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On Computing Enclosing Isosceles Triangles and Related Problems
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Givenasetof � points in theplane, weshow how tocompute
various enclosingisoscelestriangleswheredifferentparam-
eterssuchasareaor perimeterareoptimized. We thenstudy
a 3-dimensionalversionof theproblemwherewe enclosea
pointsetwith aconeof fixedaperture� .
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Given a set of points in 2 or 3 dimensions, the problem
of computing a geometric structureenclosingthe point set
while optimizing somecriteria of the enclosing structure
suchas area,perimeter, surfaceareaor volume has been
widely studiedin the literature[1, 2, 9, 7, 11, 16, 3, 5, 4,
6, 17, 14, 18]. In this paper, we areparticularly interested
in the2 dimensional settingwheretheenclosingstructure is
a triangle. The two naturalparameters to optimize in this
settingarethe areaor the perimeterof the enclosingtrian-
gle. Bothproblemsarewell-studiedin theliterature.For the
former, Klee andLaskowski [11] presentedan !#"$�&%('*),+-�/.
time algorithm to compute the enclosingtriangle of mini-
mum areaand O’Rourke et al. [16] improved this to lin-
ear, which is optimal. For the latter, De Pano[9] proposed
an !#"$�/01. algorithm for computing theenclosingtriangleof
minimum perimeter. This was subsequently improved by
ChangandYap[7] aswell asAggarwal andPark [2] culmi-
natingin theoptimal linear time algorithm of Bhattacharya
andMukhopadhyay[3]. In thispaper, westudyseveral vari-
antsof the problem wherethe enclosingstructureis not an
arbitrary triangle, but anisoscelestriangle. As we shallsee,
this constraint changes the problem. For convenience, we
will denotetheapex of an isoscelestriangleby 2 , theangle
at theapex by � , theedgeoppositetheapex referredto asthe
baseby 3 andthedistancefrom theapex to thebasewhichis
theheightby 4 (seeFigure1).

The naturalcriteria to optimizewhencomputing an en-
closing isoscelestriangle are the angleat the apex � , the
height 4 , the perimeteror the area. Given an isoscelestri-
angleof fixedangle� , onecanobservethefollowing.

Observation 1 The enclosing isoscelestriangle with fixed
apex angle � of minimumheight alsohasminimumareaand5
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Figure1: Notationfor IsoscelesTriangle.

minimumperimeter.

This is akey differencebetweentheoptimizationproblem
with isoscelestriangles versusarbitrary triangles.This leads
theto first optimization problemstudied:

Problem 1 Givena setof � pointsin theplane, anda posi-
tive constant�=<?> , compute theenclosingisoscelestrian-
glewith apex angle � andminimumheight.

If the heightof the enclosingisoscelestriangle is fixed,
onecanobserve:

Observation 2 The enclosingisoscelestriangle with fixed
height 4 of minimumapex anglealsohasminimumareaand
minimumperimeter.

Thismotivatesthesecondproblemstudied:

Problem 2 Givena setof � points in theplane, anda fixed
height 4 , computethe enclosingisoscelestriangle of mini-
mumapex angle.

We endwith a limited explorationof a 3D variant of this
problem. In this setting,the enclosingstructureis a cone
with angle � at theapex anda circularbase,which we call
an � -cone. We solve 3D versionsof Problems1 and2 with
theadditional constraintthattheorientation of the � -coneis
fixed. Thegeneral 3D problem is more difficult sincethere
aremoredegrees of freedom for theproblem. We elucidate
someof thesedifficultiesandconcludewith afew openprob-
lems.
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Prior to solvingProblems1 and2, wefirst investigateasim-
pler problem which will prove to be usefulin the solutions
of theothertwo problems.We assumethatall point setsare
in general position.
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Given a set of � points in the plane, we wish to compute
an enclosingisoscelestrianglewith fixed apex angleanda
horizontal basethat hasminimum height. Sincethe apex
angleis fixedandthebaseis horizontal,thetwo edgesof the
enclosingtriangleadjacentto theapex haveafixeddirection.
In order to minimize the height,both theseedges mustbe
tangent to theconvex hull of theset.Both thesetangentscan
becomputedin !#"$�/. timebycomputingthesupportinglines
forming thecorresponding angleswith thehorizontal line. If
the input set is a convex polygon, thenboth the supporting
linescanbecomputedin !#"$%V'H)W�/. time [15].

