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1. Preliminaries

In this section, we give some preliminaries for the following
theoretical analysis.

In this paper, we focus on the following nonconvex nons-
mooth problem:

l Z fl (LE) (ﬁnite-sum) m
n

. fhin, flz)={"iH +_9i(w)
I E¢[f(z,¢)] (online) =1
s.t. AJ;—l—ZBjyj =g, (1

j=1

Next, we give some standard assumptions regarding prob-
lem (1) as follows:
Assumption 1. Each loss function f;(x) is L-smooth such
that

IVfi(z) = V) < Llz - yl, Yo,y € RY,

which is equivalent to
L
fil@) < fiy) + VE@ (@ = y) + S e = yl*

Assumption 2. Gradient of each loss function f;(z) is
bounded, i.e., there exists a constant § > 0 such that for all
x, it follows ||V fi(x)||* < &2

Assumption 3. f(x) and g;(y;) for all j € [m] are all
lower bounded, and let f* = inf, f(x) > —oc and g; =
inf, g;(y;) > —ooc.

Assumption 4. A is a full row or column rank matrix.

Definition 1. Given € > 0, the point (x*,y; ., 2*) is said
to be an e-stationary point of the problem (1), if it holds that

E[dist(O, OL(z*, yffm], z*))Q] <, 2)
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where L(z,yim),2) = f(x) + 3772, 95(y;) — (2, Az +
1 Biyj — o),
VmL(xay[m]vz)
aylL(‘ra y[m]az)
8L(x,y[m],z): )

aym L(.’I}7 Yim]» Z)

—Az =37 Bjy; +c

and diSt(O, 6L) =ming/ear, HO — L/”
Notations:

|| - || denotes the vector ¢2 norm and the matrix spectral
norm, respectively.

2]l = VaT Gz, where G is a positive definite ma-
trix.

o4, and o, denote the minimum and maximum

eigenvalues of AT A, respectively.

B, . .
omax denotes the maximum eigenvalues of BJTBj for

. B
all j € [k],and 0B, = maxle Omax-

Omin(H;) and oyax(H;) denote the minimum and
maximum eigenvalues of matrix H; for all j € [m],
respectively; omin(H) = minjepy,) omin(H;) and
Omax(H) = MaxX;¢(m] Omax(Hj).

Omin(G) and oyax(G) denotes the minimum and max-

imum eigenvalues of matrix G, respectively; the condi-
Tmax (G)

tional number kg = 2™ @)

71 denotes the step size of updating variable x.
L denotes the Lipschitz constant of V f(z).

b denotes the mini-batch size of stochastic gradient.

In both SPIDER-ADMM and online SPIDER-ADMM,
K denotes the total number of iteration. In both SVRG-
ADMM and SAGA-ADMM, T', M and S are the total
number of iterations, the number of iterations in the
inner loop, and the number of iterations in the outer
loop, respectively.

In the SVRG-ADMM algorithm, yj’t denotes output
of the variable y; in ¢-th inner loop and s-th outer loop.
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2. Theoretical Analysis

In this section, we at detail provide the theoretical analysis of the SPIDER-ADMM, online SPIDER-ADMM, nonconvex
SVRG-ADMM and SAGA-ADMM. First, we introduce an useful lemma from Fang et al. (2018). Throughout the paper, let
ng = [k/q] such that (ng, — 1)g < k < ngqg — 1.

Lemma 1. (Fang et al., 2018) Under Assumption 1, the SPIDER generates stochastic gradient vy, satisfies for all (ny —
Dg+1<k<ngg—1,

2

L
Ellvk — V f(zp)|? < @EH% — zp—1|? + Ellog—1 — Vf(ze—1) | 3)

From the above Lemma, telescoping (3) over ¢ from (nx — 1)g + 1 to k, we have

k—1
L2
Elog — Vi(p)lP <Y @EH%H = 2il* + Ellvgn,-1)g = V(@ @-10) - 4)

i=(nr—1)q

In Algorithm 1, due to vy, —1)g = V f(Z(n,—1)¢) and |S2| = b, we have

k—1 L2
Ellve — Vie)l> < > - Ellzis = . ®)

i=(nr—1)q
In Algorithm 2, using Assumption 2 and |S3| = b, we obtain
k-1
L2 462
Blo - VAP < Y Bl - ol + 5 ©

i=(nr—1)q

2.1. Convergence Analysis of the SPIDER-ADMM Algorithm

In this subsection, we conduct convergence analysis of the SPIDER-ADMM. We begin with giving some useful lemmas.

Algorithm 1 SPIDER-ADMM Algorithm
1: Input: b, ¢, K, n > 0and p > 0;
2: Initialize: 2, € R?, y) € RP, j € [m]and z € R
3: fork=0,1,--- ,K —1do

4:  ifmod(k,q) = 0 then

5: Compute vy, = V f(xy);

6: else

7 Uniformly randomly pick a mini-batch Z;, (with replacement) from {1, 2, -+ ,n} with |Z;| = b, and compute

vk = Vf1, (2k) = Vg, (Tr-1) + vk—1;
8: endif

9: y§+1 = arg minyj {Lp(xka y@tll]a Yi, y6+1;7,L]3 Zk) + %”y] - y;c”%{]} for allj € [m]’

10: 41 = argming £, (x, yml, 2k, vk);

1z = 25 — p(Azpgr + 2000, Bjy;’-c+1 —c);

12: end for

13: Output: {z, Y[, 2} chosen uniformly random from {z, yf“m] N A
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Lemma 2. Under Assumption 1 and given the sequence {xy, yfm], zk}le from Algorithm 1, it holds that

k—1

18L2 9L%2  30%,.(G
Blon — 2l Soprr S Bl — il + (o + Zme Dy oy
min Zz(nk—l)q min min
302, (G)
+"E%?“§*H$k+1-$kﬂg
min

Proof. Using the optimal condition of the step 10 in Algorithm 1, we have

G m
v + ﬁ(ffkﬂ —ap) — ATz + pAT (Azppy + ZBjy?“ —=0

Jj=1

Using the step 11 of Algorithm 1, we have
G
Alzpp = ve + E(xk-i-l - Tk).
It follows that

G
2z = (ATt (vg + g(xk+1 —xr)),

(7

®)

€))

(10)

where (AT)7 is the pseudoinverse of A. By Assumption 4, i.e., A is a full column matrix, we have (A7)* = A(AT A)~L.

By (10), we have

G G
Ellze41 — 2el® = E[(AT)F (v + E(karl —Tp) = Vg1 — g(xk —zp-1)) |

1 G G
= TEHW + ﬁ(“’”’ﬁl —Tk) = Vg1 — E(Ik —zp_1)|?

1 30—12nax & 30—?[1&)( G
< 5 [3Ellok — vp—a|® + AE”W«H — | + 3%max(G)

7> 7>

min

Ellzy — zx1]?],

(1)

where the first inequality follows by ((AT)T)T(AT)T = (A(ATA)"H)TA(ATA)~! = (AT A)~L; the second inequality

holds by the inequality || >, a;[|* <7 >0, [Jas .

Next, considering the upper bound of ||vs, — vi_1||%, we have

Eljoy, — vp—1]* = Ellog = Vf(2x) + Vf(2x) = Vf(@r-1) + Vf(2r-1) = v

< 3E|ok — Vf(@i)ll? + 3EIV f(wr) — VF(@r-1)lI* + 3E|V f(zk-1) — vp-1]?

3L2 Al 3L2 k-2
<5 | Z Ell@is1 — zil|* + 3L%E||zgp—1 — o |* + 5 Z Ell2ip1 — x|
i=(nk—1)gq i=(nr—1)q
612 = . ,
<=- > Elwie — il +3L%Elzi — axl)®
i=(ng—1)q

where the second inequality holds by Assumption 1 and the inequality (5).

Finally, combining the inequalities (11) and (12), we obtain the above result.

(12)

O

Lemma 3. Suppose the sequence {xy, y{‘;n], zk}szl is generated from Algorithm 1, and define a Lyapunov function Ry, as

follows:

9L 302, (G 212
Ry = Lyt o) + (o 3max( @y ey 22N B, o

2

O minP O min min

i=(nk—1)q

(13)
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Letb:q,nzmgg‘iz‘(c) O<a< l)andpzivi_?“sf‘, then we have

min

K—

1 m
1 Ro| — R*
7 2 lmeer =2l + 3 lly =95 1%) < [f]@ (14)
k=0 j=1

where v = min(x, o'l )

with x > 7”1750';@ and R* is a lower bound of the function Ry.

Proof. By the optimal condition of step 9 in Algorithm 1, we have, for j € [m)]

m

j
0=(yf —yf™) 7 (9g;(Wi*") = B 2 + pB (Awe + Y _ Biyi ' + > Biyf — o)+ H;(yi ' — o))
i=1 =741

m
< g;(W)) — g; Wit — (20) " (Bjyf — Biyh ™) + p(Bjy; — By )T (Azy + ZBﬁyf“ + ) Buyf—o)— |yt -

i=j+1
j—1 m J m
=g;(yf) = 9; ;) — (z)" (Awy + Z Byt + Z Biyf — o) + ()" (Azp + > Byt + Y Bk —
: -~ : A
P Jj—1 m m p
k
+ Sl Az + 3 Byt + ZBzyz —d* - *Ilek + Z Biyi ™+ Y Bui — el = SlIBiyS — By TP — lly;
i=1 i=j+1
m m
= flax +Zgz ) +Zgz yr) — (z)" (Azy + ZB yit Y Byt — o) + £l Ax, +ZB U Y Byt — off?
=3 =1 =7 =1 1=J

k+1 .
Lo @y 20)

m m

Y; HHJ

k
i —Y; ||Hj

— (f(ax +291 Y gl = ()" Awk+ZBy’““+ > Buyf—o+ *I\AZHZBZ/‘*W Z Byt —¢|?)

i=j+1 =1 i=7+1 i=7+1

Lp(zkvyETlvyﬁ+l:m]:zk)
P k k k k
= IBf = Biyy P =y = gl
§ Ep(xkvyﬁtll]vy{;;m],zk) - Ep(.xkyyﬁi,—l,y@_t,-hm],zk) — O'min(Hj)Hy;? k+1H2 (15)

where the first inequality holds by the convexity of function g;(y), and the second equality follows by applying the equality
(a— )T = L (lall? — [B]]2 - lla — b][2) on the term (By* — By )T (Awy + Y20, Byt + Y0, Buyk ). Thus,
we have, for all j € [m]

C (xkay[ il ay[J+1 m]azk) < [' (xkvy[j 1],y{;‘;m]72k) - O—min(-[{j)Hy;'C k+1||2 (16)

Telescoping inequality (16) over j from 1 to m, we obtain
E k+1 < £ k o H. . k k+1 2 (17)
p(xk7y[m] ,Zk) — P(xk7y[m],zk) O—mu] ||yj ||
where oL = minjc ) omin (H;).
By Assumption 1, we have
L
0 < flan) = fl@nen) + VE(re)" (w1 — o) + 5 lonn — zl” (18)

Using the optimal condition of step 10 in Algorithm 1, we have

G
0= (zp — ka) (vk — ATz, + pAT (Azp41 + Z Bjy; k+l —c)+ g(xkﬂ — xk)) (19)
j=1



Supplementary Materials for “Faster Stochastic ADMM for Nonconvex Optimization™

Combining (18) and (19), we have
L
0< f(ar) — f@esr) + V(@) (@re — a) + §||$k+1 — z|?

m
G
+ (xp — xk.+1)T(Uk — ATz 4 pAT (Azpyy + ZBjyf'H —c)+ g(xk_H - xk))
j=1
L s 1 2 T
= flaw) = f@rrn) + 5 lloe = wel” - 5H$k = Ttallg + @k — Tp41)” (vk — Vf(z1))

— (zk)T(A;vk — Azpq1) + p(Azy, — Axk+1) (Azp41 + Z Bjy; ko1 —0)
j=1

L 1
= on) = Sl + G lon =zl = k= onnlE + n = z)” (o0 = Vi) = (o) (e + ZBgyf“
p m
+ (21) " (g + ZBJ o+ 5 (1Azk + ZBJ P =l = Az + Y Byt —of)? — || Azy — Az |®)
j=1 j=1 j=1

f(zx) —l—ZgJ Rty —sz(Axk—l—ZBjny +gHAJ;k+ZBjny c||?

