry (g™, p™) < QDKL (p™]|g™)  (by Pinsker’s inequality)

=4/ %DKL (pllg) (by additivity of KL divergence over product spaces) (©)
m 2
<\ 2G4 m by @)

< §/4.

O

The main source of hardness in proving the stronger result provided by Theorem |1| comes from the fact
that unlike the setting of Theorem [3] where most elements in the mixture are close to isotropic Gaussians
in KL divergence, in the setting of Theorem [I| most elements of the mixture are too far from isotropic
Gaussians to establish our result directly (this can be seen by verifying that the bounds of Theorem [3| on
the KL divergence of gg to p are essentially tight). Thus, the main technical challenge in proving Theorem
consists of analyzing the effect of averaging over random CountSketch matrices that is involved in the
definition of g(z) in (). The core technical result behind the proof of Theorem [I]is Lemma [8] stated below.
Ideally, we would like a lemma that states that the ratio of the pdfs ¢(z)/p(x) is very close to 1 for ‘typical’
values of z (for appropriate definition of a set of ’typical’ z). Unfortunately, it is not clear how to achieve
this result for the distribution ¢(z) defined in (L. The problem is that some choices of CountSketch matrices
S may lead to degenerate Gaussian distributions that are hard to analyze. For example, when S is not a
subspace embedding, the matrix M may even be rank-deficient, and the inverse M ~! is then ill-defined. To
avoid these issues, we work with an alternative definition. Specifically, instead of averaging the distributions

m —32"M7'e gver all CountSketch matrices, we define a high probability event £ in the space of
)" ae

matrices S (see Lemma |8 for the definition) and reason about the modified distribution ¢(z) defined as

1 7%ITM—1I

i) =Bs @m)ddet M

5] . (7)

For technical reasons it turns out to be useful to define yet another distribution

1
———¢
vV (27)d det M

where £ = Eg [Prx.q[X € T(S,U)]|€] < n™2° and for each S € £ and U with orthonormal columns the
set T(S,U) (see Definition is an appropriately defined set of z € R? that are ‘typical’ for S and U. We
first note that ¢’ is indeed the p.d.f. of a distribution. First, it is clear that ¢’(z) > 0 for all z. Second, we

¢'(z) = Bg “ETMTE g e T(S,U)]| €| + € pla), 8)




have

1 LT a1
’xdx:/ Eg| ——————e 2 M 2 Iz e T(S,U)]| E| + / x)dx
L@ = [ B | o weTEONE| +6- | pe)
1 1T -1
- [ By| bV g s, €| +
/Rd | s g T(S,0))| ] +¢
|_E / ! 3TN [y o T(S, U)de| €] + €
=1- ———¢72 Iz , x
° re 4/ (2m)% det M
—1-Bs / L gl g
RINT(S,U) v/ (2m)% det M

=1-Es[Prx o [X ¢ T(S,U)]|€] +¢
=1, (by definition of &)

as required.

As we show below, the total variation distance between ¢’ and ¢ is a small n 1%, so working with ¢
suffices. The main argument of our proof shows that the distribution ¢'(z) is close to p(x) for ‘typical’
2 € R Then since ¢’ is close to § and the event £ occurs with high probability, this suffices for a proof of
Theorem [1} Formally, the core technical result behind the proof of Theorem [1} is

0

Lemma 8. There exists an absolute constant C > 0 such that for every 6 € (0,1) and every matriz U € R**4
with orthonormal columns if B > %C(log n)4d? there exists a set & of CountSketch matrices and a subset
T* C R? that satisfies Prx.p[X ¢ T < n= 10 and Prx.4X ¢ T*] < n=19 such that if S € RBX™ 45 q
random CountSketch matriz, then (1) Prg[€] > 1—46/3, and (2) for all x € T* one has

¢(@) 1’ < O((dlog*n)/B) + O(n~10).
p(x) B

We now prove Theorem [I] assuming Lemma [§] and Claim After this, we then prove Lemma [§ and
Claim We now give
Proof of Theorem (1} The proof relies on the observation that the vectors (G;SU)™, and (G;U)™, are
vectors of independent samples from distributions g(x) and p(x) respectively. We denote the corresponding
product distributions by ¢” and p™. Since the good event £ constructed in Lemma[§loccurs with probability
at least 1 — §/3, it suffices to consider the distributions ¢(z) and p(z), as

Dry(¢™,p™) < Pr[€]+ Drv (7™, p™[E), )

where Dry (G, p™|€) stands for the total variation distance between the distribution of (G;U)?, and the
distribution of (G;SU), conditioned on S € €. Further, we have by the triangle inequality

Drv(§",p™€E) < Drv((¢)™, ™€) + Dryv (@™, (¢)™€) < Drv((¢)™, p™E) + m-n~'°, (10)

since Drv (§™, (¢)™E) < mDry (G, ¢'|E) < mn~10 where Drv(q,¢'|€) < n~!0 by Claim [15| below.
We first prove, using Lemma [8] that the KL divergence between p(x) and ¢'(x) restricted to the set 7T*
(whose existence is guaranteed by Lemma [8)) is bounded by O(((dlogn)?/B)?). Specifically, let

pelr) = { PR =T (11)
and ! * . «
i) = | TN T (12)



Since T* occurs with probability at least 1 — 1/n'% under both G(z) and p(z) by Lemma it suffices to
bound the total variation distance between the product of m independent copies of ¢/ () and m independent
copies of p,(z). Specifically,
Dryv((¢")™,p™€) < Drv (@)™ p[(T*)™) +mPrlg' (RT\ T*)] + mPr[p(R?\ T*)]
< Dry((¢2)™, p™) 4+ 2mn 10, (by Lemma [19)

*

(13)

where we used the fact that ¢, and p, are supported on 7*. Note that both distributions are still product
distributions. By Pinkser’s inequality and the product structure we thus get

1
Dry ((q.)™, ") < \/ §DKL((q;)mllp1”) (by Pinsker’s inequality)
(14)

=4/ %DK L(g.||lp«)  (by additivity of KL divergence over product spaces)
In what follows we bound Dk (¢,||p+). By Lemma 8 we have for every « € T* that
|d'(z)/p(x) = 1] < O((d*log* n)/B) + O(n~"7), (15)
S0

¢, () /ps(x) — 1]

(@)
Prxy(T"] ( / ’ Prx,(T"]
- X~g'l T 1 ] = X~pld ]
< Pry,[T"] ld' (x)/p(x) | + Pry,[T"]
= (1+0m™) - (I¢' (z)/p(x) — 1|+ O(n™*7))
= O((d*log"n)/B) + O(n~").  (by (I5))
Since B > %C’d2 log® n for a sufficiently large constant C' > 0 by assumption of the theorem, we get that
O((d?log*n)/B) + 0(n~%) < 0(1/C) + O(n~'%) < 1/2.
We thus get, using the bound |1/(1 4 z) — 1| < 2|z| for |z| < 1/2,
) =1 = | 1] = 1
P ¢.(2)/p. (@) L+ (¢4(@)/pe(2) = 1)
=0 (|¢.(z)/ps(z) = 1])
= O((d*log*n)/B) + O(n~1?)

