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1 SUMMARY

Given areal unsymmetric nxn matrix A ={a;}, this routine uses Arnoldi based methods to calculate the r
eigenvalues A;, i=1,2,...r, that are of largest absolute value, or are right-most, or are of largest imaginary
parts. The right-most eigenvalues are those with the most positive real part. There is an option to compute the
associated eigenvectors y;, i=1,2,...r, where Ay, =A,y,. The routine may be used to compute the left-most
eigenvalues of A by using —A in place of A.

The Arnoldi methods offered by EB13 are:

(1) The basic (iterative) Arnoldi method.

(2) Arnoldi’s method with Chebychev acceleration of the starting vectors.

(3) Arnoldi’s method applied to the preconditioned matrix p,(A), where p, is a Chebychev polynomial.
Each method is available in blocked and unblocked form.

The methods are described in detail by Scott (1993), An Arnoldi code for computing selected eigenvalues of sparse
real unsymmetric matrices. Rutherford Report RAL-93-097.

ATTRIBUTES — Version: 1.1.3. (29th March 2023) Types. Rea (single, double). Calls: FA14, FD15, KB06, _DOT,
_NRM2, AXPY, COPY, SCAL, GER, GEWV, and GEMM Language: Fortran 77. Original date: December 1993.
Origin: JA. Scott, Rutherford Appleton Laboratory.

2 HOW TO USE THE PACKAGE

2.1 Overall control and argument lists
There are three entries:

(a) EB13I/ | D sets default values for the control parameters. It would normally be called once prior to any calls to
EB13A/ AD and EB13B/ BD.

(b) EB13A/ AD uses the Arnoldi based method chosen by the user to calculate either the eigenvalues of largest
absolute value, or the right-most eigenvalues, or the eigenvalues of largest imaginary parts of A.

(c) EB13B/ BD uses data provided by EB13A/ AD to calculate the eigenvectors corresponding to the converged
eigenvalues. A second call to EB13B/ BD can be used to compute the (scaled) eigenvector residuals

”(Ayi _Aiyi)” .

TN l<i<r, D
(or

[lAY; = Ayl .

A l<isr ()]
or

lAY; =Ay)ll, L<is<r). ©)

Use of EB13B/ BDis optional.

The algorithm used by EB13A/ AD and EB13B/ BD requires the multiplication of sets of vectors by the matrix A.
Reverse communication is used so that the user does not have to pass the matrix A to EB13 but, each time a
matrix-matrix multiplication AW is required, control is returned to the user. A simple exampleto illustrate the calling
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seguence is given in Section 5.

2.1.1 To set default values for the control parameters
The single precision version

CALL EB13I (| CNTL, CNTL)
The double precision version

CALL EB13I D( I CNTL, CNTL)

| CNTL isan | NTEGER array of length 11 that need not be set by the user. On return it contains default values (see
Section 2.2.1 for details).

CNTL isaREAL (DOUBLE PRECI SI ONin the D version) array of length 1 that need not be set by the user. On return it
contains a default value (see Section 2.2.1 for details).

2.1.2 To calculate the selected eigenvalues
The single precision version

CALL EBI3A(IND, N, NUMEI G NBLOCK, NSTEPS, ER, El, LN, X, U, W | KEEP,
+ RKEEP, | CNTL, CNTL, | NFO, RI NFO

The double precision version

CALL EBI3AD( I ND, N, NUMEI G, NBLOCK, NSTEPS, ER, El , LN, X, U, W | KEEP,
+ RKEEP, | CNTL, CNTL, | NFO, RI NFO)

IND isan | NTEGER variable that must be set by the user. If | ND=0 the eigenvalues of largest absolute value are
computed; | ND=1 the right-most eigenvalues are computed; if | ND=2 the eigenvalues of largest imaginary
parts are computed. This argument is not altered by the routine.

N is an | NTEGER variable that must be set by the user to n, the order of the matrix A. This variable must be
preserved by the user between calls to EB13A/ AD and must be passed unchanged to EB13B/ BD. This argument
is not altered by the routine. Restriction: N> 3.

NUMEI G isan | NTEGER variable that must be set by the user to r, the number of eigenvalues required. This variable
must be preserved by the user between calls to EB13A/ AD and must be passed unchanged to EB13B/ BD. This
argument is not altered by the routine. Restriction: 1 <NUMEI GEN- 2.

NBLOCK is an | NTEGER variable that must be set by the user to the block size for the Arnoldi method. For an
unblocked method, the user should set NBLOCK = 1. Information concerning a suitable value for NBLOCK is given
in Section 2.5. This variable must be preserved by the user between calls to EB13A/ AD and must be passed
unchanged to EB13B/ BD. This argument is not altered by the routine. Restriction: NBLOCK=1.