Proposition 1 Givena setof � points in theplane, theen-
closingisoscelestrianglewith fixedapex angle andhorizon-
tal basethat hasminimumheightcanbecomputed in !#"$�/.
time. If theinput setis a convex polygon, thentheenclosing
trianglecanbecomputedin !#"$%V'H)W�/. time.

This simpleobservation immediatelygivesrise to anap-
proximationscheme.
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In the following we describea Polynomial Time Approxi-
mationSchemefor Problem1. Givenasetof � points in the
planeanda fixedpositive angle �=<=> , our algorithm finds
anenclosingisoscelestrianglewith apex � whoseheight is
within amultiplicativefactorof "�dTegf	. of theoptimal height.
The running time is !#"$�/. with a constantthat depends onhCijh � . Henceas � tendsto k , therunning timetendsto infin-
ity. We outlinethealgorithm below.
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1. Choosea set m of directions on the unit circle so that

any direction n on the unit circle hassomedirection
n �go m wheretheanglebetweenn and n �

is lessthanp
, with irq(s pEt uwv$x y +{z+ v$x yw| zH}K~ . This canbe accomplished

using !#" p�� ~ . uniformly spreaddirections.

2. For eachdirectionin m , computetheenclosingisosce-
lestriangleof minimumheightusingProposition1. Re-
turn the triangle of minimum height amongall com-
putedtriangles.

Lemma 2 Let � be an isoscelestriangle with apex � and
height 4 . Let ��� betheisoscelestriangleof minimumheight
4U� containing � , with apex angle � , andbaseedge tilted by

an angleof
p
. Then,wehavethat 4K���=4," v$x y��	� + v�x y | zH},~��v$x y +{z eh ' i p .	�

Theorem 3 The algorithm returns an enclosingisosceles
triangle with apex angle � whoseheight is at most dZe�f
timesoptimal.Therunning timeof thealgorithmis !#"$�/. for
anyfixed � , such that k�<��E<�> .

This algorithm canbe extended to the 3D problem. We
continue by developing an exact algorithm whoserunning
time increasesby a log factor. However, we will show that
this is optimalby providing a lowerbound.
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We arenow in a positionto solve thefirst problem exactly.
Recallthattheinputis aset � of � points in theplaneandwe
want to compute theenclosingisoscelestrianglewith fixed
apex angle � that hasminimum height. Observe that the
optimal solutionmusthave at leastonepoint of � on each
edgeof the triangle. This reducesthe searchspacefor the
optimal solution. In 2 dimensions,we definean � -wedge,
for kJ<��E<�> , to bethesetof pointscontained betweentwo
raysemanatingfrom thesamepoint calledtheapex, with the
anglebetweenthetwo raysbeing� . Wesaythatan � -wedge
is minimalprovidedthat � o � -wedgeandeachof therays
contains at leastonepoint of � . As a first step,we compute
thelocusof points � with theproperty that for eachpoint �
of � , aminimal � -wedgeexistswith apex at � .

To compute � , we first compute theconvex hull �&��"���.
of � . Note that for eachorientationof an � -wedge,there
is exactly one position for which it is minimal. Given a
fixed orientation, if the minimal � -wedgefor � only con-
tains �U� o �&��"���. on one ray and ��� o �&��"���. on the
otherray, aswerotatetheorientationslightly in a clockwise
or counter-clockwisefashion,thesetwo pointsof contactdo
not change for minimal � -wedgesin thosedirections. It is
notuntil asecondpoint of theconvex hull touchesoneof the
two raysdoesthecontactpoint change.Therefore,for afixed
pair of contactpoints � � and � � , the locusof apicesof min-
imal � -wedgesforms anarcof a circle since � is fixed. By
modifying the rotatingcalipersalgorithm [19, 15], we can
rotatethe � -wedgearound theconvex hull andcompute the
sequenceof (at mostlinearnumber of) circulararcs,which
wewill call an � -cloud[18], representingtheset � (SeeFig-
ure2).

