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1. Preliminaries
In this section, we give some preliminaries for the following
theoretical analysis.

In this paper, we focus on the following nonconvex nons-
mooth problem:

min
x,{yj}mj=1

f(x) :=


1

n

n∑
i=1

fi(x) (finite-sum)

Eζ [f(x, ζ)] (online)

+

m∑
j=1

gj(yj)

s.t. Ax+

m∑
j=1

Bjyj = c, (1)

Next, we give some standard assumptions regarding prob-
lem (1) as follows:
Assumption 1. Each loss function fi(x) is L-smooth such
that

‖∇fi(x)−∇fi(y)‖ ≤ L‖x− y‖, ∀x, y ∈ Rd,

which is equivalent to

fi(x) ≤ fi(y) +∇fi(y)T (x− y) +
L

2
‖x− y‖2.

Assumption 2. Gradient of each loss function fi(x) is
bounded, i.e., there exists a constant δ > 0 such that for all
x, it follows ‖∇fi(x)‖2 ≤ δ2.
Assumption 3. f(x) and gj(yj) for all j ∈ [m] are all
lower bounded, and let f∗ = infx f(x) > −∞ and g∗j =
infyj gj(yj) > −∞.
Assumption 4. A is a full row or column rank matrix.

Definition 1. Given ε > 0, the point (x∗, y∗[m], z
∗) is said

to be an ε-stationary point of the problem (1), if it holds that

E
[
dist(0, ∂L(x∗, y∗[m], z

∗))2
]
≤ ε, (2)
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where L(x, y[m], z) = f(x) +
∑m
j=1 gj(yj) − 〈z,Ax +∑m

j=1Bjyj − c〉,

∂L(x, y[m], z) =


∇xL(x, y[m], z)
∂y1L(x, y[m], z)

· · ·
∂ymL(x, y[m], z)

−Ax−
∑m
j=1Bjyj + c

 ,
and dist(0, ∂L) = minL′∈∂L ‖0− L′‖.

Notations:

• ‖ · ‖ denotes the vector `2 norm and the matrix spectral
norm, respectively.

• ‖x‖G =
√
xTGx, where G is a positive definite ma-

trix.

• σAmin and σAmax denote the minimum and maximum
eigenvalues of ATA, respectively.

• σBjmax denotes the maximum eigenvalues of BTj Bj for

all j ∈ [k], and σBmax = maxkj=1 σ
Bj
max.

• σmin(Hj) and σmax(Hj) denote the minimum and
maximum eigenvalues of matrix Hj for all j ∈ [m],
respectively; σmin(H) = minj∈[m] σmin(Hj) and
σmax(H) = maxj∈[m] σmax(Hj).

• σmin(G) and σmax(G) denotes the minimum and max-
imum eigenvalues of matrix G, respectively; the condi-
tional number κG = σmax(G)

σmin(G) .

• η denotes the step size of updating variable x.

• L denotes the Lipschitz constant of∇f(x).

• b denotes the mini-batch size of stochastic gradient.

• In both SPIDER-ADMM and online SPIDER-ADMM,
K denotes the total number of iteration. In both SVRG-
ADMM and SAGA-ADMM, T , M and S are the total
number of iterations, the number of iterations in the
inner loop, and the number of iterations in the outer
loop, respectively.

• In the SVRG-ADMM algorithm, ys,tj denotes output
of the variable yj in t-th inner loop and s-th outer loop.
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2. Theoretical Analysis
In this section, we at detail provide the theoretical analysis of the SPIDER-ADMM, online SPIDER-ADMM, nonconvex
SVRG-ADMM and SAGA-ADMM. First, we introduce an useful lemma from Fang et al. (2018). Throughout the paper, let
nk = dk/qe such that (nk − 1)q ≤ k ≤ nkq − 1.

Lemma 1. (Fang et al., 2018) Under Assumption 1, the SPIDER generates stochastic gradient vk satisfies for all (nk −
1)q + 1 ≤ k ≤ nkq − 1,

E‖vk −∇f(xk)‖2 ≤ L2

|S2|
E‖xk − xk−1‖2 + E‖vk−1 −∇f(xk−1)‖2. (3)

From the above Lemma, telescoping (3) over i from (nk − 1)q + 1 to k, we have

E‖vk −∇f(xk)‖2 ≤
k−1∑

i=(nk−1)q

L2

|S2|
E‖xi+1 − xi‖2 + E‖v(nk−1)q −∇f(x(nk−1)q)‖

2. (4)

In Algorithm 1, due to v(nk−1)q = ∇f(x(nk−1)q) and |S2| = b, we have

E‖vk −∇f(xk)‖2 ≤
k−1∑

i=(nk−1)q

L2

b
E‖xi+1 − xi‖2. (5)

In Algorithm 2, using Assumption 2 and |S2| = b2, we obtain

E‖vk −∇f(xk)‖2 ≤
k−1∑

i=(nk−1)q

L2

b2
E‖xi+1 − xi‖2 +

4δ2

b1
. (6)

2.1. Convergence Analysis of the SPIDER-ADMM Algorithm

In this subsection, we conduct convergence analysis of the SPIDER-ADMM. We begin with giving some useful lemmas.

Algorithm 1 SPIDER-ADMM Algorithm
1: Input: b, q, K, η > 0 and ρ > 0;
2: Initialize: x0 ∈ Rd, y0j ∈ Rp, j ∈ [m] and z0 ∈ Rl;
3: for k = 0, 1, · · · ,K − 1 do
4: if mod(k, q) = 0 then
5: Compute vk = ∇f(xk);
6: else
7: Uniformly randomly pick a mini-batch Ik (with replacement) from {1, 2, · · · , n} with |Ik| = b, and compute

vk = ∇fIk(xk)−∇fIk(xk−1) + vk−1;

8: end if
9: yk+1

j = arg minyj
{
Lρ(xk, yk+1

[j−1], yj , y
k
[j+1:m], zk) + 1

2‖yj − y
k
j ‖2Hj

}
for all j ∈ [m];

10: xk+1 = arg minx L̂ρ
(
x, yk+1

[m] , zk, vk
)
;

11: zk+1 = zk − ρ(Axk+1 +
∑m
j=1Bjy

k+1
j − c);

12: end for
13: Output: {x, y[m], z} chosen uniformly random from {xk, yk[m], zk}

K
k=1.
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Lemma 2. Under Assumption 1 and given the sequence {xk, yk[m], zk}
K
k=1 from Algorithm 1, it holds that

E‖zk+1 − zk‖2 ≤
18L2

σAminb

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2 + (
9L2

σAmin

+
3σ2

max(G)

σAminη
2

)‖xk − xk−1‖2

+
3σ2

max(G)

σAminη
2
‖xk+1 − xk‖2. (7)

Proof. Using the optimal condition of the step 10 in Algorithm 1, we have

vk +
G

η
(xk+1 − xk)−AT zk + ρAT (Axk+1 +

m∑
j=1

Bjy
k+1
j − c) = 0. (8)

Using the step 11 of Algorithm 1, we have

AT zk+1 = vk +
G

η
(xk+1 − xk). (9)

It follows that

zk+1 = (AT )+
(
vk +

G

η
(xk+1 − xk)

)
, (10)

where (AT )+ is the pseudoinverse of AT . By Assumption 4, i.e., A is a full column matrix, we have (AT )+ = A(ATA)−1.
By (10), we have

E‖zk+1 − zk‖2 = E‖(AT )+
(
vk +

G

η
(xk+1 − xk)− vk−1 −

G

η
(xk − xk−1)

)
‖2

≤ 1

σAmin

E‖vk +
G

η
(xk+1 − xk)− vk−1 −

G

η
(xk − xk−1)‖2

≤ 1

σAmin

[
3E‖vk − vk−1‖2 +

3σ2
max(G)

η2
E‖xk+1 − xk‖2 +

3σ2
max(G)

η2
E‖xk − xk−1‖2

]
, (11)

where the first inequality follows by ((AT )+)T (AT )+ = (A(ATA)−1)TA(ATA)−1 = (ATA)−1; the second inequality
holds by the inequality ‖

∑r
i=1 αi‖2 ≤ r

∑r
i=1 ‖αi‖2.

Next, considering the upper bound of ‖vk − vk−1‖2, we have

E‖vk − vk−1‖2 = E‖vk −∇f(xk) +∇f(xk)−∇f(xk−1) +∇f(xk−1)− vk−1‖2

≤ 3E‖vk −∇f(xk)‖2 + 3E‖∇f(xk)−∇f(xk−1)‖2 + 3E‖∇f(xk−1)− vk−1‖2

≤ 3L2

b

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2 + 3L2E‖xk−1 − xk‖2 +
3L2

b

k−2∑
i=(nk−1)q

E‖xi+1 − xi‖2

≤ 6L2

b

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2 + 3L2E‖xk−1 − xk‖2, (12)

where the second inequality holds by Assumption 1 and the inequality (5).

Finally, combining the inequalities (11) and (12), we obtain the above result.

Lemma 3. Suppose the sequence {xk, yk[m], zk}
K
k=1 is generated from Algorithm 1, and define a Lyapunov function Rk as

follows:

Rk = Lρ(xk, yk[m], zk) + (
9L2

σAminρ
+

3σ2
max(G)

σAminη
2ρ

)‖xk − xk−1‖2 +
2L2

σAminρb

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2. (13)
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Let b = q, η = 2ασmin(G)
3L (0 < α ≤ 1) and ρ =

√
170κGL
σAminα

, then we have

1

K

K−1∑
k=0

(‖xk+1 − xk‖2 +

m∑
j=1

‖ykj − yk+1
j ‖2) ≤ E[R0]−R∗

Kγ
, (14)

where γ = min(χ, σHmin) with χ ≥
√
170κGL
4α and R∗ is a lower bound of the function Rk.

Proof. By the optimal condition of step 9 in Algorithm 1, we have, for j ∈ [m]

0 = (ykj − yk+1
j )T

(
∂gj(y

k+1
j )−BTj zk + ρBTj (Axk +

j∑
i=1

Biy
k+1
i +

m∑
i=j+1

Biy
k
i − c) +Hj(y

k+1
j − ykj )

)
≤ gj(ykj )− gj(yk+1

j )− (zk)T (Bjy
k
j −Bjyk+1

j ) + ρ(Bjy
k
j −Bjyk+1

j )T (Axk +

j∑
i=1

Biy
k+1
i +

m∑
i=j+1

Biy
k
i − c)− ‖yk+1

j − ykj ‖2Hj

= gj(y
k
j )− gj(yk+1

j )− (zk)T (Axk +

j−1∑
i=1

Biy
k+1
i +

m∑
i=j

Biy
k
i − c) + (zk)T (Axk +

j∑
i=1

Biy
k+1
i +

m∑
i=j+1

Biy
k
i − c)

+
ρ

2
‖Axk +

j−1∑
i=1

Biy
k+1
i +

m∑
i=j

Biy
k
i − c‖2 −

ρ

2
‖Axk +

j∑
i=1

Biy
k+1
i +

m∑
i=j+1

Biy
k
i − c‖2 −

ρ

2
‖Bjykj −Bjyk+1

j ‖2 − ‖yk+1
j − ykj ‖2Hj

= f(xk) +

j−1∑
i=1

gi(y
k+1
i ) +

m∑
i=j

gi(y
k
i )− (zk)T (Axk +

j−1∑
i=1

Biy
k+1
i +

m∑
i=j

Biy
k
i − c) +

ρ

2
‖Axk +

j−1∑
i=1

Biy
k+1
i +

m∑
i=j

Biy
k
i − c‖2︸ ︷︷ ︸

Lρ(xk,yk+1
[j−1]

,yk
[j:m]

,zk)

−
(
f(xk) +

j∑
i=1

gi(y
k+1
i ) +

m∑
i=j+1

gi(y
k
i )− (zk)T (Axk +

j∑
i=1

Biy
k+1
i +

m∑
i=j+1

Biy
k
i − c) +

ρ

2
‖Axk +

j∑
i=1

Biy
k+1
i +

m∑
i=j+1

Biy
k
i − c‖2

)
︸ ︷︷ ︸

Lρ(xk,yk+1
[j]

,yk
[j+1:m]

,zk)

− ρ

2
‖Bjykj −Bjyk+1

j ‖2 − ‖yk+1
j − ykj ‖2Hj

≤ Lρ(xk, yk+1
[j−1], y

k
[j:m], zk)− Lρ(xk, yk+1

[j] , yk[j+1:m], zk)− σmin(Hj)‖ykj − yk+1
j ‖2, (15)

where the first inequality holds by the convexity of function gj(y), and the second equality follows by applying the equality
(a− b)T b = 1

2 (‖a‖2−‖b‖2−‖a− b‖2) on the term (Bykj −By
k+1
j )T (Axk +

∑j
i=1Biy

k+1
i +

∑m
i=j+1Biy

k
i − c). Thus,

we have, for all j ∈ [m]

Lρ(xk, yk+1
[j] , yk[j+1:m], zk) ≤ Lρ(xk, yk+1

[j−1], y
k
[j:m], zk)− σmin(Hj)‖ykj − yk+1

j ‖2. (16)

Telescoping inequality (16) over j from 1 to m, we obtain

Lρ(xk, yk+1
[m] , zk) ≤ Lρ(xk, yk[m], zk)− σHmin

m∑
j=1

‖ykj − yk+1
j ‖2, (17)

where σHmin = minj∈[m] σmin(Hj).

By Assumption 1, we have

0 ≤ f(xk)− f(xk+1) +∇f(xk)T (xk+1 − xk) +
L

2
‖xk+1 − xk‖2. (18)

Using the optimal condition of step 10 in Algorithm 1, we have

0 = (xk − xk+1)T
(
vk −AT zk + ρAT (Axk+1 +

m∑
j=1

Bjy
k+1
j − c) +

G

η
(xk+1 − xk)

)
. (19)
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Combining (18) and (19), we have

0 ≤ f(xk)− f(xk+1) +∇f(xk)T (xk+1 − xk) +
L

2
‖xk+1 − xk‖2

+ (xk − xk+1)T
(
vk −AT zk + ρAT (Axk+1 +

m∑
j=1

Bjy
k+1
j − c) +

G

η
(xk+1 − xk)

)
= f(xk)− f(xk+1) +

L

2
‖xk − xk+1‖2 −

1

η
‖xk − xk+1‖2G + (xk − xk+1)T (vk −∇f(xk))

− (zk)T (Axk −Axk+1) + ρ(Axk −Axk+1)T (Axk+1 +

m∑
j=1

Bjy
k+1
j − c)

= f(xk)− f(xk+1) +
L

2
‖xk − xk+1‖2 −

1

η
‖xk − xk+1‖2G + (xk − xk+1)T

(
vk −∇f(xk)

)
− (zk)T (Axk +

m∑
j=1

Bjy
k+1
j − c)

+ (zk)T (Axk+1 +

m∑
j=1

Bjy
k+1
j − c) +

ρ

2

(
‖Axk +

m∑
j=1

Bjy
k+1
j − c‖2 − ‖Axk+1 +

m∑
j=1

Bjy
k+1
j − c‖2 − ‖Axk −Axk+1‖2

)
= f(xk) +

m∑
j=1

gj(y
k+1
j )− zTk (Axk +

m∑
j=1

Bjy
k+1
j − c) +

ρ

2
‖Axk +

m∑
j=1

Bjy
k+1
j − c‖2︸ ︷︷ ︸

Lρ(xk,y
k+1
[m]

,zk)

−
(
f(xk+1) +

m∑
j=1

gj(y
k+1
j )− zTk (Axk+1 +

m∑
j=1

Bjy
k+1
j − c) +

ρ

2
‖Axk+1 +

m∑
j=1

Bjy
k+1
j − c‖2

)
︸ ︷︷ ︸

Lρ(xk+1,y
k+1
[m]

,zk)

+
L

2
‖xk − xk+1‖2 + (xk − xk+1)T

(
vk −∇f(xk)

)
− 1

η
‖xk − xk+1‖2G −

ρ

2
‖Axk −Axk+1‖2

≤ Lρ(xk, yk+1
[m] , zk)− Lρ(xk+1, y

k+1
[m] , zk)− (

σmin(G)

η
+
ρσAmin

2
− L

2
)‖xk+1 − xk‖2 + (xk − xk+1)T (vk −∇f(xk))

≤ Lρ(xk, yk+1
[m] , zk)− Lρ(xk+1, y

k+1
[m] , zk)− (

σmin(G)

η
+
ρσAmin

2
− L)‖xk+1 − xk‖2 +

1

2L
‖vk −∇f(xk)‖2

≤ Lρ(xk, yk+1
[m] , zk)− Lρ(xk+1, y

k+1
[m] , zk)− (

σmin(G)

η
+
ρσAmin

2
− L)‖xk+1 − xk‖2 +

L

2b

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2,

where the second equality follows by applying the equality (a − b)T b = 1
2 (‖a‖2 − ‖b‖2 − ‖a − b‖2) over the term

(Axk − Axk+1)T (Axk+1 +
∑m
j=1Bjy

k+1
j − c); the third inequality follows by the inequality aT b ≤ 1

2L‖a‖
2 + L

2 ‖b‖
2,

and the forth inequality holds by the inequality (5). It follows that

Lρ(xk+1, y
k+1
[m] , zk) ≤ Lρ(xk, yk+1

[m] , zk)− (
σmin(G)

η
+
ρσAmin

2
− L)‖xk+1 − xk‖2 +

L

2b

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2.

