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Abstract: This paper presents the design and test of a6-degree-of-freedom (DOF) 

precision positioning system, which is assembledby two different 3-DOF precision 

positioning stages each driven by three piezoelectric actuators (PEAs). Based on the 

precision PEAs and flexure hinge mechanisms, high precision motion is obtained.The 

design methodology and kinematic characteristics of the6-DOF positioning system 

areinvestigated. According to an effective kinematic model, the transformation 

matrices are obtained, which is used to predict the relationship between the output 

displacement from the system arrangement and the amountof PEAsexpansion. In 

addition, the static and dynamic characteristics of the 6-DOF system have been 

evaluated by finite element method (FEM) simulation andexperiments. The design 

structure provides a high dynamic bandwidth withthe first naturalfrequency of 586.3 

Hz.Decoupling control is proposed to solve the existing coupling motion of the 

6-DOF system. Meanwhile, in order to compensate for the hysteresis of PEAs, the 

inverse Bouc-Wen model was applied as a feedforward hysteresis compensator in the 

feedforward/feedback hybrid control method. Finally, extensive experiments were 



performed to verify the tracking performance of the developed mechanism.  

Keywords: 6-DOF positioning system, Piezoelectric actuators (PEAs), Kinematic 

model, Tracking control. 

 

Nomenclature 

a, b,c  parameters of Bouc-Wen model 

h       hysteresis variable 

d33 piezoelectric constant 

Vapplied voltage 

ddisplacement output of the free PEA 

kpztstiffness of PEA 

kcequivalent stiffness of Hertzian contact 

kfhequivalent stiffness in vertical direction of elliptical flexure hinge 

X, Y, Z,O   Cartesian coordinates of a point 

r, R     radius of the moving platform and the moving circular ring, respectively 

x, y, zdisplacements in the X-, Y-, Z-axes 

θx, θy, αangle rotation about the X, Y-axes and Z-axes 

T
-1

in,
T

-1
outtransformation matrix of the in-plane and out-of-plane 3-DOF stage, 

respectively. 

T
-1

        transformation matrix of the 6-DOF stage 

Iinput displacements matrix 

Ooutput displacements matrix O 

δ1, δ2,δ3elongation of the PEAs in the in-plane 3-DOFstage 

δ4, δ5, δ6 elongation of the PEAs in the out-of-plane3-DOFstage 

Pzmoving coordinate Od-XdYdZd relative to thereference coordinate O-XYZ translated 

along the Z-axis 

Px,Px and Tzmoving coordinate Os-XsYsZs relative to the coordinate Od-XdYdZd 

translated along the X-, Y- and Z-axis, respectively 



Tdtransformation matrix of the moving coordinate Od-XdYdZd relative to the reference 

coordinate O-XYZ 

Tstransformation matrix of the moving coordinate Os-XsYsZs relative to the reference 

coordinate O-XYZ 

Tsdtransformation matrix of the moving coordinate Os-XsYsZs relative to the coordinate 

Od-XdYdZd 

 

 

 

1. Introduction 

Over the past several decades, as one of the best solutions for the micro/nano 

operating problems in industry, such as nano-imprint, cell operation, scanning probe 

microscopes, high density data recording, optical instruments, measurement systems 

and micro/nano manipulations [1-7], a precision positioning system usually possesses 

a number of advantages such as high positioning accuracy, fast response speed, 

appropriate workspace, satisfactory stability and dynamic characteristics[8,9].It is 

mainly composed of three parts,namely, the actuation unit, guide mechanism and 

end-effector. The piezoelectric actuator (PEA) is the main type of actuator which is 

often used to drivea positioning mechanismbecause it offers the extremely fine 

resolution, quick response, large force generation, high electrical-mechanical power 

conversion efficiency and small volume. Moreover, in order to guarantee positioning 

accuracy, one of the best choices is to utilize flexure based mechanism for the motion 

guidance because the flexure based mechanism is capable of improving the motion 

accuracy due to the advantages of flexure hinges including no backlash, free of wear, 

no lubrication, and low friction. Thus,it is important to determine the static and 

dynamic performance of the positioning system. 



Recent research efforts have been directed towards the design and control 

methodologies of multi-DOFs precision positioning systems. The micro/nano 

operating industry fields are distinguished with respect to systems for planar 

positioning, systems for out-of-plane positioning and combinations of both.A 

flexure-based mechanism for ultra-precision operation with 1-DOF, and a 3-DOF 

planar micro/nano manipulation were presented by Tian et al. [10,11]. Qin et al. 