NSTEPS is an | NTECGER variable that must be set by the user to the number of Arnoldi steps on each iteration.
Information concerning a suitable value for NSTEPS is given in Section 2.5. This variable must be preserved by
the user between calls to EB13A/ AD. This argument is not altered by the routine. Restrictions: NSTEPS =2 and
min(N, NUVEl G+2) < NSTEPS* NBLOCK < N.

ER El are REAL (DOUBLE PRECI SI ONin the D version) arrays of length NSTEPS* NBLOCK that need not be set by the
user. On each exit with | KEEP( 1) >0, the first NUVEI G entries of ER and El hold, in order, approximations to
the real and imaginary parts of the sought-after eigenvalues of A, respectively. On exit with | KEEP( 1) =0, the
first | NFQ( 4) entries of ER and El hold, in order, the real and imaginary parts of the converged eigenvalues,
respectively. Complex conjugate pairs of eigenvalues appear consecutively with the eigenvalue with positive
imaginary part appearing first. These arrays must not be altered by the user between calls to EB13A/ AD and
must be passed unchanged to EB13B/ BD.

LN isan | NTEGER variable that must be set by the user to the first dimension of the arrays X, U, and W This
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argument is not altered by the routine. Restriction: LN=N.

X is a REAL (DOUBLE PRECISION in the D version) two-dimensional array with dimensions
(LN, NSTEPS* NBLOCK). If | CNTL( 10) =0 (the default) or 2, X need not be set by the user. If | CNTL(10) =1 or
3, the first NBLOCK columns of X must contain an initial estimate of the NBLOCK basis vectors which span the
subspace corresponding to the NBLOCK eigenvalues of A that are of largest absoute value (I ND=0), the
right-most eigenvalues (I ND=1), or the eigenvalues of largest imaginary parts (I ND=3). On exit with
| KEEP(1) =0, the first | NFQ(4) columns of X hold, in order, orthonormalized basis vectors which span the
subspace corresponding to the | NFQ(4) converged eigenvalues. This array must not be altered by the user
between calls to EB13A/ AD and must be passed unchanged to EB13B/ BD.

U W are REAL (DOUBLE PRECISION in the D version) two-dimensional arrays with dimensions
(LN, NSTEPS*NBLOCK). On each exit with | KEEP(1) >0, the user must multiply columns | KEEP(2) to
| KEEP( 3) of Why A, place the results in the corresponding columns of U, and recall EB13A/ AD.

| KEEP is an | NTEGER array of length 11 +m, where m=NSTEPS* NBLOCK. Prior to the first call to EB13A/ AD,
| KEEP( 1) must be set by the user to 0. On exit, | KEEP( 1) >0 indicates convergence has not yet been achieved.
To continue the computation, the user must multiply columns | KEEP( 2) , | KEEP( 2) +1,..., | KEEP(3) of the
array Why A, place the results in the corresponding columns of U, and recall EB13A/ AD. | KEEP( 1) =0 on exit
indicates the calculation is complete. The only other entry of | KEEP of interest to the user is | KEEP(9) . If
| CNTL(10) =2 or 3, prior to the first call to EBL3A/ AD, | KEEP(9) must be set by the user to hold the seed for
the random number generator FA14. All other entries of | KEEP are used as workspace. This array must not be
altered by the user between calls to EB13A/ AD.

RKEEP is a REAL (DOUBLE PRECI SION in the D version) array of length 13+m{2Cm+10), where
m=NSTEPS* NBLOCK. If | CNTL( 7) =0 (the default), RKEEP( 1) must be set by the user to the norm of A (or an
estimate of the norm of A) and, in this case, RKEEP( 1) is not altered by the routine. If 1 CNTL(7) =1 or 2,
RKEEP( 1) need not be set by the user. The other entries of RKEEP need not be set by the user. This array must
not be altered by the user between calls to EB13A/ AD. On exit with | KEEP( 1) =0, RKEEP( 13) , RKEEP( 14) ,...,
RKEEP( 12 +m(im) hold the real Schur form T (see Section 4). The first 12 + mCm entries of RKEEP must be
passed unchanged to EB13B/ BD.

| CNTL isan| NTEGER array of length 11 that contains control parameters and must be set by the user. Default values
for the components may be set by a call to EB131/1 D. Details of the control parameters are given in Section
2.2.1. Thisargument is not altered by the routine.

CNTL isaREAL (DOUBLE PRECI SI ONinthe D version) array of length 1 that contains a control parameter and must be
set by the user. The default value for CNTL(1) may be set by a call to EB13I/1D. Details of the control
parameter CNTL( 1) are given in Section 2.2.1. This argument is not altered by the routine.