(20)

Using the step 10 in Algorithm 1, we have

Lρ(xk+1, y
k+1
[m] , zk+1)− Lρ(xk+1, y

k+1
[m] , zk) =

1

ρ
‖zk+1 − zk‖2

≤ 18L2

σAminbρ

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2 + (
9L2

σAminρ
+

3σ2
max(G)

σAminη
2ρ

)‖xk − xk−1‖2

+
3σ2

max(G)

σAminη
2ρ
‖xk+1 − xk‖2, (21)
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where the above inequality holds by Lemma 2.

Combining (17), (20) and (21), we have

Lρ(xk+1, y
k+1
[m] , zk+1) ≤ Lρ(xk, yk[m], zk)− σHmin

m∑
j=1

‖ykj − yk+1
j ‖2 − (

σmin(G)

η
+
ρσAmin

2
− L− 3σ2

max(G)

σAminη
2ρ

)‖xk+1 − xk‖2

+ (
L

2b
+

18L2

σAminbρ
)

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2 + (
9L2

σAminρ
+

3σ2
max(G)

σAminη
2ρ

)‖xk − xk−1‖2. (22)

Next, we define a Lyapunov function Rk:

Rk = Lρ(xk, yk[m], zk) + (
9L2

σAminρ
+

3σ2
max(G)

σAminη
2ρ

)‖xk − xk−1‖2 +
2L2

σAminρb

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2. (23)

It follows that

Rk+1 = Lρ(xk+1, y
k+1
[m] , zk+1) + (

9L2

σAminρ
+

3σ2
max(G)

σAminη
2ρ

)‖xk+1 − xk‖2 +
2L2

σAminρb

k∑
i=(nk−1)q

E‖xi+1 − xi‖2

≤ Lρ(xk, yk[m], zk) + (
9L2

σAminρ
+

3σ2
max(G)

σAminη
2ρ

)‖xk − xk−1‖2 +
2L2

σAminρb

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2

− (
σmin(G)

η
+
ρσAmin

2
− L− 6σ2

max(G)

σAminη
2ρ
− 9L2

σAminρ
− 2L2

σAminρb
)‖xk+1 − xk‖2 − σHmin

m∑
j=1

‖ykj − yk+1
j ‖2

+ (
L

2b
+

18L2

σAminbρ
)

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2

≤ Rk − (
σmin(G)

η
+
ρσAmin

2
− L− 6σ2

max(G)

σAminη
2ρ
− 9L2

σAminρ
− 2L2

σAminρb
)‖xk+1 − xk‖2 − σHmin

m∑
j=1

‖ykj − yk+1
j ‖2

+ (
L

2b
+

18L2

σAminbρ
)

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2, (24)

where the first inequality holds by the inequality (22) and the equality

k∑
i=(nk−1)q

E‖xi+1 − xi‖2 =

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2 + E‖xk+1 − xk‖2.

Since (nk − 1)q ≤ k ≤ nkq − 1, and let (nk − 1)q ≤ l ≤ nkq − 1, telescoping inequality (24) over k from (nk − 1)q to k,
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we have

E[Rk+1] ≤ E[R(nk−1)q]− (
σmin(G)

η
+
ρσAmin

2
− L− 6σ2

max(G)

σAminη
2ρ
− 9L2

σAminρ
− 2L2

σAminρb
)

k∑
l=(nk−1)q

‖xl+1 − xl‖2

− σHmin

k∑
l=(nk−1)q

m∑
j=1

‖ylj − yl+1
j ‖

2 + (
L

2b
+

18L2

σAminbρ
)

k∑
l=(nk−1)q

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2

≤ E[R(nk−1)q]− (
σmin(G)

η
+
ρσAmin

2
− L− 6σ2

max(G)

σAminη
2ρ
− 9L2

σAminρ
− 2L2

σAminρb
)

k∑
i=(nk−1)q

‖xi+1 − xi‖2

− σHmin

k−1∑
i=(nk−1)q

m∑
j=1

‖yij − yi+1
j ‖

2 + (
Lq

2b
+

18L2q

σAminbρ
)

k∑
i=(nk−1)q

E‖xi+1 − xi‖2

= E[R(nk−1)q]− (
σmin(G)

η
+
ρσAmin

2
− L− 6σ2

max(G)

σAminη
2ρ
− 9L2

σAminρ
− 2L2

σAminρb
− Lq

2b
− 18L2q

σAminbρ
)︸ ︷︷ ︸

χ

k∑
i=(nk−1)q

‖xi+1 − xi‖2

− σHmin

k−1∑
i=(nk−1)q

m∑
j=1

‖yij − yi+1
j ‖

2, (25)

where the second inequality holds by the fact that

k∑
l=(nk−1)q

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2 ≤
k∑

l=(nk−1)q

k∑
i=(nk−1)q

E‖xi+1 − xi‖2 ≤ q
k∑

i=(nk−1)q

E‖xi+1 − xi‖2.

Since b = q, we have

χ =
σmin(G)

η
+
ρσAmin

2
− L− 6σ2

max(G)

σAminη
2ρ
− 9L2

σAminρ
− 2L2

σAminρb
− Lq

2b
− 18L2q

σAminbρ

=
σmin(G)

η
− 3L

2︸ ︷︷ ︸
L1

+
ρσAmin

2
− 6σ2

max(G)

σAminη
2ρ
− 27L2

σAminρ
− 2L2

σAminρb︸ ︷︷ ︸
L2

. (26)

Given 0 < η ≤ 2σmin(G)
3L , we have L1 ≥ 0. Further, let η = 2ασmin(G)

3L (0 < α ≤ 1) and ρ =
√
170κGL
σAminα

, we have

L2 =
ρσAmin

2
− 6σ2

max(G)

σAminη
2ρ
− 27L2

σAminρ
− 2L2

σAminρb

=
ρσAmin

2
− 27L2κ2G

2σAminρα
2
− 27L2

σAminρ
− 2L2

σAminρb

≥ ρσAmin

2
− 27L2κ2G

2σAminρα
2
− 27L2κ2G
σAminρα

2
− 2κ2GL

2

σAminρα
2

=
ρσAmin

4
+
ρσAmin

4
− 85L2κ2G

2σAminρα
2︸ ︷︷ ︸

≥0

≥
√

170κGL

4α
, (27)

where the first inequality holds by κG ≥ 1 and b ≥ 1 ≥ α2 and the second inequality holds by ρ =
√
170κGL
σAminα

. Thus, we

obtain χ ≥
√
170κGL
4α .
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Since A is a full column rank matrix, we have (AT )+ = A(ATA)−1. It follows that σmax((AT )+)T (AT )+) =
σmax((ATA)−1) = 1

σAmin

. Using (10), then we have

Lρ(xk+1, y
k+1
[m] , zk+1) = f(xk+1) +

m∑
j=1

gj(y
k+1
j )− zTk+1(Axk+1 +

m∑
j=1

Bjy
k+1
j − c) +

ρ

2
‖Axk+1 +

m∑
j=1

Bjy
k+1
j − c‖2

= f(xk+1) +

m∑
j=1

gj(y
k+1
j )− 〈(AT )+(vk +

G

η
(xk+1 − xk)), Axk+1 +

m∑
j=1

Bjy
k+1
j − c〉+

ρ

2
‖Axk+1 +

m∑
j=1

Bjy
k+1
j − c‖2

= f(xk+1) +

m∑
j=1

gj(y
k+1
j )− 〈(AT )+(vk −∇f(xk) +∇f(xk) +

G

η
(xk+1 − xk)), Axk+1 +

m∑
j=1

Bjy
k+1
j − c〉

+
ρ

2
‖Axk+1 +

m∑
j=1

Bjy
k+1
j − c‖2

≥ f(xk+1) +

m∑
j=1

gj(y
k+1
j )− 2

σAminρ
‖vk −∇f(xk)‖2 − 2

σAminρ
‖∇f(xk)‖2 − 2σ2

max(G)

σAminη
2ρ
‖xk+1 − xk‖2

+
ρ

8
‖Axk+1 +

m∑
j=1

Bjy
k+1
j − c‖2

≥ f(xk+1) +

m∑
j=1

gj(y
k+1
j )− 2L2

σAminbρ

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2 −
2δ2

σAminρ
− 2σ2

max(G)

σAminη
2ρ
‖xk+1 − xk‖2 (28)

where the first inequality is obtained by applying 〈a, b〉 ≤ 1
2β ‖a‖

2 + β
2 ‖b‖

2 to the terms 〈(AT )+(vk −∇f(xk)), Axk+1 +∑m
j=1Bjy

k+1
j − c〉, 〈(AT )+vk, Axk+1 +

∑m
j=1Bjy

k+1
j − c〉 and 〈(AT )+G

η (xk+1 − xk), Axk+1 +
∑m
j=1Bjy

k+1
j − c〉

with β = ρ
4 , respectively; and the second inequality follows by the inequality (5) and Assumption 3. Using the definition of

Rk, we have

Rk+1 ≥ f∗ +

m∑
j=1

g∗j −
2δ2

σAminρ
, ∀ k = 0, 1, 2, · · · . (29)

It follows that the function Rk is bounded from below. Let R∗ denotes a lower bound of function Rk.

Telescoping inequality (25) over k from 0 to K, we have

E[RK ]− E[R0] = (E[Rq]− E[R0]) + (E[R2q]− E[Rq]) + · · ·+ (E[RK ]− E[R(nK−1)q])

≤ −
q−1∑
i=0

(χ‖xi+1 − xi‖2 + σHmin

m∑
j=1

‖yij − yi+1
j ‖

2)−
2q−1∑
i=q

(χ‖xi+1 − xi‖2 + σHmin

m∑
j=1

‖yij − yi+1
j ‖

2)

− · · · −
K−1∑

i=(nk−1)q

(χ‖xi+1 − xi‖2 + σHmin

m∑
j=1

‖yij − yi+1
j ‖

2)

= −
K−1∑
i=0

(χ‖xi+1 − xi‖2 + σHmin

m∑
j=1

‖yij − yi+1
j ‖

2). (30)

Finally, we obtain

1

K

K−1∑
k=0

(‖xk+1 − xk‖2 +

m∑
j=1

‖ykj − yk+1
j ‖2) ≤ E[R0]−R∗

Kγ
, (31)

where γ = min(χ, σHmin) with χ ≥
√
170κGL
4α .
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Theorem 1. Suppose the sequence {xk, yk[m], zk)Kk=1 is generated from Algorithm 1, and let b = q, η = 2ασmin(G)
3L (0 <

α ≤ 1), ρ =
√
170κGL
σAminα

, and

ν1 = m
(
ρ2σBmaxσ

A
max + ρ2(σBmax)2 + σ2

max(H)
)
, ν2 = 3(L2 +

σ2
max(G)

η2
), ν3 =

18L2

σAminρ
2

+
3σ2

max(G)

σAminη
2ρ2

, (32)

then we have

min
1≤k≤K

E
[
dist(0, ∂L(xk, y

k
[m], zk))2

]
≤ νmax

K

K−1∑
k=1

θk ≤
3νmax(R0 −R∗)

Kγ
, (33)

where γ = min(χ, σHmin) with χ ≥
√
170κGL
4α , νmax = max{ν1, ν2, ν3} and R∗ is a lower bound of the function Rk. It

implies that the number of iteration K satisfies

K =
3νmax(R0 −R∗)

εγ

then (xk∗ , y
k∗

[m], zk∗) is an ε-approximate stationary point of (1), where k∗ = arg mink θk.

Proof. First, we define an useful variable θk = E
[
‖xk+1 − xk‖2 + ‖xk − xk−1‖2 + 1

q

∑k
i=(nk−1)q ‖xi+1 − xi‖2 +∑m

j=1 ‖ykj − y
k+1
j ‖2

]
. By the optimal condition of the step 9 in Algorithm 1, we have, for all j ∈ [m]

E
[
dist(0, ∂yjL(x, y[m], z))

2
]
k+1

= E
[
dist(0, ∂gj(yk+1

j )−BTj zk+1)2
]

= ‖BTj zk − ρBTj (Axk +

j∑
i=1

Biy
k+1
i +

m∑
i=j+1

Biy
k
i − c)−Hj(y

k+1
j − ykj )−BTj zk+1‖2

= ‖ρBTj A(xk+1 − xk) + ρBTj

m∑
i=j+1

Bi(y
k+1
i − yki )−Hj(y

k+1
j − ykj )‖2

≤ mρ2σBjmaxσ
A
max‖xk+1 − xk‖2 +mρ2σBjmax

m∑
i=j+1

σBimax‖yk+1
i − yki ‖2 +mσ2

max(Hj)‖yk+1
j − ykj ‖2

≤ m
(
ρ2σBmaxσ

A
max + ρ2(σBmax)2 + σ2

max(H)
)
θk, (34)

where the first inequality follows by the inequality ‖
∑r
i=1 αi‖2 ≤ r

∑r
i=1 ‖αi‖2.