PoceglT) | PoxealT
Prx. (7" Prx.,[7T%]

)

-1

(16)

We now use the fact that |In(1 + z) — 2| < 22?2 for all z € (—=1/10,1/10) to upper bound D1, (q.|[p«)-
Specifically, we have

Dr1(q,[Ip+) = Exng (g2 (X)/pu(X))] £ —Exng [In(p(X)/q.(X))]
~Ex~g [(p+(2)/¢.(2) = 1) = (pu(2)/d.(2) = 1)°]
~Exnq [p(2)/d.(z) = 1] + Ex~g [(pe(2)/4i(x) — 1)%]
~(1= 1) + Exng [(pe(2)/d.(2) = 1)°]

= Exnq [(p+(2)/d.(2) — 1)%]

= O(((d*log"n)/B)* +n~'%)  (by (I6))
Since B > %C(log n)d? - m'/? for a sufficiently large constant C' > 0 by assumption of the theorem,
substituting the bound of into , we get

Drv(d)" ) <\ [ 2 Dicn(atllp) < |5 OU(@1og n)/ B2 +n719) < |5 62/ (8m) < 672

ININIA

(17)




Putting this together with , and @ using the assumption that m < n?* gives the result. O
The rest of the section is devoted to proving Lemma [§] i.e. bounding

1 1 1
¢ (z)/p(z) = Eg {exp (2xT:c — ixTMflz ~5 log det M> [z e T(S, U)]‘ S] +¢, (18)
where £ = Eg [Prxq[X € T(S,U)]| €] < n=2°, for ‘typical’ x sampled from the Gaussian distribution (i.e.
x € T* — see formal definition below).

Organization. The rest of this section is organized as follows. We start by defining the set £ of ‘nice’
CountSketch matrices in section and proving that a random CountSketch matrix is likely to be ‘nice’.
We will in fact define a parameterized set £() in terms of a parameter v. In section we define, for
each matrix U (which can be thought of as fixed throughout our analysis) with orthonormal columns and
CountSketch matrix S, a set 7(S,U) of € R? that are ‘typical’ for S and U. The ratio of pdfs in can
be approximated well by a Taylor expansion for such ‘typical’ z € T(S,U). These Taylor expansions are
developed in section [I.3] and form the basis of our proof. Unfortunately, these Taylor expansions are valid
only for x € T(S,U), i.e. for z that are ‘typical’ with respect to a given S. To complete the proof, we need
to construct a universal ‘typical’ set 7*(U,v) of z € R?, again parameterized in terms of a parameter v,
that will allow for approximation via Taylor expansions for all x € T*(U,v) and S € £(y). We construct
such a set 7*(U,~) in section Finally, the proof of Lemma [§]is given in section

1.1 Typical set £ of CountSketch matrices and its properties

Our analysis of starts by Taylor expanding M ~! and det M around the identity matrix. We now state
the Taylor expansions, and the define a (family of) high probability events () (equivalently, sets of ‘typical’
CountSketch matrices) such that the Taylor expansions are valid for matrices M € £(vy) for all sufficiently
small 'yE| The Taylor expansions that we use are given by

Claim 9. For any matriz M with || — M|| < 1/2 one has M~ = (I — (I = M))™' =37, ,(I - M)F.

Claim 10. For any matriz M with ||I—M|| < 1/2 one haslogdet M = logdet(I—(I—-M)) = >, -, —Tr(({-

For a parameter v € (0,1) that we will later set to 1/poly(logn), define event £() as
€M) ={lll - M[[% <+* and |Tx(I - M)| <7}, (19)
The events () occur with high probability even for fairly small v as long as B is sufficiently large:

Claim 11. For any matriz U € R™*¢ with orthonormal columns, any B x n CountSketch matriz S we have
PrE(v)] = 1 - 3(d/v)*/B.

Proof. By Lemma [21] below, we have Eg|||I — M||%] < 2d?/B. Applying Markov’s inequality to || — M||%,
we get
Pr(||I - M|[3 > %] < Pr(|[I - M[|% > 7*(B/(2d%)) - E[[|I — M||3]] < 2(d/7)*/B

as required.
We also have by Lemma[21] (fifth bound) that Eg[(Tr(I — M))?] < d?/B. Applying Markov’s inequality
to (Tr(I — M))?, we get

Pr(|Te(I—M)| > 7] = Pr[(Tr(I-M))* > 7*] < Pr[(Tr(I-M))* > 7*(B/(d*)) B[(Tx(I-M))]] < (d/~)*/B.

A union bound over the two events gives the result. O

INote that we use the notation S € £(y) and M € £(v) interchangeably. This is fine since M = UT ST SU and the matrix
U is fixed.



1.2 Typical sets 7(S,U) and their properties

In order to construct a single typical set 7*, we will need the following simple definitions of sets 7(S,U)
of x € R? that are ‘typical’ for a given CountSketch matrix (as opposed to the set 7* whose existence is
guaranteed by Lemma which contains x that are ‘typical’ for all matrices S € £ simultaneously). We
will use

Definition 12 (Typical z). For any orthonormal matrix U € R™*¢ and CountSketch matrix S we define

1 1
= R : |27(I — M)z| < — T — M)z < —
T(5.0)i= {r € R o (1 Myal < g and o (7= 2%l < g5 |
The following claim will be useful in what follows. Its (simple) proof is given in the appendix:

Claim 13. For any matriz U € R™*¢ with orthonormal columns and any CountSketch matriz S € RB*"
one has ||I — M||% < 4n3.

The following claim is crucial to our analysis. A detailed proof is given in the appendix.

Claim 14. For any matriz U € R™*¢ with orthonormal columns, every v < 1/log2 n, every CountSketch
matriz S € E(y) one has (1) Prx.uno,1,)[X € T(S,U)] < n= and (2) for any CountSketch matrix
S’ € &(y), M =UTSTS'U one has Prxono,mn[X € T(S,U)] <n™* for sufficiently large n.

Using the claim above we get

Claim 15. The total variation distance between § (defined in (7)) and ¢ (defined in (8)) is at most n=10.
Further, & < n—40,

Proof. We have

1 1,.T —1
Drv(§,¢)<26<2 | Bg| —m———e"3" M 2.1 TS, 0U))E d
@) <2652 [ By | e (o ¢ T(S,U) <v>] .
1 1T -1
=2E E—— N | TS, U)ldx| €
s T [ & T(S,U))de w)]
=2Eg [Pry.n(onlz € T(S, U)H EM)]
< o0 < 10 (by Claim
as required. O

1.3 Basic Taylor expansions

In this section we define the basic Taylor expansions of (x)/p(z) that form the foundation of our analysis.
Our analysis of proceeds by first Taylor expanding M ~! and det M around the identity matrix using
Claims [9] and [10] which is valid since for any S € £(v) for v < 1/2 one has ||[I — M||> < |[I — M||r < 1/2.
This gives

G(z)/p(x) = Eg | exp %xTx—% Z.TT(I—M)kCU +%ZTT((I—M)’“)//€ &

i E>0 k>1
=Eg | exp —%xT(I—M)x—l—%Tr(I—M)—%Z(:ﬂT(I—M)kx—Tr((I—M)k)/k) &
E>2

=Eg :exp (;xT(I — M)z + %Tr([ - M) — R(x)) ‘ 5} ,




where R(z) := 3, <, (#7(I — M)*z — Tr((I — M)*)/k).