Jj=1

L (zk1y[k7j;]1vzk)

f(zp41) +Zga 7 - = (Axk+1+ZBg o+ *HACCHHFZBJ P —el®)
j=1 j=1

Lﬂ(IkJrlvy[k;:]l-,Zk)
+ L — w2 —zip) T (op — V — Do =z |2 = Ll Azg — Az |2
5 1z Trp1||? + (2r — 2ig1)” (0 — Vf(21)) n||33k: el 2H Tk — Az ||

Omin(G) + Pgrﬁin L

< ﬁp(xmyﬁ:]l,zk) - ﬁp($k+17yf€,:]1,2k) —( n 5 §)H$k+1 - $k||2 + (k- xk+1)T("Uk - Vf(xy))
Omin (G Jr‘?ﬁn 1
< Lolonsaftsa) - Colonrn ol o) — (P24 2000 gy P 4 oo = V@)
k—1
Omin (G po’rﬁin L
S ‘Cp(xk7y{ii]lazk> - ‘Cp(xk-‘rhy{j:]lazk) - ( ?7( ) + 9 - L)H-’I;k-&-l - xk||2 2b Z E”xi-‘rl - xiHQa

=(nk—1)q
where the second equality follows by applying the equality (a — b)"b = Z(||a]|> — [|b]|> — [la — b]|*) over the term

(Axy, — Axpy1) T (Azpy + it Bjyf'H c); the third inequality follows by the inequality a”b < 5k ||a||? +
and the forth inequality holds by the inequality (5). It follows that

oL |

k—1
k41 k-+1 Tmin (G) ng?nn 2, L 2
Lp(@hi1, Yy 21) < Lo(@r, Yo' 21) = ( T 2 Dllesr =zl + 55 Y Elwi il
i=(nr—1)q
(20)
Using the step 10 in Algorithm 1, we have
Lo(@nrn, Yo' 2h+1) = Lop(@ren, yim's 21) = Sk = 2
1812 2 307ax(G)
< Y Elwa - ( + =12 ek — wpa?
min i= (nk 1)q mln min

302, (G
+ Aig)llxm — )%, 1)

min



Supplementary Materials for “Faster Stochastic ADMM for Nonconvex Optimization™

where the above inequality holds by Lemma 2.
Combining (17), (20) and (21), we have

m
ouin(G) | poih (e
,Cp($k+17yf:,r]1,2k+1)§£ (T Yim)s # aﬁﬂnZIny k+1||2 ( ml; + ;”n —L— Ug‘f s kg — e )?
Ap— min

L 1812 X 92 302, (G
(?b + Tb) Z EHLCZJrl — (El|| ( + A (2 ))”xk - xk71H2~ (22)

O min m1n min
=(nx—1)q

Next, we define a Lyapunov function Ry:

k—1

9L2 3O-fnax G 2L2
R = ooty )+ (e + 200y o 25 S g —a o3)
minp min min i=(nk—1)q
It follows that
9L* | 307..(G) 22 k
Riy1 = Ep(xk+17y§n+]1,2k+1) +( i + UA.a772p eI _kaz n 2 Z Elre, —xiHQ
min min min Z:(nkfl)q
9L | 303, (G) or2 k!
< Lonstfgs ) + (s + o Dy [P Y Bl - il
g . P ot vy
min min min nk 1)q
Ouin (G) | POy 60max(G)  9L? 212 2 !
— min _ L _ max _ _ B + )
( n ! 2 TP Thainh Urﬁinpb)uxkﬂ ol = mmZ”yJ [

L 181, X1
gt oa b) > Ellwie — o

Tmin®P " i—(ne—1)
omin(G) | P 60max(G)  9L? 2L? s H N~k k+1 2
< R; — + min _ o max - _ . . - : :
< B n 2 U;ﬁianP Urﬁinp Urﬁin b)H kol il Jmm;”yj l
L 18L2 Rl )
Yoo 2, e 24
i=(nk—1)q

where the first inequality holds by the inequality (22) and the equality

k—1
> Bz —ml?= > Ellwi — 2il® + Ellzgg — ol
i=(nk—1)g i=(nk—1)q

Since (ng —1)qg < k < ngg— 1, and let (ny — 1)g <1 < nkq — 1, telescoping inequality (24) over k from (ng — 1)q to k,
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we have
k
Umin(G) parl‘?lin GJ?nax(G> 9L2 2L2
E[RkJrl] < E[R(nk—l)q] - ( " + 9 - L- oA 772P - oA P - oA P ) Z ||xl+1 - 5El||2
min min min l:(nk—l)q
k m k k—1
L 18L2
NI MM R AR SN DI - CHEE
I=(nr—1)qj=1 Tmin I=(nr—1)gi=(nr—1)q
k
Omin (G) po.;?lin 60 max (G) 9L 2L 2
E[R(”kfl)q] —( n + 9 L— JA_anzp Y P T oA pb) Z ||37i+1 — x|
min min min ’L:(nkfl)q
= i Lq 18L q k
ot X TP G ) 3l ol
i=(nr—1)q j=1 Tmin i=(nk—1)q
k
omin(G)  poi, 602, (G)  9L? 212 Lg 18L% 5
—ER,_ _ min _ ;o max . o 4 ; —
fobal =774 ety ok oma B oty 2 Il
i=(nkr—1)q
X

k—1 m
—of > > -y (25)

i=(nr—1)q j=1

where the second inequality holds by the fact that

k k—1 k k k
> Y Elap—wmlP< Y Y EBla—wl’<q Y Bl — ol
I=(nk—1)qi=(nr—1)q I=(nk—1)qgi=(nr—1)q i=(np—1)q

Since b = ¢, we have

Omin(G)  pol I 602,.(G)  9L? 212  Lg 18L%

T T TR TG h e ol adab 2 o
_ omin(G) 3L N poi. 602, (G) 27TL? 212 6)
S 2 2 ThmPP TP TPl
Ly Ty
Given 0 < 7 < L(G), we have L; > 0. Further, let n = 2’1037L(G) (0<a<1)and p = Y270 “GL , we have

po’xx;llin 6Ur2nax(G) 27L2 o 2L2

L =, = W
_ Pohn | 2Lk 2117 217
2 204 pa2 oA p oA pb
- pomm  2TL°kE 2TLPkE  2kG L7
- 2 204 pa? oA pa? oA pa?
_ PThin + PThin _ 85L%K%
4 4 20 mmpa2
>0

%ﬁ?’?. Thus, we

where the first inequality holds by k¢ > 1 and b > 1 > o2 and the second inequality holds by p =

obtain y > VAT0rcL
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Since A is a full column rank matrix, we have (A7)t = A(ATA)~!. It follows that o, ((AT)H)T(AT)t) =
Omax (AT A)~1) = . Using (10), then we have

9 min

m

m m
p
Lo(@rrn, Y 2ee1) = fl@ne) + E 95T — 2 (A + ) Byt — o) + 1Ak + > Byt =l
=1 =1

G - . - .
f(zry1) + Zg] P — ((AT)F (ve + E(mk+1 — k), ATp1 + Z Biyit™h — o) + gHAJJk-H + Z Byt — ¢l

j=1 j=1

G
f(@psa +Zg] T = (AT (o = V f(xx) + V(@) + 77(951f+1 — 1)), A$k+1+ZBJ 7o)
j=1

*IIAIk+1+ZB; F—el?
j=1

- k+1 2 2 2012nax(G) 2
> flepi) + g0 - ok = V(i) [I” — @e)ll” = =35 ks — 2l
j=1 min HllIl min
7||A5L'k+1 +ZB] k+1 C||2
7j=1
202 252 202, (G
flans +ZgJ 1) S Bl -l - e - D e e8)
Umlnb i minP O min
i=(nk—1)q

where the first inequality is obtained by applying (a,b) < 5= Ha||2 + gHbH2 to the terms ((AT) T (v, — Vf(zx)), Azpi1 +
it Bjyf“ &), (A7) g, Azggy + 3000 Bkt - c> and (A7) E (41 — ap), Azga + Sy Byt — o)

with 3 = 2, respectively; and the second inequality follows by the inequality (5) and Assumption 3. Using the definition of
Ry, we have

262
Ris1 > f* +ZgJ - ka_o,1,2,- . (29)

j=1 min

It follows that the function R}, is bounded from below. Let R* denotes a lower bound of function Ry.

Telescoping inequality (25) over k from 0 to K, we have

E[Rk] — E[Ro] = (E[Ry] — E[Ro]) + (E[Rzq] — E[R]) + - - - + (E[RK] — E[R(n, —1)4))
q—1 2q—1
< - Z X”Il-i-l _xl||2+a'm1nZHy] H_l Z(X”zi-i-l _xi||2+a'm1nZHy] H_lH )
=0 i=q
K-—1
- Z (XHxH‘l _xi||2+0-mm2”yj H_l
i=(nk—1)q

K—-1

= > (i — il + o, Z ly; — 5 (30)
=0

Finally, we obtain

Ju

1 &=

- E[Ro] — R*
o] —
T 2 (e =l 3 Iy = o 1) < = a1
k=0 j=1
. V1T0kg L
) with y > ¥=o=es,

where v = min(y, oL
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200 min (G) (0 <

Theorem 1. Suppose the sequence {xy,, y[m], zk) _, is generated from Algorithm 1, and let b = q, n = T

a <1), p=Yieek

min

, and

2 B _A B 2 o (Q) 18L? 307 (G)

then we have
K-
max 3 max R — R*
min E[dlst(O 8L(a:k,yf€m],zk v Z V—O) (33)

1<k<K =1 K~ 7

where v = min(x, o, ) with x > 7W, Vmax = max{vy,vs,v3} and R* is a lower bound of the function Ry. It

implies that the number of iteration K satisfies

3Vmax(Ro — R*)
€y

K =

then (xp~, yfj;], 2+ ) is an e-approximate stationary point of (1), where k* = arg min,, 0y,
Proof. First, we define an useful variable 0 = E[||zpy1 — 2 |? + [lan — zp—1||* + %Zf:(nk_l)q i1 — x]|? +
Z;’L:l Hy}C - y;“'l |?]. By the optimal condition of the step 9 in Algorithm 1, we have, for all j € [m]

E [diSt(O, 3yj L(I, Yim]s z))z}

por = E[dist(0,0g;(y; ™) — Bf 241)?]

