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On Computing Enclosing Isosceles Triangles and Related Problems

ProsenijitBose

Abstract

Givenasetof n pointsin theplane we shov how to compue
variots enclosingisoscelegriangleswheredifferentparam-
eterssuchasareaor perimeterareoptimized We thenstudy
a 3-dimersionalversionof the problemwherewe enclosea
pointsetwith aconeof fixedaperturex.

1 Introduction

Given a set of pointsin 2 or 3 dimensioss, the problem
of compuing a geonetric structureenclosingthe point set
while optimizing some criteria of the enclssing structure
suchas area, perimeter surface areaor volume hasbeen
widely studiedin the literature[1, 2, 9, 7, 11, 16, 3, 5, 4,
6, 17, 14, 18]. In this papey we are particdarly interested
in the 2 dimensioml settingwherethe enclosingstructue is
atriande. Thetwo naturalparametes to optimize in this
settingarethe areaor the perimeterof the enclosingtrian-
gle. Both problemsarewell-studiedin theliterature.For the
former, Klee and Laskowski [11] presentedin O(n log? n)
time algoiithm to compue the enclosingtriangle of mini-
mum areaand O’'Routke et al. [16] improved this to lin-
ear, which is optimal. For the latter, De Pano[9] proposed
anO(n?) algaithm for compuing the enclsingtriangleof
minimum perimeder. This was subsequetty improved by
ChangandYap[7] aswell asAggawal andPark[2] culmi-
natingin the optimallineartime algoithm of Bhattacharya
andMukhapadlyay|[3]. In this paperwe studysereral vari-
antsof the prodem wherethe enclosingstructureis not an
arbitray triande, but anisosceledriangle As we shallsee,
this constrain changs the prodem. For corveniene, we
will denotethe apex of anisoscelegriangleby a, theande
attheape by «, theedgeoppasitetheapex referredto asthe
baseby b andthedistancdrom theapex to thebasewhichis
theheightby h (seeFigurel).

The naturalcriteria to optimize when computing an en-
closing isosceledriangde are the angleat the ap «, the
height h, the perimeteror the area. Given anisosceledri-
angleof fixedanglea, onecanobsene thefollowing.

Observation 1 The enclosiny isosceledriangle with fixed
apex anglea of minimumheight alsohasminimumareaand
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Figurel: Notationfor IsosceleSriande.

minimumperimeter

Thisis akey differencebetweertheoptimizationprodem
with isosceledriangles versusarbitrag triandes. Thisleads
theto first optimization prablemstudied:

Problem 1 Givena setof n pointsin theplane anda posi-
tive constante < 7, compuite the enclosingisoscelegrian-
gle with apex anglea: andminimumheigtt.

If the heightof the enclosingisosceledriangleis fixed,
onecanobsenre

Observation 2 The enclosingisosceledriangle with fixed
height A of minimumapex anglealsohasminimumareaand
minimumperimeter

This motivatesthe secondorodem studied:

Problem 2 Givena setof n pointsin the plang anda fixed
height h, computethe enclosingisosceledriangle of mini-
mumapex ange.

We endwith alimited exploration of a 3D variart of this
problem. In this setting,the enclosingstructureis a cone
with ande a at the apex anda circular base which we call
ana-cone We solve 3D versionsof Problemsl and?2 with
theadditioral constrainthatthe orientation of thea-coneis
fixed Thegener&a3D prodem is more difficult sincethere
aremoredegrees of freecom for the prodem. We elucidate
someof thesdlifficultiesandconclwewith afew openprob
lems.

2 Enclosing Isosceles Triangle

Priorto solvingProblemsl and2, we first investigde a sim-
pler prodem which will prove to be usefulin the solutions
of the othertwo prodems. We assumehatall point setsare
in geneal position.
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2.1 Simpler Subproblem

Given a setof n pointsin the plane we wish to compue
an enclosingisosceledrianglewith fixed apex angleanda
horizantal basethat hasminimum heigh. Sincethe ap&
angleis fixedandthebaseis horizontal,thetwo edgesof the
enclosingriangleadjacento theapex have afixeddirection.
In orderto minimize the height, both theseedge mustbe
tangemnto theconvex hull of theset.Both thesetangets can
becompuedin O(n) time by conputingthesupprtinglines
forming the correspondimy angleswith thehorizantalline. If
the input setis a corvex polygm, thenboththe suppoting
linescanbecomputedin O(logn) time[15].

Proposition 1 Givena setof n. points in the plang theen-
closingisoscelegriangle with fixedapex ande andhorizon-
tal basethat hasminimumheightcanbe compute in O(n)
time If theinput setis a corvex polygm, thentheenclosing
triangle canbe computedn O(logn) time

This simple obserationimmediatelygivesrise to an ap-
proximationscheme.

2.2 Problem 1: PTAS for Minimum Height

In the following we describea Polynamial Time Approxi-
mationSchemdor Probleml. Givenasetof n pointsin the
planeanda fixed positive anglea < 7, our algorithm finds
anenclosingisosceledrianglewith apex a whoseheigltt is
within amultiplicative factorof (1 + ¢€) of theoptimal height.
The runring time is O(n) with a constanthatdepend on
csc a. Henceasa tendsto 0, therunring time tendsto infin-
ity. We outlinethealgoiithm below.