focused on design two different type 2-DOF decoupling positioning stages [12,13]. Li 

et al. proposed a parallel-kinematic high-bandwidth XY nanopositioningstage 

[14].Cai et al. [15].focused on designa planar 3-DOF stage with T-shape flexible 

hinge mechanism. In addition, there have also been some out-of-plane positioning 

systems. A 3-DOF micro-positioning table was investigated in Ref. [16]. Another 

nanoprecision 3-DOF vertical positioning system was presented in [17], which can be 

used in various optical alignment systems. Lee et al[18] proposed a three-axis 

out-of-planenanopositioning stage with a new flexure structure, which had the 

aperture to measure thebio-specimen. Shao et al[19] presented a novel precision tilt 

positioning mechanism for inter-satellite optical communication.Furthermore, 

combinations of in-plane and out-of-plane system have been explored and utilized. A 

flexure hinge-based XYZ atomic force microscopy scanner was presented by Kim et 

al[20]. In Ref. [21] a three translational DOF complaint perpendicular parallel 

micro-manipulator with monolithic structure was proposed. Eichmann et al. [22] 

designed a high-precision xyz-measuring table for the determination of the 3D dose 

rate distributions of brachytherapy sources. 



From the above literature review, it can be seen that most of the existing 

precision positioning systems are featured by oneto three-DOF motions[10-22], which 

cannot meet the needs of manipulations in some cases. For example, an atomic force 

microscope designed for nanometrology in Ref. [23],which used a 6-DOF 

nanopositioning stage to carry the sample carrier. Thus, it is necessary to develop 

novel positioning stages with 6-DOF motions in some special systems, which could 

extend workspace and improve flexibility of the operation ends. 

This paper focuses on the design of a 6-DOF precision positioning system which 

can be utilizedfor micro/nano operating of the high precision system. Recently, many 

kinds of 6-DOF precision positioning systems have been reported. A piezoelectric 

actuator-based micromanipulator with six degrees of freedom was proposed in [24]. 

Richard et al [25] presented a 6-DOF piezoelectrically actuated fine motion stage that 

could be used for three-dimensional error compensation with a long-range translation 

mechanism. Liang et al[26] presented a 6-DOF parallel mechanism based on three 

inextensible limbs, whichwere connected to three planar 2-DOF movements in the 

base plane. A novel 6-DOF precision positioning table was presented in [27], which 

was assembled by two different 3-DOF precision positioning tables. A novel flexure 

based 6-DOF parallel positioning system for aligning the precision optical elements 

was presented by Kang et al[28]. A low stiffness 6-DOFcompliant precision stage was 

proposed in Ref. [29]. From the literature review, it is noted that the 6-DOF precision 

positioning systems can beconsidered as a system for combinations of in-plane and 

out-of-plane stages. However, based on the current manufacturing process technology 



of precision positioning in micro/nano operating industry fields,the 6-DOF 

positioning system doesn't monolithically manufactured like as one-three-DOF 

positioning stages by wire electrical discharge machining technique. It means that 

manual assembly is needed.Therefore, in this paper, the proposed 6-DOF precision 

positioning system is assembled by two different 3-DOF precision positioning stages 

(as shown in Fig. 1). It has a simple structure and can easy beassembled, which 

significantly reduce the assembly errors and improve the system positioning 

accuracy.Such design strategy will improve the system stability and ensure that the 

system has good dynamic characteristics, rapidresponse and higher robustness against 

external disturbances. 

In the past decade, different phenomeno-logicalhysteresis models have been 

established. Such as Preisach models [30, 31], Maxwell model[32], Duhem models 

[33], Bouc-Wen models [34-36], and Prandtl-Ishlinskii models [37]were developed to 

describe the hysteresis effect, which are then used to construct the inverse models for 

hysteresis compensation. It has already been verified that the Bouc-Wen model is 

suitable to describe the hysteresis loop of PEA [38]. In reference [39] the hysteresis 

nonlinearity was described by a dynamic backlash-like model. In order to improve the 

positioning accuracy, many controlmethodshave been proposed for tracking control of 

apiezoelectric-actuated nanopositioning stage.Feedforward controllers and feedback 

controllers wereused for the hysteresis and vibrationcompensation [40], respectively. 

Meanwhile, hybrid control is popular applied for high-precision control of 

piezo-actuated positioning stages, which combines the advantages of the feedforward 



and feedback control. With such a control method, many works [41-44], have been 

recently reported and confirmed the feasibility of the control method for 

high-precision control of piezo-actuated positioning stages. However, there are some 

other control methods have been reported, such as proxy-based sliding-mode control 

[45]. 

This paper is organized as follows: Section 2 starts with the mechanical design of 

the 6-DOF positioning system. Section 3 provides the kinematic analysis of the 

system. In Section 4, FEA has been performed to investigate the static and dynamic 

characteristics of the 6-DOF system. Experimental setup and results have been 

provided in section 5. Finally, conclusions are presented in Section 6. 

2. Mechanical design 

Figure 1 shows the 3D solid model of a 6-DOF precision positioning system. It 

includes two main components, i.e. an in-plane 3-DOF positioning stage and an 

out-of-plane 3-DOF positioning stage. 