The rationale behind the definition of £(7) is that for all S € £(7) the residual R(x) above is (essentially
dominated by the quadratic terms, i.e. ||[I —M]||% and T (I — M)%x (for ‘typical values of x — see Lemma
below), i.e. we can truncate the Taylor expansion to the first and second terms and control the error. This
is made formal by the following three lemmas.

Lemma 16. For every v € (0,1), conditioned on E(v) we have Tr((I — M)*) < ~*=2 . ||I — M||% for all
k> 2.

Proof. |Tr((I — M)¥)| < [|[I — M||572 - Te((I — M)?) < |[I — M||%72 - ]I — M||3% < +* as required, since
[|A]l2 < ||A||r and Tr(AT A) = [|A||% for all A € R¥¥4, O
Lemma 17. For any matriz U € R™"*¢ with orthonormal columns, any v € (0,1/2), for any x € R one
has, for any CountSketch matriz S € £(v), xT(I — M)Fx < +*=22T(I — M)z for any k > 2.

Proof. We have, for any z € R? and any S € &£(y) |2T(I — M)kz| < ||[I — M||572 - 2T(I — M)?z <
=2 2T (I — M)2z, as ||[I — M||z < || — M||p.
O

Lemma 18. For any v € (0,1/2), any matriz U € R"*? with orthonormal columns, any CountSketch matriz
S e&(y) and any x € T(S,U) one has

[R(x)] <> [a"(I = M)*a| + |Te((I = M)¥)|/k < C||I = M|[3 + C2™ (I — M)?a,
k>2
where C > 0 is an absolute constant.
Proof. We have by combining Lemma [T6] and Lemma [17]

D (= MR+ [Te((T = M) /k <Y (2" (T = M)?x + 572 - |[T — M|[} /]
k>2 k>2

< O™ (I = M)z +||I - M]|%)

for an absolute constant C’ > 0, as v < 1/2 by assumption of the lemma. O

1.4 Constructing the universal set 7*(U,~) of typical z

The main result of this section is the following lemma:

Lemma 19. For every matriz U € R™*? with orthonormal columns, for every v € (0, l/log2 n) and any
0 >0 if

T*(U,7) == {z € R? s.t. ||7]|oe < C\/logn and
(Uz)a| < O(\/logn)||Ual|2 for all a € [n] and
Es Iz ¢ T(S,U)]|E(y)] < 1/n*.},
then (a) Pry n(o,1)[X € T*(U,7)] =21 —=n"'% and (b) Prx4(X € T*(U,7)] > 1 —n"1°.

Note that the lemma guarantees the existence of a universal set 7* C R? that captures most of the
probability mass of both the normal distribution N (0, I;) and the mixture §.
Proof of Lemma [Tk
Let
T ={z e R : Eg[I[z ¢ T(S,U)]|£(7)] < 1/n*}.

T5 = {z € R : ||z]|sc < C/logn}.
T = {x e R : |(Uz),| < C\/logn||Uy||2 for all a € [n]}.

We prove that 7,7 = 1,2,3 occur with high probability under both distributions. As we show below,
the result then follows by a union bound.



Showing that 7;* occurs with high probability. We first show that 7;* occurs with high probability
under the isotropic Gaussian distribution X ~ N (0, I), and then show that it also occurs with high proba-
bility under the mixture of Gaussians distribution ¢. In both cases the proof proceeds by applying Claim
followed by Markov’s inequality.

Step 1: bounding Prx . n0,7,)[7]. We have by Claim (1) that Pry.no,1)I[X & T(S,U)]] < n™*,
and hence

Es [Ex o) XX € T(S, D)) £()] < 1/n*,

implying that Exn(o.1,) [Es [I[X € T(S,U)]]|E()] < 1/n*. We thus get by Markov’s inequality that
Pry no1,)[T] =1 —n"".

Step 2: bounding Prx.;[7;*]. We have by Claim (2) that for any U € R™*? with orthonormal
columns, any pair of matrices S, 5" € £(v), if M" = UTSTSU, then Prx no,mn)[X & T(S,U)] <n~°. We
thus have
Ex[Es[I[X ¢ T(S,U)[[E(M])] = Es' [Ex~qy, [Es[I[X & T(S,U)][IEM)]] E(7)]
= Es [Es/[Ex~g, [I[X & T(S, U)IIEM]| £(7)]
= Es [Prx[I[X ¢ T(S,U)]]| £(7)]
<n™40,

S, U
S, U

)

By Markov’s inequality applied to the expression in the first line we thus have

Pryg[Es[I[X ¢ T(S,U)]|E()] >n~*] <n™ "
Showing that 75" occurs with high probability. The fact that

Prx.no,1) {HXHOO < C\/@} > 140

follows by standard properties of Gaussian random variables. Thus, it remains to show that 75* occurs with
high probability under X ~ G. For any U € R"*? and S € £(7) we now prove that for M = UTSTSU

Prxn,m) [HXHoo < C\/@} >1—n"% (21)

It is convenient to let X = M/2Y, where Y ~ N (0,1,) is a vector of independent Gaussians of unit variance.
Then we need to bound

PrXNN(O,M) |:HX||OO Z C\/logn] = PrYNN(O,Id) |:||M1/2YH00 Z C\/logn}



By 2-stability of the Gaussian distribution we have that for each i = 1,...,d the random variable (M'/2Y);
is Gaussian with variance at most |[M'/2]|2,, which we bound by

()0
(M) e -,

(72| = e

<> I - My
t=0

M2 = (1 + (M = D)?||p =

F

IN

IN

<) (1/2)

Thus, for each i € [n] the random variable (M'/2Y'); is Gaussian with variance at most 4, and follows
by standard properties of Gaussian random variables as long as C' > 0 is a sufficiently large constant.

Showing that 75" occurs with high probability. The fact that
Prx .y, |[(UX)a| £ Cy/logn - ||Uyll2 for all a € [n]} >1—n 10

follows by standard properties of Gaussian random variables and a union bound over all a € [n].
Thus, it remains to show that 73* occurs with high probability under X ~ ¢. For any U € R"*¢ and
S € &(y) we now prove that for M = UTSTSU

Prx.n(o,m) [|(UX)G\ < Cy/logn||U,l|2 for all a € [n]} >1-n"1

It is convenient to let X = M/2Y, where Y ~ N (0,1,) is a vector of independent Gaussians of unit variance.
Then we need to bound, for each a € [n]

Prc-no,n [[(UX)al = CVIognl[Ualle] = Prynio,r [[TM2Y)a] = C\lognl|Us 2]

By 2-stability of the Gaussian distribution we have that for each a = 1,...,n the random variable U, M /2y
is Gaussian with variance at most ||U, M /2|3 < 4||U,]||% (since v < 1/log®n by assumption of the lemma),
and hence the result follows by standard properties of Gaussian random variables and a union bound.