Algorithm

1. Choosea set D of directiors on the unit circle so that
ary directin d on the unit circle hassomedirection
d* € D wheretheanglebetweernd andd* is lessthan

8, with sind = z<#p2a This canbe accomished

usingO(6—1) uniformly spreadiirectiors.

2. For eachdirectionin D, compute the enclosingsosce-
lestriangleof minimumheightusingPropaition 1. Re-
turn the triande of minimum heightamongall com-
putedtriangles.

Lemma 2 LetT be an isosceledriangle with apex a and
heigtt h. LetT’ betheisosceledriangle of minimumheight
h' contairing T', with apex anglea, andbaseedge tilted by

anangleof §. Then,wehavethath’ < h(% +
cosd).

Theorem 3 The algarithm returns an enclosingisosceles
triangle with apex angle o whoseheicht is at most1 + €
timesoptimal. Therunning timeof thealgorithmis O(n) for
anyfixeda, sudthat0 < a < 7.

This algorithm canbe extended to the 3D problem. We
contirue by developgng an exact algoiithm whoseruming
time increasedy a log factor However, we will shawv that
thisis optimalby providing alower bourd.

2.3 Problem 1: Minimum Height

We arenow in a positionto solve the first prodem exactly.

Recallthattheinputis asetP of n pointsin theplaneandwe
wantto compute the enclosingisoscelegrianglewith fixed
ape anglea that has minimum height. Obsenre that the
optimal solutionmusthave at leastone point of P on each
edgeof the triangle. This redwcesthe searchspacefor the
optimal solution. In 2 dimersions,we definean a-wedge,
for 0 < a < =, to bethesetof points containe betweeriwo

raysemaratingfrom thesamepoint calledtheape, with the
anglebetweerthetwo raysbeinga. We saythatana-wedge
is minimalprovidedthat P € a-wedgeandeachof therays
contans atleastonepoint of P. As afirst step,we compue
thelocusof points L with the propety thatfor eachpoint

of L, aminimal a-wedgeexistswith ape at .

To compute L, we first compute the corvex hull CH (P)
of P. Note thatfor eachorientationof an a-wedge,there
is exactly one position for which it is minimal. Given a
fixed orientation if the minimal a-wedgefor P only con-
tainsp; € CH(P) ononeray andp; € CH(P) onthe
otherray, aswe rotatethe oriertationslightly in a clockwise
or courter-clockwisefashion thesetwo pointsof contactdo
not chang for minimal a-wedgesin thosedirectiors. It is
notuntil asecondgooint of thecorvex hull touchesoneof the
two raysdoesthecortactpoirt charge. Therefore for afixed
pair of cortactpoints p; andp;, thelocusof apicesof min-
imal a-wedgesforms anarc of a circle sincea is fixed By
modfying the rotating calipersalgoithm [19, 15, we can
rotatethe a-wedgearound the corvex hull andcompue the
sequene of (at mostlinear numker of) circulararcs,which
wewill callana-cloud[18], repesentinghesetL (SeeFig-
ure2).

Theorem 4 Thelocusof apicesof minimal a-wedgsfor P
canbe compted in O(nlogn) time If P is a corvex (or
simple)polygonthelocuscanbecomptiedin O(n) time

Figure2: Cloud.
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The a-cloud consistsof a sequencef at mosta linear
numter of circulararcs. We next shav how to compute an
enclosingisosceledriangle of minimum heighlt wherethe
ape is constrainedo lie on onecirculararcof the a-cloud.
If the apex lies on onearc,theneachof the sidesof the en-
closingtriangleadjacehto theapex is in contactwith atleast
onepointof CH(P). Let p; bein contactwith onesideand
p; theother As theapex slidesoverthecircuar arc,thebase
of thetriangleis alsoin cortactwith apoint. Thisthird point
may changemultiple times. Let usfirst restrictour attention
to thesituationwherethe pointp;, onthebaseof thetriande
is alsofixed

Lemmab5 Let[a, b] betheintervalof acircular arc of thea-
cloudwherethecontact points of ead of theedgesof theen-
closingtriangle are p;, p;, pr € P respectively Theheigrt
oftheenclosingsoscelesriangleis a contiruous,mondone
andunimalal functionovertheinterval[a, b]. Theefore this
functionhasat mostonemaximunmandat mosttwo minima.
Theminimacanonly belocatedat the extremesof theinter-
val.

A countirg agumentshavsthatthetotal nunberof triples
of contactpointsexaninedover thewhde a-cloudis linear
Sincefor eachtriple, the solutioncanbe foundin O(log n)
time, the overall compexity of the algoithm is O(nlogn).
We concluck with thefollowing.

Theorem 6 Givena set P of n pointsin the planeand a

positiveanglea < m, the enclosingisoscelegriangle with

apex a with minimumheight, minimumarea and minimum
perimetercanbecompuedin O(n log n) time If theinput P

is a corvex (or simple)polygon, therunning timeis reduced
to O(n).