J m
= ||B] 2z — pBj (Awy + Z Biyf ™ + Z By —¢) = Hy(y; ™' = yf) — B zipa |I?

i=1 i=j+1
m
= pB] (w1 — k) + pB] > Bi(yf™ —yf) — H;(yi ™ — o))
i=j+1
m
< mp max maxkaﬂLl - mkH2 + mp205111x Z UB k+1 yf||2 + meax( )HykJrl
i=j+1
< m(P?0axTinax + 7 (Tiax) + T (H)) O, (34)

where the first inequality follows by the inequality || Y"1, o[> < r >0 [las ||
By the step 10 of Algorithm 1, we have

E[dist(o, VILCL‘, y[m], z))Q] kil = E||ATZ]C+1 — Vf($k+1)‘|2
G
= Ellvx = Vf(@k41) — g(fck — x|

— Ellux — V() + VF(@r) = VF(@h) - %m )2

k—1

3L? 2 (G
< Y Bl -l 43w+ By a2
i=(nk—1)q
o (G
<3(L%+ ’n'j?*()m, (35)

where the second inequality holds by b = q.

117
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By the step 11 of Algorithm 1, we have

m
E[dist(0, V. L(z, Yy, 2))*] oy = EllAzpsr + Y Bjyht —
j=1

1
= ?E||Zk+l — z?

1802 2 9L%  302..(G)
Stz O Blme -l (g e -
min Z:(le—l)q min min
30 ax(G)
+ WH%H — zi?
18L2 302,.(G)
: (Urﬁian " Urﬁ:nzﬂQ )6k7 (30)
where the second inequality holds by b = q.
Let
o2 . (G 18L%  302,..(G
V= m(pzo—gaxalﬁrqlax + p2(0£ax)2 + U?nax(H))7 Vo = 3(L2 + ,'72())’ vy = O'A p2 + O'A 775,02) . (37)

By (31), we have

K-1 m
1 2 k k+l E[Ro] — R*
7 2 (lewen =l + 3 _llyy — i) < =—f— (38)
k=0 j=1
where v = min(x, o) with x > Y2705l Since
K-1 & K-1
Do lmi —wl* < a ) llween — @l (39)
k=0 i=(nr—1)q k=0
by (34), (35) and (36), we have
min_E[dist(0, 0L(z ko z ] < Vmax KZ M (40)
1<k<K ) kay[m]a k = = K’}/ )

\/17 KgL

where v = min(y, o2, ) with y > and Vimax = max{vy, v, v3}.

iven n = 7 < and p = since m is relatively small, it easy verifies that v, = an
Given n = 2222(G) () < 1) and p = YI0ral latively small, y verifies th O(1) and

min

v =0(1), Wthh are independent on n and K. Thus, we obtain

1
15?3 E[dist(0, OL(z, Yy 21))°] gO(?). (41)
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2.2. Convergence Analysis of the Online SPIDER-ADMM Algorithm

In this subsection, we conduct convergence analysis of the online SPIDER-ADMM. First, we give some useful lemmas.

Algorithm 2 Online SPIDER-ADMM Algorithm
1: Input: b1, bo, q, K, > 0and p > 0;
2: Initialize: 2o € R?, Y € R?, j € [m] and z € R';
3 fork=0,1,--- ,K —1do
4:  if mod(k,q) = 0 then
2: elslzraw Sy samples with |S;| = by, and compute vy, = i Ziesl Vfi(zr);
7 Draw Sy samples with |Se| = by = /b1, and compute

1
ve == > (VHilen) = filwe) + e
2
i€Sy
8: endif
9: yf+1 = arg min,, {ﬁp(fk, yﬁtll]7yjayf€j+1:m]a zk) + %Hyj — yf”%{?} for all j € [m];

10 Zpq1 = argminmﬁ (m y%17zk,vk)'

11: zgy1 = 2k — p(Azpyq + Z] 1 Bjy; ML _ o)
12: end for
13: Output: {z,y,,), 2z} chosen uniformly random from {xk, zk} -

Lemma 4. Under Assumption I and given the sequence {xy,, yf“mP zk}le from Algorithm 2, it holds that

1812 2 7262 92 302 (G)
2 2 max 2
Elan—alf S Y Ello —al + e + (S + 2= 2 o — i
min Z:(nkfl)q mln min min
30max (G)
+ W”kaq — x| (42)
Proof. The proof of this lemma is the same to the proof of Lemma 2. O
Lemma 5. Suppose the sequence {xy,yF Yim zk} i1 is generated from Algorithm 2, and define a Lyapunov function ®, as
follows:
9L 302 (G 22
Dy, :‘Cp(mk7y§n]azk)+<a_A P +— ( >)||xk—xk 1|| —&-T Z E|@it1 —CCz‘HQ- (43)
min min mm i:(nkfl)q

Letby =¢q, 1= 200min(G) 0D<a< l)andpzivlz,o“gL, then we have

3L min
K—-1 m
1 2 kgt E[®g] — * | 24° 7252
- _ : i ) 44
T D (lows =l + 3k — oI < Fo T 2 (44
k=0 j=1 O min

where v = min(x, mm) x> Y 17 ”GL and ®* is a lower bound of the function ®y,.

Proof. This proof is the same as the proof of Lemma 3.
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By the optimal condition of step 9 in Algorithm 2, we have, for j € [m]

j
0= (yf — i) (9g; (i) = B 2 + pB] (Aww + > By ' + Z By — )+ H(y; ™' — o))

=1 i=j7+1
J m
<) — gt — (@) (Byyf — Byt + p(Bjyf — Byt (Axk + Y Byl + > Buyf —o) — |lyi T -
i=1 i=j+1
j—1 m J m
=g =g, W) = () (A + Y Byt + > Biyf — o) + (2)T(Aze + Y Bayf T+ > Biyf —
- £ - o
p = - p
+ 5l Az + ZBzyf+1 + ZBzyz — |- *IIAxk + Z Biyi ™+ Y Bl — el = SlIBiyy — By TP — llyi T -

=7 i=7+1

j—1 m j—1 m
= flax)+ ZQ@ )+ Zgi(yf) — ()" (Awi + 3 Byt " Bk — o) + Dl Awi+ Y Bt + Y Byt — ol
- - - 2 -

Lo(@rylsh w20

m

— (f(x +qu P 4 Z 9i(y;) T(Azy, +ZBzy’““+ Z By} —¢) + *I\Awk+szk+l+ > By — )

1=j7+1 =1 i=7+1 =1 i=j+1

Lo(@ry Tl g or)
P k k
= SIBs = Biyi T =y = wy

< Lo(@rs Y Uhmgs 26) = Lo(@rs yl Ul 1mg 26) — Owmin (H) 1y — 052, (45)

where the first inequality holds by the convexity of function g;(y), and the second equality follows by applying the equality
(a—=6)"b = 3(llall* = [Ibl|* — lla — b]|*) on the term (By¥ — By;* )" (Axy + 31_; Biy; ' + 321141 Biyf — ¢). Thus,
we have, for all j € [m]

Loyt Uhsrom) 2) < Lo Y50 Yljim) 2) = Omin () gy — 57717 (46)

Telescoping inequality (46) over j from 1 to m, we obtain

£p(xk7yqut]lvzk) S £p(xk7y[kf;n]72k) - Uri[in Z ||y;€ k+1||2 (47)

Using Assumption 1, we have
T L 2
0= flzk) = flarrr) + VF(@r)" (@1 = 26) + 5 llewrs — 2™ (48)

Using the optimal condition of step 10 in Algorithm 2, we have

G
0= (zp — ka) (vk — ATz, + pAT (Azp41 + Z Bjy; k+l —c)+ g(xkﬂ — xk)) (49)
j=1
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Combining (48) and (49), we have

0< flar) — f@psr) + VI (@) (@rg — o) + £||501c+1 — x| ?

G
+ (CL’k — .Tk+1) (’Uk — AT 2k + pA (A;C}c+1 + ZBJ k+1 C) + g(l‘]prl - .%'k)>
j=1
L o 1 2 T
= flar) = f@rea) + S llzn = zrenll” - ;ka — oG + @k — Tp1)” (v — V(@)

m

— (z1) T (Azy — Azpin) + p(Azg — Azpyr) T (Azpgq + Z Bjyf‘H )
j=1

L 1
= flak) = fl@rer) + S llzw — zpp? - ;ka —pallE + (@ = 2pn) " (ve = VI (@r) = (20)7 (Azg + ZBJ =0
j=1

+ (2k) (Al’k+1+ZBJ AR )+g(||Al’k+ZBjny*CH2 \|A$k+1+ZBJ P —el® = Az — Azgia|?)
j=1 j=1 J=1

m p m
= f(xg) + Zg (yf“) — 2l (Azy, + Z Bjyf'|r1 )+ §HAfrk + Z B]ny c||?

Jj=1 Jj=1

e
L (ick,y;[ \Zk)

m
p
f(@es1) + Zgj P = 2 Az + Z Bjyitt =)+ 2l Aks1 + > Byttt —cf?)
=1 =1

Lp(wk+17yfc,,;t]1)zk)
L _ 2 _ T(, 1 _ 2 _ Pidg,. — A 2
+ 2H33k g1 |)® + @k — 2ig1)” (v — V(zr)) nlll‘k TrrillG 2H Ty — Az |

Omin G arjﬁin
&), p

L
< Lolwr, Y’ 2) = Lo(wran, v’ 2) — ( = ek = 2ell® + (@ = 2e1) " (vk = VS (2r))

n 2
Omin G po’rﬁin 1
< Lylon i) = Cylann,aft ) — (P24 2000 Doy — 24 o - VA0
A k-1 2
k+1 E+1 Omin(G) | POiin 2, L 2, 20
S Lo(Tk Yppy > 20) = Lo(@rt1s Yy 20) — ( . Ty T D)||zkt1 — zxll” + %y (21) Ellziq — @l|” + L’
i=(nr—1)q

where the second equality follows by applying the equality (a — b)"b = Z(||la]|> — [|b]|> — [la — b]|*) over the term
(Axy, — Azpy1) T (Azps s + >t Bjyjchl ¢); the third inequality follows by the inequality a”b < 5-|la||? + £ ||b]|%,
and the forth inequality holds by the inequality (6). It follows that

UminG Paéin
Colonen i) Lol an) = (220G o L0
L 2 262
"o, S Bl -l + (50)

nkl
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Using the step 11 in Algorithm 2, we have

1
Ep($k+17yfj:]1,zk+1) - Ep($k+17yf€,:]17zk) = ;sz+1 - ZkH2

1812 2 , . 9L% 302 (G) )
< m > Ellwig —@l® + (O'A- p A er =zl
min i= (nk 1) min min
max 7262
+ 3G )||3Ck+1 —ap]|* + (51)
Thin?P Thinb1p’
where the above inequality holds by Lemma 4.
Combining (47), (50) and (51), we have
s Umin(G) pgéjn 3Ur2nax(G)
‘Cp(xk—i-hyfj;,—]lazk-i-l) < L (l'ka [m]’ Omi Z k+1||2 ( n + 2 - L- O'A- 2 )H‘rk-i-l - IkH2
=1 min
L 18L2 — 9L? 302..(G) 9
" (2b2 ﬂ) (Zl ]E||xz+1 - x’LH (Orﬁin " 0-11?1111 2 )Hwk - $k71”
= Nk
242 726
+— 52
blL mmblp ( )
Next, we define an useful Lyapunov function ®y:
92 302, (G 212 A
D = Ly(on, g ) + (et Ty 2 S Elwin - nlt 63)
minP min min i=(np—1)q
It follows that
92 302 (G) 22 il
B = Lo(wrrn,yp’s 2e) + (aA. + JA_a ke — zil® + o > Ellwig — @l
mlnp min mln 2 ’L:(lefl)q
912 302, (G 2L2 =
< Ly (ons by 20) + (e + el gy > e il
minp min min i:(nkfl)q
H < H k k+1||2 (amin(G) + pO';?lin GU?nax(G) 9L2 2L2 )H ||2
— Omin Y, — - - - - Tk+1 — Tk
= n 2 TP TinP  Tipinpb2
k—1
3(—1)02,.(G) L 1812 26
— = (e — aw® + o — 2 |?) + (5~ ) > Elwip —wl’+ o+
O min'l 2b2 m1nb2p ;
i=(nr—1)q
A 2 2 2
H k k+1 2 omin(G) | PO 607nax (G) 9L 2L 2
Omin Z ||yj || ( n 2 0’;?11117720 U;?linp Urﬁinpb2 ) ||.Tk+1 Ty H
L 18L2 252 7262
+(—+ —F—— E||lzit1 — x| + _ 54
ST S Bl — a7+ A (54)

i=(nr—1)q

where the first inequality follows by the inequality (52) and the equality

k k—1
Y Eleip -z’ = ) Ellwi — @ll® + ok — zl
i=(nr—1)gq i=(nr—1)q

7252
Inll’lb1 p
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Since (ny — 1)g < k < nkqg—1landlet (ny — 1)g <1 < ngq — 1, then telescoping equality (54) over k from (n; — 1)q to
k, we have
k