Finally, we let T* := 77" N 75 N T5*. By a union bound applied to the bounds above we have that 7*
occurs with probability at least 1 —n ™' under both distributions, as required. [

1.5 Proof of Lemma
We first prove

Lemma 20. There exists an absolute constant C > 0 such that for every v € (0,1/logn), any matriz
U € R™ 4 with orthonormal columns and any CountSketch matriz S € E(y) and x € T(S,U) one has,
letting

L(z) == — % (1 — M)z + 1Tr(I M) — é (1 = M)z - Te(I — M)

10



and
Q(z) == (" (I = M)a)* + (Tx(I = M))* + 2" (I — M)*z + |[I — M|[3),

that
L 7 Lo 1
1+ L(x) — exp T TS M xfglogdetM < C-Q(z).
The proof is given in section [A]

We will need the following two lemmas, whose proofs are provided in section

Lemma 21. For any U € R™? with orthonormal columns, and B > 1, if S is a random CountSketch
matriz and M = UTSTSU, then

(1) Es[||M —1|j3] < 2d*/B
(2) for all x € T* one has Eglz” (I — M)?z] = O(d?*(log®n)/B)
(8) for allz € T* one has Eg[(z7 (I — M)z)?] = O(d*(log” n)/B)
(4) for allz € T* one has Eg[(z” (I — M)z) - Tr(I — M)] = O(d*(logn)/B)
(5) one has Es[(Tr(I — M))*| = O(d*/B)
and

Lemma 22 (Variance bound). For any matriz U € R™*? with orthonormal columns if v € (0,1/2) and
T*(U,v) CRY is as defined in Lemma then for any x € T*(U,~) one has, for

L(z) := —%xT(I — M)z + %Tr([ - M) - %xT(I — M)z - Tr(I — M)

and
Q(z) == ((«" (I = M)x)* + (Tr(I = M))* + 2" (I — M)?z + ||I — M||%),

that for any constant C
Es [(L(2) + C - Q@))*] = O(a*(10g’ n)/B),

where S is a uniformly random CountSketch matriz and M = UT ST SU.
We will use the following lemma, whose proof is given in section [A}

Lemma 23. For any random variable Z and any event £ with Pr[€] > 1/2, if € := E[(Z — 1)?], then

|E[Z] — E[Z|€]| < 2(1 + E[Z])Pr[E] + 24/€Pr[E].

Equipped with the bounds above, we can now prove Lemma
Lemma (Restated) There exists an absolute constant C' > 0 such that for every § € (0,1) and every matriz
U € R™ % with orthonormal columns if B > %C(log n)*d? there erists a set £ of CountSketch matrices and
a subset T* C R? that satisfies Prx p,[X € T*] <n~ 10 and Prx3[X & T*] <n~'0 such that if S € RB*"
is a random CountSketch matriz, then (1) Prgl€] > 1 —§/3, and (2) for all x € T* one has

- 1’ < O((d*log*n)/B) + O(n~19).
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Proof. Let T*(U,v) C R? be as defined in Lemma and let v := 1/log?n. Let £ := £(7), and note that
Pr[€] > 1—§/3 by Claim [11] as long as C is a large enough constant, as required.
We now bound

¢'(x) [qs(w) ’ }
=E e e T(S,U)]| € +&,
79 b | B8 qp e 75,0 £0)] +¢
for x € T*(U,v), where £ = Eg[Prx~qs[X € T(S,U)]] < n1° by definition and Claim (2). For each
S € &(y) and z € T(S,U) we have by Lemma [20]

5@ _ +L(x))‘ =

o(2) exp <1xT:v — leM’lx — %log det M) -1+ L(x))‘ <C-Q(z),

2 2

where ) . 1
L(z) := —ixT(I — M)z + §Tr(I - M) - ng(I — M)z - Tr(I — M)

denotes the ‘linear’ term and
Q(x) = (z"(I = M)x)? + (Te(I — M))* + 2 (I — M)z + || — M|[%

denotes the ‘quadratic’ term.
Taking expectations, we get

Es[(L(z) = C-Q(x)) - Iz € T(S,U)]|£(7)]

<Es Kexp <;xTa: - %ITM’%C - %logdet M> - 1> [z e T(S, U)]’ S(v)]

<Es[(L(z) +C-Q(z)) - I[z € T(S,U)][ ()]
Thus, it suffices to show that
[Es [(L(@) £ C- Q@) - Tlw € T(S,U)]| £()] | = O((Cdlogn)?/B) + O(n~19),

which we do now. We only provide the analysis for the case when the sign in front of the constant C is a
plus, as the other part is analogous.

We first show that removing the multiplier I[z € T(S,U)] from the equation above only changes the
expectation slightly. Specifically, note that

[Es [(L(z) + C- Q(x)) - Iz € T(S,U)]|E(7)] — Es [L(z) + C - Q)| E(7)]]

< Bs [|L(x) + C- Q)| -1l ¢ T(,U)]| £()]. @2)

By Claim we have ||[I — M||% < 4n? for all S and U, so every element of the matrix I — M is upper
bounded by 2n?. Similarly, we have ||(I — M)?||r < |[I — M||%, and so every element of (I — M)? is upper
bounded by 4n3. Thus, for any x € 7*(U,~) one has

|L(x) + CQ(x)]

< (|27 (I = M)z| + |Tr(I — M)| + |27 (I — M)z - Tr(I — M)

+C((2" (I = M)z)® + (Tr(I — M))* + 2" (I — M)z + || — M|[3))

= O(logn)(2n*d® 4+ d - (2n?) + (2n°)%d® + (2n2d*)* + (d - 2n*)? + 4n'*d? + 4n3) < n'°

as long as n is sufficiently large, where we used the fact that ||z]||w < O(y/logn) for all x € T*(U,~).
Furthermore, by Lemma |19 we have for € T*(U,~) that

Es [Ifz ¢ T(S,U)]|E(y)] < 1/n*.
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Substituting these two bounds into , we get
Es [|L(z) + C- Q)| - Iz ¢ T(S,U)]| E()] < n™"* (23)
so it remains to bound
Es[L(z) +C-Qx)|E()].-

We bound the expectation above by relating it to the corresponding unconditional expectation. Let
Z =1+ (L(z) + C - Q(z)), and note that

Es[Z] = 1— Es%xT(I — M)a-Tr(I — M)] + C - Es[Q(x)] = 1 + O((C'log n)*d?/B) (24)

by Lemma Let € := Eg[(Z —1)?]. We note that by Lemmathat € < O(d*(log®n)/B), and hence since
E(v) > 1/2 by Claim by Lemma [23] we have

[E[Z] - E[Z|£(7)]] < 2(1+ E[Z])Pr[£(7)] + 24/ ePr[E(y)].