 

(a) 



 

 (b)                                (c) 

Figure 1  3D solid model of the 6-DOF positioning system. (a) Exploded view, (b) the 

out-of-plane 3-DOF stage and (c) the in-plane 3-DOF stage 

 

2.1 The design of the in-plane 3-DOF stage 

The in-plane 3-DOF precision positioning stage is designed to realizethe X- and 

Y- axes translations and Z- axis rotation. As shown in Fig.2, the stage is mainly 

composed of three piezoelectric actuators(PEAs), three flexible mechanisms, amoving 

platform and a base. In the center of the moving platform, there are three grooves in 

the same circle with theseparated angle of 120°. Three PEAs are installed in these 

three grooves, and the end of each PEA is connected to the base by the preload bolt to 

ensure that the PEAs are fixed with the base and the moving platform is not separated 

during working condition. Three flexible mechanisms based on flexible hinges are 

arranged in the same circle with the grooves, with the separated angle of 120° 

between them and 60° with grooves, respectively. Each flexible mechanism is 

composed of three T-typeleaf-spring hinges,which is connected to the base and the 

moving platform at each end of the flexure hinge. 

 



 

Figure 2  Mechanical structure of the in-plane 3-DOF stage. 

As seen from Fig. 2, the structure of the in-plane stage is simple and compact by 

the symmetrical arrangement of the T-type flexure hinge mechanism. It is well-known 

that the performance of guide mechanism will determine the motion characteristics of 

the moving platform. Therefore, the performance of T-type flexible hinge mechanism 

needs be firstlyinvestigated. In order to investigate the performance of T-type flexible 

hinge mechanism, modal analysis is performed to examine its dynamic characteristics 

with finite element analysis (FEA) software (ANSYS Workbench). The material of 

the 3-DOF in-plane stagewas selected as Aluminum 7075-T6 with a Young’s modulus 

of 72GPa, a yield strength in excess of 434MPa. The boundary conditions of 

simulation are setas thatthe outer edge of the both hinges I and II are fixed and 

constrained for all degrees offreedom, as shown in Fig. 3(a). The first three vibration 

mode shapes areobtained and shown in Fig. 3(b-d). It can be seen that only the 

leaf-spring hinge III generates an oscillate along the Y- axisfor the first mode shape; 

the second mode shapeis that the hingesI and II rotation about the Y- axis; and the 

third mode shapeis that the hinges I and II oscillate along the X- axis. In order to 



guarantee the motion characteristics of the moving platform, the undesired motion 

must be avoided, such as the second modal, which can bring the instability of the 

stage.In addition, the modal analysis shows that the natural frequencies of T-type 

flexible hinge mechanism are high, enabling faster response and higher robustness 

against low-frequency disturbances. These will ensure that the system has better 

dynamic characteristics. 

 

 

(a)                                 (b) 

 

(c)                               (d) 

Figure 3 (a)The boundary conditions for simulation, (b) first mode shape (6199.6 Hz), (c) 

secondmodeshape (8722.2 Hz) and (d) thirdmodeshape (10197 Hz). 

In order to further examine performance of the stage described above, the 

dynamic characteristics of the in-plane 3-DOF stage are investigatedand theresults are 

shown in Fig. 4. When the stage is not installed piezoelectric actuators, the first mode 

shape is the rotation about the Z-axis with the frequency of 528.11Hz; the second and 



third modes shape are the translation along the Y-axis and X-axis, respectively, with 

the corresponding frequencies of 626.92Hz and 626.95 Hz, accordingly. 

 

 

(a) 

 

(b)                                  (c) 

Figure 4 First three mode shapes of the in-plane 3-DOF stage with no PEAs installed: (a) first 

modeshape (528.11Hz), (b) second mode shape (626.92Hz) and (c) third mode shape (626.95Hz). 

According to the above characteristics analysis, it validates that the advantages 

of the design idea. The motion characteristicsof the special T-type hinge mechanism 

are more flexible, which can provide motion in two directions like thefirst and third 

mode shape in Fig. 3. In addition, the desired motions of the in-plane 3-DOF stage 

can be achieved, which can provide both translational and rotational motion 

characteristics. The motion and thermal stability of the stage will be improved by the 



guide mechanism symmetrical arrangement. Furthermore, the in-plane stage has a 

high dynamic frequency, and these will ensure that the system has good dynamic 

characteristics. 

 

 

(a)                                    (b) 

Figure 5 (a) Schematicdiagram of the out-of-plane 3-DOF stage and (b) developed prototype 

 

2.2 The design of the out-of-plane 3-DOF stage 

The out-of-plane 3-DOF precision positioning stage is shown inFig. 5. The stage 

is mainly composed of three piezoelectric actuators, three elliptical flexible hinges, 

three high precision capacitivesensors, a moving circular ring and a base with central 

column. Three parallel piezoelectric actuators are securedwith axial symmetry around 

the circumference of acylindrical base and press against the elliptical flexible hinges 

through ball tips.The end of each PEA is connected to the base by the bolt preload to 

ensure that the PEAs are fixed with the base and the hingesare not separated during 

normal operations. Because of the brittle characteristic of piezoelectricmaterials, the 

actuators are strong enough against compressive force, but weak against shear force. 