Umil’l(G) po—rélin 601211ax(G) 9L2 2L2 2
]E[@k_‘—ﬂ g E[(P(nk_l)Q] a ( n * 2 —h Urﬁinn2p - Urﬁinp - O-rjiinpr) Z ||xl+l - xl”

I=(nk—1)q

18L2 7262

k m
ol Z Z”yé l+1||2 (27@/2+7) Z Z Ell@iy1 — 2] + oA b

I=(nk—1)q j=1 Tininb2 (g imrrtya
k
Omin(G)  poi, 602,..(G)  9L? 212 )
<E®nf _ min _ 7 max _ _ ; —
< Bl = n T TAMTPP Ohinl Urﬁinpr)-fz Iwier =i
i=(nk—1)q
m k
i Lqg 18 L3¢ 25 7262
~ Tiain Z Dol =y + (o S ) > Bl — @l + LT oAb,
i=(np—1)q j=1 T min i=(nr—1)q O min
k
Omin(G)  pod. 602, (G)  9L? 212 Lg 18L%q )
— E @ M — _ + min L _ max _ _ . —-1 i o i
Benal = (5 2 OALPP Ol olapbs 202 ol b P) (Zn ool
i=(nr—1)q
X
b R g 202 7252
— O L=y — 55
Omin > Dl -yl Ny (55)
i=(nr—1)qj=1 O min
where the second inequality holds by the fact that
k k k
Z Z Ellzig —z* < > Yo Bz —wl’<a Y Elwi - @l
I=(nr—1)gi=(nr—1)q I=(nk—1)qi=(nr—1)q i=(nr—1)q
Since b; = g, we have
_ ouin(@) | PO 6%man(G) 9L 2L Lg 18L%
A 2 TP TiwP  Tawpb2  2ba ofpb
omin(G) 3L pod. 602, (G) 27L*  2L?
— ( ) _ _"_ p min _ ;4118.)((2 ) _ T _ T . (56)
n 2 2 Omin’l"P O hinP O inP

Ly Lo

Given0 < n < 20":‘;2(6:), we have L; > 0. Further, let n = 2“"‘;‘72‘(0) (0<a<l)andp= 7%*?, we have

min

(G) 27L*  2L2

A 2
PO min 6o

LQ:Q_EaXQ_A_A

Omin"l"P Omin®  minP
_ POhn | 2TREL? 2117 217
C2 QUrﬁinPO‘Z Uéinp Uéinp
- pomin  2TREL?  2TREL*  2kG L7
- 2 204 pa? oA pa? oA pa?
_ PThnin T PThnin _ 85r¢, L”

4 4 204 pa?

>0

Vv 170KGL It

min ¥

where the first inequality follows by kg > 1, > 1 and 0 < o« < 1; and the second inequality holds by p =

follows that x > 7”7405@.



Supplementary Materials for “Faster Stochastic ADMM for Nonconvex Optimization™

Since Tpmax (A1) )T (AT)F) = a'Al ’

m
Lo, ypm's zre1) = f(@rr1) +Zg] ) =2 Az + Y Byt — o) + *\|A$k+1+ZBJ FH = dll?
j=1 j=1

e m
karl + E g] k+1 AT)+(/Uk + g({I;kJrl — .’I,'k))7 Axk;Jrl + E B]y;chl > —HALL'kJrl + E B] k+1 c||2
Jj=1 j=1

G
l’k+1 + ZgJ k+1 AT)+(7)k — Vf(.%‘k) + Vf(xk) n (l‘k+1 — l’k)) Al‘k+1 + ZBJ k+1 C>
Jj=1

2 A+ Y Byt — of?

j=1

202 (G

f(ars1) + Zgg s l[or, = V f (zp)]|” — (zi)])* = MH%H — a?

min mln min
P

+ §||A$lc+1 + ZBjyf‘H —c|?
j=1
22 A 852 252 202, (G)
k+1 2 max 2
‘rk1+ gj ]E‘T'lfl" — Tl — Tk
’ Z ’ funb p = (;1)(1 || ” ZH fllllblp IIIAIinp Url?lin"72p || * H

(58)

where the first inequality is obtained by applying (a,b) < 55||al|* + B11b)1? to the terms ((AT)* (v, — V f(21)), Avpsr +
> Ba P =0, (A7) ok, Az + 2072, Bjy;-€+1 - C> and ((AT)JFE,'V(%H —ap), Azgn + 00 Byt = o)

with 3 = £, respectively; and the second inequality follows by the inequality (6) and Assumption 3. Using the deﬁnltion of
Py, we have
e 4+0b1)6
Qo1 > [T+ g5 (+71) L Vk=0,1,2,--. (59)
j=1 mlnp bl

It follows that the function ®, is bounded from below. Let ®* denotes a lower bound of function ®y,.

Further, telescoping equality (55) over &k from 0 to K, we have

E[®x] - E[®] = (E[®y] — E[®0]) + (E[Paq] — E[®g]) + - - + (E[PK] — E[P(n—1)q])
q—1 m 2g—1 m
< - (XHxH‘l _xi”2 +Um1nZ||y7 H_l Z(XHxH‘l _xi”2 +Um1nZ||y7 H_l” )
i=0 i=q
K-1
oy, 2K0° T2
- Z (XHiEZ‘Fl _$i||2+0m1n2”yg +1 +
; blL nnnblp
i=(nk—1)q
K-1
2K52 72K 52
— 2 +1 0
- v (X”xl-‘rl Ii” + Urmn Z Hy] H blL + mmblp (60)
Thus, the above inequality implies that
K-1 m
1 , e E[®o] — &* 207 726°
— — . 61
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Theorem 2. Suppose the sequence {xk,yﬁn],zk)szl is generated from Algorithm 2, and let by = q = /b1, n =
20¢0'min(G) (0 <a< 1) p= \/17 V170kg L Cl}’ld

3L — Jmma
02 (G 18L2
1= 0+ 90T+ ). 2 = 3007+ Ty D SO
then we have
. . k Vmax
1£§KE[d’sr(0’aL(x’“’yW’ z))?] < Z Oy + 2 b
3Vmax(<1>0 —®*)  6Umaxd?, 1 36 w
< - — 63
- K’Y + bl’}/ (L+J£1np)+ bl7 ( )
where w = 126% max{1, 7} v = min(x, o) with x > Y28l = max{v1,v0,v3} and ®* is a lower
bound of the function ®y. It lmplles that K and by satisfy
6Vmax (Po — D*) 120max62 , 1 36 2w
K=—"————- b= — —
€y P €y (L + arﬁinp) + €

then (x~, yﬁ;], zp+ ) Is an e-approximate stationary point of (1), where k* = arg miny, 0y,

Proof. First, we define an useful variable 6, = E[|lzpp1 — ax|® + [|ox — zp—1]]* + %Zf:(nk_l)q lTip1 — x]|? +

k+1||2]

Z;’;l Hy;C —Y; . By the optimal condition of the step 9 in Algorithm 2, we have, for all j € [m)]

E [dist(O, 8yj L(x, Yim)» Z))ﬂ

ol = E[dlst(O 0g;(y k+1) B]Tzk+1)2]

J m
= [|B] 21, — pB] (Azy, + Z Biyi ' 4 Z Biyf —¢) — Hy(y; ™' =) = Bf zepa |I?

i=1 i=j+1
m
= |pBf A(xxs1 — k) + pB] Y Bi(yft —yF) — H;(yf ™ — )12
i=j+1
m
k k k
< mp max maxka+1 - $k|‘2 + mp Jmax Z max”y H - Y ”2 + mo’?nax(Hj)Hijrl
i=jt1
< m(P*Tmaximax + P (Tnnax)” + Oinax(H)) O (64)

where the first inequality follows by the inequality || Y7, a;||? <r > "1, [lag]|?.

By the step 10 of Algorithm 2, we have

E[dist(0, Vo L(2, yimy» 2))°] ., = EIA 2640 = VF (@r40)]

G
=Eljvg — Vf(2p41) — g(ffk — 1) |

G
=Ellvx — Vf(xr) + V(@r) = VI(@r) — g(xk — 1)
k—1
3L2 2 12 5 2 r2nax(G)
s (21)q @EH%H zill” + B +3(L7 + T
=Nk —

2 2
S 3(L2—|— max(G) )9k + 125
n? by

Mk — T ||

(65)

where the second inequality holds by by = ¢.
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By the step 11 of Algorithm 2, we have

m
E[dist(0, V. L(2, Yy, 2))*] ., = EllAzper + > Bjyh ™ —
j=1

1
?]EH%H — z)?

1812 X L? (@)
< Ellzias -zl + (— T Mk — x|
Urﬁinb2p2i ("2]9: g T iminh” 0£1n77202
302..(G) 7262
"o, 2p2 Iower = ol + 507
1812 (@) 7262
< _|_ max 0 , 66
- (O-II'?liHPZ 0—11141111772/)2 ) e blarﬁin ? ( )
where the second inequality holds by by = q.
Let
Timax(G) 1812 30pax(G)
n= m(pzo—gaxaﬁlax + p2(0£ax)2 + Urznax(H))7 Va = 3(L2 + T)a V3 = 0'A~ p2 + O‘A- 772,02 . (67)
By (61), we have
K—-1 m
1 2 by E[®o] — ®* = 247 7252
— — g + : + - , 68
Y (s =l + Yl =) < =S+ e (68)
where v = min(x, o, ) and x > Y275l Since
K—1 k K—1
Yo e =l <a ) o — @l (69)
k=0 i=(nr—1)q k=0
by (64), (65) and (66), we have
E [dist(0, OL( 2))?) < Vo Z o + {1252 T
1%21 1S Tk, Y [m] 2k = kT max ’blo.;?lian
3ymax(¢>0 —®*)  bumad®, 1 36 1262 7262
< - _ 70
< Ky S (L+0§‘nn ) + max{—— blgéiHPQ}, (70)
where v = min(y, o2, ) with y > 7% and Vimax = max{vy, v, v3}.