Since Pr[E(v)] < 3(d/v)?/B by Claim [11]and using the assumption that B > (log® n)d?, we get

[E[Z] - E[Z|E(v)]] < 0((d/v)2/B)+2\/0(d2 log®n/B) - (d/7)?/B) = 0((%+% logn)d*/B) = O((d/~)*/B),

(25)
where we used the assumption that v <1/ log® n. Combining , with and , we get
q'(z) ‘ ‘ { q(x) ‘ } ' 21 4 10
-1 =|Es | == Iz e T(U,S)]|EMN)| +&—1] <O((d°log"n)/B) + 0O(1/n"").
() S| () [ U, 9] €M) (( )/B)+0(1/n")
O
A Proofs omitted from the main body
A.1 Proof of Claim [14] and Claim [13]
We will use
Theorem 24 (Bernstein’s inequality). Let X1, ..., X, be independent zero mean random variables such that

|X;| < L for all i with probability 1, and let X := 3" | X;. Then

142
Pr(X > t] <exp (_Zn 1E[2X2] " 1Lt> .
i= 1T 3

Proof of Claim [14}

Proving (1). The bound follows by standard concentration inequalities, as we now show. Since the normal
distribution is rotationally invariant, we have that

d d
XT(I-M)X =D (\—DY2=Te(M—1)+ > (N —)(¥2-1), (26)
i=1 =1

where Y ~ N(0,1;) and \; are the eigenvalues of M. We now apply Bernstein’s inequality (Theorem to
random variables (A\; — 1)(Y;? — 1) (note that they are zero mean). We also have E[(\; — 1)3(Y;? — 1)?] <
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O((\; — 1)?). We later combine it with the fact that [Tr( — M)| < v < 1 - 15 for all S € £(7) to obtain
the result. We also have |(A; — 1)Y;| < |[I — M||pC+/logn < v - C+/logn for all ¢ with probability at least
1 —n"%0/4 as long as C' > 0 is larger than an absolute constant. We thus have by applying Theorem [24] to
random variables clipped at vC'v/logn in magnitude, which we denote by event F, to conclude for all ¢ > 0,

d

: e
Pr[Z;()\i - )Y =1)>1t|F] <2exp (_O(Z?=1()\i “ (%'yC logn)t) :

Note the random variables are still independent and zero-mean conditioned on F, and E[(\; —1)?(Y;2—1)?] <
O((X\i—1)?) continues to hold, since the clipping changes the expectation by at most a factor of (1+0(n=9)).
By a union bound we can remove the conditioning on F,

d 1,42 —40
Ly n
Pr[d (A —1)(Y?—1) > 1] < 2exp (— 5 Z ) +
; O, (N = 1)?) + (57CVlogn)t 4
Setting t = 745, and using the fact that Y-,(A\; — 1)2 = ||I — M||% < 72, we get
d 101, 12 —40
1 1 5(3 103) n
Pr N—D(YE-1)>--—] < 2exp<— 222100 )
2 (= D0F =1 > 5 g 007 (4 - (5 - hg)r0vioem ) T
=40
= exp(—=Q(1/(yvlogn))) +
n—40
< 5

since vy < 1/ log® n by assumption for a sufficiently large n. Combining this with , we get, using the fact
that [Tr(I — M)| <y < - 145 for S € £(7) that

11
T — < _1)(Y. L —40
Pr[X7(I - M)X > 100 Pr|§ (i = D2 = 1) > 515) <n7 /2,

as required.
We also have

d
XTI =MPX =3 (N1 < HI*MH%'m%IKF < O(logn) - ||I = M|} = O(logny®) <
1€

i=1

100

with probability at least 1 — n=4°/2 by standard properties of Gaussian random variables. Putting the
two estimates together and taking a union bound over the failure events now shows that Prx.no,7,)[X ¢
T(S,U)] < n=*0, as required.

Proving (2). Recall that 7(S,U) = {z € R?: |27 (] — M)z| < 145 and 27 (I — M)z < 155 }. For any S’
we have that X ~ N(0, M"), where M’ = (S'U)TS'U, so X = M'Y/?Y | where Y = N(0, I;). We thus have

XT(1 = M)X = (M?Y)"(I = M)(M"/?Y) = YT MV/2(I = M)M" /Y.
‘We now show that
PrYNN(O ) |:‘YTM/1/2(I M)M/l/Qy‘ > 100:| < 1/n20 (27)
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Let Q := M'Y/?(I — M)M'"/? and let 1 — Ni,i=1,...,d denote the eigenvalues of Q. We have

d
YTMll/Q(I _ M)Mll/QY = Z(l - 5\1)Z127

i=1

where Z ~ N(0, ;). Note that

‘Z(l - 5\1)| =|Tr(Q)| = |Tr(M’1/2([ _ M)M’1/2)|

= [Tr(M'(I = M))| = |Tx((I = (I = M"))(I - M))|

<|Te(I — M)+ |Tr (I — M) (I — M)) | (28)
=y+|Tr((I-M)I—-M))| (since |Tr(I — M)| <~ for all S € E(y))
<~y+||[I-=M|g-||[M—-1I||r (by von Neumann and Cauchy-Schwarz inequalities)

<7497
We thus have
YTMII/Z(I M)M,1/2Y Z 22
=1
4 ) 4 ) (29)
= Z(l — i) + Z(l - N)(ZF - 1)
i=1 i=1
We now use a calculation analogous to the above for (1) to show that | Z?zl(l —\)(Z2-1) < : s
with probability at least 1 — n=%0/4. Indeed, we first verify that the variance is bounded by
d ~
0 (1= = o(lQll})
i=1
= O(IM"(1 — M)M"/?|3)
< O(|M'|2)|II — M||%  (by sub-multiplicativity)
< O((Hllz + [[M" = I|[p)*)III = M]|%
< O(lIf - M|[%)
= 0("). (30)

We also have

(1= X)Yi| 1QI|rC+/logn

[|M'||2]|T — M||FC\/@ (by sub-multiplicativity)

(2 + [|M" = I||p)[|T = M||pC/logn

2||I — M||pC+/logn

2y - C\/logn,

for all 7 with probability at least 1 — 1 /n40 /5 as long as C' > 0 is larger than an absolute constant. We thus

have by Theorem (applied to clipped variables and then unclipping by a union bound as in (1)) for all
t > 0 that

(/AN VAN VAN VAN VAN

d 142
- 5t
Pr[|[Y'MY2(1 - MYM™?Y = (1 -N)| > 1] <exp | ——— 2 +n40/5.
1'2:; O(Zi:1(1 —Ai)?) + (%Z'chﬁ
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Setting ¢ = &5, and using the upper bound O(},(1 — A:)?) = O(7?) obtained in ([30), we get

d 171, 132
~ 11 ,(, . 7)
Pr|[YTMY2(1 = MYM™Y 2y =y (1= X)| > = - <e ( 222 10 )+n_40 5
= exp(—Q(1/(yv/1o ))) +n /5 <n1/4
since v < 1/log? n by assumption, for a sufficiently large n. Since | E;j:l(l M) < y+29% < 155 by ([29),
we get by triangle inequality that
1 _
PI‘X~N(0,M')[|XT(I - M)X| > m] n~40/4.

Similarly to (1) above, we have, when X ~ N(0, M'), X = M /2Y,Y ~ N(0, I,),

d
XT(I-MPX =Y"M"2(I - M*M"?Y =) 77
i=1

< Te(M™Y2(I — M)2M*Y/?) . max Z; Z?
1€

< O(logn) - Te(M"™Y/2(I — M)2M"/?)

with probability at least 1 —n~%0/2 over the choice of X, as max;e[q) Z7 < C'logn with high probability if
C is a sufficiently large constant by standard properties of Gaussian random variables. Since Tr(M'Y/2(I —
M)2M"™/?) = Te(M'(I — M)?) < 2||I — M||% (as v < 1/log®n < 1/3 by assumption of the lemma), we get

1
XT(I - M)2X < O(logn) - Te(M"/2(I — M)2M'/?) < O(logn) -+ < Top  (simce v < 1/1log*n)

with probability at least 1 — n=%°/4. A union bound over the failure events yields Pry. No,MH X &
T(S,U)] < n=10, as required.