By the step 10 of Algorithm 1, we have

E
[
dist(0,∇xL(x, y[m], z))

2
]
k+1

= E‖AT zk+1 −∇f(xk+1)‖2

= E‖vk −∇f(xk+1)− G

η
(xk − xk+1)‖2

= E‖vk −∇f(xk) +∇f(xk)−∇f(xk+1)− G

η
(xk − xk+1)‖2

≤
k−1∑

i=(nk−1)q

3L2

b
E‖xi+1 − xi‖2 + 3(L2 +

σ2
max(G)

η2
)‖xk − xk+1‖2

≤ 3(L2 +
σ2
max(G)

η2
)θk, (35)

where the second inequality holds by b = q.
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By the step 11 of Algorithm 1, we have

E
[
dist(0,∇zL(x, y[m], z))

2
]
k+1

= E‖Axk+1 +

m∑
j=1

Bjy
k+1
j − c‖2

=
1

ρ2
E‖zk+1 − zk‖2

≤ 18L2

σAminbρ
2

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2 + (
9L2

σAminρ
2

+
3σ2

max(G)

σAminη
2ρ2

)‖xk − xk−1‖2

+
3σ2

max(G)

σAminη
2ρ2
‖xk+1 − xk‖2

≤
( 18L2

σAminρ
2

+
3σ2

max(G)

σAminη
2ρ2

)
θk, (36)

where the second inequality holds by b = q.

Let

ν1 = m
(
ρ2σBmaxσ

A
max + ρ2(σBmax)2 + σ2

max(H)
)
, ν2 = 3(L2 +

σ2
max(G)

η2
), ν3 =

18L2

σAminρ
2

+
3σ2

max(G)

σAminη
2ρ2

. (37)

By (31), we have

1

K

K−1∑
k=0

(‖xk+1 − xk‖2 +

m∑
j=1

‖ykj − yk+1
j ‖2) ≤ E[R0]−R∗

Kγ
, (38)

where γ = min(χ, σHmin) with χ ≥
√
170κGL
4α . Since

K−1∑
k=0

k∑
i=(nk−1)q

‖xi+1 − xi‖2 ≤ q
K−1∑
k=0

‖xk+1 − xk‖2, (39)

by (34), (35) and (36), we have

min
1≤k≤K

E
[
dist(0, ∂L(xk, y

k
[m], zk))2

]
≤ νmax

K

K−1∑
k=1

θk ≤
3νmax(R0 −R∗)

Kγ
, (40)

where γ = min(χ, σHmin) with χ ≥
√
170κGL
4α and νmax = max{ν1, ν2, ν3}.

Given η = 2ασmin(G)
3L (0 < α ≤ 1) and ρ =

√
170κGL
σAminα

, since m is relatively small, it easy verifies that νmax = O(1) and
γ = O(1), which are independent on n and K. Thus, we obtain

min
1≤k≤K

E
[
dist(0, ∂L(xk, y

k
[m], zk))2

]
≤ O(

1

K
). (41)
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2.2. Convergence Analysis of the Online SPIDER-ADMM Algorithm

In this subsection, we conduct convergence analysis of the online SPIDER-ADMM. First, we give some useful lemmas.

Algorithm 2 Online SPIDER-ADMM Algorithm
1: Input: b1, b2, q, K, η > 0 and ρ > 0;
2: Initialize: x0 ∈ Rd, y0j ∈ Rp, j ∈ [m] and z0 ∈ Rl;
3: for k = 0, 1, · · · ,K − 1 do
4: if mod(k, q) = 0 then
5: Draw S1 samples with |S1| = b1, and compute vk = 1

b1

∑
i∈S1
∇fi(xk);

6: else
7: Draw S2 samples with |S2| = b2 =

√
b1, and compute

vk =
1

b2

∑
i∈S2

(
∇fi(xk)− fi(xk−1)

)
+ vk−1;

8: end if
9: yk+1

j = arg minyj
{
Lρ(xk, yk+1

[j−1], yj , y
k
[j+1:m], zk) + 1

2‖yj − y
k
j ‖2Hj

}
for all j ∈ [m];

10: xk+1 = arg minx L̂ρ
(
x, yk+1

[m] , zk, vk
)
;

11: zk+1 = zk − ρ(Axk+1 +
∑m
j=1Bjy

k+1
j − c);

12: end for
13: Output: {x, y[m], z} chosen uniformly random from {xk, yk[m], zk}

K
k=1.

Lemma 4. Under Assumption 1 and given the sequence {xk, yk[m], zk}
K
k=1 from Algorithm 2, it holds that

E‖zk+1 − zk‖2 ≤
18L2

σAminb2

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2 +
72δ2

σAminb1
+ (

9L2

σAmin

+
3σ2

max(G)

σAminη
2

)‖xk − xk−1‖2

+
3σ2

max(G)

σAminη
2
‖xk+1 − xk‖2. (42)

Proof. The proof of this lemma is the same to the proof of Lemma 2.

Lemma 5. Suppose the sequence {xk, yk[m], zk}
K
k=1 is generated from Algorithm 2, and define a Lyapunov function Φk as

follows:

Φk = Lρ(xk, yk[m], zk) + (
9L2

σAminρ
+

3σ2
max(G)

σAminη
2ρ

)‖xk − xk−1‖2 +
2L2

σAminρb

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2. (43)

Let b2 = q, η = 2ασmin(G)
3L (0 < α ≤ 1) and ρ =

√
170κGL
σAminα

, then we have

1

K

K−1∑
k=0

(‖xk+1 − xk‖2 +

m∑
j=1

‖ykj − yk+1
j ‖2) ≤ E[Φ0]− Φ∗

Kγ
+

2δ2

b1L
+

72δ2

σAminb1ρ
, (44)

where γ = min(χ, σHmin), χ ≥
√
170κGL
4α and Φ∗ is a lower bound of the function Φk.

Proof. This proof is the same as the proof of Lemma 3.
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By the optimal condition of step 9 in Algorithm 2, we have, for j ∈ [m]

0 = (ykj − yk+1
j )T

(
∂gj(y

k+1
j )−BTj zk + ρBTj (Axk +

j∑
i=1

Biy
k+1
i +

m∑
i=j+1

Biy
k
i − c) +Hj(y

k+1
j − ykj )

)
≤ gj(ykj )− gj(yk+1

j )− (zk)T (Bjy
k
j −Bjyk+1

j ) + ρ(Bjy
k
j −Bjyk+1

j )T (Axk +

j∑
i=1

Biy
k+1
i +

m∑
i=j+1

Biy
k
i − c)− ‖yk+1

j − ykj ‖2Hj

= gj(y
k
j )− gj(yk+1

j )− (zk)T (Axk +

j−1∑
i=1

Biy
k+1
i +

m∑
i=j

Biy
k
i − c) + (zk)T (Axk +

j∑
i=1

Biy
k+1
i +

m∑
i=j+1

Biy
k
i − c)

+
ρ

2
‖Axk +

j−1∑
i=1

Biy
k+1
i +

m∑
i=j

Biy
k
i − c‖2 −

ρ

2
‖Axk +

j∑
i=1

Biy
k+1
i +

m∑
i=j+1

Biy
k
i − c‖2 −

ρ

2
‖Bjykj −Bjyk+1

j ‖2 − ‖yk+1
j − ykj ‖2Hj

= f(xk) +

j−1∑
i=1

gi(y
k+1
i ) +

m∑
i=j

gi(y
k
i )− (zk)T (Axk +

j−1∑
i=1

Biy
k+1
i +

m∑
i=j

Biy
k
i − c) +

ρ

2
‖Axk +

j−1∑
i=1

Biy
k+1
i +

m∑
i=j

Biy
k
i − c‖2︸ ︷︷ ︸

Lρ(xk,yk+1
[j−1]

,yk
[j:m]

,zk)

−
(
f(xk) +

j∑
i=1

gi(y
k+1
i ) +

m∑
i=j+1

gi(y
k
i )− (zk)T (Axk +

j∑
i=1

Biy
k+1
i +

m∑
i=j+1

Biy
k
i − c) +

ρ

2
‖Axk +

j∑
i=1

Biy
k+1
i +

m∑
i=j+1

Biy
k
i − c‖2

)
︸ ︷︷ ︸

Lρ(xk,yk+1
[j]

,yk
[j+1:m]

,zk)

− ρ

2
‖Bjykj −Bjyk+1

j ‖2 − ‖yk+1
j − ykj ‖2Hj

≤ Lρ(xk, yk+1
[j−1], y

k
[j:m], zk)− Lρ(xk, yk+1

[j] , yk[j+1:m], zk)− σmin(Hj)‖ykj − yk+1
j ‖2, (45)

where the first inequality holds by the convexity of function gj(y), and the second equality follows by applying the equality
(a− b)T b = 1

2 (‖a‖2−‖b‖2−‖a− b‖2) on the term (Bykj −By
k+1
j )T (Axk +

∑j
i=1Biy

k+1
i +

∑m
i=j+1Biy

k
i − c). Thus,

we have, for all j ∈ [m]

Lρ(xk, yk+1
[j] , yk[j+1:m], zk) ≤ Lρ(xk, yk+1

[j−1], y
k
[j:m], zk)− σmin(Hj)‖ykj − yk+1

j ‖2. (46)

Telescoping inequality (46) over j from 1 to m, we obtain

Lρ(xk, yk+1
[m] , zk) ≤ Lρ(xk, yk[m], zk)− σHmin

m∑
j=1

‖ykj − yk+1
j ‖2. (47)

Using Assumption 1, we have

0 ≤ f(xk)− f(xk+1) +∇f(xk)T (xk+1 − xk) +
L

2
‖xk+1 − xk‖2. (48)

Using the optimal condition of step 10 in Algorithm 2, we have

0 = (xk − xk+1)T
(
vk −AT zk + ρAT (Axk+1 +

m∑
j=1

Bjy
k+1
j − c) +

G

η
(xk+1 − xk)

)
. (49)
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Combining (48) and (49), we have

0 ≤ f(xk)− f(xk+1) +∇f(xk)T (xk+1 − xk) +
L

2
‖xk+1 − xk‖2

+ (xk − xk+1)T
(
vk −AT zk + ρAT (Axk+1 +

m∑
j=1

Bjy
k+1
j − c) +

G

η
(xk+1 − xk)

)
= f(xk)− f(xk+1) +

L

2
‖xk − xk+1‖2 −

1

η
‖xk − xk+1‖2G + (xk − xk+1)T (vk −∇f(xk))

− (zk)T (Axk −Axk+1) + ρ(Axk −Axk+1)T (Axk+1 +

m∑
j=1

Bjy
k+1
j − c)

= f(xk)− f(xk+1) +
L

2
‖xk − xk+1‖2 −

1

η
‖xk − xk+1‖2G + (xk − xk+1)T

(
vk −∇f(xk)

)
− (zk)T (Axk +

m∑
j=1

Bjy
k+1
j − c)

+ (zk)T (Axk+1 +

m∑
j=1

Bjy
k+1
j − c) +

ρ

2

(
‖Axk +

m∑
j=1

Bjy
k+1
j − c‖2 − ‖Axk+1 +

m∑
j=1

Bjy
k+1
j − c‖2 − ‖Axk −Axk+1‖2

)
= f(xk) +

m∑
j=1

gj(y
k+1
j )− zTk (Axk +

m∑
j=1

Bjy
k+1
j − c) +

ρ

2
‖Axk +

m∑
j=1

Bjy
k+1
j − c‖2︸ ︷︷ ︸

Lρ(xk,y
k+1
[m]

,zk)

−
(
f(xk+1) +

m∑
j=1

gj(y
k+1
j )− zTk (Axk+1 +

m∑
j=1

Bjy
k+1
j − c) +

ρ

2
‖Axk+1 +

m∑
j=1

Bjy
k+1
j − c‖2

)
︸ ︷︷ ︸

Lρ(xk+1,y
k+1
[m]

,zk)

+
L

2
‖xk − xk+1‖2 + (xk − xk+1)T

(
vk −∇f(xk)

)
− 1

η
‖xk − xk+1‖2G −

ρ

2
‖Axk −Axk+1‖2

≤ Lρ(xk, yk+1
[m] , zk)− Lρ(xk+1, y

k+1
[m] , zk)− (

σmin(G)

η
+
ρσAmin

2
− L

2
)‖xk+1 − xk‖2 + (xk − xk+1)T (vk −∇f(xk))

≤ Lρ(xk, yk+1
[m] , zk)− Lρ(xk+1, y

k+1
[m] , zk)− (

σmin(G)

η
+
ρσAmin

2
− L)‖xk+1 − xk‖2 +

1

2L
‖vk −∇f(xk)‖2

≤ Lρ(xk, yk+1
[m] , zk)− Lρ(xk+1, y

k+1
[m] , zk)− (

σmin(G)

η
+
ρσAmin

2
− L)‖xk+1 − xk‖2 +

L

2b2

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2 +
2δ2

b1L
,

where the second equality follows by applying the equality (a − b)T b = 1
2 (‖a‖2 − ‖b‖2 − ‖a − b‖2) over the term

(Axk − Axk+1)T (Axk+1 +
∑m
j=1Bjy

k+1
j − c); the third inequality follows by the inequality aT b ≤ 1

2L‖a‖
2 + L

2 ‖b‖
2,

and the forth inequality holds by the inequality (6). It follows that

Lρ(xk+1, y
k+1
[m] , zk) ≤Lρ(xk, yk+1

[m] , zk)− (
σmin(G)

η
+
ρσAmin

2
− L)‖xk+1 − xk‖2

+
L

2b2

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2 +
2δ2

b1L
. (50)
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Using the step 11 in Algorithm 2, we have

Lρ(xk+1, y
k+1
[m] , zk+1)− Lρ(xk+1, y

k+1
[m] , zk) =

1

ρ
‖zk+1 − zk‖2

≤ 18L2

σAminb2ρ

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2 + (
9L2

σAminρ
+

3σ2
max(G)

σAminη
2ρ

)‖xk − xk−1‖2

+
3σ2

max(G)

σAminη
2ρ
‖xk+1 − xk‖2 +

72δ2

σAminb1ρ
, (51)

where the above inequality holds by Lemma 4.