I NFO is an | NTEGER array of length 6 that need not be set by the user. It is used to hold information about the
execution of the subroutine. On exit from EB13A/ AD, avalue for | NFQ( 1) of zero indicates that the subroutine
has performed successfully. For nonzero values, see Section 2.3. For details of the information output in the
other components, see Section 2.2.2.

RI NFO isaREAL (DOUBLE PRECI SI ONin the D version) array of length 5 that need not be set by the user. It isused to
hold information about the execution of the subroutine. For details of the information output in RI NFO, see
Section 2.2.2.
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2.1.3 To compute the corresponding eigenvectors.
The single precision version

CALL EB13B(N, NBLOCK, NSTEPS, ER, EI, LN, X, U, W NEV, Y, RES, | KEEP, RKEEP)
The double precision version

CALL EB13BD( N, NBLOCK, NSTEPS, ER, EI, LN, X, U, W NEV, Y, RES, | KEEP, RKEEP)

N, NBLOCK, NSTEPS, ER, El, LN, X must be unchanged since the call to EB13A/ AD that returned | KEEP( 1) =0. These
arguments are not altered by the routine.

U W are REAL (DOUBLE PRECISION in the D version) two-dimensional arrays with dimensions
(LN, NSTEPS* NBLOCK). On exit with | KEEP( 1) =1, if the scaled eigenvector residuals are wanted, the user
must multiply columns | KEEP( 2) to | KEEP( 3) of Wby A, place the results in the corresponding columns of U,
and recall EB13B/ BD.

NEV isan | NTEGER variable that must be set by the user to the number of eigenvalues successfully computed by
EB13A/ AD. NEV should be equal to the value of | NFQ( 4) returned by EB13A/ AD. This argument is not altered
by the routine.

Y isaREAL (DOUBLE PRECI SI ONin the D version) two-dimensional array with dimensions (LN, NEV) that need
not be set by the user. On each exit, if the | th computed eigenvalueisreal (El (1) =0), thel th column of Y
contains the corresponding eigenvector; if the | th computed eigenvalue is complex with positive imaginary
part (El (1) >0), thel thand (I +1) th columns of Y contain, respectively, the real and imaginary parts of the
corresponding eigenvector. This array must not be altered by the user between calls to EB13B/ BD.

RES is a REAL (DOUBLE PRECI SI ON in the D version) array of length NEV that need not be set by the user. If
| CNTL(7) #2 (respectively, | CNTL(7) =2) on entry to EB13A/ AD, on exit from EB13B/ BD with | KEEP( 1) =0,
RES(1) contains the scaled eigenvector residual (1) (respectively, (2)) for the | th computed eigenvector.

| KEEP isan | NTEGER array of length at least 3. Prior to the first call to EB13B/ BD, | KEEP( 1) must be set by the user
to 0. On exit from the first call to EB13B/ BD, | KEEP( 1) =1 is returned, which indicates that the eigenvectors
have been computed. To compute the (scaled) eigenvector residuals, the user must multiply columns
| KEEP( 2) , | KEEP( 2) +1,..., | KEEP( 3) of thearray Wby A, place the results in the corresponding columns of U,
and recall EB13B/ BD. | KEEP( 1) =0 on exit indicates the calculation is complete. If | CNTL(7) =2 on entry to
EB13A/ AD, then on exit from EB13B/ BD with | KEEP(1) =0, | KEEP(4) holds the number of computed
eigenvectors y; for which ||Ay, ||, was found to less than u, the machine precision.

RKEEP is a REAL (DOUBLE PRECISION in the D version) array of length at least 12 +mCm, where
m=NSTEPS* NBLOCK. On the initial call to EB13B/ BD, the first 12 + mCm entries of RKEEP must be unchanged
since the call to EB13A/ ADthat returned | KEEP( 1) =0. The contents of this array are destroyed by the routine.

2.2 Arraysfor control and information

2.2.1 Control parameters

The elements of the arrays | CNTL and CNTL control the action of EB13A/ AD. Default values may be set by calling
EB13I/1D.

| CNTL( 1) is the stream number for error messages and has the default value 6. Printing of error messages is
suppressed if | CNTL( 1) <0.

| CNTL( 2) isthe stream number for warnings and diagnostic messages and has the default value 6. Printing of such
messages is suppressed if | CNTL(2) <0.