The actuatorscannot supply lateral stiffness and are liable to be damaged from lateral 



forces.To solve this problem, drive ball tips mounted onto theactuators push against 

the hinges under Hertzian contact conditions.Three elliptical flexure hinges connect 

the movingcircular ring to a central column. The hinges provide both alaterally stiff 

guidance mechanism for the moving circular ringand a spring preload for the PEAs. 

Three high precision capacitivesensors are used for the closed-loop displacement 

feedbackcontrol of the platform.The sensors are commercialparallel plate devices held 

on brackets between thecircular ring and the base in a symmetrical arrangement on 

thesame pitch-circle as the actuators. 

The high-precision motion is generated by torsional deformation of theelliptical 

flexible hinges induced by PEAs, which is controlled by a computer. As shown in Fig. 

6, elliptical flexure hinges are modeled as the revolutejoints with constant torsional 

stiffness, and the stiffness of the hinge is a major design parameter in the positioning 

system. Using the method presented by Qin [46], the detail of deflection formulae for 

an elliptical flexure hinge can be obtained. As shown in Fig. 6, 

definingthedeflectionvectoras [αzB ∆yB ∆xB]
T
and load vector as [Mz Fy Fx]

T
. The 

compliance matrix can be given as: 

   (1) 

The detailed calculation process can be found in [46]. 

 



 

(a) 

 

(b)                                   (c) 

Figure 6 Geometric model of the elliptical flexure hinge. (a) Geometry and parameters; (b) loads 

and reactions; (c) deflections [46]. 

 

   (a)                        (b) 

Figure 7 (a) Schematic diagram of the PEA press against the hinge through ball tipand (b) its 

simplified dynamic model 

The PEAs press against the hinges through ball tips.The end of each PEA is 

connected to the base by the bolt preload to ensure that the PEAs are fixed with the 

base and the hinges are not separated during normal operation. As shown in Fig. 7(a), 



the model of PEAs press against the hinges through ball tips. The displacement output 

of the free PEA is given by 

Vdd
33


       

(2) 

whered33 is a piezoelectric constant, and V is the applied voltage. From the dynamics 

point of view, the model can be considered as mass and spring system, as shown in 

Fig.7(b), kpztis the stiffness of PEA, kc is the equivalent stiffness of Hertzian contact, 

which is related to the preload, kfh is the equivalent stiffness in vertical direction of 

elliptical flexure hinge. Because of the presence of the hinge and preloading, the 

displacement output of the system is smaller than that of the free PEA. Thus, the 

steady-state displacement output of the system can be represented by 

d
kkkkkk

kk
s

fhpztpztccfh

pztc




   

(3) 

After a preload is determined, displacement characteristics of the system are 

directly dependent on the output characteristics of the PEA. That is the output 

accuracy of PEA that will determine the positioning accuracy of the system. 

Based on the second Newton’s second law of motion, thedifferential equations 

for dynamic motion of the model are given as follows: 

(4) 

It is well known that a positioning system with a high naturalfrequency can be 

effectively against low-frequency disturbances and enabling faster response. These 

will ensure that the system has better dynamic characteristics. As previously 

mentioned, the flexure hinge is an important component of the system, and the natural 



frequencies of the system have a close relation with the stiffness of the hinge. From 

equation (4), it is noted thatt is a main factordeciding the stiffness of the hinge. 

Therefore, during the design, a andb are first determined according to the requirement 

of the design parameters. In addition, the hinges must be inside the small and compact 

stage, and all parameters should have values considering the stage size and 

arrangement. Furthermore, it should also consider the design specification of the 

displacement output of the system. 

The novel 6-DOFprecision positioning system, as shown in Fig. 8, is assembled 

by two differentkinds of 3-DOF positioning stages, an in-plane stage and an 

out-of-plane stage. In such a combination system, the references [24] and [27] have 

proposed, both of them have designed that the in-plane 3-DOF stage located at the 

bottom of the 6-DOF system has to carry the out-of-plane 3-DOF stage, whichhave 

much larger masses than the specimen itself.This requiresthe in-plane stage has an 

excellent carrying capacity and uses much more powerful actuators, which is 

ineffective in energy consumption during normal operation. However, these design 

ideas affect the performance of a precision positioning system significantly. In 

addition, to the authors’ knowledge, the present in-plane precision positioning stages 

have not been satisfactorycarrying capacity in generally. For the above reasons, this 

design idea is not suitable from viewpoints of both positioning accuracy and fast 

positioningresponse speed. In this proposed 6-DOF positioning system, the in-plane 

stage is mounted onthe top of the out-of-plane stage. Both two stages were 

manufactured monolithically using wire electricaldischarge machining (wire EDM) 



technology, Al7076 T6 and springsteel 65Mn were adopted as the material of the 

in-plane and out-of-plane 3-DOF stage, respectively.Compared with the systems in 

references [24] and [27], the proposed system has the advantages of lighter moving 

mass,lower power consumption, smaller moving inertia and higher stability, which 

can ensure faster response speed and high-accuracy positioning. 