This completes the proof. [
Proof of Lemma By assumption that S € £(vy) we have that ||[I — M||2 < =, so Taylor expansion is
valid and gives

1 1 1 1
§xTx 2mTM_1x ~3 logdet M = —iazT(I — M)x + iTr(I — M)+ R(z),
where for all z € T(S,U) one has R(z) <Y o, 2”7 (I — M)%z + Tr(I — M)*.

We have by Lemma [18] that R(z) < C(zT(I — M)z + ||I — M]||%) for an absolute constant C' > 0, for
all z € T(S,U) and S € E(y). We thus have

e~ — 2T (I-M)z+3Te(I-M)—C (2™ (I-M)*z+||I-M||%)

e—ngm—i-%Tr(I—M)—%acTM*lw—%logdetM (31)

IN

67%zT(IfM)er%Tr(IfM)JrC(zT(IfM)QerI|IfM\ 12)

IN

for all such M and =.
We now Taylor expand e~
or negative), getting

1,..T 1 T 2 2 . o .
22" (I= M)zt 5 Tr(I=M)+A(@" (I=M) z+[[I=M[lr) where A is any constant (positive

eféa:T(IfM)z+%Tr(IfM)JrA(mT(IfM)Qer\ |[I—M||%)

k
Z(—x (I— M);v+1Tr(I M)+ Az (I—M)2x+||I—M||§,)) kL.
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For k = 2 we have

2
(;xT(I — M)z + %Tr([ — M) +2T(I - M)z +||T - M|§> /2 + %xT(I — M)z - Tr(I - M)|

(33)
< C((@" = M)2)* + (Tx(I = M))* + 2" (I = M)z + || - Ml[%),
where we used the fact |27 (I — M)z| < 155 for € T(S,U) and |Tr(I — M)| < v < 155 for S € E(7).
For all £ > 3 we use the bound
1 1 i
| (—QxT(I = M)z + STe(I = M) + (I — M)%z 4 ||T — M||f;) |
1 k
< (|xT(I = M)a| + S| Tr(I = M)| + (I — M)*x + ||I - M||%) (34)

3
( (I — M)z| + = Tr(I—M)|+xT(I—M)2a:+||I—M||2F)
< O((a"(I = M)2)* + (Te(I — M))? +2(I = M)*x + || - M|[%),

where we used the bound |27 (I — M)z| + 4[Tr(I — M)| + 27 (I — M)?z + || — M||% < 1 to go from the

second line to the third, and the last line follows from the observation that every term in the expansion of
(|z7(I — M)z|+ 3| Tr(I — M)| + 2T (I — M)*x +||I — M||%)3 contains either at least a square of one of the

first two terms or at least one of the last two.
Substituting these bounds into , we get
e — 12T (I-M)z+iTr(I-M)+ AT (I-M)*z+||I-M||%)

k
= kZZI (—;xT(I — M)z + %Tr([ - M)+ A(z"(I - M)*z + ||I - M||2F)> /!

< —%xT(I — M)z + %Tr(] - M) — éxT(I — M)z - Tr(I — M)
+O((2T (I — M)x)*> + 27 (I — M)?x + Te(I — M)? + ||I — M||%) (for a constant C' > 0 that may depend on A)

+ Y (A+ DRI = M)x)? + Te(I = M)? + 27 (I = M)?z + [|T = M||})/k!
k>3

< —%xT(I — M)z + %Tr([ — M)+ C"(zT(I — M)z + (Tr(I — M))? + 27 (I — M)z* + ||I — M||%)

for an absolute constant C”” > 0. The provides the upper bound in the claimed result. The lower bound is
provided by a similar calculation, which we omit. [J

Proof of Lemma Since E[(Z — 1)?] < e by assumption of the lemma, for any event € one has
E[(Z — 1)? - I¢] < ¢, where I¢ is the indicator of £, the complement of £. This also means that

E[(Z — 1)2|&] < ¢/Pr[E].

On the other hand, by Jensen’s inequality

E(|Z - 1)|é] < (E[(Z - 1)2&) "7,

and putting these two bounds together we get

E[|Z — 1] - €] = E[|1Z - 1/|£] - Pr[&] < Pr(€] - (B[(Z — 1)*I€))"* < Pr(€] - (¢/Pr(€])/* = /e Pre].
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This means that

BlZ] - BlZ[€]| < |E[Z] - omzag

Prié]
< ’E[Z] - %[E]E[Z] + %[S}E[Z ]

< E[Z] (1—11%[5} - 1) + ‘Prl[g]E[Z Tg]

B[] - 2Prg] + 2B[Z T¢]  (since - !
E

IN

—1 <2z for z € (0,1/2))

IN

[Z] - 2Pr[€] + 2(Pr[€] + E[|Z — 1] - I¢])

2(1 + E[Z))Pr[€] + 21/ €ePr[&].

IN

O

A.2 Proofs of moment bounds (Lemma and Lemma

Proof of Lemma and Lemma We start by noting that for every i,5 € [1 : d] the matrix
M = UTSTSU satisfies

M.

iy =

Sr,a Ua,iS'r,b Ub,j

NE

>

la=1

M=

S
Il

1

B n n
,an,j (Z Sg,a) +Z Z Sr,aUa,iSr,bUb,j
r=1

r=1a=1b=1,b#a

n
i,jJFZ Z Sr.alUa,iSrpUb 5,
b—1

r=1a,b=1,

ﬂ
I

I
NE
=

)
Il
—

=]

where 6; ; equals 1 if ¢ = j and equals 0 otherwise. We thus have, for every 4,5 € [1 : d], that

B n

(M - I)Z] = Z Z Sr,aUa,iSr,bUb,j7

r=1a,b=1,
a#b

which in particular means that

B n
TI'(I — M) = — Z(M — I)” = — Z Z ST',aUa,iS’r',bUb,iv
% i r=1a,b=1,
e (35)
= - Z Z S’r‘,aSr,b ' UaUéT7
r=1a,b=1,
a#b
(note that it immediately follows that Eg[Tr(I — M)] = 0, as Eg[S;.4S5-4] = 0 for a # b) and
B n
JZT(I - M)JJ = — Z(M — I)ijxixj = — ZZ Z S’r,aUa,iS’r,bUb,jxixj
ij 3,7 r=1 a,b;l,
a#b
5o (36)
= —Z Z Sr’aS,,b(Ux)a(U:c)b
r=1a,b=1,
a#b
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(note that it immediately follows that Eg|
We also have

n

NE

B
r=1a, b

’

,r'=1¢c,d=1
c#d

3

i3

and hence

HIDIDS

ij r=1a,b=
a

1= M| =Y (M- D)}

—

A —
,r'=1

=

r=1a,b=1,r'=1c,d j
a#b c#d
B n B n
frg E E E E S’r‘aS’r'bST CS’I",d U U UbUd
r=1a,b=1,r'=1c,d=1,
a#b c#d
B n B n
= Z Z § : S7‘1 alsTl,b1ST2,aQSr2,b2 Ua, U
r1=1 al,b1:l77’2:1 a276271,
a17#b1