Theorem 4 Thelocusof apicesof minimal � -wedgesfor �
can be computed in !#"$�&%('*)��/. time. If � is a convex (or
simple)polygon thelocuscanbecomputedin !#"$�/. time.
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Figure2: Cloud.
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The � -cloud consistsof a sequenceof at most a linear
number of circulararcs. We next show how to compute an
enclosingisoscelestriangle of minimum height wherethe
apex is constrainedto lie on onecirculararcof the � -cloud.
If theapex lies on onearc,theneachof thesidesof theen-
closingtriangleadjacent to theapex is in contactwith at least
onepoint of �&��"���. . Let � � bein contactwith onesideand
��� theother. As theapex slidesoverthecircular arc,thebase
of thetriangleis alsoin contactwith apoint. Thisthird point
maychangemultiple times.Let usfirst restrictourattention
to thesituationwherethepoint �K§ onthebaseof thetriangle
is alsofixed.

Lemma 5 Let ¨ 2�©j3jª betheintervalof a circular arc of the � -
cloudwherethecontact pointsof each of theedgesof theen-
closingtriangle are ���r©�����©���§ o � respectively. Theheight
of theenclosingisoscelestriangle is a continuous,monotone
andunimodal functionover theinterval ¨ 2�©j3{ª . Thereforethis
functionhasat mostonemaximumandat mosttwo minima.
Theminimacanonlybelocatedat theextremesof theinter-
val.

A countingargumentshowsthatthetotalnumberof triples
of contactpointsexaminedover thewhole � -cloudis linear.
Sincefor eachtriple, thesolutioncanbefoundin !#"�%('*)«�/.
time, theoverall complexity of thealgorithm is !#"���%V'H)«�/. .
We conclude with thefollowing.

Theorem 6 Given a set � of � points in the planeand a
positiveangle �¬<­> , theenclosingisoscelestriangle with
apex � with minimumheight, minimumarea andminimum
perimetercanbecomputedin !#"���%V'H)W�/. time. If theinput �
is a convex (or simple)polygon, therunning timeis reduced
to !#"$�/. .
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In this setting,we wish to compute an enclosingisosceles
triangleof fixedheight 4 , andminimizetheapex angle.The
intuition behind thesolutionis similar to thesolutionwhere
we minimize the height,exceptthe detailsarea little more
tedious.Thecompletedetailsof thealgorithm areavailable
in the full version of thepaper. We outline the main ideas.
First,similarto theformerproblem,wenotethatif theorien-
tationof theenclosingtriangleis fixed,minimizing theangle
canbedonein lineartime.

Proposition 7 Givena setof � points in theplane, theen-
closing isoscelestriangle with fixed height and horizontal
basethathasminimumapex anglecanbecomputedin !#"��/.
time. If theinput setis a convex polygon, thentheenclosing
trianglecanbecomputedin !#"$%V'H)W�/. time.

Notice that if the height 4 is less than the width of � ,
thentheproblemhasnosolution.Therefore, 4 is at leastthe
width °±"���. of � . In additionto the property outlined in
Lemma5,weexploit thefollowing two additionalproperties
of � -clouds.

² Giventwo differentangles � ~ and � + , if � ~ �?� + then
the � + -cloudis containedin the � ~ -cloud.

² The minimumheight of the enclosingisoscelestrian-
gleswith apex angle � + andapex on the � + -cloudis at
mosttheminimumheightof all theenclosing isosceles
triangleswith apex � ~ andapex onthe � ~ -cloud.