I CNTL( 3) is the maximum degree of the Chebychev iteration polynomial used by EB13A/ AD and has the default
value 80. | CNTL( 3) is not accessed by EB13A/ ADif | CNTL(9) =1.
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| CNTL(4) controls the degree of the Chebychev iteration polynomia and has default value 0. If | CNTL(4) =0, at
each iteration the degree of the Chebychev polynomial is determined by the routine EB13A/ AD. If
| CNTL( 4) >0, the degree of the Chebychev polynomial istakento bel CNTL(4) .1 CNTL( 4) isnot accessed by
EB13A/ ADif | CNTL(9) =1.

| CNTL(5) determines the maximum number of matrix-vector multiplications allowed by EB13A/ AD. The maximum
number allowed is | CNTL(5) * NUMEI G. | CNTL(5) has the default value | CNTL(5) =2*10*. A matrix-matrix
multiplication AW where W is an Nx K matrix is taken to be K matrix-vector multiplications.

| CNTL( 6) is used to control the printing of error, warning, and diagnostic messages in EB13A/ AD. It has default
value 2. Possible values are:

1 Only error messages are output.
2 Error and warning messages output.

3 As for 2, plus scalar parameters and the control parameters on the first entry to EB13A/ AD, and
information arrays | NFOand Rl NFO on the exit which returns | KEEP( 1) =0.

4 Asfor 3, plusthe converged | NFQ( 4) eigenvalues on the exit which returns | KEEP( 1) =0.

5 As for 4, plus the information arrays | NFO and RI NFO and the residual for the first unconverged
eigenvalue on each iteration.

6 Asfor 5, plus the computed approximations to the NUMEI G sought-after eigenvalues on each iteration.

| CNTL(7) is used to indicate whether the stopping criteria for the i th eigenvalue is to use |JA|| or ||(AX);]| (see
Section 4). It has default value 0 and, in this case, ||A]| will be used and the user must set RKEEP( 1) equal to
[IAl] (or an estimate of ||A|]) prior to the first call to EB13A/ AD. If the user wants to use [|A|| in the stopping
criteriabut ||A||is unavailable, the user should set | CNTL( 7) =1 and the Frobenius norm of A will be computed
by EB13A/ AD. Thiswill involve n matrix-vector multiplications. Note that, if the user is able to multiply vectors
by both A and itstranspose A", an estimate of the 1-norm of A can be computed using at most 10 matrix-vector
multiplications by calling the Harwell Subroutine Library routine MCAL. If the user wantsto use ||(AX),||in the
stopping criteria, the user should set | CNTL( 7) =2. If the user wants the stopping criteriato be based solely on
the norm of theresidual (without involving [JA]|or |[(AX);[]), the user should set | CNTL(7) =3.1f | CNTL(7) =2
or 3, ||A]| is not computed.

| CNTL( 8) controls which algorithm is used to compute the Chebychev ellipse (see Section 4 for details). It has
default value 1. Possible values are:

1 Algorithm of Ho (see Ho 1990).
2 Algorithm of Braconnier (see Braconnier 1993).
3 Algorithm of Saad (see Saad 1984).
(References are given in Section 4). | CNTL( 8) is not accessed by EB13A/ ADif | CNTL(9) =1.

| CNTL(9) controls which variant of Arnoldi’s method is used to compute the eigenvaluesif | ND=1 or 2 on the first
call to EB13A/ AD. It has default value 2. Possible values are:

1 Arnoldi (no Chebychev acceleration). If | ND=1 this method should only be used if the right-most
eigenvalues are also those of largest absolute value and if | ND=2 it should only be used if the
eigenvalues with largest imaginary parts are those of largest absolute value. If | ND=0 on the first call
to EB13A/ AD, this method is used.

2 Arnoldi with Chebychev acceleration of the starting vectors.
3 Arnoldi’s method applied to the preconditioned matrix p,(A), where p, is a Chebychev polynomial.
These agorithms are described in detail by Scott (1993).

All useissubject to licence. EB13v 1.1.3
http://ww. hsl.rl.ac. uk/ 5 Documentation date: 30th May 2023



EB13 HSL

| CNTL( 10) controls whether the user has supplied an initial estimate of the basis vectors corresponding to the
NBLOCK eigenvalues of A that are of largest absoute value (I ND=0), the right-most eigenvalues (I ND=1), or
the eigenvalues of largest imaginary parts (I ND=3). | CNTL( 10) also controls whether or not the user wishesto
supply the initial seed value for the random number generator FA14 which is set on the first call, i.e. when
| KEEP( 1) =0. The possible values are:

0 (the default), the user supplies no estimate of the basis vectors and the initial seed value is set by
EA13A/ AD.

1 the user supplies the estimate of the basis vectors but no seed value.
2 the user supplies the seed value but no basis vectors.
3 the user supplies both the basis vectors and the seed value.

| CNTL(11) determines the maximum number of Arnoldi iterations allowed by EB13A/ AD. The maximum number
alowed is| CNTL( 11) * NUMEl G. | ONTL(11) has the default value | CNTL( 11) =500.

ONTL(1) isthe convergence tolerance (see Section 4). It has default value ull0 2, where u is the machine precision.

2.2.2 Information arrays
The arrays | NFOand RI NFO are used to provide the user with information on the execution of EB13A/ AD.