Combining (47), (50) and (51), we have

Lρ(xk+1, y
k+1
[m] , zk+1) ≤ Lρ(xk, yk[m], zk)− σHmin

m∑
j=1

‖ykj − yk+1
j ‖2 − (

σmin(G)

η
+
ρσAmin

2
− L− 3σ2

max(G)

σAminη
2ρ

)‖xk+1 − xk‖2

+ (
L

2b2
+

18L2

σAminb2ρ
)

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2 + (
9L2

σAminρ
+

3σ2
max(G)

σAminη
2ρ

)‖xk − xk−1‖2

+
2δ2

b1L
+

72δ2

σAminb1ρ
. (52)

Next, we define an useful Lyapunov function Φk:

Φk = Lρ(xk, yk[m], zk) + (
9L2

σAminρ
+

3σ2
max(G)

σAminη
2ρ

)‖xk − xk−1‖2 +
2L2

σAminρb2

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2. (53)

It follows that

Φk+1 = Lρ(xk+1, y
k+1
[m] , zk+1) + (

9L2

σAminρ
+

3σ2
max(G)

σAminη
2ρ

)‖xk+1 − xk‖2 +
2L2

σAminρb2

k∑
i=(nk−1)q

E‖xi+1 − xi‖2

≤ Lρ(xk, yk[m], zk) + (
9L2

σAminρ
+

3σ2
max(G)

σAminη
2ρ

)‖xk − xk−1‖2 +
2L2

σAminρb2

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2

− σHmin

m∑
j=1

‖ykj − yk+1
j ‖2 − (

σmin(G)

η
+
ρσAmin

2
− L− 6σ2

max(G)

σAminη
2ρ
− 9L2

σAminρ
− 2L2

σAminρb2
)‖xk+1 − xk‖2

− 3(−1)σ2
max(G)

σAminη
2ρ

(‖xk+1 − xk‖2 + ‖xk − xk−1‖2) + (
L

2b2
+

18L2

σAminb2ρ
)

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2 +
2δ2

b1L
+

72δ2

σAminb1ρ

≤ Φk − σHmin

m∑
j=1

‖ykj − yk+1
j ‖2 − (

σmin(G)

η
+
ρσAmin

2
− L− 6σ2

max(G)

σAminη
2ρ
− 9L2

σAminρ
− 2L2

σAminρb2
)‖xk+1 − xk‖2

+ (
L

2b2
+

18L2

σAminb2ρ
)

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2 +
2δ2

b1L
+

72δ2

σAminb1ρ
, (54)

where the first inequality follows by the inequality (52) and the equality

k∑
i=(nk−1)q

E‖xi+1 − xi‖2 =

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2 + ‖xk+1 − xk‖2.
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Since (nk − 1)q ≤ k ≤ nkq − 1 and let (nk − 1)q ≤ l ≤ nkq − 1, then telescoping equality (54) over k from (nk − 1)q to
k, we have

E[Φk+1] ≤ E[Φ(nk−1)q]− (
σmin(G)

η
+
ρσAmin

2
− L− 6σ2

max(G)

σAminη
2ρ
− 9L2

σAminρ
− 2L2

σAminρb2
)

k∑
l=(nk−1)q

‖xl+1 − xl‖2

− σHmin

k∑
l=(nk−1)q

m∑
j=1

‖ylj − yl+1
j ‖

2 + (
L

2b2
+

18L2

σAminb2ρ
)

k∑
l=(nk−1)q

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2 +
2δ2

b1L
+

72δ2

σAminb1ρ

≤ E[Φ(nk−1)q]− (
σmin(G)

η
+
ρσAmin

2
− L− 6σ2

max(G)

σAminη
2ρ
− 9L2

σAminρ
− 2L2

σAminρb2
)

k∑
i=(nk−1)q

‖xi+1 − xi‖2

− σHmin

k∑
i=(nk−1)q

m∑
j=1

‖yij − yi+1
j ‖

2 + (
Lq

2b2
+

18L2q

σAminb2ρ
)

k∑
i=(nk−1)q

E‖xi+1 − xi‖2 +
2δ2

b1L
+

72δ2

σAminb1ρ

= E[Φ(nk−1)q]− (
σmin(G)

η
+
ρσAmin

2
− L− 6σ2

max(G)

σAminη
2ρ
− 9L2

σAminρ
− 2L2

σAminρb2
− Lq

2b2
− 18L2q

σAminb2ρ
)︸ ︷︷ ︸

χ

k∑
i=(nk−1)q

‖xi+1 − xi‖2

− σHmin

k∑
i=(nk−1)q

m∑
j=1

‖yij − yi+1
j ‖

2 +
2δ2

b1L
+

72δ2

σAminb1ρ
, (55)

where the second inequality holds by the fact that

k∑
l=(nk−1)q

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2 ≤
k∑

l=(nk−1)q

k∑
i=(nk−1)q

E‖xi+1 − xi‖2 ≤ q
k∑

i=(nk−1)q

E‖xi+1 − xi‖2.

Since b2 = q, we have

χ =
σmin(G)

η
+
ρσAmin

2
− L− 6σ2

max(G)

σAminη
2ρ
− 9L2

σAminρ
− 2L2

σAminρb2
− Lq

2b2
− 18L2q

σAminρb2

=
σmin(G)

η
− 3L

2︸ ︷︷ ︸
L1

+
ρσAmin

2
− 6σ2

max(G)

σAminη
2ρ
− 27L2

σAminρ
− 2L2

σAminρ︸ ︷︷ ︸
L2

. (56)

Given 0 < η ≤ 2σmin(G)
3L , we have L1 ≥ 0. Further, let η = 2ασmin(G)

3L (0 < α ≤ 1) and ρ =
√
170κGL
σAminα

, we have

L2 =
ρσAmin

2
− 6σ2

max(G)

σAminη
2ρ
− 27L2

σAminρ
− 2L2

σAminρ

=
ρσAmin

2
− 27κ2GL

2

2σAminρα
2
− 27L2

σAminρ
− 2L2

σAminρ

≥ ρσAmin

2
− 27κ2GL

2

2σAminρα
2
− 27κ2GL

2

σAminρα
2
− 2κ2GL

2

σAminρα
2

=
ρσAmin

4
+
ρσAmin

4
− 85κ2GL

2

2σAminρα
2︸ ︷︷ ︸

≥0

≥
√

170κGL

4α
, (57)

where the first inequality follows by κG ≥ 1, ≥ 1 and 0 < α ≤ 1; and the second inequality holds by ρ =
√
170κGL
σAminα

. It

follows that χ ≥
√
170κGL
4α .
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Since σmax((AT )+)T (AT )+) = 1
σAmin

, using (10), we have

Lρ(xk+1, y
k+1
[m] , zk+1) = f(xk+1) +

m∑
j=1

gj(y
k+1
j )− zTk+1(Axk+1 +

m∑
j=1

Bjy
k+1
j − c) +

ρ

2
‖Axk+1 +

m∑
j=1

Bjy
k+1
j − c‖2

= f(xk+1) +

m∑
j=1

gj(y
k+1
j )− 〈(AT )+(vk +

G

η
(xk+1 − xk)), Axk+1 +

m∑
j=1

Bjy
k+1
j − c〉+

ρ

2
‖Axk+1 +

m∑
j=1

Bjy
k+1
j − c‖2

= f(xk+1) +

m∑
j=1

gj(y
k+1
j )− 〈(AT )+(vk −∇f(xk) +∇f(xk) +

G

η
(xk+1 − xk)), Axk+1 +

m∑
j=1

Bjy
k+1
j − c〉

+
ρ

2
‖Axk+1 +

m∑
j=1

Bjy
k+1
j − c‖2

≥ f(xk+1) +

m∑
j=1

gj(y
k+1
j )− 2

σAminρ
‖vk −∇f(xk)‖2 − 2

σAminρ
‖∇f(xk)‖2 − 2σ2

max(G)

σAminη
2ρ
‖xk+1 − xk‖2

+
ρ

8
‖Axk+1 +

m∑
j=1

Bjy
k+1
j − c‖2

≥ f(xk+1) +

m∑
j=1

gj(y
k+1
j )− 2L2

σAminb2ρ

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2 −
8δ2

σAminb1ρ
− 2δ2

σAminρ
− 2σ2

max(G)

σAminη
2ρ
‖xk+1 − xk‖2

(58)

where the first inequality is obtained by applying 〈a, b〉 ≤ 1
2β ‖a‖

2 + β
2 ‖b‖

2 to the terms 〈(AT )+(vk −∇f(xk)), Axk+1 +∑m
j=1Bjy

k+1
j − c〉, 〈(AT )+vk, Axk+1 +

∑m
j=1Bjy

k+1
j − c〉 and 〈(AT )+G

η (xk+1 − xk), Axk+1 +
∑m
j=1Bjy

k+1
j − c〉

with β = ρ
4 , respectively; and the second inequality follows by the inequality (6) and Assumption 3. Using the definition of

Φk, we have

Φk+1 ≥ f∗ +

m∑
j=1

g∗j −
2(4 + b1)δ2

σAminρb1
, ∀ k = 0, 1, 2, · · · . (59)

It follows that the function Φk is bounded from below. Let Φ∗ denotes a lower bound of function Φk.

Further, telescoping equality (55) over k from 0 to K, we have

E[ΦK ]− E[Φ0] = (E[Φq]− E[Φ0]) + (E[Φ2q]− E[Φq]) + · · ·+ (E[ΦK ]− E[Φ(nK−1)q])

≤ −
q−1∑
i=0

(χ‖xi+1 − xi‖2 + σHmin

m∑
j=1

‖yij − yi+1
j ‖

2)−
2q−1∑
i=q

(χ‖xi+1 − xi‖2 + σHmin

m∑
j=1

‖yij − yi+1
j ‖

2)

− · · · −
K−1∑

i=(nk−1)q

(χ‖xi+1 − xi‖2 + σHmin

m∑
j=1

‖yij − yi+1
j ‖

2) +
2Kδ2

b1L
+

72Kδ2

σAminb1ρ

= −
K−1∑
i=0

(χ‖xi+1 − xi‖2 + σHmin

m∑
j=1

‖yij − yi+1
j ‖

2) +
2Kδ2

b1L
+

72Kδ2

σAminb1ρ
. (60)

Thus, the above inequality implies that

1

K

K−1∑
k=0

(‖xk+1 − xk‖2 +

m∑
j=1

‖ykj − yk+1
j ‖2) ≤ E[Φ0]− Φ∗

Kγ
+

2δ2

b1Lγ
+

72δ2

σAminb1ργ
, (61)

where γ = min(χ, σHmin) and χ ≥
√
170κGL
4α .
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Theorem 2. Suppose the sequence {xk, yk[m], zk)Kk=1 is generated from Algorithm 2, and let b2 = q =
√
b1, η =

2ασmin(G)
3L (0 < α ≤ 1), ρ =

√
170κGL
σAminα

, and

ν1 = m
(
ρ2σBmaxσ

A
max + ρ2(σBmax)2 + σ2

max(H)
)
, ν2 = 3(L2 +

σ2
max(G)

η2
), ν3 =

18L2

σAminρ
2

+
3σ2

max(G)

σAminη
2ρ2

, (62)

then we have

min
1≤k≤K

E
[
dist(0, ∂L(xk, y

k
[m], zk))2

]
≤ νmax

K

K−1∑
k=1

θk +
w

b1

≤ 3νmax(Φ0 − Φ∗)

Kγ
+

6νmaxδ
2

b1γ
(

1

L
+

36

σAminρ
) +

w

b1
, (63)

where w = 12δ2 max{1, 6
σAminρ

2 }, γ = min(χ, σHmin) with χ ≥
√
170κGL
4α , νmax = max{ν1, ν2, ν3} and Φ∗ is a lower

bound of the function Φk. It implies that K and b1 satisfy

K =
6νmax(Φ0 − Φ∗)

εγ
, b1 =

12νmaxδ
2

εγ
(

1

L
+

36

σAminρ
) +

2w

ε

then (xk∗ , y
k∗

[m], zk∗) is an ε-approximate stationary point of (1), where k∗ = arg mink θk.

Proof. First, we define an useful variable θk = E
[
‖xk+1 − xk‖2 + ‖xk − xk−1‖2 + 1

q

∑k
i=(nk−1)q ‖xi+1 − xi‖2 +∑m

j=1 ‖ykj − y
k+1
j ‖2

]
. By the optimal condition of the step 9 in Algorithm 2, we have, for all j ∈ [m]

E
[
dist(0, ∂yjL(x, y[m], z))

2
]
k+1

= E
[
dist(0, ∂gj(yk+1

j )−BTj zk+1)2
]

= ‖BTj zk − ρBTj (Axk +

j∑
i=1

Biy
k+1
i +

m∑
i=j+1

Biy
k
i − c)−Hj(y

k+1
j − ykj )−BTj zk+1‖2

= ‖ρBTj A(xk+1 − xk) + ρBTj

m∑
i=j+1

Bi(y
k+1
i − yki )−Hj(y

k+1
j − ykj )‖2

≤ mρ2σBjmaxσ
A
max‖xk+1 − xk‖2 +mρ2σBjmax

m∑
i=j+1

σBimax‖yk+1
i − yki ‖2 +mσ2

max(Hj)‖yk+1
j − ykj ‖2

≤ m
(
ρ2σBmaxσ

A
max + ρ2(σBmax)2 + σ2

max(H)
)
θk, (64)

where the first inequality follows by the inequality ‖
∑r
i=1 αi‖2 ≤ r

∑r
i=1 ‖αi‖2.

By the step 10 of Algorithm 2, we have

E
[
dist(0,∇xL(x, y[m], z))

2
]
k+1

= E‖AT zk+1 −∇f(xk+1)‖2

= E‖vk −∇f(xk+1)− G

η
(xk − xk+1)‖2

= E‖vk −∇f(xk) +∇f(xk)−∇f(xk+1)− G

η
(xk − xk+1)‖2

≤
k−1∑

i=(nk−1)q

3L2

b2
E‖xi+1 − xi‖2 +

12δ2

b1
+ 3(L2 +

σ2
max(G)

η2
)‖xk − xk+1‖2

≤ 3(L2 +
σ2
max(G)

η2
)θk +

12δ2

b1
, (65)

where the second inequality holds by b2 = q.
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By the step 11 of Algorithm 2, we have

E
[
dist(0,∇zL(x, y[m], z))

2
]
k+1

= E‖Axk+1 +

m∑
j=1

Bjy
k+1
j − c‖2

=
1

ρ2
E‖zk+1 − zk‖2

≤ 18L2

σAminb2ρ
2

k−1∑
i=(nk−1)q

E‖xi+1 − xi‖2 + (
9L2

σAminρ
2

+
3σ2

max(G)

σAminη
2ρ2

)‖xk − xk−1‖2

+
3σ2

max(G)

σAminη
2ρ2
‖xk+1 − xk‖2 +

72δ2

b1σAminρ
2

≤
( 18L2

σAminρ
2

+
3σ2

max(G)

σAminη
2ρ2

)
θk +

72δ2

b1σAminρ
2
, (66)

where the second inequality holds by b2 = q.

Let

ν1 = m
(
ρ2σBmaxσ

A
max + ρ2(σBmax)2 + σ2

max(H)
)
, ν2 = 3(L2 +

σ2
max(G)

η2
), ν3 =

18L2

σAminρ
2

+
3σ2

max(G)

σAminη
2ρ2

. (67)

By (61), we have

1

K

K−1∑
k=0

(‖xk+1 − xk‖2 +

m∑
j=1

‖ykj − yk+1
j ‖2) ≤ E[Φ0]− Φ∗

Kγ
+

2δ2

b1Lγ
+

72δ2

σAminb1ργ
, (68)

where γ = min(χ, σHmin) and χ ≥
√
170κGL
4α . Since

K−1∑
k=0

k∑
i=(nk−1)q

‖xi+1 − xi‖2 ≤ q
K−1∑
k=0

‖xk+1 − xk‖2, (69)

by (64), (65) and (66), we have

min
1≤k≤K

E
[
dist(0, ∂L(xk, y

k
[m], zk))2

]
≤ νmax

K

K−1∑
k=1

θk + max{12δ2

b1
,

72δ2

b1σAminρ
2
}

≤ 3νmax(Φ0 − Φ∗)

Kγ
+

6νmaxδ
2

b1γ
(

1

L
+

36

σAminρ
) + max{12δ2

b1
,

72δ2

b1σAminρ
2
}, (70)

where γ = min(χ, σHmin) with χ ≥
√
170κGL
4α and νmax = max{ν1, ν2, ν3}.

Given η = 2ασmin(G)
3L (0 < α ≤ 1) and ρ =

√
170κGL
σAminα

, since m is relatively small, it easy verifies that γ = O(1) and
νmax = O(1), which are independent on b1 and K. Thus, we obtain

min
1≤k≤K

E
[
dist(0, ∂L(xk, y

k
[m], zk))2

]
≤ O(

1

K
) +O(

1

b1
). (71)
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2.3. Theoretical Analysis of Non-convex SVRG-ADMM Algorithm

In this subsection, we first extend the existing nonconvex SVRG-ADMM (Huang et al., 2016; Zheng & Kwok, 2016) to
the multi-blocks setting for solving the problem (1), which is summarized in Algorithm 3. Then we study the convergence
analysis of this non-convex SVRG-ADMM.