With thesetwo properties, we canseethat the minimum
angleis thevalue � suchthattheminimum heightof all the
enclosing isoscelestriangleswith apiceson the � -cloud is
exactly 4 . Thevalue 4 canbeachieved atmosta linearnum-
berof timesonthe � -cloud.To computethisvalue � , weuse
Proposition7 tocomputeaninitial solution,�´³ . Wecompute
thecloudfor ��³ andconcentrateonthepiecesof circulararc
wheretheheight is atmost 4 . By exploiting thepropertiesof
clouds outlinedabove, we areableto extract the minimum
anglefor all theseorientations.

Theorem 8 Given a set of point � in the plane and a
fixed value 4¶µ¸· °±"���.C· , the enclosing isoscelestriangle
with height 4 andminimumapex angle canbecomputedin
!#"$�&%V'H)��/. time. If � is a convex (or simple)polygon, the
running timeis reducedto !#"��/. .
¹G�Hº»F�
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UsingareductiontoMax-Gapproblem[12], wecanshow an¼ "$�&%V'H)��/. time lower bound for theproblem of computing
theminimum height of anenclosingisoscelestrianglewith
fixedapex angle� .

Theorem 9 Given a set of � points � and a positivean-
gle �½<¾> , computing theenclosingisoscelestriangle con-
taining � with minimumheight (perimeter, area) requires¼ "$�&%V'H)��/. operations in thealgebraic decisiontreemodel.

� �/¿ 
�� � FH�À� �Á��Â

We considera 3D variant of theproblemsdefinedin thein-
troduction.Let � t�Ã � ~ ©wÄCÄwÄ-©���ÅTÆ beasetof � pointsin Ç 0 .
We assumethat the pointsare in generalposition. Recall,
thattheenclosingstructureis aconewith angle� at theapex
anda circularbase.We will call this an � -cone.We wish to
compute an enclosing� -conewhosebaseis containedin a
horizontalplanewith minimum height. This is the3D equiv-
alentto the2D problemaddressedin Subsection2.1.

In the optimal solution, excluding the baseof the cone,
only theverticesof theupper hull of �&��"���. canbein con-
tactwith thecone.We proceedasfollows.

1. Let � be a horizontal planesuchthat � is above � .
For each� � o � compute a vertical � -conewith apex
��� . Computetheintersectionof these� -coneswith � ,
resultingin � circleswith differentradii.
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2.
È

Computethesmallestenclosingcircle �#� for this setof
circles. �Z� hasat leastthree(in somecasestwo) contact
points. Knowing the centerandradiusof �_� , we can
compute the apex of the vertical � -coneof minimum
height.

Sincecomputingthesmallestenclosingcirclecanbedone
in lineartime [13], we concludewith thefollowing.

Theorem 10 Givena setof � points in ÉJ0 and a positive
angle �Ê<¯> , the � -coneenclosing� of minimumheight
with horizontal basecanbecomputedin linear time.

Notice that for any given directiontherealwaysexistsan
� -conein thatdirection. The � -conewith minimum height
hasat leastonepoint on its base.

Lemma 11 An � -conethat minimizesthe height,or an 4 -
height conewhich minimizes� , bothmusttouch at leastfour
pointsof theconvex hull. In particular, if thebaseof thecone
is touching only onepoint of theconvex hull, thentheconic
bodymusttouch threepointsof theconvex hull.

Theabove lemmaprovidesaninefficientmethod for com-
putingthe � -conewhenthebaseis notfixedto behorizontal
by enumerating all possible Ë -tuples of � . Therefore, we
concludewith thefollowing two openproblems.
Open problem. Givenaset � of � pointsin 3Dandanaper-
ture angle � , efficientlycompute theapex andthedirection
of the � -cone for � with minimumheight.
Open problem. Givena set � of � points in 3D and a
height 4 , efficiently compute the apex and the directionof
the � -conewith height 4 andminimumaperture angle.
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