We also need

2

d d
et (I - M)*z = ||(I - M)z|3 = Z Z(I—M)iﬂfj

Sn Ua ’LST' bUb] S U 57 bUb]
i=1j=1j5=1 r=1r=1a,b=1, g,b=1,
a#b a#b
B B n n d
:ZZ Z S Sy bSraSrb Z a,i az ZUZ),JJ:J ZUb] Zj
r=1r=1a,b=1, g,b=1, i=1
a#b a#b
B B n n
=333 > 80aSrbSraS; s UaUy - (Ux)y(Ux)
r=17r=1 a;lb:bl7 a,b=1,

n
§ 7‘1,111 7’1,51 7‘2,0«257’2,172 UalU

7’1:1 T2:1 1117171:1 az,bz 1

(Ux)bl (Um)bz
a1#by 7 az7#ba

Bounding Es||7 - M][3], Es|(x

T(I-M)z)?], Esla™ (I-M)*z], Es[(z"
We first note that for for any rq,75 and aq # b1, as # by the quantity

ES[ST’l,al‘S’Thbl ST2,¢12‘S’7“2 172]

B
Z Z Sr aUa 157’ bUb er ('U(' 15 4 dUd]

n

§ Sr,aUa,isr,bUb,er’,cUc.iSr’ dUd 7
c,d=1,

c#d

Sr,aSr,bSr’,cSr/,d(Z Ua,iUc,i) (Z Ub,j Ud,j)
—1, i

T T
1 a2 : Ubl Ub2

(I = M)z] =0 for all z, as Eg[S; 4S5-] = 0 for a # b)

(38)

(I=M)z)Tr(I—-M)], Bg[Tr(I—M)?]

is only nonzero when r; = r9 and {aq, b1, as, ba} contains two distinct elements, each with multiplicity 2 (let
({aq, bg}2—,) denote the indicator of the latter condition). In that case one has Es[Sy., .a; St b, Sry,asSrs,b5) =
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1/B?. Note that the expression above appears in all of Eg[(2T (I — M)z)?],Eg[zT (I — M)?z],Eg[(zT (I -
M)z)Tr(I — M)], Es[(Tr(I — M))?]. Specifically, all of these expressions can be written as

B B n n
Z Z Z Z ES[STLMSH,IH STz,az‘STz,b2]

ri=1rz=1ay,b1=1, az,bz2=1,
a1#b1  ax#ba

: (Ualez;)A(Uln UZ;Z;)B : ((Ux)tu (Ux)a2)c((U$)b1 (U‘r)bz)D : ((U‘r)al (Ux)bl)E(UCH Ul?;)F : ((U‘T)GQ (Ux)bz)G(Uang;)Ha

where A, B,C,D,E,F,G,H € {0,1} and A+ B+C+ D+ E+ F+ G+ H =2. We thus have

n

B B n
Z Z Z Z ES[Srl,alSrl,blsrz,az‘srz,b]'

ai,b1=1, az,b2=1,
a1#b1  ax#ba

' (U Ua) (U U P - (U2)a, (U)o, ) (U)o, (U2)1,) P - (U)ay (U2)1,)® (Uay Up)) " - (U)ay (U)y) (Ua Up) ]|

Z Z ({ag, bg}ygm)|Uay U, | U, Ug |7 - |(U)ay (U)ay || (U )y, (U)y|
(Ll,bl 1, az2,b2=1,
al;ébl az;ébQ

N(U)ay (U)o, || Ua U, I+ [(U)ay (U)b, | |Uay Uy, |

We have |U,UL| < ||Uul|2 - ||Us||2 by Cauchy-Schwarz, and |(Uz),| < ||Uall2 - O(v/logn) since z € T* by
assumption of the lemma, so

B Z Z ({ag b g1 U, U, |10, U | ® - [(U) 0y (Ui)ay |1 (U)o, (U)o [P - [(U)ay (U)o, | ¥ Ua, Uy |©
a(ll,lb;ébll a;,zb;bzl
n

1
< (O(logn)“HPHEFE Ly Z ({ag, b o=1) (1Ua 12l Uasl2)* - (108, [[2][Us, [12)7 - ([|Uay|[21|Uas [12)°
a17b1 1 a2, b2 1
a1#by  az#ba

(11U, 1211Tsa12)7 - (11U 211Ul [12) ® (U 121U [12) " - 10y 2|0l 12) (11U 121Uy [|2) ™

Since we are only summing over {aj,as,by, b2} that contain two distinct elements, we have

1
(O(logn))THPHEFE Z Z ({ag: bg}g=1)([Uay [12]1Uas 12)* - (11U, [[2]|Ubs [12) 7 - (11Ua |12 |Uas |12)
a1 bl 1 az, bg 1
al?ébl a2¢b2

(1, 1211Tsa[12)7 - (11U 211U o [12)Z (U 211U [12) " - (10 2] [U o 12) (U 211Uy [|2) ™

n

1
< (O(logm) “HPHEXC o % T [, 31| Uso |13

a1,b1=1

< (O(log N))C+D+E+G Z 1Ua, 112)*

a11

d2
< (O(log n))(]—i—D-‘,—E—i—G§7

where we used the fact that > ||U,|3 = d. Noting that C + D + E+ G = 0 for Eg[||/I — M||%] and
C+D+E+G=1for Eg[zT(I — M)zTr(I — M)] completes the proof.
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Bounding Es|(e” (I M)a)Te(1 — M)}, Bs[a (I M)2e-Tr(I - M)], Bs[||T— M|[%-Te(1 ~ M), Bs[(" (T
M)z)?-2T(I—-M)z],Es[zT (I-M)*z-2T(I—M)z], Es[||[I —M||% 2T (I—M)x] All of the above expressions
can be written as

B B B n n n
Z Z Z Z Z Z ES[Srl,alsrl,blSTQ,a2Srg,bQSrg,ag.Srg,bg,]

ri=1re=1r3=1a7,b1=1, as,b2=1, as,bg=1,
a1#b1  ax#ba  azFbs

(U, U U UL - (U)a, (U)a,)C (U, (U)p,)” - (U)a, (U)s,)F (Ua, U ) - (U)ay (U)y) ¢ (Ua, U
(U)o (Uz),) (Uay Upy)”

where A, B,C ... arein {0,1} and A+ B+C+D+FE+F+G+H+1+J=3.
We first note that for for any rq, 79,73 and ay # by, as # ba, ag # bz the quantity

ES[STl,al S”’Lbl STz,az S”’Q,bz STB,U«S S’f’3,b3]

is only nonzero when r1 = ro = r3 and {a1,b1, as,bs,as,bs} contains three distinct elements, each with
multiplicity 2. Let I.({agq, b, }q 1) denote the indicator of the latter condition. In that case one has
Es[Sr.a150 01Sr.asSr.b5Srs.a55r5.65] = 1/B>. Note we cannot have a; = as = a3z and by = by = b3
since the expectation is 0 in that case.