Algorithm 3 Nonconvex SVRG-ADMM Algorithm
1: Input: b, T , M , S = [T/M ], η > 0 and ρ > 0;
2: Initialize: x10 = x̃1, z10 , and y0,1j for j ∈ [m];
3: for s = 1, 2, · · · , S do
4: ∇f(x̃s) = 1

n

∑n
i=1∇fi(x̃s);

5: for t = 0, 1, · · · ,M − 1 do
6: Uniformly random pick a mini-batch It (with replacement) from {1, 2, · · · , n} with |It| = b, and compute

vst = ∇fIt(xst )−∇fIt(x̃s) +∇f(x̃s);

7: ys,t+1
j = arg minyj

{
Lρ(xst , y

s,t+1
[j−1] , yj , y

s,t
[j+1:m], zt) + 1

2‖yj − y
s,t
j ‖2Hj

}
with Hj � 0 for all j ∈ [m];

8: xst+1 = arg minx L̂ρ
(
x, ys,t+1

[m] , zst , v
s
t

)
;

9: zst+1 = zst − ρ(Axst+1 +
∑m
j=1Bjy

s,t+1
j − c);

10: end for
11: x̃s+1 = xs+1

0 = xsM , ys+1,0
j = ys,Mj for all j ∈ [m], zs+1

0 = zsM ;
12: end for
13: Output: {x, y[m], z} chosen uniformly random from {(xst , y

s,t
[m], z

s
t )
M
t=1}Ss=1.

In Algorithm 3, we give

L̂ρ(x, ys,t+1
[m] , zst , v

s
t ) =f(xt) + (vst )

T (x− xst ) +
1

2η
‖x− xst‖2G +

m∑
j=1

gj(y
s,t+1
j )

− (zst )
T (Ax+

m∑
j=1

Bjy
s,t+1
j − c) +

ρ

2
‖Ax+

m∑
j=1

Bjy
s,t+1
j − c‖2, (72)

where η > 0 and G � 0.

Lemma 6. Suppose the sequence
{

(xst , y
s,t
[m], z

s
t )
M
t=1

}S
s=1

is generated by Algorithm 3. The following inequality holds

E‖zst+1 − zst ‖2 ≤
9L2

σAminb

(
‖xst − x̃s‖2 + ‖xst−1 − x̃s‖2

)
+

3σ2
max(G)

σAminη
2

E‖xst+1 − xst‖2

+ (
3σ2

max(G)

σAminη
2

+
9L2

σAmin

)E‖xst − xst−1‖2. (73)

Proof. Using the optimal condition for the step 8 of Algorithm 3, we have

vst +
1

η
G(xst+1 − xst )−AT zst + ρAT (Axst+1 +

m∑
j=1

Bjy
s,t+1
j − c) = 0, (74)

By the step 10 of Algorithm 3, we have

AT zst+1 = vst +
1

η
G(xst+1 − xst ). (75)

It follows that

zst+1 = (AT )+
(
vst +

G

η
(xst+1 − xst )

)
, (76)
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where (AT )+ is the pseudoinverse of AT . By Assumption 4, i.e., A is a full column matrix, we have (AT )+ = A(ATA)−1.
Using (76), then we have

E‖zst+1 − zst ‖2 = E‖(AT )+
(
vst +

G

η
(xst+1 − xst )− vst−1 −

G

η
(xst − xst−1)

)
‖2

≤ 1

σAmin

[
3E‖vst − vst−1‖2 +

3σ2
max(G)

η2
E‖xst+1 − xst‖2 +

3σ2
max(G)

η2
E‖xst − xst−1‖2

]
. (77)

Next, considering the upper bound of ‖vst − vst−1‖2, we have

E‖vst − vst−1‖2 = E‖vst −∇f(xst ) +∇f(xst )−∇f(xst−1) +∇f(xst−1)− vst−1‖2

≤ 3E‖vst −∇f(xst )‖2 + 3E‖∇f(xst )−∇f(xst−1)‖2 + 3E‖∇f(xst−1)− vst−1‖2

≤ 3L2

b
‖xst − x̃s‖2 +

3L2

b
‖xst−1 − x̃s‖2 + 3L2E‖xst − xst−1‖2, (78)

where the second inequality holds by Lemma 3 of (Reddi et al., 2016) and Assumption 1. Finally, combining (77) with (78),
we obtain the above result.

Lemma 7. Suppose the sequence {(xst , y
s,t
[m], z

s
t )
M
t=1}Ss=1 is generated from Algorithm 3, and define a Lyapunov function:

Γst = E
[
Lρ(xst , y

s,t
[m], z

s
t ) + (

3σ2
max(G)

σAminη
2ρ

+
9L2

σAminρ
)‖xst − xst−1‖2 +

9L2

σAminρb
‖xst−1 − x̃s‖2 + ct‖xst − x̃s‖2

]
, (79)

where the positive sequence {ct} satisfies, for s = 1, 2, · · · , S

ct =


18L2

σAminρb
+
L

b
+ (1 + β)ct+1, 1 ≤ t ≤M,

0, t ≥M + 1.

Let M = [n
1
3 ], b = [n

2
3 ], η = ασmin(G)

5L (0 < α ≤ 1) and ρ = 2
√
231κGL
σAminα

, we have

1

T

S∑
s=1

M−1∑
t=0

(σHmin

m∑
j=1

‖ys,tj − y
s,t+1
j ‖2 +

L

2b
‖xst − x̃s‖22 + χt‖xst+1 − xst‖2) ≤ Γ1

0 − Γ∗

T
. (80)

where Γ∗ denotes a lower bound of Γst and and χt ≥
√
231κGL
2α > 0.
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Proof. By the optimal condition of step 7 in Algorithm 3, we have, for j ∈ [m]

0 = (ys,tj − y
s,t+1
j )T

(
∂gj(y

s,t+1
j )−BTj zst + ρBTj (Axst +

j∑
i=1

Biy
s,t+1
i +

m∑
i=j+1

Biy
s,t
i − c) +Hj(y

s,t+1
j − ys,tj )

)
≤ gj(ys,tj )− gj(ys,t+1

j )− (zst )
T (Bjy

s,t
j −Bjy

s,t+1
j ) + ρ(Bjy

s,t
j −Bjy

s,t+1
j )T (Axst +

j∑
i=1

Biy
s,t+1
i +

m∑
i=j+1

Biy
s,t
i − c)

− ‖ys,t+1
j − ys,tj ‖

2
Hj

= gj(y
s,t
j )− gj(ys,t+1

j )− (zst )
T (Axst +

j−1∑
i=1

Biy
s,t+1
i +

m∑
i=j

Biy
s,t
i − c) + (zst )

T (Axst +

j∑
i=1

Biy
s,t+1
i +

m∑
i=j+1

Biy
s,t
i − c)

+
ρ

2
‖Axst +

j−1∑
i=1

Biy
s,t+1
i +

m∑
i=j

Biy
s,t
i − c‖

2 − ρ

2
‖Axst +

j∑
i=1

Biy
s,t+1
i +

m∑
i=j+1

Biy
s,t
i − c‖

2 − ‖ys,t+1
j − ys,tj ‖

2
Hj

− ρ

2
‖Bjys,tj −Bjy

s,t+1
j ‖2

= f(xst ) +

j−1∑
i=1

gi(y
s,t+1
i ) +

m∑
i=j

gi(y
s,t
i )− (zst )

T (Axst +

j−1∑
i=1

Biy
s,t+1
i +

m∑
i=j

Biy
s,t
i − c) +

ρ

2
‖Axst +

j−1∑
i=1

Biy
s,t+1
i +

m∑
i=j

Biy
s,t
i − c‖

2

︸ ︷︷ ︸
Lρ(xst ,y

s,t+1
[j−1]

,ys,t
[j:m]

,zst )

−
(
f(xst ) +

j∑
i=1

gi(y
s,t+1
i ) +

m∑
i=j+1

gi(y
s,t
i )− (zst )

T (Axst +

j∑
i=1

Biy
s,t+1
i +

m∑
i=j+1

Biy
s,t
i − c) +

ρ

2
‖Axst +

j∑
i=1

Biy
s,t+1
i +

m∑
i=j+1

Biy
s,t
i − c‖

2
)

︸ ︷︷ ︸
Lρ(xst ,y

s,t+1
[j]

,ys,t
[j+1:m]

,zst )

− ‖ys,t+1
j − ys,tj ‖

2
Hj −

ρ

2
‖Bjys,tj −Bjy

s,t+1
j ‖2

≤ Lρ(xst , y
s,t+1
[j−1] , y

s,t
[j:m], z

s
t )− Lρ(xst , y

s,t+1
[j] , ys,t[j+1:m], z

s
t )− σmin(Hj)‖ys,tj − y

s,t+1
j ‖2, (81)

where the first inequality holds by the convexity of function gj(y), and the second equality follows by applying the equality
(a− b)T b = 1

2 (‖a‖2 − ‖b‖2 − ‖a− b‖2) on the term (Bys,tj −By
s,t+1
j )T (Axst +

∑j
i=1Biy

s,t+1
i +

∑m
i=j+1Biy

s,t
i − c).

Thus, we have, for all j ∈ [m]

Lρ(xst , y
s,t+1
[j] , ys,t[j+1:m], z

s
t ) ≤ Lρ(xst , y

s,t+1
[j−1] , y

s,t
[j:m], z

s
t )− σmin(Hj)‖ys,tj − y

s,t+1
j ‖2. (82)

Telescoping inequality (82) over j from 1 to m, we obtain

Lρ(xst , y
s,t+1
[m] , zst ) ≤ Lρ(xst , y

s,t
[m], z

s
t )− σHmin

m∑
j=1

‖ys,tj − y
s,t+1
j ‖2, (83)

where σHmin = minj∈[m] σmin(Hj).

By Assumption 1, we have

0 ≤ f(xst )− f(xst+1) +∇f(xst )
T (xst+1 − xst ) +

L

2
‖xst+1 − xst‖2. (84)

Using optimal condition of the step 8 in Algorithm 3, we have

0 = (xst − xst+1)T
(
vst −AT zst + ρAT (Axst+1 +

m∑
j=1

Bjy
s,t+1
j − c) +

G

η
(xst+1 − xst )

)
. (85)
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Combining (84) and (85), we have

0 ≤ f(xst )− f(xst+1) +∇f(xst )
T (xst+1 − xst ) +

L

2
‖xst+1 − xst‖2

+ (xst − xst+1)T
(
vst −AT zst + ρAT (Axst+1 +

m∑
j=1

Bjy
s,t+1
j − c) +

G

η
(xst+1 − xst )

)
= f(xst )− f(xst+1) +

L

2
‖xst − xst+1‖2 −

1

η
‖xst − xst+1‖2G + (xst − xst+1)T (vst −∇f(xst ))

− (zst )
T (Axst −Axst+1) + ρ(Axst −Axst+1)T (Axst+1 +

m∑
j=1

Bjy
s,t+1
j − c)

(i)
= f(xst )− f(xst+1) +

L

2
‖xst − xst+1‖2 −

1

η
‖xst − xst+1‖2G + (xst − xst+1)T (vst −∇f(xst ))− (zst )

T (Axst +

m∑
j=1

Bjy
s,t+1
j − c)

+ (zst )
T (Axst+1 +

m∑
j=1

Bjy
s,t+1
j − c) +

ρ

2

(
‖Axst +

m∑
j=1

Bjy
s,t+1
j − c‖2 − ‖Axst+1 +

m∑
j=1

Bjy
s,t+1
j − c‖2 − ‖Axst −Axst+1‖2

)
= f(xst ) +

m∑
j=1

gj(y
s,t+1
j )− (zst )

T (Axst +

m∑
j=1

Bjy
s,t+1
j − c) +

ρ

2
‖Axst +

m∑
j=1

Bjy
s,t+1
j − c‖2︸ ︷︷ ︸

Lρ(xst ,y
s,t+1
[m]

,zst )

−
(
f(xst+1) +

m∑
j=1

gj(y
s,t+1
j )− (zst )

T (Axst+1 +

m∑
j=1

Bjy
s,t+1
j − c) +

ρ

2
‖Axst+1 +

m∑
j=1

Bjy
s,t+1
j − c‖2

)
︸ ︷︷ ︸

Lρ(xst+1,y
s,t+1
[m]

,zst )

+
L

2
‖xst − xst+1‖2 + (xst − xst+1)T (vst −∇f(xst ))−

1

η
‖xst − xst+1‖2G −

ρ

2
‖Axst −Axst+1‖2

≤ Lρ(xst , y
s,t+1
[m] , zst )− Lρ(xst+1, y

s,t+1
[m] , zst )− (

σmin(G)

η
+
ρσAmin

2
− L

2
)‖xst − xst+1‖2 + (xst − xst+1)T (vst −∇f(xst ))

(ii)

≤ Lρ(xst , y
s,t+1
[m] , zst )− Lρ(xst+1, y

s,t+1
[m] , zst )− (

σmin(G)

η
+
ρσAmin

2
− L)‖xst − xst+1‖2 +

1

2L
‖vst −∇f(xst )‖2

(iii)

≤ Lρ(xst , y
s,t+1
[m] , zst )− Lρ(xst+1, y

s,t+1
[m] , zst )− (

σmin(G)

η
+
ρσAmin

2
− L)‖xst − xst+1‖2 +

L

2b
‖xst − x̃s‖2, (86)

where the equality (i) holds by applying the equality (a − b)T b = 1
2 (‖a‖2 − ‖b‖2 − ‖a − b‖2) on the term (Axst −

Axst+1)T (Axst+1 +
∑m
j=1Bjy

s,t+1
j − c), the inequality (ii) holds by the inequality aT b ≤ L

2 ‖a‖
2 + 1

2L‖b‖
2, and the

inequality (iii) holds by Lemma 3 of (Reddi et al., 2016). Thus, we obtain

Lρ(xst+1, y
s,t+1
[m] , zst ) ≤Lρ(xst , y

s,t+1
[m] , zst )− (

σmin(G)

η
+
ρσAmin

2
− L)‖xst − xst+1‖2 +

L

2b
‖xst − x̃s‖2. (87)

By the step 9 in Algorithm 3, we have

Lρ(xst+1, y
s,t+1
[m] , zst+1)− Lρ(xst+1, y

s,t+1
[m] , zst ) =

1

ρ
‖zst+1 − zst ‖2

≤ 9L2

σAminbρ

(
‖xst − x̃s‖2 + ‖xst−1 − x̃s‖2

)
+

3σ2
max(G)

σAminη
2ρ
‖xst+1 − xst‖2

+ (
3σ2

max(G)

σAminη
2ρ

+
9L2

σAminρ
)‖xst − xst−1‖2, (88)

where the first inequality follows by Lemma 6.
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Combining (83), (87) and (88), we have

Lρ(xst+1, y
s,t+1
[m] , zst+1) ≤ Lρ(xst , y

s,t
[m], z

s
t )− σHmin

m∑
j=1

‖ys,tj − y
s,t+1
j ‖2 − (

σmin(G)

η
+
ρσAmin

2
− L)‖xst − xst+1‖2

+
L

2b
‖xst − x̃s‖2 +

9L2

σAminbρ

(
‖xst − x̃s‖2 + ‖xst−1 − x̃s‖2

)
+

3σ2
max(G)

σAminη
2ρ
‖xst+1 − xst‖2

+ (
3σ2

max(G)

σAminη
2ρ

+
9L2

σAminρ
)‖xst − xst−1‖2. (89)