 

 

Figure 8 Manufactured prototype of 6-DOF positioning stage 

3. Kinematic analysis of the 6-DOF positioning system 

3.1 Kinematic model of the 3-DOF in-plane system 

Figure 9 shows the geometry schematic diagram of the 3-DOF in-plane 

system.A1, B1 and C1 are the contact points between the PEAs and the moving 

platform, and a geometric model of the stage can be simplified as a triangle ABC with 

three driving levers A-A1, B-B1 and C-C1. As shown in Fig. 9(a), a reference 

coordinate O-XY is established. A moving coordinate O'-X'Y' is established and shown 

in Fig. 9(b). In the coordinate O-XY, the coordinates of points O, A and A1 are (0,0), (r, 

0) and (r,-l), respectively. When the PEA drives the lever A-A1, the position of the 

center O moves to O' whose coordinate is (x, y, α) and the points A and A1 move to 



points A' and A'1, respectively. 

 

(a)                            (b) 

Figure 9 Geometry schematic diagram of the moving platform. 

As shown inFig. 9, a circular flexible hinge is used to model the contact between 

the PEA and the moving platform, and thus it can ensure that the PEA contacts with 

the moving platform during motion process, meanwhile allowing relatively rotation 

deformation between them. 

The coordinate of points A' and A1' in the coordinateO-XY, respectively: 
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Similarly, the following equations are obtained: 
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The relationship between output displacement and input displacement can be 

expressed as 



      (13) 

And, the transformation matrixT
-1

incan be obtained as follows: 

    (14) 

3.2 Kinematic model of the 3-DOF out-of-plane system 

Figure 10 shows the geometry schematic diagram of the locations, Pi(i=4,5,6) of 

the piezoelectric actuators relative to the movingcircular ring. According to the space 

geometric relationship, the following relationship can be obtained: 

   (15) 

whereθxand θyarethe angle rotation about the X and Y-axes of the coordinate 

systemO-XY, respectively.δ4, δ5, δ6 arethe elongation of the PEAs in the 3-DOF stage. 

Considering the rotation angle are very small (only130μrad), the equation (15) can be 

written as follows: 

    (16) 

Thus, the transformation matrixT
-1

outcan be obtained as follows: 



      (17) 

 

 

Figure 10 Themoving circular ring and locations of the actuators 

3.3 The transformation matrix of the 6-DOF positioning system 

In order to describe the kinematic analysis of the 6-DOF positioning system, the 

transformation matrix T
-1

 is presented. The 6-DOF positioning system can achieve 

only one- or multi-direction positioning by six PEAs with different output 

displacements. Referring to equation (18), the transformation matrix T
-1

 between the 

input displacements matrix I and output displacements matrix O can be expressed as 

ITO 
 1

     (18) 

where,O=[x y α θx θy z]
T
, I=[δ1 δ2 δ3 δ4 δ5 δ6]

T
.δ1, δ2, and δ3arethe elongation of the 

PEAs in the in-plane stage, and δ4, δ5, and δ6 arethe elongation of the PEAs in the 

out-of-planestage, respectively; x, y, z and α, θx, θyarethe displacements in the X-, Y-, 



Z-axes and the rotation angles about theZ-, X-, Y-axes of the moving platform, 

respectively. 

This transformation matrix provides a useful tool to predict the relationship 

between output displacement of the system and the amountof expansion of PEAs. 

Then multi-group and random input displacements are inputted, andthe impact of the 

cross-coupling of the system must be considered. In order to obtain the transformation 

matrices T
-1

, the analysis model should be proposed as follow. 

According to the geometricalrelation, as shown in Fig. 11, a reference coordinate 

O-XYZis established. A moving coordinateOd-XdYdZd is located at the center of the 

movingcircular ring on the out-plane 3-DOF stage, which coincides with the fixed 

reference coordinate O-XYZ.The other coordinate frame Os-XsYsZsis located at the 

center of the moving platform ofthe 3-DOF in-plane system. 