Given n = 2a037L(G) (0<a<1l)and p = 7W, since m is relatively small, it easy verifies that v = O(1) and

g .
min

Vmax = O(1), which are independent on b; and K. Thus, we obtain

min ]E[dlst(() OL(w, Yy 21))%] gO(%HO(—). (71)

1<k<K



Supplementary Materials for “Faster Stochastic ADMM for Nonconvex Optimization™

2.3. Theoretical Analysis of Non-convex SVRG-ADMM Algorithm

In this subsection, we first extend the existing nonconvex SVRG-ADMM (Huang et al., 2016; Zheng & Kwok, 2016) to
the multi-blocks setting for solving the problem (1), which is summarized in Algorithm 3. Then we study the convergence
analysis of this non-convex SVRG-ADMM.

Algorithm 3 Nonconvex SVRG-ADMM Algorithm
1: Input: b, T, M, S = [T/M],n > 0and p > 0;
2: Inmitialize: 7} = 7', 2{, and y?’l for j € [m];
3: fors=1,2,---,Sdo
4 V(@) = 1 X0, V(@)
5 fort=0,1,--- ,M — 1do
6: Uniformly random pick a mini-batch Z, (with replacement) from {1,2,--- ,n} with |Z;| = b, and compute

vf = Vfr,(27) = Vfzr,(2°) + Vf(Z°);

441 : 41 t 1 t : . ,
7: y;"" = argminy, {Ep(xf,yi_l] Yis Yiaemp 26) + 3 Y5 — Y5 1%, } with Hj = 0 for all j € [m];
. A 1
8: xj, ) = argmin, Lp(z,y[i’sr 28, 05)s
, 5,41 ,
9 2y =2 = p(Ari, + 300 Biygt — o)
10:  end for
~ 1 +1,0 M . 1 .
1 Bt =gt =g,y =y forall j € [m], 25T = 25
12: end for

13: Output: {z,y[,,), 2} chosen uniformly random from {(x, y'[s;;:], Z)M S

In Algorithm 3, we give

. 1 ua
s,t+1 _s s\ __ s s s s,t+1
‘Cp(x7y[7n)ff— 225 07) =f(@e) + (Ut)T(x —zf) + 277”17 -y ||%¥ + E gj(yj " )
j=1

— () (Az+ Y Byt —o) + g||Az +> Byt — o, (72)
j=1 j=1

where 7 > 0 and G > 0.
Lemma 6. Suppose the sequence {(xf, y["’;q’ip 2)M, }le is generated by Algorithm 3. The following inequality holds

92 _ N 301ax(G)
Ellzt1 — 25117 <= (lleg = 2°)1* + gy — 2°01°) + =225 Ellxg,, — 3|
min min
302,..(G) 9L?
+ (5 2+ Bl — il (73)

Proof. Using the optimal condition for the step 8 of Algorithm 3, we have

S 1 s s s . s, t+1
vi 4 Gleli — i) = ATz 4+ pAT(Axj, + ) Bjydtt =) =0, (74)

j=1

By the step 10 of Algorithm 3, we have
T s s 1 s s
A 21 =5+ 5G(xt+1 — 7). (75)
It follows that

S S G S S
41 = (AT)+(Ut + g(l‘t—i-l - xt))a (76)
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where (AT)* is the pseudoinverse of A”. By Assumption 4, i.e., A is a full column matrix, we have (AT)T = A(ATA)~!

Using (76), then we have

S S S G S S S G S S
E”Zt—i-l — % ||2 = EH(AT)JF(% + E(xt—i-l - :Ct) — V1 — ﬁ(xt - 'rt—l))H2
1 S S 30-1'21]3X(G) S S 30-1'211 X(G) S S
< (3B — v+ SR By g 4+ e . 7

5

m

Next, considering the upper bound of ||v; — v;_;||?, we have

Ellv; —vi_11* = Ellof — Vf(a}) + Vf(af) = Vf(ai_y) + VF(ai_y) — v
< 3E[v; — Vf (@)1 + 3E|Vf(2f) = Vf(2i)II* + 3EIVF(i_y) — vi_y |

3L2 . 3L2 . )
< S-lle = &P + S leioy - @) + BLElle} — 2y, (78)

where the second inequality holds by Lemma 3 of (Reddi et al., 2016) and Assumption 1. Finally, combining (77) with (78),
O

we obtain the above result.

Lemma 7. Suppose the sequence {(x3, yf"f] ,28)M V5, is generated from Algorithm 3, and define a Lyapunov function:

. 302, (G) 9L? 9L?
s s s,t s max s s s ~s s ~8
Iy = E[Ep(xt,y[m],zt) + ( Ur,?l:ngp + Uéinp)llmt -z |?+ rﬁmpbllwt_l —&°|1* + ctlly — ||2]7 (79)
where the positive sequence {c;} satisfies, for s =1,2,--- | S

18L2 L
+ -+ 1+ B)cer, 1<t <M,

=< ol pb b

0, t> M+1.
Let M = [n3], b= [n3], n= M“éii(c) O<a<l)andp= 27% we have
S M-1 m
1 it 41 L ~ Fl 7].—‘*
T D I G S [T Ve A 23+ xellagy, —#f?) < OT (80)
s=1 t=0 j=1

where I'* denotes a lower bound of I'; and and x: > 7@3210@ > 0.
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Proof. By the optimal condition of step 7 in Algorithm 3, we have, for j € [m)]

s, s,t+1 s,t+1 s 1 s s,
0= (yjt . yj t+ )T(agj(yj t+ ) BT +pBT Al’t + ZBzyl RS + Z B'Lyz . +H ( ,t+1 yj t))
=1 i=j+1

< g =g = (@) Byt = Byt + p(Byyst — ByysttH” AwﬁZBzyf "y Z Byt —c)

i=j+1
A1
= lly;’ y; I,
Jj—1 J m
_ . s,t s, t+1 s\T A s B s,t+1 B o s\T A s B s, t+1 B s,t o
9j (yj ) = 9j (Z‘/ ) — (27)" (Azj + Y + lyz o)+ (27)" (Azj + Yt iY; c)
= i= i=j+1
p 7j—1 m P m
: 1 5, : 1 5 1 5,
+ SllAaf + Y Byl + Y Byl —cl? - Sl Az + ZBzyf R N - e e e i [
i=1 i=j i=1 i=j+1
P 1
= SIBw; " = By
,0 j—1 m
= f(=)+ Zgl P+ Zgz it "(Ax; + ZB v+ ZBzyz — o)+ Gl + Y Byl T+ Byl —cl?
i=1 =1 =7
Lo(@dy i #8)
m J m J m
f@) + Zgz PN Y gl - ) (A + > Byl + > Byt - o) + gHAmf +D BT+ > Bt —cf)?)
i=j+1 i=1 i=j+1 i=1 i=j+1
L@y )
A1 it 14 1
= My =, = 1B = Biyy )
A+l st A+l st ( t A+l
<L (ajta [SJ 1] 7y[87 m]’ Zts) - Ep(xtay[sj] Y [57-1-1 :m]? Zts) - Umin(Hj)Hy]s' - y; HQa (81)

where the first inequality holds by the convexity of function gj( ), and the second equality follows by applying the equality
(a=b)Tb= 5 (|lal = [[B]]* = la = bl|*) on the term (By;"* — By;"*)T (Axj + 31, By, ™' + 0L, By — o).
Thus, we have, for all j € [m]
s s, t+1 s, s s S 1 s S, s,t+1
‘C/)(Itay[j]t—i_ 7y[jil:m]7zt) S L (xtvy[]tt] 7y[]tm];zt) O'min(Hj)”yj - yj = ||2 (82)

Telescoping inequality (82) over j from 1 to m, we obtain
‘C (xtvy[snffrl f) S ‘C (xt7y[m]7zt mmZHy St+1||27 (83)

H _ - (H.
where o, = minjc () Omin (H}).

By Assumption 1, we have
s s s\T(,..s s L s s12
0< f(xt)*f(zt+1)+vf(xt) (:Ct+1 *xt)+§”zt+1 —zi||”. (84)

Using optimal condition of the step 8 in Algorithm 3, we have

S S S S G S S
0= (x5 — a5, )7 (v — AT25 + pAT (Aag,, + ZBJ o)+ g(fctﬂ —z3)). (85)
j=1
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Combining (84) and (85), we have
s s s\T' /. .s s L s 5112
0 < f(xf) — f(zip) +Vf(xi) (wip — ) + §||33t+1 |

m
G
+ (@ = i) (0 — ATz 4 pAT(Azi + ) ByyitT o)+ g(wfﬂ - 7))
j=1

S S L S S 1 S S S S S S
= f(=}) - f($t+1) + 5”% - xt+1H2 - 5”9% - xt+1||2G + (xf — ‘rt+1)T(vt - Vf(xi))

— ()" (Aw; — Awyy) + p(Axg — Az )T (Axg + ) By ™ — o)
j=1

Q) s s L s s 1 s s s s s s 1
= f(zf) — f(mt-s-l) + Eth - JUt-i-1H2 - ;th - xt+1||2G + (w7 — mt+1)T(Ut = Vf(xi) — (2 ) (Azj + ZB] Pt c)

j=1
m
S 1_ s 1 1 s s
( ) (A$t+1+ZBJ i+ ) |A$t +ZB] Jt+ CH2 ||Amt+1+ZBj s, CHZ_HAxt _A-Tt+1||2)
Jj=1 j=1 =1
m
= F@) + )iy = @)T A$t+ZB] S o)+ —\|Axt+ZB] i+l )12
- =

L (ajtﬂ/[m ;Zt)
s < s,t+1 s s 1 14 s - s 1
- (f($t+1) + Zgj(yj " ) — (Zt)T(Axt-i-l + Z B]y; o )+ §||A$t+1 + Z Bjy;’ h C||2)

j=1 j=1 j=1

, s t4+1 s
Ep(mf+1,y[ém]+ 127)

s s s s K s 1 s s p s s
+ g llad = 2l ? + @ = 2 )T (0 = V) - EH% —wialle - Sl Azg - Az, |)®

s, s, Umin(G) po‘éin L ] s s s
<L (xt,y[nifl z)—L (mt+1yy[,,frl7zts) —( + - 5)”955 - 5‘7§+1||2 + (@f — xf+1)T(Ut - V()

n 2
(@) s .S, s s s Umi!l(G> po—rﬁin s s 1 s s
<Z, (v tvy[nfrl Zt)*ﬁ (xt+1ay[nf]+1 z;) — ( + 5 *L)th*xt+1”2+i”1’t *Vﬂxt)”Q
n
(#4) s s amin(G) pa’rﬁin s s L s ~5
< Lolwr v =) = Lolwhns ™ 2 = (5520 5 = Dl — a1+ gy llai = &% (86)

where the equality (i) holds by applying the equality (a — b)"b = L(|la||* — ||b]|* — ||a — b||*) on the term (Az] —

Az )T (Azf 4 + >y By 1 _ ¢), the inequality (i7) holds by the inequality a”b < Lla||* + 5 [|b]|% and the
inequality (7i7) holds by Lemma 3 of (Reddi et al., 2016). Thus, we obtain
s, s s,t+1 _s Umin(G) po'I‘?lil’l s s L s ~5
L ($t+1»y[ t]Jrl z) <L (xtvy[nffr 7)) = ( n + 9 — L)||z} _xt+1||2 + 27)”%& - &% &7)

By the step 9 in Algorithm 3, we have

1 s,t+1

azts-s-l)*ﬁ (xf+17y[ ] ) 21)

1
;t+
Ep(xf+1, ?J[sm] ;||Zts+1 - ZfSHQ

9L2 S ~S S S I2Ila.X(G) S S
= A bp (”‘Tt -z ||2 + |lzi_y — &°| ) ||‘Tt+1 - ItH2
3O—I2HHX(G) 9L2 S S
( Tl — (88)