Next, we define a Lyapunov function Γst as follows:

Γst = E
[
Lρ(xst , y

s,t
[m], z

s
t ) + (

3σ2
max(G)

σAminη
2ρ

+
9L2

σAminρ
)‖xst − xst−1‖2 +

9L2

σAminρb
‖xst−1 − x̃s‖2 + ct‖xst − x̃s‖2

]
. (90)

Considering the upper bound of ‖xst+1 − x̃s‖2, we have

‖xst+1 − xst + xst − x̃s‖2 = ‖xst+1 − xst‖2 + 2(xst+1 − xst )T (xst − x̃s) + ‖xst − x̃s‖2

≤ ‖xst+1 − xst‖2 + 2
( 1

2β
‖xst+1 − xst‖2 +

β

2
‖xst − x̃s‖2

)
+ ‖xst − x̃s‖2

= (1 + 1/β)‖xst+1 − xst‖2 + (1 + β)‖xst − x̃s‖2, (91)

where the above inequality holds by the Cauchy-Schwarz inequality with β > 0. Using (89), we have

Γst+1 = E
[
Lρ(xst+1, y

s,t+1
[m] , zst+1) + (

3σ2
max(G)

σAminη
2ρ

+
9L2

σAminρ
)‖xst+1 − xst‖2 +

9L2

σAminbρ
‖xst − x̃s‖2 + ct+1‖xst+1 − x̃s‖2

]
≤ Lρ(xst , y

s,t
[m], z

s
t ) + (

3σ2
max(G)

σAminη
2ρ

+
9L2

σAminρ
)‖xst − xst−1‖2 +

9L2

σAminρb
‖xst−1 − x̃s‖2 +

( 18L2

σAminρb
+
L

b
+ (1 + β)ct+1

)
‖xst − x̃s‖2

−
(σmin(G)

η
+
ρσAmin

2
− L− 6σ2

max(G)

σAminη
2ρ
− 9L2

σAminρ
− (1 + 1/β)ct+1

)
‖xst − xst+1‖2

− σHmin

m∑
j=1

‖ys,tj − y
s,t+1
j ‖2 − L

2b
‖xst − x̃s‖2

≤ Γst − χt‖xst − xst+1‖2 − σHmin

m∑
j=1

‖ys,tj − y
s,t+1
j ‖2 − L

2b
‖xst − x̃s‖2, (92)

where ct = 18L2

σAminρb
+ L

b + (1 + β)ct+1 and χt = σmin(G)
η +

ρσAmin

2 − L− 6σ2
max(G)

σAminη
2ρ
− 9L2

σAminρ
− (1 + 1/β)ct+1.

Next, we will prove the relationship between Γs+1
1 and ΓsM . Since xs+1

0 = xsM = x̃s+1, we have

vs+1
0 = ∇fI(xs+1

0 )−∇fI(xs+1
0 ) +∇f(xs+1

0 ) = ∇f(xs+1
0 ) = ∇f(xsM ). (93)

Thus, we obtain

E‖vs+1
0 − vsM‖2 = E‖∇f(xsM )−∇fI(xsM ) +∇fI(x̃s)−∇f(x̃s)‖2

= ‖∇fI(xsM )−∇fI(x̃s)− EI [∇fI(xsM )−∇fI(x̃s)]‖2

≤ 1

bn

n∑
i=1

E‖∇fi(xsM )−∇fi(x̃s)‖2

≤ L2

b
‖xsM − x̃s‖2. (94)
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By the step 9 of Algorithm 3, we have

‖zs+1
1 − zsM‖2 ≤

1

σAmin

‖vs+1
0 − vsM +

G

η
(xs+1

1 − xs+1
0 ) +

G

η
(xsM − xsM−1)‖2

=
1

σAmin

‖∇f(xsM )− vsM +
G

η
(xs+1

1 − xsM ) +
G

η
(xsM − xsM−1)‖2

≤ 1

σAmin

(
3‖∇f(xsM )− vsM‖2 +

3σ2
max(G)

η2
‖xs+1

1 − xsM‖2 +
3σ2

max(G)

η2
‖xsM − xsM−1‖2

)
≤ 1

σAmin

(3L2

b
‖xsM − x̃s‖22 +

3σ2
max(G)

η2
‖xs+1

1 − xsM‖2 +
3σ2

max(G)

η2
‖xsM − xsM−1‖2

)
. (95)

Since xsM = xs+1
0 , ys,Mj = ys+1,0

j for all j ∈ [m] and zsM = zs+1
0 , using (83), we have

Lρ(xs+1
0 , ys+1,1

[m] , zs+1
0 ) ≤ Lρ(xsM , y

s,M
[m] , z

s
M )− σHmin

m∑
j=1

‖ys,Mj − ys+1,1
j ‖2. (96)

By (87), we have

Lρ(xs+1
1 , ys+1,1

[m] , zs+1
0 ) ≤ Lρ(xs+1

0 , ys+1,1
[m] , zs+1

0 )− (
σmin(G)

η
+
ρσAmin

2
− L)‖xs+1

0 − xs+1
1 ‖2. (97)

By (88), we have

Lρ(xs+1
1 , ys+1,1

[m] , zs+1
1 ) ≤ Lρ(xs+1

1 , ys+1,1
[m] , zs+1

0 ) +
1

ρ
‖zs+1

1 − zs+1
0 ‖2

≤ Lρ(xs+1
1 , ys+1,1

[m] , zs+1
0 ) +

1

σAminρ

(3L2

b
‖xsM − x̃s‖22 +

3σ2
max(G)

η2
‖xs+1

1 − xsM‖2

+
3σ2

max(G)

η2
‖xsM − xsM−1‖2

)
. (98)

where the second inequality holds by the inequality (95).

Combining (96), (97) with (98), we have

Lρ(xs+1
1 , ys+1,1

[m] , zs+1
1 ) ≤ Lρ(xsM , y

s,M
[m] , z

s
M )− σHmin

m∑
j=1

‖ys,Mj − ys+1,1
j ‖2 − (

σmin(G)

η
+
ρσAmin

2
− L)‖xs+1

0 − xs+1
1 ‖2+

1

σAminρ

(3L2d

b
‖xsM − x̃s‖22 +

3σ2
max(G)

η2
‖xs+1

1 − xsM‖2 +
3σ2

max(G)

η2
‖xsM − xsM−1‖2

)
. (99)
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Therefore, we have

Γs+1
1 = E

[
Lρ(xs+1

1 , ys+1,1
[m] , zs+1

1 ) + (
3σ2

max(G)

σAminη
2ρ

+
9L2

σAminρ
)‖xs+1

1 − xs+1
0 ‖2 +

9L2

σAminbρ
‖xs+1

0 − x̃s+1‖2 + c1‖xs+1
1 − x̃s+1‖2

]
= Lρ(xs+1

1 , ys+1,1
[m] , zs+1

1 ) +
(3σ2

max(G)

σAminη
2ρ

+
9L2

σAminρ
+ c1

)
‖xs+1

1 − xs+1
0 ‖2

≤ Lρ(xsM , y
s,M
[m] , z

s
M ) + (

3σ2
max(G)

σAminη
2ρ

+
9L2

σAminρ
)‖xsM − xsM−1‖2 +

9L2

σAminρb
‖xsM−1 − x̃s‖22 + (

18L2

σAminρb
+
L

b
)‖xsM − x̃s‖22

− σHmin

m∑
j=1

‖ys,Mj − ys+1,1
j ‖2 −

(σmin(G)

η
+
ρσAmin

2
− L− 6σ2

max(G)

σAminη
2ρ
− 9L2

σAminρ
− c1

)
‖xs+1

1 − xsM‖22

− 9L2

σAminρ
‖xsM − xsM−1‖22 −

9L2

σAminρb
‖xsM−1 − x̃s‖22 − (

15L2

σAminρb
+
L

b
)‖xsM − x̃s‖22

≤ ΓsM − σHmin

m∑
j=1

‖ys,Mj − ys+1,1
j ‖2 − L

2b
‖xsM − x̃s‖22 −

(σmin(G)

η
+
ρσAmin

2
− L− 6σ2

max(G)

σAminη
2ρ
− 9L2

σAminρ
− c1

)
‖xs+1

1 − xsM‖2

= ΓsM − σHmin

m∑
j=1

‖ys,Mj − ys+1,1
j ‖2 − L

2b
‖xsM − x̃s‖22 − χM‖xs+1

1 − xsM‖2, (100)

where cM = 18L2

σAminρb
+ L

b , and χM = σmin(G)
η +

ρσAmin

2 − L− 6σ2
max(G)

σAminη
2ρ
− 9L2

σAminρ
− c1.

Let cM+1 = 0 and β = 1
M , recursing on t, we have

ct+1 = (
18L2

σAminρb
+
L

b
)
(1 + β)M−t − 1

β
=
M

b
(

18L2

σAminρ
+ L)

(
(1 +

1

M
)M−t − 1

)
≤ M

b
(

18L2

σAminρ
+ L)(e− 1) ≤ 2M

b
(

18L2

σAminρ
+ L). (101)

where the first inequality holds by (1 + 1
M )M is an increasing function and limM→∞(1 + 1

M )M = e. It follows that, for
t = 1, 2, · · · ,M

χt ≥
σmin(G)

η
+
ρσAmin

2
− L− 6σ2

max(G)

σAminη
2ρ
− 9L2

σAminρ
− (1 + 1/β)

2M

b
(

18L2

σAminρ
+ L)

=
σmin(G)

η
+
ρσAmin

2
− L− 6σ2

max(G)

σAminη
2ρ
− 9L2

σAminρ
− (1 +M)

2M

b
(

18L2

σAminρ
+ L)

≥ σmin(G)

η
+
ρσAmin

2
− L− 6σ2

max(G)

σAminη
2ρ
− 9L2

σAminρ
− 4M2

b
(

18L2

σAminρ
+ L)

=
σmin(G)

η
− L− 4M2L

b︸ ︷︷ ︸
Q1

+
ρσAmin

2
− 6σ2

max(G)

σAminη
2ρ
− 9L2

σAminρ
− 72M2L2

bσAminρ︸ ︷︷ ︸
Q2

. (102)

Let M = [n
1
3 ], b = [n

2
3 ] and 0 < η ≤ σmin(G)

5L , we have Q1 ≥ 0. Further, set η = ασmin(G)
5L (0 < α ≤ 1) and
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ρ = 2
√
231κGL
σAminα

, we have

Q2 =
ρσAmin

2
− 6σ2

max(G)

σAminη
2ρ
− 9L2

σAminρ
− 72M2L2

bσAminρ

=
ρσAmin

2
− 150κ2GL

2

σAminρα
2
− 9L2

σAminρ
− 72L2

σAminρ

≥ ρσAmin

2
− 150κ2GL

2

σAminρα
2
− 9κ2GL

2

σAminρα
2
− 72κ2GL

2

σAminρα
2

=
ρσAmin

4
+
ρσAmin

4
− 231κ2GL

2

σAminρα
2︸ ︷︷ ︸

≥0

≥
√

231κGL

2α
> 0

where κG = σmax(G)
σmin(G) ≥ 1. Thus, we have χt ≥

√
231κGL
2α > 0 for all t.

Since L
2b > 0 and χt > 0, by (92) and (100), the function Γst is monotone decreasing. By the definition of function Γst , we

have

Γst ≥ E
[
Lρ(xst , y

s,t
[m], z

s
t )]

= f(xst ) +

m∑
j=1

g(ys,tj )− (zst )
T (Axst +

m∑
j=1

Bjy
s,t
j − c) +

ρ

2
‖Axst +

m∑
j=1

Bjy
s,t
j − c‖

= f(xst ) +

m∑
j=1

g(ys,tj )− 1

ρ
(zst )

T (zst−1 − zst ) +
1

2ρ
‖zst − zst−1‖2

= f(xst ) +

m∑
j=1

g(ys,tj )− 1

2ρ
‖zst−1‖2 +

1

2ρ
‖zst ‖2 +

1

ρ
‖zst − zst−1‖2

≥ f∗ +

m∑
j=1

g∗j −
1

2ρ
‖zst−1‖2 +

1

2ρ
‖zst ‖2. (103)

Summing the inequality (105) over t = 0, 1 · · · ,M and s = 1, 2, · · · , S, we have

1

T

S∑
s=1

M∑
t=0

Γst ≥ f∗ +

m∑
j=1

g∗j −
1

2ρ
‖z10‖2. (104)

Thus, the function Γst is bounded from below. Let Γ∗ denote a lower bound of Γst .

Finally, telescoping (92) and (100) over t from 0 to M − 1 and over s from 1 to S, we have

1

T

S∑
s=1

M−1∑
t=0

(σHmin

m∑
j=1

‖ys,tj − y
s,t+1
j ‖2 +

L

2b
‖xst − x̃s‖22 + χt‖xst − xst+1‖2) ≤ Γ1

0 − Γ∗

T
. (105)

where T = MS and χt ≥
√
231κGL
2α > 0.

Theorem 3. Suppose the sequence {(xst , y
s,t
[m], z

s
t )
M
t=1}Ss=1 is generated from Algorithm 3, and let η = ασmin(G)

5L (0 < α ≤
1), ρ = 2

√
231κGL
σAminα

and

ν1 = m
(
ρ2σBmaxσ

A
max + ρ2(σBmax)2 + σ2

max(H)
)
, ν2 = 3L2 +

3σ2
max(G)

η2
, ν3 =

9L2

σAminρ
2

+
3σ2

max(G)

σAminη
2ρ2

.
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then we have

min
s,t

E
[
dist(0, ∂L(xst , y

s,t
[m], z

s
t ))

2
]
≤ νmax

T

S∑
s=1

M−1∑
t=0

θst ≤
2νmax(Γ1

0 − Γ∗)

γT

where γ = min(σHmin,
L
2 , χt), νmax = max(ν1, ν2, ν3) and Γ∗ is a lower bound of function Γst . It implies that the whole

iteration number T = MS satisfies

T =
2νmax(Γ1

0 − Γ∗)

εγ
,

then (xs
∗

t∗ , y
s∗,t∗

[m] , zs
∗

t∗ ) is an ε-approximate stationary point of (1), where (t∗, s∗) = arg mint,s θ
s
t .

Proof. We begin with defining an useful variable θst = E
[
‖xst+1 − xst‖2 + ‖xst − xst−1‖2 + 1

b (‖xst − x̃s‖2 + ‖xst−1 −
x̃s‖2) +

∑m
j=1 ‖y

s,t
j − y

s,t+1
j ‖2

]
. By the step 7 of Algorithm 3, we have, for all j ∈ [m]

E
[
dist(0, ∂yjL(x, y[m], z))

2
]
s,t+1

= E
[
dist(0, ∂gj(y

s,t+1
j )−BTj zst+1)2

]
= ‖BTj zst − ρBTj (Axst +

j∑
i=1

Biy
s,t+1
i +

m∑
i=j+1

Biy
s,t
i − c)−Hj(y

s,t+1
j − ys,tj )−BTj zst+1‖2

= ‖ρBTj A(xst+1 − xst ) + ρBTj

m∑
i=j+1

Bi(y
s,t+1
i − ys,ti )−Hj(y

s,t+1
j − ys,tj )‖2

≤ mρ2σBjmaxσ
A
max‖xst+1 − xst‖2 +mρ2σBjmax

m∑
i=j+1

σBimax‖y
s,t+1
i − ys,ti ‖

2

+mσ2
max(Hj)‖ys,t+1

j − ys,tj ‖
2

≤ m
(
ρ2σBmaxσ

A
max + ρ2(σBmax)2 + σ2

max(H)
)
θst , (106)

where the first inequality follows by the inequality ‖ 1n
∑n
i=1 zi‖2 ≤

1
n

∑n
i=1 ‖zi‖2.