It is noted that the moving coordinateOd-XdYdZd relative to the reference 

coordinate O-XYZ has been rotated byθx, θy around the X- and Y-axis, and translated 

by Pz along the Z-axis, respectively. The transformation matrix Td can be represented 

by 

),(),(),(
zyxd

PzTranyRxR T
     

    (19) 

Similarly, the moving coordinate Os-XsYsZs relative to the coordinate Od-XdYdZd 

has been translated by Px,Px and Tzalong the X-, Y- and Z-axis, respectively, and 

rotated by α around the Z-axis. Thus, the transformation matrix Tsd of the moving 

coordinate Os-XsYsZs relative to the coordinate Od-XdYdZd can be obtained as follows:  

),(),(),(),( zRTzTranPyTranPxTran
zyxsd

T       (20) 



Therefore, the transformation matrix Ts of the moving coordinate Os-XsYsZs relative to 

the reference coordinate O-XYZ can be obtained as follows: 

 (21) 

 

 

(a) Front view                       (b) Top view 

Figure 11 Geometric model of the 6-DOF system 

 

Therefore, 

 

wheree=sin,g=cos.Then, the displacement of the origin point Os of Os-XsYsZs relative 

to the reference coordinate O-XYZ can be written as follows: 

    (22) 

Owing tosmall values of θxand θy, it can be deduced thatsinθx(θy)≈θx(θy), cosθx(θy)≈1. 

Meanwhile, infinitesimal of higher orders are neglected. Therefore, the equation(22) 

can be written as 

sdds
TTT 



       (23) 

According to the kinematicanalysis model of the in-plane and out-of-plane 3-DOF 

systems, the result can be obtained 

    (24) 

Therefore, the relation can be obtained 

(25)

 
And then, the transformation matrices T

-1
can be expressed as follows: 

(26)

 



4 Finite element analysis 

FEA is conducted to investigate the characteristics of the 6-DOF positioning system 

using ANSYS software, and the finite element model is shown in Fig. 12. 

 

 

(a)(b) 

Figure 12 Finite element model of the 6-DOF system: (a) without PEAs (b) with PEAs 

4.1 Static Characteristic 

   In order to obtain the motion characteristics of the working area on the moving 

platform, the static characteristic analysis is carried out. As previously 

mentioned,because of the presence of preloading, the deformation and output 

displacement of the 6-DOF positioning system are obtained, which are shown in Figs. 

13 and 14. There exists rotation error about theZ- axis when the moving 

platformmoves along the Z- axis. 

The different working style of the drivingPEAs and the analysis results are 

shown in Figure 15. Fig. 15(a) shows that when only PEA IV works, the working area 

of the movable platform will rotate around the X-axis. Fig. 15(b) shows that when 

three PEAs(I, II and III) work together, the working area has onlypure rotation about 

the Z-axis. In Figure 15(c), it shows that when four PEAs(I, II,III and V) work 



together, the working area has rotation about one axis which deviates from the Z-axis, 

due to the role of the PEA V. From the above analysis, it can be seen that the motion 

of the 6-DOF positioning system is coupled. 

 

 

(a) Top view                      (b) Frontview 

Figure 13 The deformation of the 6-DOF positioning system under the preload forces 

 

 

Figure 14 The displacement of the working area under the bolt preload 
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(a)                                         (b) 

 

(c) 

Figure 15 The displacement of the working area: (a) PEA IV works only, (b) PEA I, II and III 

work together and (c) PEA I, II, III and V work together. 

    Through data processing of the FEAresult, we can obtain the transformation 

matrixT
-1

 as follow: 
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4.2 Dynamic Characteristic 

The dynamic characteristics of the 6-DOF positioning system are investigated 

through modal analysis and the results are shown in Fig. 16. It shows the first eight 

mode shapes of the system with PEAs installed. The corresponding frequencies of the 

modes are shown in Table I. It is noted that the first three mode shapes illustrate that 

the moving platform rotates about the X-, Y- and Z- axis, respectively. The moving 

platform moves along the Z-axis in the fourth mode shape. In the fifth andsixth 

vibration mode shapes the moving platform rotates about the X- and Y-axis, 

respectively, and the three PEAs (IV, V and VI) are produced swing at the same time. 

In the seventh and eighth vibration modes the moving platform moves along the X- 

and Y-axis, respectively. 
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Figure 16 First eight mode shapes of the 6-DOF positioning system 

Table I: The corresponding frequencies of the mode shapes. 

Order 1
st
 2

nd
 3

rd
 4

st
 

Frequency(Hz) 560.63 561.08 581.82 824.18 

Order 5
st
 6

st
 7

st
 8

st
 

Frequency(Hz) 1139.7 1140.2 1754.2 1754.6 

 

According to the above characteristic analysis, it validates that the stage can 

provide 6 degree-of-freedom motions. In addition, the stage has a high natural 

frequency, which ensures that the system has good dynamic characteristics. 

 

5. Experiment and Results 

The performance of the proposed 6-DOF positioning system was systematically 

evaluated. As shown in Fig. 17(a), three AE0505D18 and three PI P-844.10 PEAs 

were used with the maximum displacement of 15µm under the input voltage of 100V, 

which were used to actuate the in-plane stage and out-of-plane stage, respectively. 

The dSPACE DS1103 controller was used to generate the controlling signal, the PI 

E-505.00 amplifier and 3-Axls Piezo Controller THORLABS MDT693B were used to 

amplify the signal then drive the PEAs. Three KEYENCE laser displacement sensors 

LK-H050 and three capacity position sensors D-050.00were used to measure the 



motion of the in-plane and out-of-plane stage, respectively. The amplifier E-509.C3A 

for capacity position sensors was installed in a chassis.As described in Fig. 17(b). 