A 2
Omin’l™P O minP

where the first inequality follows by Lemma 6.
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Combining (83), (87) and (88), we have

s,t+1 _s s t+1 2 UmiH(G) po’rﬁin s s 2
L ($t+1ay[m] y2ip1) S L (xmy[m]vzt Omin Z ||y "= ( n + 9 L)z — iyl
i 9L2 ) Omax(G)
+ oy llet — 2% + i (g = 2| + llwf_y — 2°)1*) + $\|x5+1 — i
l'IllIl min
302 (G 9L2
b (Bl @ Oy 59)
Omin’l™P O minP
Next, we define a Lyapunov function I'; as follows:
302..(GQ) 9L? 9L
t x . .
TF = By i, o)+ Coag™l 5l =+ ey =87 edlef — #1700
Considering the upper bound of ||zf, ; — Z*°||?, we have
s s s ~s112 __ s 5112 s s\T' /. .s ~s s ~5112
i1 — @) + 2 — 2°|° = [lagy — 2|7 + 2(xf4 — 2f)” (2 — T°) + ||} — 27|

1 B s _
<wgy — 2311 + 2(55 lleg — =317 + S llaf — 2°)1°) + (a7 — 2°)?
23 2

= (1 +1/B)llwiyy — 271 + (L + B2y — z°|%, O

where the above inequality holds by the Cauchy-Schwarz inequality with 8 > 0. Using (89), we have

) 302 (GQ) 912 912 X )
s, t+1 _s max ~S
F§+1 E[‘C (wt+17y[m]+ Zt+1) +( n%p gy )th+1 ‘rt||2 + A o bp xf — & || + Ct+1||$§+1 -z ||2}

) 302 (G) 912 912 ) 1812 L

s s,t max 2 ~s112

< Ep(.Tt,y[m], Zts) + ( O’émnzp + O.r‘?lin )fo - 33?71” + rﬁin b||£172971 -z H + ( r‘?linpb + D + (1 + 5)Ct+1) fo -z
Omin(G)  poi 602..(G) 912 X S
_ + min __ L _ max _ _ 1 + 1 c xé _ ./L'é
( n 9 UrﬁinTIQp Uéinp ( /ﬁ) t+1> H t t+1||

m

L
b ,t+1 ~
rmnZ:II e R Ere

m
L
s, s,t+1 -
ST —xellof — 271 — o > Iyt =y 1P - A |, (92)

. A 2
where ¢; = JISL + %+ (14 B)ceqr and x; = ”“"ZI(G) 4 % ], O%ax(G) 9L (1 /)¢, .

Next, we will prove the relationship between I'; ™" and T'%,. Since 25" = 23, = 75!, we have
g = V(e = Viz(ag™) + V@) = V@) = V). (93)

Thus, we obtain

Ellog™ — viy|I* = B[V f(23) — Vfz(2hy) + Vfz(2°) = V(@)
= IV fz(aiy) = Vfz(@°) = Ez[V fz(23y) — Vfz(@)]]*

< o S EIVAlai) - VA
i=1

L2 »
< Sl - 1. (94)

~s||2
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By the step 9 of Algorithm 3, we have

1 G G
1477 = 28l < o™ = vhy 4+ (@l - ag™) + (@ - ah) I
mln

1 S S G S S G S S
—— IV f(zhy) — vl + — 7 (25T —aiy) + g(zM — x|

min

1 S S 30—121'13)(((;) S S 30—12Ilax(G) S S

S T BIVf(z3) — vifl® + 2 23 — 23,017 + 2 s = 23s-111%)
1 3L2 S ~8 30-I21'13X(G) S S 30—31’13)(((;)

< A (TJ lzh — 2 H§+7llw e M||2+7H93M*$M 1l )

min

s+1

1 sM ysH’O forall j € [m] and 23, = 2§, using (83), we have

3 S 58 )
Since xy, = 2", Y; ;

s s+1,1 _s s+1,1
‘CP( +17y[7:] 0+1) S ﬁ (x]VDy[m] ,ZM O min Z ||y ]Jr H2
By (87), we have
s s+1,1 _s s s+1,1 _s Umin(G) po—rxgin s s
£olat M 1) < Lolap i st - (P P gt g

By (88), we have

1
r + +1,1 + r + +1,1 + + +
( 1 17yfm] ) ]S_ 1) < ( 1 17yf’m] P 8 1) *”Zf L 28 1”2

s 1307 _ 302, (G
< L@y AT + (T”m?w—st%Jriam“( st — g |2
3012‘(1ax(G) S S
+ TIIW —aial?).
where the second inequality holds by the inequality (95).
Combining (96), (97) with (98), we have
s s+1,1 s 5,M - Y 1,1 Tmin (G) Pgéin s
Loty ) < L@ vl 2in) Zny A N s R
1 ,3L% s 302..(G) 302, (G)

O min

95)

(96)

o7

(98)

o+

—— (e =2l + “1;7;‘\\:5*“ oyl + L wiall?). 99
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Therefore, we have

‘ 302 (G) 9L? 9L
1—\5-&-1 —ElL ( 5+1’y9+1 1 Za-i—l) _|_( max )Hxa-',-l 5+1||2 + ||x5+1 ~s+1||2 + Hx‘S—H s+1||2
! [ ! ] ! Urﬁinnzp Jf}inp 11141mb ]
302 (G)  9L?
1,1 X
= Loy A+ ( A2 T +er)[lagtt —agt?
min?/ O min
302 (G)  9L? 9L2 18L2 L
< Lp(@hyi’ s 2ar) + (S + Mads = w3l + iy = 213 + (g + Pllei — 2°)13
’ (m] Iﬁinn2p O—;?linp O—Iﬁin b rélin b b
Tmin(G) PO 60 ax (G) 9L s+1 2
[T + L - 277 — 2yl
7min Z = 2 chaip  ohmp ) ’
9L2 9L2 s 5L L s
THxif - 9531—1”% - Tb”ﬁ”—l - S||§ - (Tb + 3)”17}9\/1 - S||§
m
L , Omin(G)  poi. 602..(G)  9L?
< I—x}sw _ UH~ HyS,M _ y§+1,1||2 o 7”%}9\4 _ jéH% _ min + min _ 7 max _ —c ||(E8+1
o ; ’ ! 2b ( U 2 TP Tivinl )
“ L
; M 1,1 ; ~5
=T — o > g™ =y P - TG xarllaitt = a3y %, (100)
j=1
_ 18L _ omin(G) PUnAxiu 6020 (G) 9L2
Where CM - m]u + b ’ and X - - n + 2 o L - JnA\innzp o a‘nA]inp - Cl.

Letcpy1 =0and 8 = ﬁ recursing on ¢, we have

182 L (1+p)M*t—-1 M 18L? 1
= = = L)1+ —=)M-t_1
P e Y 3 Ga, + D+ 3D )
M 18172 2M 182
<—(—F—+L)(e—1)< ——(—F—+1L) (101)
b mlnp b O minP

where the first inequality holds by (1 + ﬁ)M is an increasing function and lim ;o (1 + %)M = e. It follows that, for
t=12,--- .M

omin(G) | poid; 602, (G)  9L? 2M , 18L2
> min _ 7 max B 1 1 I
Xt = n * 2 O—rﬁinn2p O—Iginp ( * /ﬂ) b ( rj‘?lin - )
omin(G)  poia; 602, .(G)  9L? 2M  18L2
— min _ 7 max _ (14 M L
w2 = R R = R
min 4 2 L?  4M?  18L2
> g (G) + PO min _I— GUzlax(f) _ i _ ( i + L)
n 2 Omin’l"P O minP b O minP
min AM?L A 2 12 IM2I2
= 40- (G) Y + PO min _ 6azlax(G) o 9(4 - 7 - . (102)
1 b 2 CTmianp O minP baminp
Q1 Q-

Let M = [n §], b = [n%] and 0 < n < “‘#(G), we have Q1 > 0. Further, set n = M’gii(c’v) (0 < a<1)and

s HQ

Tar
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p= @%GL, we have
Qs — pomim  6oma(G)  9L*  T2MPL?
2 ThinP TP bTinnp
_pof, 150kLL* 9L?  T2L2
2 TinPO? Tl Tininh
- poiim  150sEL*  9kLL? T2RE L7
T2 ofape® ogpe’ o pa’
_ PTiin i PTihin _ 231k, L2
4 4 ol pa?

>0

. V23lrGL

0
20 o

where kg = M((G)) > 1. Thus, we have x; > 7&321@ > 0 for all ¢.

Slnce = > 0 and x; > 0, by (92) and (100), the function I'{ is monotone decreasing. By the definition of function I'f, we
have

r; >E[L, (mt,y[snf],zt)]

m
p s s,t
flai "‘Zg Axt+ZB] _C)+§||A$t+ZBjZ/jf_CH
j=1 j=1

= f@)+ > gy -

m
1 1 1

_ s Sty T LS 2 T 1.s)12 T laS S 2

—f(xt)Jr;g(yj ) 2p||2t_1|\ +2p||ZtH +p||Zt Z-all

1 S S S 1 S S
(Zt)T(Zt—l - Zt) + ?p”zt - Zt—1||2

<.
—
> |

1 s 2 1 512
> f* +Z~% = gzl + ol (103)

Summing the inequality (105) overt =0,1--- ,M and s = 1,2,--- , .S, we have

S M

*ZZFSZJ‘WZ%—*HZOIF (104)

s=1t=0
Thus, the function I'] is bounded from below. Let I'* denote a lower bound of I';.
Finally, telescoping (92) and (100) over ¢ from 0 to M — 1 and over s from 1 to .S, we have

S M-1

L Tl —1*
s 1 s ~S s s
*Z > mmz ;" =y P+ gpllze = 205+ xalled — 2 1?) < OT (105)

s=1 t=0

where T'= M S and x; > 7% > 0.

O
Theorem 3. Suppose the sequence {(z3, y'[i;f], 23)M VS_, is generated from Algorithm 3, and let = M“gig(c) O<a<
1) p — 2\/23 ligL Clnd
!‘l]!la
2 B _A 2( B )2 2 2, 30max(G) 9L? 30max(G)
V= m(p OmaxOmax T P (Umax) +Urnax(H))v vo =3L° + Tv V3 = Py p2 + oA 772p2 .
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then we have

. . s St 5\\2 Vmax = s 2Vm'1X(F(1) B F*)
HSHP E [dlSt(Oa aL('xt ’ y[;n]a 2t )) ] S T Z Z Gt S ’}/T
' s=1 t=0

where v = min(cZ, | %, Xt), Vmax = max (v, va,v3) and I'* is a lower bound of function I';. It implies that the whole
iteration number T = M S satisfies

7 ZmanTh =T
€y

then (xf: , y[sm’]t , zf: ) is an e-approximate stationary point of (1), where (t*,s*) = arg min, ; 0;.