2.4 Problem 2: Minimum Angle

In this setting, we wish to compue an enclosingisosceles
triangleof fixedheigh A, andminimizetheapex angle.The
intuition behird the solutionis similar to the solutionwhere
we minimize the height,exceptthe detailsarea little more
tedious.The completedetailsof the algorithm areavailable
in the full version of the paper We outline the mainideas.
First,similarto theformer prodem, we notethatif theorien-
tationof theenclosingriangleis fixed,minimizing theande
canbedonein lineartime.

Proposition 7 Givena setof n points in the plang theen-
closingisosceledriangle with fixed height and horizonta
basethathasminimumapex anglecanbecompuedin O(n)

time If theinput setis a corvex polygm, thentheenclosing
triangle canbe computedn O(log n) time

Notice that if the height A is lessthanthe width of P,
thentheprablemhasno solution. Therebre, b is atleastthe
width W (P) of P. In additionto the property outlined in
Lemmab, we exploit thefollowing two additinal propeties
of a-clouds.
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e Giventwo differentandesa; andaw, if a; < as then
theas-cloudis contairedin the a1 -cloud

e The minimumheight of the enclosingisoscelegrian-
gleswith apex angleas andapex onthe as-cloudis at
mostthe minimumheightof all the enclsingisosceles
triangleswith apex a; andapex onthe a4 -clowd.

With thesetwo propaties, we canseethat the minimum
angleis thevaluea suchthatthe minimum heightof all the
enclasing isosceledriangleswith apiceson the a-cloud is
exadly h. Thevalueh canbeachieved atmostalinearnum:
berof timesonthea-cloud. To compue this valuea, we use
Propsition7 to computeaninitial solution,aq. We compue
thecloudfor o,y andconcentateonthepiecesof circulararc
wheretheheigtt is atmosth. By exploiting the propertiesof
clouds outlinedabove, we areableto extrad the minimum
anglefor all theseorientdions.

Theorem 8 Given a set of point P in the plane and a
fixedvalueh > |W(P)|, the enclosim isosceledriangle
with heigh A and minimumapex ande can be computedn
O(nlogn) time If P is a corvex (or simple)polygon, the
running timeis reducedo O(n).

Lower bound

Usingaredtctionto Max-Gapproblem[12], we canshav an
Q(nlogn) time lower bourd for the prodem of computing
the minimum heigh of anenclosingisoscelegrianglewith
fixedapex anglea.

Theorem 9 Givena setof n points P and a positive an-
gle o < w, compuing the enclosingisoscelegriangle con-
taining P with minimumheight (perimeter area) requires
Q(nlogn) opertionsin thealgelraic decisiontreemodel.

3 a-conesin 3D

We considera 3D variart of the prodemsdefinedin thein-
troduction.Let P = {py,--- ,p,} beasetof n pointsin R3.
We assumehat the pointsarein generalposition. Recall,
thattheenclosingstructueis aconewith anglea attheapex
anda circularbase We will call this ana-cone.We wishto
compte an enclosinga-conewhosebaseis containedn a
horizontalplanewith minimum heigh. Thisis the3D equi-
alentto the2D problemaddressedn Subsectior?.1

In the optimal solution excluding the baseof the core,
only theverticesof theupper hull of C H(P) canbein con-
tactwith the cone.We proceedasfollows.

1. Let H be a horizantal planesuchthat P is above H.
For eachp; € P compue a vertical a-conewith ap&
pi. Computetheintersectiorof thesea-coneswith H,
resultingin n circleswith differentradii.
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2. Computethesmallestenclosingeircle C' for this setof
circles.C' hasatleastthree(in somecasetwo) cortact
points. Knowing the centerandradiusof C’, we can
compue the apex of the vettical a-coneof minimum
height.

Sincecomputingthesmallesenclaingcircle canbedone
in lineartime [13], we conclwewith thefollowing.

Theorem 10 Givena setof n pointsin R® and a positive
anglea < m, the a-coneenclosingP of minimumheight
with horizontd basecanbecomptedin linear time

Noticethatfor ary given directiontherealwaysexists an
a-conein thatdirection. The a-conewith minimum heigh
hasatleastonepoirt onits base.

Lemma 11 An a-conethat minimizesthe height,or an h-

heigh conewhich minimizesy, bothmusttoudc at leastfour
pointsoftheconvex hull. In particular, if thebaseofthecone
is touching only onepoirt of the convex hull, thenthe coric

bodymusttouch threepointsof the cornvex hull.

Theabove lemmaprovidesaninefficientmetha for com-
putingthea-conewhenthebases notfixedto behorizontal
by enumeating all possible4-tupes of P. Therefae, we
conclulewith thefollowing two openprobdems.

Open problem. GivenasetP of n pointsin 3D andanaper
ture anglea, efficiently comptue the apex andthe direction
of thea-core for P with minimumheigHh.

Open problem. Givena set P of n pointsin 3D and a
height h, efiiciertly compue the apex and the direction of
the a-conewith heigh » andminimumapeture angle
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