I NFQ(1) hasthevalue zeroif acall was successful, has a positive value if awarning has been issued, and a negative
value in the event of an error (see Section 2.3)

I NFQ(2) holds the total number of matrix-vector products formed.
I NFQ(3) holds the current degree of the Chebychev iteration polynomial.

I NFQ(4) holds the number of eigenvalues which have converged. In general, | NFQ(4) is less than or equal to
NUMEI G but it may be equal to NUMEI G+1 if the NUMEI Gh computed eigenvalue is the first eigenvalue in a
complex conjugate pair.

I NFQ(5) holds the number of Arnoldi iterations which have been performed.
I NFQ(6) holds the highest degree of the Chebychev iteration polynomial used by the agorithm.

RINFQ(1), RINFQ(2), RINFQ(3) hold the current ellipse parameters. The ellipse has centre RINFQ(1), foci
RI NFQ( 1) +C, RI NFQ( 1) —C, and crossesthereal axisat Rl NFQ( 1) +A, RI NFQ( 1) —A, where C=+/RI NFQ( 2) and
A=+/RINFQ(3).RINFQ(1), RINFQ(2), and RI NFQ( 3) aresetto zeroif | CNTL(9) =1 or | ND=0.

RI NFQ(4) holds the value of the convergence parameter satisfied by the | NFQ( 4) computed eigenvalues.

RI NFQ(5) holds the norm of the matrix A. If | CNTL(7) =0 (the default), Rl NFQ( 5) holds the norm supplied by the
user, andif | CNTL(7) =1, RI NFQ(5) holdsthe Frobenius norm of A computed by EB13A/ AD. If | CNTL(7) =2,
the norm of A is not computed and RI NFQ( 5) is set to zero. If | CNTL(7) =3, RI NFQ(5) is set to one.

2.3 Error diagnostics

If EB13A/ AD returns with a negative value of | NFQ( 1) , an error has occurred; if EBL3A/ AD returns with a positive
value of | NFQ( 1) , awarning has been issued. There are no error or warning returns from EB13B/ BD. Error messages
are output on unit | CNTL( 1) and warningson unit | CNTL( 2) . Possible non-zero values of | NFQ( 1) are given below.

-1 Value of Nout of range. N<3. Immediate return with input parameters unchanged.
—2 Value of NBLOCK out of range. NBLOCK < 1. Immediate return with input parameters unchanged.

-3 Value of NUMEI G out of range. Either NUMEI G>N- 2 or NUVEI G< 1. Immediate return with input parameters
unchanged.

—4 Vaue of NSTEPS out of range. Either NSTEPS<2, or  NSTEPS*NBLOCK>N, or
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NSTEPS* NBLOCK <min(N, NUMVEI G+2). Immediate return with input parameters unchanged.
—5 Value of LN out of range. LN<N. Immediate return with input parameters unchanged.
—6 Norm of A isless than ull0 ?, where u is the machine precision. Immediate return.

—7 Algorithm required more matrix-vector multiplications than specified by the control parameter | CNTL(5) . The
user may increase | CNTL(5) and restart the computation; full details are given in Section 2.4.

-8 The agorithm was unable to find al the NUMEI G wanted eigenvalues with the user-supplied parameters
because, at some stage, there were no points on which to construct the Chebychev ellipse (see Section 4). This
could happen if, for example, the matrix A has multiple eigenvalues. The code will return with the number of
successfully computed eigenvalues in | NFQ(4) (see Section 2.2.2). To compute all NUMEI G requested
eigenvalues the user is advised to try increasing NSTEPS and restarting the computation (see Section 2.4 for
details). This error cannot be returned if | CNTL(9) =1.

-9 Algorithm required more iterations than specified by the control parameter | CNTL( 11) . The user may increase
| CNTL(11) and restart the computation; full details are given in Section 2.4.

+1 The user-supplied convergence tolerance CNTL( 1) lies outside the interval (u,1.0), where u is the machine
precision. The default convergence tolerance url0 ® is used.

+2 The convergence tolerance CNTL( 1) (or the default accuracy if CNTL( 1) was supplied out of range) was not
achieved. The tolerance achieved by the | NFQ( 4) accepted eigenvaluesis returned in RINFQ(4) . | NFQ( 1) =
+2 will overwrite | NFOQ(1) = +1.

+3 The Arnoldi iteration stopped in fewer than NSTEPS. Some spurious zero (or almost zero) eigenvalues may be
returned. The user may try choosing a smaller value for NSTEPS. | NFQ( 1) = +3 will overwrite | NFQ(1) = +1
or +2.