By the step 8 of Algorithm 3, we have

E[dist(0,∇xL(x, y, z))]s,t+1 = E‖AT zst+1 −∇f(xst+1)‖2

= E‖vst −∇f(xst+1)− G

η
(xst − xst+1)‖2

= E‖vst −∇f(xst ) +∇f(xst )−∇f(xst+1)− G

η
(xst − xst+1)‖2

≤ 3L2

b
‖xst − x̃s‖2 + 3(L2 +

σ2
max(G)

η2
)‖xst − xst+1‖2

≤
(
3L2 +

3σ2
max(G)

η2
)
θst . (107)
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By the step 9 of Algorithm 3, we have

E[dist(0,∇zL(x, y, z))]s,t+1 = E‖Axst+1 +Byst+1 − c‖2

=
1

ρ2
E‖zst+1 − zst ‖2

≤ 9L2

σAminρ
2b

(
‖xst − x̃s‖2 + ‖xst−1 − x̃s‖2

)
+

3σ2
max(G)

σAminη
2ρ2
‖xst+1 − xst‖2

+
3(σ2

max(G) + 3L2η2)

σAminη
2ρ2

‖xst − xst−1‖2

≤
( 9L2

σAminρ
2

+
3σ2

max(G)

σAminη
2ρ2

)
θst .

(108)

Let

ν1 = m
(
ρ2σBmaxσ

A
max + ρ2(σBmax)2 + σ2

max(H)
)
, ν2 = 3L2 +

3σ2
max(G)

η2
, ν3 =

9L2

σAminρ
2

+
3σ2

max(G)

σAminη
2ρ2

.

Using (105), (106), (107) and (108), we have

min
s,t

E
[
dist(0, ∂L(xst , y

s,t
[m], z

s
t ))

2
]
≤ νmax

T

S∑
s=1

M−1∑
t=0

θst ≤
2νmax(Γ1

0 − Γ∗)

γT
, (109)

where γ = min(σHmin,
L
2 , χt) with χt ≥

√
231κGL
2α > 0and νmax = max(ν1, ν2, ν3).

Given η = ασmin(G)
5L (0 < α ≤ 1) and ρ = 2

√
231κGL
σAminα

, since m is relatively small, it easy verifies that νmax = O(1) and
γ = O(1), which are independent on n and T . Thus, we obtain

min
t,s

E
[
dist(0, ∂L(xst , y

s,t
[m], z

s
t ))

2
]
≤ O(

1

T
). (110)
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2.4. Theoretical Analysis of Non-convex SAGA-ADMM Algorithm

In the subsection, we first extend the existing nonconvex SAGA-ADM (Huang et al., 2016) to the multi-blocks setting for
solving the problem (1), which is summarized in Algorithm 4. Then we study the convergence analysis of this non-convex
SAGA-ADMM.

Algorithm 4 Nonconvex SAGA-ADMM Alogrithm
1: Input: b, T , η > 0, ρ > 0;
2: Initialize: x0, u0i = x0 for i ∈ {1, 2, · · · , n}, φ0 = 1

n

∑n
i=1∇fi(u0i ), and y0j for j ∈ [m];

3: for t = 0, 1, · · · , T − 1 do
4: Uniformly random pick a mini-batch It (with replacement) from {1, 2, · · · , n} with |It| = b, and compute

vt =
1

b

∑
it∈It

(
∇fit(xt)−∇fit(utit)

)
+ φt

with φt = 1
n

∑n
i=1∇fi(uti);

5: yt+1
j = arg minyj

{
Lρ(xt, yt+1

[j−1], yj , y
t
[j+1:m], zt) + 1

2‖yj − y
t
j‖2Hj

}
with Hj � 0 for all j ∈ [m];

6: xt+1 = arg minx L̂ρ
(
x, yt+1

[m] , zt, vt
)
;

7: zt+1 = zt − ρ(Axt+1 +
∑m
j=1Bjy

t+1
j − c);

8: ut+1
it

= xt for i ∈ It and ut+1
i = uti for i 6∈ It;

9: φt+1 = φt − 1
n

∑
it∈It

(
∇fit(utit)−∇fit(u

t+1
it

)
)
;

10: end for
11: Output: {x, y[m], z} chosen uniformly random from {xt, yt[m], zt}

T
t=1.

In Algorithm 4, we give

L̂ρ(x, yt+1
[m] , zt, vt) =f(xt) + vTt (x− xt) +

1

2η
‖x− xt‖2G +

m∑
j=1

gj(y
t+1
j )

− zTt (Ax+

m∑
j=1

Bjy
t+1
j − c) +

ρ

2
‖Ax+

m∑
j=1

Bjy
t+1
j − c‖2, (111)

where η > 0 and G � 0.

Lemma 8. Suppose the sequence {xt, yt[m], zt}
T
t=1 is generated by Algorithm 4. The following inequality holds

E‖zt+1 − zt‖2 ≤
9L2

σAminb

1

n

n∑
i=1

(
‖xt − uti‖2 + ‖xt−1 − ut−1i ‖

2
)

+
3σ2

max(G)

σAminη
2

E‖xt+1 − xt‖2

+
3(σ2

max(G) + 3L2η2)

σAminη
2

E‖xt − xt−1‖2. (112)

Proof. By the optimize condition of the the step 6 in Algorithm 4, we have

vt +
1

η
G(xt+1 − xt)−AT zt + ρAT (Axt+1 +

m∑
j=1

Bjy
t+1
j − c) = 0. (113)

Using the step 7 of Algorithm 4, then we have

AT zt+1 = vt +
G

η
(xt+1 − xt). (114)

It follows that

zt+1 = (AT )+
(
vt +

G

η
(xt+1 − xt)

)
, (115)
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where (AT )+ is the pseudoinverse of AT . Since A is a full column matrix, we have (AT )+ = A(ATA)−1. Using (115),
then we have

E‖zt+1 − zt‖2 = E‖(AT )+
(
vt +

G

η
(xt+1 − xt)− vt−1 +

G

η
(xt − xt−1)

)
‖2

≤ 1

σAmin

[
3E‖vt − vt−1‖2 +

3σ2
max(G)

η2
E‖xt+1 − xt‖2 +

3σ2
max(G)

η2
E‖xt − xt−1‖2

]
. (116)

Next, considering the upper bound of ‖vt − vt−1‖2, we have

E‖vt − vt−1‖2 = E‖vt −∇f(xt) +∇f(xt)−∇f(xt−1) +∇f(xt−1)− vt−1‖2

≤ 3E‖vt −∇f(xt)‖2 + 3E‖∇f(xt)−∇f(xt−1)‖2 + 3E‖∇f(xt−1)− vt−1‖2

≤ 3L2

b

1

n

n∑
i=1

(
‖xt − uti‖2 + ‖xt−1 − ut−1i ‖

2
)

+ 3L2E‖xt − xt−1‖2, (117)

where the second inequality holds by lemma 4 of (Reddi et al., 2016) and Assumption 1. Finally, combining the inequalities
(116) with (117), we can obtain the above result.

Lemma 9. Suppose the sequence {xt, yt[m], zt}
T
t=1 is generated from Algorithm 4, and define a Lyapunov function

Ωt = E
[
Lρ(xt, yt[m], zt) + (

3σ2
max(G)

σAminρη
2

+
9L2

σAminρ
)‖xt − xt−1‖2 +

9L2

σAminρb

1

n

n∑
i=1

‖xt−1 − ut−1i ‖
2 + ct

1

n

n∑
i=1

‖xt − uti‖2
]
,

where the positive sequence {ct} satisfies

ct =


18L2

σAminρb
+
L

b
+ (1− p)(1 + β)ct+1, 0 ≤ t ≤ T − 1,

0, t ≥ T,

where p denotes probability of an index i being in It. Further, let b = [n
2
3 ], η = ασmin(G)

17L (0 < α ≤ 1) and ρ = 2
√
2031κG
σAminα

we have

1

T

T∑
t=1

(σHmin

m∑
j=1

‖ytj − yt+1
j ‖2 + χt‖xt − xt+1‖2 +

L

2b

1

n

n∑
i=1

‖xt − uti‖2) ≤ Ω0 − Ω∗

T
, (118)

where χt ≥
√
2031κGL

2α > 0 and Ω∗ denotes a lower bound of Ωt.
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Proof. By the optimal condition of step 5 in Algorithm 4, we have, for j ∈ [m]

0 = (ytj − yt+1
j )T

(
∂gj(y

t+1
j )−BTj zt + ρBTj (Axt +

j∑
i=1

Biy
t+1
i +

m∑
i=j+1

Biy
k
i − c) +Hj(y

t+1
j − ytj)

)
≤ gj(ytj)− gj(yt+1

j )− (zt)
T (Bjy

t
j −Bjyt+1

j ) + ρ(Bjy
t
j −Bjyt+1

j )T (Axt +

j∑
i=1

Biy
t+1
i +

m∑
i=j+1

Biy
k
i − c)− ‖yt+1

j − ytj‖2Hj

= gj(y
t
j)− gj(yt+1

j )− (zt)
T (Axt +

j−1∑
i=1

Biy
t+1
i +

m∑
i=j

Biy
k
i − c) + (zt)

T (Axt +

j∑
i=1

Biy
t+1
i +

m∑
i=j+1

Biy
k
i − c)

+
ρ

2
‖Axt +

j−1∑
i=1

Biy
t+1
i +

m∑
i=j

Biy
k
i − c‖2 −

ρ

2
‖Axt +

j∑
i=1

Biy
t+1
i +

m∑
i=j+1

Biy
k
i − c‖2 −

ρ

2
‖Bjytj −Bjyt+1

j ‖2 − ‖yt+1
j − ytj‖2Hj

= f(xt) +

j−1∑
i=1

gi(y
t+1
i ) +

m∑
i=j

gi(y
t
i)− (zt)

T (Axt +

j−1∑
i=1

Biy
t+1
i +

m∑
i=j

Biy
k
i − c) +

ρ

2
‖Axt +

j−1∑
i=1

Biy
t+1
i +

m∑
i=j

Biy
k
i − c‖2︸ ︷︷ ︸

Lρ(xt,yt+1
[j−1]

,yt
[j:m]

,zt)

−
(
f(xt) +

j∑
i=1

gi(y
t+1
i ) +

m∑
i=j+1

gi(y
t
i)− (zt)

T (Axt +

j∑
i=1

Biy
t+1
i +

m∑
i=j+1

Biy
k
i − c) +

ρ

2
‖Axt +

j∑
i=1

Biy
t+1
i +

m∑
i=j+1

Biy
k
i − c‖2

)
︸ ︷︷ ︸

Lρ(xt,yt+1
[j]

,yt
[j+1:m]

,zt)

− ρ

2
‖Bjytj −Bjyt+1

j ‖2 − ‖yt+1
j − ytj‖2Hj

≤ Lρ(xt, yt+1
[j−1], y

t
[j:m], zt)− Lρ(xt, y

t+1
[j] , y

t
[j+1:m], zt)− σmin(Hj)‖ytj − yt+1

j ‖2, (119)

where the first inequality holds by the convexity of function gj(y), and the second equality follows by applying the equality
(a− b)T b = 1

2 (‖a‖2 − ‖b‖2 − ‖a− b‖2) on the term (Bytj −By
t+1
j )T (Axt +

∑j
i=1Biy

t+1
i +

∑m
i=j+1Biy

k
i − c). Thus,

we have, for all j ∈ [m]

Lρ(xt, yt+1
[j] , y

t
[j+1:m], zt) ≤ Lρ(xt, y

t+1
[j−1], y

t
[j:m], zt)− σmin(Hj)‖ytj − yt+1

j ‖2. (120)

Telescoping inequality (120) over j from 1 to m, we obtain

Lρ(xt, yt+1
[m] , zt) ≤ Lρ(xt, y

t
[m], zt)− σ

H
min

m∑
j=1

‖ytj − yt+1
j ‖2. (121)

where σHmin = minj∈[m] σmin(Hj).

Using Assumption 1, we have

0 ≤ f(xt)− f(xt+1) +∇f(xt)
T (xt+1 − xt) +

L

2
‖xt+1 − xt‖2. (122)

By the step 6 of Algorithm 4, we have

0 = (xt − xt+1)T
(
vt −AT zt + ρAT (Axt+1 +

m∑
j=1

Bjy
t+1
j − c) +

G

η
(xt+1 − xt)

)
. (123)
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Combining (122) and (123), we have

0 ≤ f(xt)− f(xt+1) +∇f(xt)
T (xt+1 − xt) +

L

2
‖xt+1 − xt‖2

+ (xt − xt+1)T
(
vt −AT zt + ρAT (Axt+1 +

m∑
j=1

Bjy
t+1
j − c) +

G

η
(xt+1 − xt)

)
= f(xt)− f(xt+1) +

L

2
‖xt − xt+1‖2 −

1

η
‖xt − xt+1‖2G + (xt − xt+1)T (vt −∇f(xt))

− (zt)
T (Axt −Axt+1) + ρ(Axt −Axt+1)T (Axt +

m∑
j=1

Bjy
t+1
j − c)

(i)
= f(xt)− f(xt+1) +

L

2
‖xt − xt+1‖2 −

1

η
‖xt − xt+1‖2G + (xt − xt+1)T (vt −∇f(xt))− (zt)

T (Axt +

m∑
j=1

Bjy
t+1
j − c)

+ (zt)
T (Axt+1 +

m∑
j=1

Bjy
t+1
j − c) +

ρ

2

(
‖Axt +

m∑
j=1

Bjy
t+1
j − c‖2 − ‖Axt+1 +

m∑
j=1

Bjy
t+1
j − c‖2 − ‖Axt −Axt+1‖2

)
= f(xt) +

m∑
j=1

gj(y
t+1
j )− (zt)

T (Axt +

m∑
j=1

Bjy
t+1
j − c) +

ρ

2
‖Axt +

m∑
j=1

Bjy
t+1
j − c‖2︸ ︷︷ ︸

Lρ(xt,yt+1
[m]

,zt)

−
(
f(xt+1) +

m∑
j=1

gj(y
t+1
j )− (zt)

T (Axt+1 +

m∑
j=1

Bjy
t+1
j − c) +

ρ

2
‖Axt+1 +

m∑
j=1

Bjy
t+1
j − c‖2

)
︸ ︷︷ ︸

Lρ(xt+1,y
t+1
[m]

,zt)

+
L

2
‖xt − xt+1‖2 + (xt − xt+1)T (vt −∇f(xt))−

1

η
‖xt − xt+1‖2G −

ρ

2
‖Axt −Axt+1‖2

≤ Lρ(xt, yt+1
[m] , zt)− Lρ(xt+1, y

t+1
[m] , zt)− (

σmin(G)

η
+
ρσAmin

2
− L

2
)‖xt − xt+1‖2 + (xt − xt+1)T (vt −∇f(xt))

(ii)

≤ Lρ(xt, yt+1
[m] , zt)− Lρ(xt+1, y

t+1
[m] , zt)− (

σmin(G)

η
+
ρσAmin

2
− L)‖xt − xt+1‖2 +

1

2L
‖vt −∇f(xt)‖2

(iii)

≤ Lρ(xt, yt+1
[m] , zt)− Lρ(xt+1, y

t+1
[m] , zt)− (

σmin(G)

η
+
ρσAmin

2
− L)‖xt − xt+1‖2 +

L

2b

1

n

n∑
i=1

‖xt − uti‖2, (124)

where the equality (i) holds by applying the equality (a − b)T b = 1
2 (‖a‖2 − ‖b‖2 − ‖a − b‖2) on the term (Axt −

Axt+1)T (Axt+1 +
∑m
j=1Bjy

t+1
j − c); the inequality (ii) follows by the inequality aT b ≤ L

2 ‖a‖
2 + 1

2L‖a‖
2, and the

inequality (iii) holds by Lemma 4 of (Reddi et al., 2016). Thus, we obtain

Lρ(xt+1, y
t+1
[m] , zt) ≤Lρ(xt, y

t+1
[m] , zt)− (

σmin(G)

η
+
ρσAmin

2
− L)‖xt − xt+1‖2

+
L

2b

1

n

n∑
i=1

‖xt − uti‖2. (125)

By the step 7 in Algorithm 4, we have

Lρ(xt+1, y
t+1
[m] , zt+1)− Lρ(xt+1, y

t+1
[m] , zt) =

1

ρ
‖zt+1 − zt‖2

≤ 9L2

σAminρb

1

n

n∑
i=1

(
‖xt − uti‖2 + ‖xt−1 − ut−1i ‖

2
)

+
3σ2

max(G)

σAminη
2ρ
‖xt+1 − xt‖2

+
3(σ2

max(G) + 3L2η2)

σAminη
2ρ

‖xt − xt−1‖2, (126)
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where the first inequality follows by Lemma 8.