Frequency response measurements were carried out to evaluate the dynamic 

characteristics of the 6-DOF system. A hammer (IH-05) was used to apply excitation 

to the system; the response signal was measured by a 3-axis accelerometers (Brüel & 

Kjær 4506B) mounted on the moving platform. The data acquisition and analysis 

were performed using a modal analyzer (Brüel & Kjær 3050-B-6/0). 

 

(a) 

 

(b) 

Figure 17 Experimental setup of the system: (a) Motion response, and (b) vibration testing. 



Figure18 shows the Frequency Response Functions (FRFs) of the 6-DOF system. 

It can be found that the resonance frequency of the system is measured in the X, Y and 

Z direction, respectively, which are slightly larger than the simulation results.This 

result appearsfor several reasons, including the manufacturing errors, the bolt preload, 

and installation errors. It can be seen in Fig. 18 that the design structure provides 

thehigh dynamic bandwidth with the lowest resonant frequency of 585.6Hz. 

 

(a)                                  (b) 

 

(c) 

Figure 18 Frequency Response Functions of the system: (a) Measured in the X direction, (b) 

Measured in the Y direction, (c) Measured in the Z direction. 

 



5.1 Motion stroke and step responses 

 

Figure 19 Open-loop decoupling control block diagram 

As mentionedpreviously, the motion of the 6-DOF system is coupled. In order to 

eliminate this shortcoming, the system is controlled in open-loop via inverse 

kinematics. The control block diagram is presented in Fig.19. Therefore, each axis 

output of the system can be controlled independently when the system is controlled by 

the simultaneous actuation of the six PEAs. In this case, the 6-DOF system, which is 

controlled in open-loop via inverse kinematics, can be treated as six 

Single-Input-Single-Output (SISO) systems, and the cross-axis couplings can be 

treated as external disturbances. The inverse kinematic matrix is an inverse form of 

the matrix T
-1

 in the section 3.This will make it more convenient applied to the future 

work. 

The step responses of the system are investigated, and the step responses in the 

X-, Y- and Z- axes directions are shown in Fig. 20. The result shows that the 2% 

settling time of the step responses are 38, 46 and 62 ms, respectively. The motion 

stroke is also measured and shown in Fig. 21. It is noted that the 6-DOF system has an 



effective workspace of 8.2 μm× 10.5 μm× 13.0 μm× 224 μrad× 105 μrad× 97 μrad. 

 
(a)                                   (b) 

 
(c) 

Figure 20 X-, Y- and Z- axes step responses (2% settling time). 

 

 

(a)                                  (b) 



 

(c)                                  (d) 

 

(e)                                   (f) 

Figure 21 Experiment test of the motion stroke. 

 

5.2 Trajectory tracking 

During operations, the control voltage applied on the PEA, which is defined as 

theinput into the system, due to the hysteresis and creep effects of the PEA, the 

relationship between the input control voltage and the output displacement of the PEA 

is nonlinear.With respect to this hysteresis phenomenon, many hysteresis models have 

been developed to describethe hysteresis nonlinearities such as Preisach model[30,31], 

Maxwell model[32], Duhem model[33], Bouc-Wen model[34-36], Prandtl-Ishlinskii 



model[37]. In this paper, the Bouc-Wen hysteresis modelis selected as an illustration. 

Certainly, other hysteresis modelscan also be selected. Without loss of generality, it 

has already been verified that the Bouc-Wen model is suitable to describe the 

hysteresis loop of PEA [38]. The equation of a B-W model is shown as follows: 

hVchVbVadh
pztpztpzte

   (27) 

wherea, b and c are the parameters of this model, his the hysteresis variable. And the 

parameters identification is implemented by nonlinear least square toolboxrunning in 

Matlab environment. 

The block diagram of the control with hysteresis compensation is shown in Fig. 

22.The inverse B-W modelcan be cascaded to the physicalsystem as a feedforward 

hysteresis compensator. In order to improvestability of the tracking performance of 

the stage, a feedback controller is necessary. Therefore, a proportional-integral (PI) 

controller is employed to establisha feedforward-feedback hybrid controller. The 

schematic diagram of the hybrid controller is proposed in Fig. 23. 

 

 

Figure 22 Block diagram of the 6-DOF system with hysteresis compensation 

To test the tracking ability of the 6-DOF system under the control block diagram, 

six sinusoidal trajectory motion tests are conducted to evaluate the tracking 

performanceof the 6-DOF system.Fig. 24 shows the experimental results on the six 

sinusoidal trajectories. For three translational DOF trajectories, three sinusoidal 

trajectories with the same amplitude of 6μm and frequencies of 1 Hz were adopted 



respectively. As shown in Fig. 24 (a-c), the maximum tracking errors can be reduced 

to ±0.1 μm, which with respect to the output displacement is as small as 1.67%. 