2.4 Restarting the computation

In certain circumstances, the user may wish to restart the computation after an error has been flagged. If
I NFQ(1) =-7 on exit from EBL13A/ AD, the agorithm has failed to converge in the number of matrix-vector
multiplications specified by control parameter | CNTL(5). To restart the computation from the point at which
I NFQ( 1) =-7 was returned, the user should increase | CNTL(5), set | NFQ( 1) =0, multiply columns | KEEP( 2) to
| KEEP( 3) of Why A, place the results in the corresponding columns of U, and recall EB13A/ AD without making any
other changes to the input parameters. However, it may be more efficient to start the computation again with either a
different choice for the control parameter | CNTL(9) (I CNTL(9) controls which variant of Arnoldi’s method is used)
or an increased value for NSTEPS and/or a different choice for NBLOCK.

If I NFQ( 1) =-8 on exit from EB13A/ AD, the user may restart the computation taking advantage of the basis vectors
already found by increasing NSTEPS, setting | NFQ( 1) =0, and recalling EB13A/ AD without making any other changes
to the input parameters (but note that the dimension of some of the arrays is dependent on NSTEPS).

If I NFQ( 1) =-9 on exit from EB13A/ AD, the algorithm has failed to converge in the number of Arnoldi iterations
specified by control parameter | CNTL( 11) . Again, the computation can be restarted from the point at which this error
was returned by increasing | CNTL( 11), setting | NFQ( 1) =0, and recalling EB13A/ AD without making any other
changes to the input parameters.

2.5 Choosing values for NBLOCK and NSTEPS

The best choice for NBLOCK and NSTEPS is problem dependent but when choosing these parameters we advise the
user to consider the following points.

(1) NBLOCK should be chosen to be at |east as large as the largest cluster of wanted eigenvalues.

(2) The storage required by EB13 is proportional to (NBLOCKINSTEPS)® and, at each iteration, the cost of the
Arnoldi steps is proportional to (NBLOCKINSTEPS)®[N, and the cost of computing the eigenvalues of the
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Hessenberg matrix (see Section 4) is proportional to (NBLOCKINSTEPS)?®.

In general, we would recommend the user to choose NBLOCK and NSTEPS so that NSTEPS* NBLOCK liesin the range
3*NUMEI G to 10* NUVEI G For further advice regarding the choice of NBLOCK and NSTEPS, as well as numerical
results which illustrate the effects of changing the values of these parameters, the user is referred to Scott (1993).

2.6 Shift-and-invert strategies and the generalized eigenproblem

Subroutine EB13A/ AD can be used with A replaced by the shifted and inverted matrix (A —pl)™. The user should
set ICNTL(9) =1 and on each return to the user with | KEEP(1) >0, the matrix-matrix multiplication
U=(A-pl)™W isrequired. Thisis equivalent to solving the system

(A-phHu=w. 4
If A is large the solution of the system (4) may itself be quite time-consuming but note that, if a direct method of

solution is used, the decomposition of A —p| into triangular factors needs only to be done once for each choice of the
shift p, the only operationsin the inner loop being the relatively cheap forward and backward substitutions.

EB13A/ AD may also be used for the solution of generalized eigenvalue problems of the form
AX=ABX, ®
where A and B are real, sparse, unsymmetric matrices. If B is nonsingular, (5) can be treated as a standard
unsymmetric eigenvalue problem by working with the matrix B™A. Again, when control is returned to the user, a
linear system of equations must be solved. For this problem, the LU factorisation of B need only be formed once at
the start of the computation. If B is singular, a shift ymay be introduced so that (A — yB) is nonsingular and then
(A-yBx)=(A-y)Bx
may be treated as a standard eigenvalue problem by working with the matrix
(A-yB)™B.
For further details see Scott (1993) and the references therein.

2.7 Underflows

The nature of the calculations performed in this subroutine means that underflows are likely to occur. It is quite
safe to set numbers that underflow to zero, and action by the user may be required to ensure that this is done
efficiently by the computing system in use.

3 GENERAL INFORMATION
Use of common: None.

Other routines called directly: EB13A/ AD calls the following internal subroutines: EB13C/ CD, EB13DY DD,
EB13E/ ED, EB13F/ FD, EB13G G, EB13H HD, EB13J/JD, EB13K/ KD, EB13L/ LD, EB13M MD, EB13N ND,
EB13Q OD, EB14A/ AD, EB14B/ BD, EB14C/ CD, and EB14D/ DD. EB13A/ AD also cals routines FA14A/ AD,
FD15A/ AD, and KBO6A/ AD from the Harwell Subroutine Library, and the BLAS kernels SNRVR2/ DNRM2,
SCOPY/ DCCPY, SAXPY/ DAXPY, SSCAL/ DSCAL, SGER/ DGER, SGEMV/ DGEMWV, and SGEMM DGEMM
EB13B/ BD calls the internal subroutines EB13P/ PD, EB13Q QD, and EB13R/ RD, and the BLAS kernels
SDOT/ DDOT, SNRMR/ DNRM2, SSCAL/ DSCAL, and SGEMM DGEMM

Input/output:  Error messages are printed on unit | CNTL( 1) and warnings on unit | CNTL( 2) ; see Section 2.3.
Restrictions:

N=>3,
1 <NUMEI GN- 2,
NBLOCK=1.
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http://ww. hsl.rl.ac. uk/ 8 Documentation date: 30th May 2023



HSL EB13

NSTEPS =2 and min(N, NUMEl G+2) < NSTEPS* NBLOCK < N.