Proof. We begin with defining an useful variable 6; = E[||z;,, — xf[|? + |laf — 2i_1|I> + $(|2f — &°|* + ||lzg_y —
o)1) + 30, lys* — y;-’tH |2]. By the step 7 of Algorithm 3, we have, for all j € [m]

E[dist(0, 9y, L(x, Yjm), 2))?] = E[dist(0, dg; (y;” Yy - BTzH_l)z]

s,t+1
= ||Bj = — pB} (Axf + Z Byy; "+ Z By — o) — Hy(y;"™ ' —y3") — B 20 |1?
i=1 i=j+1
m
Jgt+1 , t+1 )
= llpB] A(xj 1 — 2) + pB] > Bilyy™ =yt — Hy(y™ — o392
i=j+1
m
;i 1 s
< mp Crmax max |$t+1 - ZEt H2 + mp20£éx Z UB S t+ yftH2
i=j+1
+1 R
+m0max( Dlys ™ =y
(p Jmax max+p ( max)2+0r2nax(H))9tsv (106)

where the first inequality follows by the inequality ||+ 37" | 2|2 < 237" ||z ]|%

By the step 8 of Algorithm 3, we have

E[dist(0, V. L(z,y, 2))s.e11 = B A" 2, = V(250
S S G S S
= E|vf - vf(xt-&-l) - g(l’t - $t+1)||2

G
= Ellv; = Vf(2}) + VF(2}) = VF(2i1) - g(ﬂff — )|

3L2 2 (G
2ot - a°| + 3(z7 + TnexlC)

2
S (3L2+ 3o maX(G)
n?

IN

bl | *xt+1H2

)6;. (107)
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By the step 9 of Algorithm 3, we have

E[dist(0, V. L(2,y, 2))ls.+1 = El[ Azi 1y + Byj 1y — ¢

1
= aElzn - |

9L2 S ~S S ~S8 3012r1ax(G) S S
< m(”% — 2|+ [lzg_, — 2°*) + W”xt“ — zi|)?
3(0max(G) +3L%0%) o
+ A .22 (|2 _wt71||2
Ominl”"P
9L? 302, (G)
< _"_ max 95.
- (Ué‘lmpz Timinl? P )6
(108)
Let
302..(G) 9L2 302,..(GQ)
2 _B A 2/ B 2 2 2 max max
= + + H)), vg =3L° + — 227 3 = + .
V1 m(p Omaxmax T P (Jmax) Umax( )) V2 TIQ V3 O-IA;nnp2 o_r,?linTIQPQ
Using (105), (106), (107) and (108), we have
M-1 1 *
. . s st _s\\2 Vmax s 2Vmax(ro =TI )
nsl,ltnIE[dlst(O,aL(xt,y[m],zt)) | < T ; ; 07 < R (109)
where v = min(cfl,_, é, Xt) with x; > 7&3’210@ > 0and vipax = max(vy, ve, V3).
Givenn = M‘giz(G) 0O<a<l)andp = 27%, since m is relatively small, it easy verifies that v = O(1) and
~v = O(1), which are independent on 7 and 7. Thus, we obtain
X 1
ntnmE[dist(o,aL(xf,y;;j],z;))?] < O()- (110)
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2.4. Theoretical Analysis of Non-convex SAGA-ADMM Algorithm

In the subsection, we first extend the existing nonconvex SAGA-ADM (Huang et al., 2016) to the multi-blocks setting for

solving the problem (1), which is summarized in Algorithm 4. Then we study the convergence analysis of this non-convex
SAGA-ADMM.

Algorithm 4 Nonconvex SAGA-ADMM Alogrithm
1: Input: b, 7,7 >0, p > 0;

2: Initialize: zo, u) = xo fori € {1,2,--- ,n}, ¢o = = 31" | Vfi(u?), and 9 for j € [m];
3: fort=0,1,--- , T —1do
4:  Uniformly random pick a mini-batch Z; (with replacement) from {1,2,--- ,n} with |Z;| = b, and compute
1
U = E Z (Vfﬂ (xt) - szt(uit)) + ¢t
it €Ly
with ¢ = 2 Y0V f (uf);
5 y;“ = arg min,, {Cp(whyfjtll], yj,yfj+1:m],zt) + Lly; — yﬂﬁb} with H; > 0 for all j € [m];
6: T4y = argming ﬁp (w, y[trz]l, Zt, vt);
7z =2z — p(Aze + 3000 Byt —o);
8 ufj‘l = x; fori € T, and u! ™t = ol fori ¢ T;

9: (btJrl = (bt - % Zitel} (vflt (uﬁt) - vflt (ufjl))’
10: end for
11: Output: {x, Y[y, 2} chosen uniformly random from {z;, y{'m] Lz b .

In Algorithm 4, we give

. 1 ™
Lol gtz o0) =f ) ol (2 =) g lle = el + 3055
j=1

—th(A;L'—kZBjy;H —c)+g|\Am+ZBjyt-+l —c|l?, a1
=1

J
Jj=1

where n > 0 and G > 0.
Lemma 8. Suppose the sequence {4, yfm], 2}, is generated by Algorithm 4. The following inequality holds

n

9L2 1 302 .. (G)

2 t)2 t—12 2
Ellzt41 — 2| Sarﬁinbﬁ ; (e = wll® + e —u; = 1*) + W]EH%H — ¢
3(02,.«(G) + 3L%n?

43 (A) o VEl|z — 21|12 (112)

Proof. By the optimize condition of the the step 6 in Algorithm 4, we have

1 _ _ AT T - IS AN
Ve + nG(CCt_A,.l ZL’t) A Zt + pA (Ail’t+1 + Z B]yj C) =0. (113)
j=1
Using the step 7 of Algorithm 4, then we have
T G

A Zt4+1 = Ut + E(a:t_H - Z‘t). (114)

It follows that

s = (ATY* (0, + %(xtﬂ “2), (115)
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where (A7) is the pseudoinverse of AT Since A is a full column matrix, we have (AT)* = A(AT A)~!. Using (115),
then we have

G G
Ellzes1 — 21> = E(AT) (v + E($t+1 —T) —v-1 + E(xt —x-1))|?

302, (G 302, (G
A [3E||Ut — Ut_1||2 + ;2()E||1’t+1 - 1‘,5”2 + 7(72()]1‘3”.%‘,5 - .Z‘t_1H2j|. (116)

IN

min
Next, considering the upper bound of ||v; — v;_1]|?, we have

Ellv; — vp1]|* = Elloy = Vf(2e) + V() = V(wr-1) + V(2e-1) = vp1])?
<3E|lv; — Vf(w0)||* + 3BV f (21) = Vf(we1)|I? + 3BV f(21-1) — v |?
3021 <

< 55 2o e =P+ e — ™ IP) + 3Ll = a1

where the second inequality holds by lemma 4 of (Reddi et al., 2016) and Assumption 1. Finally, combining the inequalities
(116) with (117), we can obtain the above result. O]

Lemma 9. Suppose the sequence {x4, yfm], 2} is generated from Algorithm 4, and define a Lyapunov function

302, (G 912 N 1 &
QtZE[ﬁp($t7yfm]7Zt)+( ax )+ Nz — e P+ —— ZHIt 1 — uf 1||2+Ctgz||xt_“§”2]

A 2
O minP7 O minP mmpb
where the positive sequence {c;} satisfies

182
Ct = mmpb
0,t>T,

L
+ - +(1— )(1+ﬁ)ct+1,0§t§T—17

where p denotes probability of an index i being in T,. Further, let b = [n%], n= 2omin(G) (0<a<1)and p = 22Blre

17L Thine
we have
1 T m Q*
TZ(UginZHy; v P+ xellee — 2o |? +**Z||$t—ut|\ — (118)
t=1 j=1
where x; > 7&02(11“;11 > 0 and Q* denotes a lower bound of ().
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Proof. By the optimal condition of step 5 in Algorithm 4, we have, for j € [m)]

0= (yt — T (9g; (yi+") — BTz + pBT( Axf+ZByt+l+ Z BiyF — o) + H;(yt* — y1))
=1 i=7+1

m
<g;(Wh) —g;(wi) — (20" (Bjyh — Biyith) + p(Bjyl — By ™) (Amy + ZBzyf“ + > Buyf—o) =yt = llE,

i=j+1
- m J m
=g;(8) = g; W) = (20T (Ao + ) Byt + ) Biyf — o) + (20)" (Awy + Y Byit' + > Biyf —¢)
' =5 ‘ i
p i = p - S P
F20An £ Y B Y Bt — el - DlAn £ Y Bt YD Baf— ol - DByt — Byt P I - o,
i=1 i=j i=1 i=j+1

m j—1 m
fla) + Zgz Y gl — ()" (Aw + Y Byt + Z By} —¢) + *IlAmt + Z By ™+ Biyf —c|?

=Jj

t+1
L,(xt 7yfj—l] 7Z/fj:m] ,2t)

m 7 m J m

_ t+1 oty T t+1 Lk P t+1 k2

f(a +Zv7 )+ D0 o)~ (0" (w30 Bt b 3T Biyk = o)+ Gl Anc+ Y Bt + 3 Buk )
=741 =1 i=7+1 =1 =741
-
p
= 5By = By TP = llyy ™ = w5l
< ﬁp(xt,y[t]tll]vy[j;m],zt) — ﬁp(wt; yfﬁla yfj-}-l;m], Zt) — Umin(Hj)Hy;‘ t+1H2 (119)

where the first inequality holds by the convexity of function g;(y), and the second equality follows by applying the equality
(a—b)Tb = L(llal2 = [b]2 = la — b]}2) on the term (By! — By'*")T (Aw, + Y0_, Byt + X, Biy — ). Thus,
we have, for all j € [m]

ﬁp((Et; y[tﬁl’ yfj.;.l;m], Zt) < Ep(l't; yfjtll]v y[tj;m], Zt) - O'min(Hj)”y; t+1 ||2 (120)

Telescoping inequality (120) over j from 1 to m, we obtain

ﬁp(xt,yﬁ]l, 2) < Lo(t,Yfmp» %) = Toain Z lys — o2 azn

H

where 0.3, = Minjc () Omin (Hj).

Using Assumption 1, we have

L
0< (@) — f(@egr) + V(@) (meg1 — @) + §||33t+1 — z¢|%. (122)

By the step 6 of Algorithm 4, we have

G
0= ({Et — $t+1) ('Ut Ath + pAT(AZL't+1 + Z Bj t+1 C) + g(xt+1 — xt)) (123)
j=1
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Combining (122) and (123), we have

0 < f(zt) = f(weg1) + Vf(xt)T(xtH —x) + g“fﬂtﬂ - $t||2

G
+ (2 — mt+1)T(vt ATz + pAT (Azpyy + ZBJ o)+ g(ﬂjt.ﬂrl — mt))
j=1

L 1
= f(xt) = f(weg1) + §||1‘t — | - ;th — 2 llg + (@0 — 2e1)" (0 — Vf(20))
— (2)"(Azy — Az 1) + p(Axy — Az 1) (Azy + Z Bjy! 1 _

i L 1
(Z)f(xt) = f(@e1) + §||$t —a|? - 5th —xi|E + (2 — 2ea) T (v = V(@) = (20) 7 (Azy + ZBJ itt-o
j=1

+ (%) (Ale—i—ZBJ o)+ g(HAxt—i—ZBj t+1 C\\Q—\|A$t+1+23j L o|” — || Az, — Azyiq|)?)
Jj=1 j=1 j=1

xt +Zg] t+1 ) A$t+ZB] t+1 _ ) 7|‘Axt+ZBj t+1 CH2
j=1

Lp(xt7yf;,tl7zt)
m
— (fa) + D g™ = (21) (A$t+1+ZBJ oo+ *||A$t+1+ZBJ iH—d?)

j=1 j=1 J=1

Lo(@etr,y(h] 20
L, 2 _ T, _ T 2 _ Plge — A 2
+ 5 lze — 21 ||* + (@0 — 2441)" (00 — V() ont ze1llG 2 | Az, Tep ||

(Umin(G) + po—rﬁin

L
< ﬁp(‘rtvyfrt]lv 2t) — 'Cp(l'thlayfnt]l»Zt) - - E)H»Tt - $t+1||2 + (2t — $t+1)T(Ut - Vf(xt))

n 2
(74) Omin G Po'éin 1
< Lyt ) = Lptaven, i) — (2D 4 T o — P 4 o~ Ve
(7’”) Omin G O—I‘?lil’l
< Lylon i) — Loloisa,afitz) - (P2 LT D, +~Z||xtfuf||2 (124)

where the equality (i) holds by applying the equality (a — b)"b = Z(|[a]|* — [b]|> — [la — b]|?) on the term (Az; —
Azy1) T (Azppr + Y70 Bijyit — ¢); the inequality (ii) follows by the inequality a”b < %|la]|? + 5 [|al|?, and the
inequality (7i7) holds by Lemma 4 of (Reddi et al., 2016). Thus, we obtain

(Umin(G) pa’éin _

L ($t+1»y[+]1 Zt) <L ($t7y[m] ) 2t) — " + 9 L)HfEt —$t+1”2
L 1
T |zs — ult||?. (125)
=1
By the step 7 in Algorithm 4, we have
1
ﬁp(ﬂftﬂvym]l? Zi41) — Ep(mtJrlvyf;]l» z) = ;||Zt+1 - Zt||2
9L 1 ¢ t t—1 3U?nax(G) 2
< mgg (||$t — U H + llze—1 — |l ) WH%H — x|
3(0max(G) + 3L
1 e O FBLI) e, (126)

A 2
Omin’l™P
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where the first inequality follows by Lemma 8.