Combining (121), (125) and (126), we have

Lρ(xt+1, y
t+1
[m] , zt+1) ≤ Lρ(xt, yt[m], zt)− (

σmin(G)

η
+
ρσAmin

2
− L)‖xt − xt+1‖2 +

L

2b

1

n

n∑
i=1

‖xt − uti‖2

− σHmin

m∑
j=1

‖ytj − yt+1
j ‖2 +

9L2

σAminρb

1

n

n∑
i=1

(
‖xt − uti‖2 + ‖xt−1 − ut−1i ‖

2
)

+
3σ2

max(G)

σAminη
2ρ
‖xt+1 − xt‖2 +

3(σ2
max(G) + 3L2η2)

σAminη
2ρ

‖xt − xt−1‖2. (127)

Next, we define a Lyapunov function Ωt as follows:

Ωt = E
[
Lρ(xt, yt[m], zt) + (

3σ2
max(G)

σAminρη
2

+
9L2

σAminρ
)‖xt − xt−1‖2 +

9L2

σAminρb

1

n

n∑
i=1

‖xt−1 − zt−1i ‖2 +
ct
n

n∑
i=1

‖xt − zti‖2
]
.

(128)

By the step 9 of Algorithm 4, we have

1

n

n∑
i=1

‖xt+1 − ut+1
i ‖

2 =
1

n

n∑
i=1

(
p‖xt+1 − xt‖2 + (1− p)‖xt+1 − uti‖2

)
=
p

n

n∑
i=1

‖xt+1 − xt‖2 +
1− p
n

n∑
i=1

‖xt+1 − uti‖2

= p‖xt+1 − xt‖2 +
1− p
n

n∑
i=1

‖xt+1 − uti‖2, (129)

where p denotes probability of an index i being in It. Here, we have

p = 1− (1− 1

n
)b ≥ 1− 1

1 + b/n
=

b/n

1 + b/n
≥ b

2n
, (130)

where the first inequality follows from (1− a)b ≤ 1
1+ab , and the second inequality holds by b ≤ n. Considering the upper

bound of ‖xt+1 − zti‖2, we have

‖xt+1 − uti‖2 = ‖xt+1 − xt + xt − uti‖2

= ‖xt+1 − xt‖2 + 2(xt+1 − xt)T (xt − uti) + ‖xt − uti‖2

≤ ‖xt+1 − xt‖2 + 2
( 1

2β
‖xt+1 − xt‖2 +

β

2
‖xt − uti‖2

)
+ ‖xt − uti‖2

= (1 +
1

β
)‖xt+1 − xt‖2 + (1 + β)‖xt − uti‖2, (131)

where β > 0. Combining (129) with (131), we have

1

n

n∑
i=1

‖xt+1 − ut+1
i ‖

2 ≤ (1 +
1− p
β

)‖xt+1 − xt‖2 +
(1− p)(1 + β)

n

n∑
i=1

‖xt − uti‖2. (132)
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It follows that

Ωt+1 = E
[
Lρ(xt+1, y

t+1
[m] , zt+1) + (

3σ2
max(G)

σAminρη
2

+
9L2

σAminρ
)‖xt+1 − xt‖2 +

9L2

σAminρb

1

n

n∑
i=1

‖xt − uti‖2 +
ct+1

n

n∑
i=1

‖xt+1 − ut+1
i ‖

2
]

≤ Lρ(xt, yt[m], zt) + (
3σ2

max(G)

σAminρη
2

+
9L2

σAminρ
)‖xt − xt−1‖2 +

9L2

σAminρb

1

n

n∑
i=1

‖xt−1 − ut−1i ‖
2

+
( 18L2

σAminρb
+
L

b
+ (1− p)(1 + β)ct+1

) 1

n

n∑
i=1

‖xt − uti‖2 − σHmin

m∑
j=1

‖ytj − yt+1
j ‖2

− L

2b

1

n

n∑
i=1

‖xt − uti‖2 −
(σmin(G)

η
+
ρσAmin

2
− L− 6σ2

max(G)

σAminη
2ρ
− 9L2

σAminρ
− (1 +

1− p
β

)ct+1

)
‖xt − xt+1‖2

= Ωt − σHmin

m∑
j=1

‖ytj − yt+1
j ‖2 − χt‖xt − xt+1‖2 −

L

2b

1

n

n∑
i=1

‖xt − uti‖2, (133)

where ct = 18L2

σAminρb
+ L

b + (1− p)(1 + β)ct+1 and χt = σmin(G)
η +

ρσAmin

2 − L− 6σ2
max(G)

σAminη
2ρ
− 9L2

σAminρ
− (1 + 1−p

β )ct+1.

Let cT = 0 and β = b
4n . Since (1− p)(1 + β) = 1 + β − p− pβ ≤ 1 + β − p and p ≥ b

2n , it follows that

ct ≤ ct+1(1− θ) +
18L2

σAminρb
+
L

b
, (134)

where θ = p− β ≥ b
4n . Then recursing on t, for 0 ≤ t ≤ T − 1, we have

ct ≤
1

b
(

18L2

σAminρ
+ L)

1− θT−t

θ
≤ 1

bθ
(

18L2

σAminρ
+ L) ≤ 4n

b2
(

18L2

σAminρ
+ L). (135)

It follows that

χt =
σmin(G)

η
+
ρσAmin

2
− L− 6σ2

max(G)

σAminη
2ρ
− 9L2

σAminρ
− (1 +

1− p
β

)ct+1

≥ σmin(G)

η
+
ρσAmin

2
− L− 6σ2

max(G)

σAminη
2ρ
− 9L2

σAminρ
− (1 +

4n− 2b

b
)
4n

b2
(

18L2

σAminρ
+ L)

=
σmin(G)

η
+
ρσAmin

2
− L− 6σ2

max(G)

σAminη
2ρ
− 9L2

σAminρ
− (

4n

b
− 1)

4n

b2
(

18L2

σAminρ
+ L)

≥ σmin(G)

η
+
ρσAmin

2
− L− 6σ2

max(G)

σAminη
2ρ
− 9L2

σAminρ
− 16n2

b3
(

18L2

σAminρ
+ L)

=
σmin(G)

η
− L− 16n2L

b3︸ ︷︷ ︸
Q1

+
ρσAmin

2
− 6σ2

max(G)

σAminη
2ρ
− 9L2

σAminρ
− 288n2L2

σAminρb
3︸ ︷︷ ︸

Q2

(136)

Let b = [n
2
3 ] and 0 < η ≤ σmin(G)

17L , we have Q1 ≥ 0. Further, let η = ασmin(G)
17L (0 < α ≤ 1) and ρ = 2

√
2031κGL
σAminα

, we have

Q2 =
ρσAmin

2
− 6σ2

max(G)

σAminη
2ρ
− 9L2

σAminρ
− 288n2L2

σAminρb
3

=
ρσAmin

2
− 1734κ2GL

2

σAminα
2ρ
− 9L2

σAminρ
− 288L2

σAminρ

≥ ρσAmin

4
+
ρσAmin

4
− 2031κ2GL

2

σAminα
2ρ︸ ︷︷ ︸

≥0

≥
√

2031κGL

2α
, (137)
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where κG ≥ 1. Thus, we have χt ≥
√
2031κGL

2α for all t.

Since L
2b > 0 and χt > 0, by (133), the function Ωt is monotone decreasing. By the definition of function Ωt, we have

Ωt ≥ E
[
Lρ(xt, yt[m], zt)]

= f(xt) +

m∑
j=1

gj(y
t
j)− (zt)

T (Axt +

m∑
j=1

Bjy
t
j − c) +

ρ

2
‖Axt +

m∑
j=1

Bjy
t
j − c‖

= f(xt) +

m∑
j=1

gj(y
t
j)−

1

ρ
(zt)

T (zt−1 − zt) +
1

2ρ
‖zt − zt−1‖2

= f(xt) +

m∑
j=1

gj(y
t
j)−

1

2ρ
‖zt−1‖2 +

1

2ρ
‖zt‖2 +

1

ρ
‖zt − zt−1‖2

≥ f∗ +

m∑
j=1

g∗j −
1

2ρ
‖zt−1‖2 +

1

2ρ
‖zt‖2. (138)

Summing the inequality (138) over t = 0, 1 · · · , T , we have

1

T

T∑
t=0

Ωt ≥ f∗ +

m∑
j=1

g∗j −
1

2ρ
‖z0‖2. (139)

Thus, the function Ωt is bounded from below. Let Ω∗ denote a lower bound of Ωt.

Finally, telescoping inequality (133) over t from 0 to T , we have

1

T

T∑
t=1

(σHmin

m∑
j=1

‖ytj − yt+1
j ‖2 + χt‖xt − xt+1‖2 +

L

2b

1

n

n∑
i=1

‖xt − uti‖2) ≤ Ω0 − Ω∗

T
, (140)

where χt ≥
√
2031κGL

2α > 0.

Theorem 4. Suppose the sequence {xt, yt[m], zt}
T
t=1 is generated from Algorithm 4, and let b = [n

2
3 ], η = ασmin(G)

17L (0 <

α ≤ 1), ρ = 2
√
2031κG
σAminα

and

ν1 = m
(
ρ2σBmaxσ

A
max + ρ2(σBmax)2 + σ2

max(H)
)
, ν2 = 3L2 +

3σ2
max(G)

η2

ν3 =
9L2

σAminρ
2

+
3σ2

max(G)

σAminη
2ρ2

,

then we have

min
1≤t≤T

E
[
dist(0, ∂L(xt, y

t
[m], zt))

2
]
≤ νmax

T

T∑
t=1

θt ≤
2νmax(Ω0 − Ω∗)

γT

where γ = min(σHmin, L/2, χt) with χt ≥
√
2031κGL

2α > 0, νmax = max(ν1, ν2, ν3) and Ω∗ is a lower bound of function
Ωt. It implies that the iteration number T satisfies

T =
2νmax

εγ
(Ω0 − Ω∗),

then (xt∗ , y
t∗

[m], zt∗) is an ε-approximate stationary point of (1), where t∗ = arg min1≤t≤T θt.
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Proof. We first define an useful variable θt = E
[
‖xt+1−xt‖2 +‖xt−xt−1‖2 + 1

bn

∑n
i=1(‖xt−uti‖2 +‖xt−1−ut−1i ‖2)+∑m

j=1 ‖ytj − y
t+1
j ‖2

]
. By the optimal condition of the step 5 in Algorithm 4, we have, for all j ∈ [m]

E
[
dist(0, ∂yjL(x, y[m], z))

2
]
t+1

= E
[
dist(0, ∂gj(yt+1

j )−BTj zt+1)2
]

= ‖BTj zt − ρBTj (Axt +

j∑
i=1

Biy
t+1
i +

m∑
i=j+1

Biy
t
i − c)−Hj(y

t+1
j − ykj )−BTj zt+1‖2

= ‖ρBTj A(xt+1 − xt) + ρBTj

m∑
i=j+1

Bi(y
t+1
i − yti)−Hj(y

t+1
j − ykj )‖2

≤ mρ2σBjmaxσ
A
max‖xt+1 − xt‖2 +mρ2σBjmax

m∑
i=j+1

σBimax‖yt+1
i − yti‖2 +mσ2

max(Hj)‖yt+1
j − ykj ‖2

≤ m
(
ρ2σBmaxσ

A
max + ρ2(σBmax)2 + σ2

max(H)
)
θt, (141)

where the first inequality follows by the inequality ‖
∑r
i=1 αi‖2 ≤ r

∑r
i=1 ‖αi‖2.

By the step 6 in Algorithm 4, we have

E[dist(0,∇xL(x, y[m], z))]t+1 = E‖AT zt+1 −∇f(xt+1)‖2

= E‖vt −∇f(xt+1)− G

η
(xt − xt+1)‖2

= E‖vt −∇f(xt) +∇f(xt)−∇f(xt+1)− G

η
(xt − xt+1)‖2

≤ 3L2

bn

n∑
i=1

‖xt − uti‖2 + 3(L2 +
σ2
max(G)

η2
)‖xt − xt+1‖2

≤
(
3L2 +

3σ2
max(G)

η2
)
θt. (142)

By the step 7 of Algorithm 4, we have

E[dist(0,∇zL(x, y[m], z))]t+1 = E‖Axt+1 +Byt+1 − c‖2

=
1

ρ2
E‖zt+1 − zt‖2

≤ 9L2

σAminρ
2b

1

n

n∑
i=1

(
‖xt − uti‖2 + ‖xt−1 − ut−1i ‖

2
)

+
3σ2

max(G)

σAminη
2ρ2
‖xt+1 − xt‖2

+ (
3σ2

max(G)

σAminη
2ρ2

+
9L2)

σAminρ
2

)‖xt − xt−1‖2

≤
( 9L2

σAminρ
2

+
3σ2

max(G)

σAminη
2ρ2

)
θt. (143)

Let

ν1 = m
(
ρ2σBmaxσ

A
max + ρ2(σBmax)2 + σ2

max(H)
)
, ν2 = 6L2 +

3σ2
max(G)

η2
, ν3 =

9L2

σAminρ
2

+
3σ2

max(G)

σAminη
2ρ2

.

Using (140), (141), (142) and (143), we have

min
1≤t≤T

E
[
dist(0, ∂L(xt, y

t
[m], zt))

2
]
≤ νmax

T

T∑
t=1

θt ≤
2νmax(Ω0 − Ω∗)

γT
, (144)

where γ = min(σHmin,
L
2 , χt) and νmax = max(ν1, ν2, ν3).
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Given η = ασmin(G)
17L (0 < α ≤ 1) and ρ = 2

√
2031κG
σAminα

, since m is relatively small, it easy verifies that γ = O(1) and
νmax = O(1), which are independent on n and T . Thus, we obtain

min
1≤t≤T

E
[
dist(0, ∂L(xt, y

t
[m], zt))

2
]
≤ O(

1

T
). (145)
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