4 METHOD

EB13A/AD

The algorithm used by EB13A/ AD is a variant of Arnoldi’s method selected by the user (using the control parameter
I CNTL( 9) ). In each case, the code first checks the input data. If a fatal error isfound, | NFQ( 1) is given a negative
value and control is returned to the user. If no errors are encountered and the user has not supplied an estimate of the
norm of A but hasset | CNTL( 7) =1, the Frobenius norm ||A||- = (ZZa.,) is computed. To do this, control is returned

to the user n times for the necessary matrix-vector products to be formed The results are accumulated by EB13A/ AD
and the norm of A isheld in RI NFQ( 5) . EBL3A/ AD then proceeds as follows:

1. Initialization: If | CNTL(10) #1 or 3, generate NBLOCK random vectors Xj,..., Xugox USINg the Harwell
Subroutine Library routine FAL14A/ AD. Set X =[X,, X,,....X\g ox]- Orthonormalise the columns of X using the
modified Gram-Schmidt algorithm and let X, be the resulting set of orthonormal columns. Set 1=1, p,(1)=1.

2. Chebychev acceleration: | CNTL(9) =2 only (Arnoldi with Chebychev acceleration of starting vectors).
Compute X O p,(A)X,. Orthonormalise the columns of X and let X, be the resulting set of orthonormal
columns.

3. Arnoldi steps (with preconditioning) :
If I CNTL(9) =1 or 2, set gA) =A.
If 1 ONTL(9) =3, set @A) =p,(A) (Chebychev preconditioned Arnoldi).
For j=1,2,...NSTEPS do
(i) W;=dA)X;
(i) H; :XiTWj, i=1,2,..].
]
(iii) If j <NSTEPS, SJ.=WJ.—ZXiHij
1=1
(iv) If J<NSTEPS, Q,R; =S, (QR factorizationof S;), H,,;=R;, X;,;=Q;.
end do
X=X, X5, X wsreps]- (EBL3A/ AD incorporates iterative refinement into this Gram-Schmidt step).

4. Hessenberg form
(@ If CNTL(9) =1 or 2 and NBLOCK > 1, reduce the block Hessenberg matrix Hg ={H ;} to upper Hessenberg
formH=VTH_V .
(b) If 1 CNTL(9) =1 or 2 and NBLOCK=1, set V to be the identity matrix.
(c) If I ONTL(9) =3, compute B=XTAX and reduce B to upper Hessenberg form H=V "BV .

5. Eigenvalue computation: Reduce the upper Hessenberg matrix H to real Schur form T=Z2"HZ , where T isa
block triangular matrix and each diagonal block T, is either of order 1 or is a 2 x 2 matrix having complex
conjugate eigenvalues, with the eigenvalues ordered along the diagonal blocks. Set X 0 XVZ.

6. Convergencetest: If the first NUVEI G columns of X satisfy the convergence criteria

[[AX =XT);|l, <CNTL( 1) f1A||, 1<i <NUMEI G, (6)
(or, if ICNTL(7) =2,
[IAX =XT);[l, <CNTL(1) GI(AX);ll, 1<i<NUVEI G, ()
or, if | CNTL(7) =3,
[[AX =XT);|l, SCNTL( 1), 1<i <NUMVEI G), )
then stop else
All useissubject to licence. EB13v 1.1.3
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If ICNTL(9) =2 or 3, find the elipse parameters for the Chebychev ellipse containing the unwanted
eigenvalues using the algorithm determined by | CNTL( 8) , compute the degree | of the Chebychev polynomial
for the next iteration, and define the Chebychev polynomia p,(A). Choose the restart vector.

If I CNTL(9) =2 goto 2

If ICNTL(9) =1 or3 goto 3.

EB13A/ AD incorporates criteria that terminate the computation if convergence is unacceptably slow. In addition,
implicit deflation techniques are employed. For full details, the user is referred to Scott (1993).

The stopping criteria (6) is based on the backward error. However, it requires |JA|| and can lead to misleading
results concerning the accuracy of the computed eigenvaluesiif ||A||is large and the eigenbasis is not ill-conditioned.
Because of these potential difficulties, EB13 offers the user the option of using (7) or (8).