Combining (121), (125) and (126), we have

;Cp(xt+17y[t:;]17 Zi41) < Ep(xtay[tm]a z) — ( n 9

n

- 92 1
—UﬁinZIIyé Y+ p *Z(Ilwt—UEIIQJrIthfl—u

Omin (G ol
mln( )_|_p min _L)th_xt-i-lH +i72”xt—ut”2

mmpbn i=1
o2 3(02,.«(G) + 3L*n?
B P =t e S TP ) (127)
Umln Omin’l”P
Next, we define a Lyapunov function €2; as follows:
302..(G) 9L - ct
O =E|L 7t, max _ _ 2 4 ot
=Ltz + (220 S, iy S ant =T+ ant 47
(128)
By the step 9 of Algorithm 4, we have
1o 1o
- ; 41— uiFHJ* = E; (Pllzess = zel® + (1 = p)llzess — uill?)
p n
= 23 fara = ol + Y e —
i=1 i=1
S PP i Z g1 — ]|, (129)
n 4 !
where p denotes probability of an index ¢ being in Z;. Here, we have
1 1 b b
/n (130)

=1-(1--)°>1- = > —
P ( n) - 1+b/n 1+b/n = 20’

. . b 1
where the first inequality follows from (1 — a)® < Thap>
bound of ||x;41 — 2!||?, we have

@1 — wf)|® = (@1 — z + 2 — uf ||

= @1 — 2el” + 2(@eg1 — @) " (20 — ) + [l — uf||?

<l — zel® + 2(2ﬂ||$t+1 ze|® + *||$t —uf|l?) + |z — uf

=(1+ B)thﬂ —z|)® + (1+ B)||we — ul]?,

where 8 > 0. Combining (129) with (131), we have

Bl = 2 0 oy CEROES
=1

and the second inequality holds by b < n. Considering the upper

(131)

(132)



Supplementary Materials for “Faster Stochastic ADMM for Nonconvex Optimization™

It follows that
302, (G)  9L2 - Ciil
Quer =E[Lo(wein, v ) + ( ,fn)%A R ant a4+ =53 e — ]
min min mm i=1
< Lotz + (@ Oy o e 92 1iux e
= ts J[m]» <t t— Lt—-1 t—1 — Uy
pRTE ] TP oihp o fAinPb

18L° L )2 t+1 2
+(= +g+(1— p)(1+ Berir) ZH%&—UH mmZHyJ [

Jminpb
12 O'mln( ) po-rélin 60r2n X(G) 9L2 1- p 2
2 Z e =l ( i 2 b 05?111772/) - Tiinh - B )CtH)th el
mmZIIyJ Ui = xellee =z |? — **lewt —uglf?, (133)
i oA _
where ¢; = 18L -+ %4+ (1 —p)(1+ B)cryr and x; = U"“;;(G) + P — [ — é;:‘:;](i) U%]Lijp -1+ 1Tp)ct+1-
Letcr = Oandﬁ .Since (1 —p)(1+8)=1+F—-p—pB<1+p—pandp > %,itfollowsthat
18L? L
< 1-0)+ —4— + 134
cr < g ( )+0£inpb+ b (134)
where 6 = p — 8 > ;- Then recursing on ¢, for 0 < ¢ < T — 1, we have
1 18L2 1—67T1 1 18L? 4n , 18L2
< = < = L)< L). 135
Ct_b(ff{i‘nnp+ 7 R A (13
It follows that
omin(G)  poik 602, (G)  9L? 1-p
— + min I — max _ _ 1+
. U 2 Aus oA Ut Jom
Omin(G)  poi. 602,.(G)  9L? 4n —2b 4n , 18L32
> min L _ max o (1 L
B n " 2 arﬁinn2p UnAlinp ( " b )b2( mlnp - )
Omin(G) | poin; 602,.(G)  9L? 4n 4n , 182
— min _ L _ max _ _ 1 L
n " 2 Urﬁinnzp Urﬁinp ( b )b2 ( mlnp " )
min (G 4 602.(G) 9L  16n? 182
n 2 mlnn2p O minP b O minP
min 1 2L 2 12 9881212
Ul b3 2 Uminn2p O minP O’minpb3
@1 Q2

Letb = [n3]and 0 < n < ”‘“"‘(G) , we have Q1 > 0. Further, let ) = L(G) (0<a<1)andp = 2 2031';GL we have

min

pod, 602, (G) 9L*  288n2L?

@2 2 TAm?p - ThnP - ol pb

_ pod. 1734k%LL%  9L?  288L2

-2 Urﬁina2p O-;iinp Urﬁinp

o POt | P 2081KGL°

-4 4 o f;‘;ina%

>0
, VLl .

- 2a )
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where kg > 1. Thus, we have x; > 7&02(11%(;1: for all ¢.

Since 2% > 0 and x; > 0, by (133), the function €2; is monotone decreasing. By the definition of function €2;, we have

Qt 2 ]E[‘Cp(xta yfm]a Zt)]

= f(z) + Zgj(yj-) — (20)T (Azy + Z Bjy§ —¢) + g”Axt + Z Bjy; — ¢l
j=1 Jj=1 J=1

= flae) + Y0585 — ~(20) (o = 2) + ool = 2|
= p P
- t 1 2 1 2 1 2

= fl) + 3 055) = oo llzeall® + oo llzel® + e = 2
= P p p

* - * 1 2 1 2
> f "‘Z%‘ _2*||Zt71|\ +?||2t|\ . (138)
= p p

Summing the inequality (138) over ¢t = 0,1--- ,7, we have

T m

1 . ., 1

T2 =+ g fz—pllz()ll? (139)
t=0 j=1

Thus, the function €2; is bounded from below. Let Q* denote a lower bound of €2;.

Finally, telescoping inequality (133) over ¢ from O to 7', we have

1< ™ L1 Qp — O

0 —

T E (ohh E ||y§ - y§+1||2 + Xellze — mega||* + BT E llzs — ul]|?) < — (140)
t=1 j=1 i=1

V2031lkg L
where Xt Z TG > 0.

O

Theorem 4. Suppose the sequence {x, yfm], 2 }1.| is generated from Algorithm 4, and let b = n3], n = MT#‘“L(G) (0 <

a< 1),p:27v2/9_31mand
30max (G)

Vi = m(p2 0 OTimax + 07 (Ohax)” + O (H) ), v2 = 3L + 2

max max

912 302,..(G)
A

2 A 2,27
O minP Omin’l"P

V3 =

then we have

v L 2Wmax(Qo — Q%)
. . t 2 max max\940 —
1glgnT]E[dzst(0,aL(xt,y[m],zt)) ] < T ;915 < A

where v = min(cL | L/2, x;) with x; > 7%;3@@ > 0, Umax = max (v, va, v3) and Q* is a lower bound of function
Q. It implies that the iteration number T satisfies

o 2Vmax

T =
€y

(0 —Q7),

then (¢, yf;], 24+ ) is an e-approximate stationary point of (1), where t* = argming . 6;.
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Proof. We first define an useful variable 0; = E[||lzy41 — 2|2+ o — 21 |2+ & S (loe —wl > + |-y —uH?) +
Z;n:1 ly§ — yj»“ 2]. By the optimal condition of the step 5 in Algorithm 4, we have, for all j € [m]

E [dist(0, y, L(x, ypmi, 2))%] ., = E[dist(0,9g;(y;™") — B 2141)%]

J m
= ||Bf 2 — pB (Ax; + ZBiny + Z Biyf —c¢) — H;(yi"' = of) — B zina|)?

i=1 i=j+1
m
= |pB] A(wisa — @) + pBf Y Bilyi™ —ui) — Hi(yi ™ —yf)II?
i=j+1
m
< mp O-max ma.x |th+1 - mt”Q + meO-géx Z UB t+1 nyQ + mamax( )H i y] ||2
i=j+1
< m(P*0axTinax + P2 (Tiax) > + T (H)) b, (141)

where the first inequality follows by the inequality || Y7, a;||? <r >0, [lag]|?.

By the step 6 in Algorithm 4, we have
E[dist(0, Vo L(2, yimys 2)]e+1 = E[|AT 2041 = V f (@) |2

G
= Eljvs — Vf(2141) — g(l‘t — zp1)|?

=mm—Vﬂm+VAm—Vﬂnm—%urmHmP

3L 2 (G
<32l =l 432+ 25 gy —
i=1
2
S (3L2 4 SJmax(G))et' (142)

By the step 7 of Algorithm 4, we have

E[dist(0, V. L(2, Ym), 2))]t+1 = El| Az 41 + Byryr — ¢

1
= EEHzt-&-l — z|?

n

< 9L2 l (H:E . utHz + ||$ B ut—1H ) + max( )H$ —x H2
P Rty ,02 n E t i t—1 i A o5 o ITt+1 t
min i=1 min
302, (G) 9L )
+ max T — To_
(UémnW Uémpz)” vl
912 3012nax(G)
S (O';ginpz + o'r"ginqupQ )et' (143)
Let
302, (G) 9L2 302 .. (GQ)
2 B A 2/ B 2 2 2 max max
- (H)), vy = 612 + Zomax\ ) .
vy m(p Omax9max +p (Umax) + Umdx( )) V2 + 772 V3 O—éiHPZ O_I,ginngpg

Using (140), (141), (142) and (143), we have

2Vma.x QQ — Q*)
~T

min E[dlst(() 8L(a?t,y[m],zt S dex Zﬂt

1<t<

, (144)

_ s H L _
where v = min(oy};,., 5, X¢) and Vmax = max(vy, Vo, v3).
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Given n = wr{‘f"L(G) 0O<a<1l)and p = 27%, since m is relatively small, it easy verifies that v = O(1) and
Vmax = O(1), which are independent on n and T'. Thus, we obtain
1
. . ¢ 2
121%1TIE[dlst(0,8L(xt7y[m],zt)) | < O(T) (145)
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