Similarly to the above, it thus suffices to bound

Z Z Z <({aq, q}q 1)

al,bl 1, a2,b2=1, a3z,bs=1,
a1#b1 ax#ba  azFbs

| (Uay Uy (U Up) P - (U)a, (U)a) S (U), (U),)? - (U)a (U)y)* (Uay Ug )" - (U)a (U)1,) (U U )™
(U2)ag (Uz)s,)! (Uas Uy, |

< (O(logn)) +D+E+G+1 1 Z Z Z ({ag. bg}o_y)

al,bl 1, az2,b2=1, az,bsg=1,
a1#b1  ax#ba  azFbs

(11U 1211Uas [12) 2 (10s, |20, 12) 7 - ([1Uay 211 Uas 12) (U8, 211 Uss |12)? - (U |1211U, [12) Z (11U 121Uy [|2)
(U 12110, [12) (11U 12| |Ubs l12)™ + (11Uag | 1211Us [|2)" (|| Uas | |211Uss 12)”

where we used Cauchy-Schwarz and the assumption that € T* (and hence z is not correlated with any of
the rows of U too much), as above.

Since we are only summing over {a1, as, as, b1, ba, bs} that contain three distinct elements, the expression
above is upper bounded by

1 n
(0(10gn))C+D+E+G” 5 O Ul BITLI311Te 13
a,c,b

C+D+E+G+I d3
< (Ollogn)) o
2d2
< (00 l
< (O(logn))" &,

where we used the fact that > ||U,|3 = d and that in all cases, C+ D+ E+ G+ 1 < 2.
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Bounding Es[((z7 (I — M)z)? + 27 (I — M)?*z+ || — M||% + (Tr(I — M))?)?] Al of the pairwise products
arising in the expansion of the above expressions can be written as

n n n n

B B
Z Z Z Z Z Z Z ES[Sh,al Sﬁ,bl Srg,az Srz,bgsrg,agsrg,b3 Sr4,a4Sr4,b4]
r1=1rg=1rz3=1

1b1 1a2b2 1 asbg 1a4b4 1
a1#b1  as#ba  azFbsy  asFby

(Uay US)YA (U, UD)YE - (U) 0y (U)ay) (U)p, (U)p,) P (U)ay (U, ) E (Uay UL - (U)ay (U)y)C (U UL
(U U (U, U - (U)ay (U)ay)C (U, (U)p,)P" -+ (U)ay (U)y) ¥ (Uay UE)™ - (U)ay (U),) ¥ (Ua, UL,

a3z ™ ay

where A, B,C,D,E,F\G,H,A",B",C'", D' E' F',G',H" € {0,1} and add up to 4.
‘We now need to consider two cases.

Case 1: the number of distinct elements in {a1, b1, as, ba, as, b3, aq, bs} is four, each occurring with multi-
plicity 2 (let I.({aq,bq}j—;) denote the indicator of the latter condition) Then

Es [Srl,m Srhbl ST‘27¢12 ST27b2 ST‘37¢13 ST3J73 ST‘47¢14 STAJM}

contributes 1/B%. In this case the number of distinct elements in {ry, 72, 73,74} cannot be larger than 2.
It thus suffices to bound

=2 S S SD i MR ATIN:

al,bl 1 az, b2 1 as, b3 1 a4,b4 1
a1#b1  ax#by  azF#bs  asFby
|(U UT) (UblUlz;)B . ((U‘T)al(Ux)a2)c<(Ux)b1(Ux)b2>D : ((Ux)al (Ux)bl)E(Ual Ule)F : ((U'T)Gz (Ux)b2)G(Ua2Ubj;)H

a1 ™~ as

(UWW%%W«WMWMWW%M%WNMMWMW%%W«WMWMW%%W

as ™~ ay

< (O(logn))? Z Z Z «({aq: bq } 1)

a1,b1 1, as,b2=1, az,bg=1,
a1#b1  as#by  asz#bs

(11U [1211Uas [12) 2 (1Us, 12110, [12) 7 - ([1Ulay 1Uaz D ([1Usy 21U, 12) - ([1Uas1211Us, [12)F (1| Uas |211Ts, [12)*

)

[1Uas [111Us [ (11Uas 2] Us, |12)*

1Uasll21Uaull2) (10,1211 Us4[12)7" - (1Uas 121U, l12)" (10, 1211Ts,112)" - (11U 121U [12) (11U 121U, [|2)
)

1Uaa 121105, 12) % (11U, 12l | U, [2)

Al

~ o~ o~ o~

where we used Cauchy-Schwarz and the assumption that € T* (and hence z is not correlated with any of

the rows of U too much), as above.
Since we are only summing over {a1, as,as, a4, b1, b2, b3, by} that contain three distinct elements, each of

multiplicity two, the expression above is upper bounded by

1 n
(O(logn))* 5 > LIBT3l Uall3
a,b,c,d
d4
B2
2

< (Ollogm)* %,

< (O(logn))?

where we used the fact that > [|U4|3 = d.
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Case 2: the number of distinct elements in {ay,b1, ag, b, as, b3, aq,bs} is two, each occurring with multi-
plicity 4 (let I.({aq,bq}—;) denote the indicator of the latter condition) Then

Es [Sh,m Sﬁln ST’27¢12 ST27b2 ST’37¢13 ST37b3 ST‘47¢14 SMJM]

contributes 1/B2. In this case the number of distinct elements in {r1,72,73,74} has to be one, since each
column of S has a single non-zero entry and necessarily a1 = as = a3 = a4 and by = by = b3 = b,.
It thus suffices to bound

B Z Z Z Z «({aq, q}q 1)

al,bl 1 a2,b2 1 a3,b3 1 a4,b4 1
a1#b1  az#by  azFbs  asFbs

AU UL (U UE)E - (U)o, (Uz)ay)C (U)s, (Uz)y,)P - (U)ay (U),)Z (Uay UL - (U ay (U)s,) (U, UL
+ (Us, UT)A'<Ub3U3;)B’ ' <(Uz>a3(Ux)a4>C’((U%(Ux)m” ((U2)ay (U2)p)E (U UL - (U)ay (U)p,) (Ua US|

< (O(logn))? Z Z Z Z «({ag, b Yg=1)-

a1b1 1 a2b2 1a3b3 1(14174 1
a1#b1  ax#by  azF#bz  asFby

< (1Uay 21U 2) 2 (1Us, 1211 Usa [12)Z = (T s [[Taa | T, 2T, 12) - (11T 21T 2)Z (1T 2] [Ty [12)7
1Uas l111Us 1) (11 Uas 21| Us, [12) ™

1Uas 121U |12) (U421 Us, 12)7 (11U 21Uy 12)E (1Ub 21T, 12) P - ([1Uag 211 Us 12)™ (|| Uag 211 Usgy |12)™
U 121100, 112)E (| Ua, |20, ]12) ™

o~ o~ o~ o~

where we used Cauchy-Schwarz and the assumption that x € T* (and hence z is not correlated with any of
the rows of U too much), as above.

Since we are only summing over {aj, as, as, a4, b1,bs, b3, by} that contain two distinct elements, each of
multiplicity four, the expression above is upper bounded by

O(logn))” ZIIU 211U 112

O(logn))? ZHU I21|Upl|2 (since ||U,l|2 < 1 for all a)

< <0<logn>>2%,

where we used the fact that > [|Us|3 = d.
O
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