 

 

Figure 23 The schematic diagram of the hybrid controller 

For three rotational DOF trajectories,Fig. 24 (d-f) shows three sinusoidal 

trajectories with the same frequencies of 1 Hz and amplitude of 180, 80, 80μrad, 

respectively. The maximumtracking errors ±5.01 μrad, +4.31 μrad and -4.56 μrad are 

observed in the motion, which with respect to the angular displacement is as large as 

2.783%, 5.387% and 5.7%, respectively. 

From the experimental results of uniaxial trajectoriestracking, the 

trackingaccuracy of translational DOF trajectories is higher than the rotational DOF 

trajectories. This result appears for several reasons, such as installation errors and 

measuring errors. However, the noise signal in experimental environment affects the 

measurement accuracy of the laser displacement sensors. 



 

(a)                                (b) 

 

(c)                                (d) 

 

(e)                                (f) 

Figure 24 The result of 1 Hz sinusoidal motion tracking 

In order to examine thetracking performances of the 6-DOF stage on multi-axis, 

experimental testing on the followingtrajectory are presented: (1) Two 



samecirculartrajectories centered at point(3.0 μm, 3.0 μm) with a radius of 3.0 μm; (2) 

Two three-translational DOF trajectories are chosen as the reference 

trajectoriesdefined by equations (28) and (29), respectively. 

    
(28)

 

      
(29) 

The experimental results are shown in Figs. 25 and 26. It provided the 

discrepancies between the desired and actual trajectory. The tracking errors in the X-, 

Y- and Z- axis are also recorded, respectively. 

From the experimental result of bi-axial trajectoriestracking, as shown in Fig. 

25(a), the maximum tracking error (-0.1985 μm in the X-axis and -0.1515 μmin the 

Y-axis) with respect to the output displacement is as large as 3.308%in the X-axis and 

2.525%in the Y-axis, respectively. As shown in Fig. 25(b), the maximum tracking 

error (-0.1980 μm in the Y-axis and -0.1589 μmin the Z-axis) with respect to the 

output displacement is as large as 3.3%in the Y-axis and 2.648%in the Z-axis, 

respectively. For the three-translational DOF trajectories, as shown in Fig. 26(a) (the 

helical trajectory), the maximum tracking error (-0.2311 μm in the X-axis, -0.2097 

μmin the Y-axis and -0.1015 μmin theZ- axis) with respect to the output displacement 

is as large as 3.852%in the X-axis, 3.495%in the Y-axis and 1.269%in the Z-axis, 

respectively. As shown in Fig. 26(b) (the circular trajectory), the maximum tracking 

error (-0.2835 μm in the X-axis, -0.2165 μmin the Y-axis and -0.1621 μmin the Z-axis) 



with respect to the output displacement is as large as 4.725%in the X-axis, 3.608%in 

the Y-axis and 2.701%in the Z-axis, respectively. 

Compared withthe uniaxialtrajectoriestracking, the multi-axis tracking 

performance of the 6-DOF system is slightly reduced. This is mainly due to the 

cross-axis couplings effects, installation errors, as well as the noise level of the 

displacement sensors and measurement circuits. Therefore, the future research work 

will be directed towards the laser interferometry based sensing and measurement and 

robust controller design to improve the tracking performance of the developed 6-DOF 

positioning system. 

 

 

(a)                                   (b) 

Figure 25 The result of two-axis circular trajectory tracking: (a) X-, Y- axes and (b) Y-, Z- axes 

 



 

 

(a) 

 

 

(b) 

Figure 26 The result of three-axis translational trajectory tracking: (a) Helical trajectory and (b) 

Circular trajectory 



6 Conclusions 

This paper presents a novel 6-DOF stage with thestudy on structural design, 

kinematics analysis, decoupling controller design, and experimental evaluation for the 

motion control of the stage.The 6-DOF positioning system are the integration oftwo 

differentkinds of 3-DOF positioning stages, an in-plane stage and an out-of-plane 

stage,both manufactured using the wire electrical discharge machining (WEDM) 

technology. The kinematic model of the 6-DOF system and the 

kinematictransformation matrix has been established. The static and dynamic 

characteristics of the stage have been investigated using FEA. In addition, the 

vibration testing experiment demonstrate that the design structure provides thehigh 

dynamic bandwidth with the lowest resonant frequency of 586.3 Hz.Experimental 

tests on the prototype stage with the decoupling control has beenconducted to verify 

theeffectiveness of decoupling control law. The proposed 6-DOF system has an 

effective workspace of 8.2 μm× 10.5 μm× 13.0 μm× 224 μrad × 105 μrad × 97 μrad. 

In order to improvecapability of the tracking performance of the stage, a 

feedforward-feedback hybrid controller has been established. The different motion 

trajectories have also been performed to present the good tracking performance of 

theproposed 6-DOF stage. 
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