EB13B/BD

Once EB13A/ AD has terminated successfully (I KEEP( 1) =0 has been returned), EB13B/ BD may be called to compute
the eigenvectors corresponding to the converged eigenvalues. EB13B/ BD computes the eigenvectors V of the real
Schur form T =XTAX using back substitution and then takes y; = (AV), to be the approximate eigenvector of A
corresponding to A;. If the (scaled) eigenvector residuals given by (1) (or (2) if | CNTL(7) =2 or (3) if | CNTL(7) =3)
are required, the user must compute AY, where Y has columnsy, ,...,Y, 4 and recall EB13B/ BD.
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5 EXAMPLE OF USE

The following program illustrates the use of EB13A/ AD and EB13B/ BD. We wish to calculate the right-most
eigenvalue and corresponding eigenvector of the following matrix

1000
32000
A=|00 0 1 4.
00310
0000O0
C Code to illustrate the use of EB13AD and EB13BD
C
C .. Paraneters ..
I NTEGER LN, N, NBLOCK, NSTEPS, NUMEI G, NZ
PARAMETER ( LN=5, N=5, NBLOCK=1, NSTEPS=3, NUMEI G=1, NZ=10)
C ..
C .. Local Scalars ..
DOUBLE PRECI SI ON ANORM
I NTEGER 1, | ND, NEV
C ..
All useissubject to licence. EB13v 1.1.3
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C .. Local Arrays ..
DOUBLE PRECI SI ON A(NZ), EI ( NSTEPS* NBLOCK) , ER( NSTEPS* NBLOCK) ,
KEEP( 13+ (10+2* NSTEPS* NBLOCK) * NSTEPS* NBLOCK) ,
RES(N), RINFQ(5) , U( LN, NSTEPS* NBLOCK) ,
W LN, NSTEPS* NBLOCK) , X( LN, NSTEPS* NBLCCK) ,
Y( LN, NUMEI G+1), CNTL( 1)
| NTEGER | CNTL( 11), | KEEP( 11+NSTEPS* NBLOCK) , | NFQ( 6) , | RN( NZ) , JCN( NZ)

+ + + +

.. External Subroutines ..
EXTERNAL EB13AD, EB13BD, EB13| D, MXMJUL

o0 00

DATA ANO?M 0. 0D/
C ..
C Call initialisation routine
CALL EB13I D( | CNTL, CNTL)
C Reset ICNTL(6) for printing

| CNTL(6) = 6

C Prepare to call EB13A/AD
| KEEP(1) =0
KEEP(1) = ANORM
IND = 1

10 CALL EB13AD( | ND, N, NUMEI G NBLOCK, NSTEPS, ER, El , LN, X, U, W | KEEP,
KEEP, | CNTL, CNTL, | NFO, RI NFO)

IF (I'NFQ(1).LT.0) THEN
VWRI TE (6, FMr=*) ' EB13A/ AD fail ed'
G0 TO 30

ELSE I F (I KEEP(1).EQ 0) THEN
VWRITE (6, FMI=*) ' Algorithmtermnated successfully.’
G0 TO 20

ELSE

C Form matrix-vector products and recal | EB13A/ AD

CALL MXMUL(N, | KEEP(2), | KEEP(3), NZ, | RN, JCN, A, U, W LN)
G0 TO 10

END | F

C Conpute correspondi ng ei genvector and residual

20 NEV = I NFQ(4)
CALL EB13BD( N, NBLOCK, NSTEPS, ER, El, LN, X, U, W NEV, Y, RES, | KEEP, KEEP)
CALL MXMUL(N, I KEEP(2), | KEEP(3), NZ, I RN, JCN, A, U, W LN)
CALL EB13BD( N, NBLOCK, NSTEPS, ER, El, LN, X, U, W NEV, Y, RES, | KEEP, KEEP)
VRI TE (6, FMI=9000) (Y(1,1),1=1,N)
F (RES(1).LT.1E-15) THEN
WRI TE (6, FMI=*) ' Residual is near machine precision.'

ELSE
WRI TE (6, FMI=*) ' Residual greater than nmachine precision.'
END | F
30 STOP
9000 FORMAT (/' Conputed eigenvector is:',/5Gl2.4)
END

SUBROUTI NE MXMUL('N, NLOW NUP, NZ, | RN, JCN, A, U, W LN)
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C .. Scalar Argunents ..
I NTEGER LN, N, NLOW NUP, NZ

(eoXe]

.. Array Argunents ..
DOUBLE PRECI SI ON A(NZ), U( LN, NUP) , W LN, NUP)
I NTEGER | RN(NZ) , JCN( NZ)

([oX@]

.. Local Scalars ..
INTEGER I, I COL, J, L

DO 30 1 COL
D010 | = 1,

10

This produces the following output:

Entering EB13A/AD with
IND=1N = 5 NUMEIG = 1 NBLOCK =
ICNTL (1:11) = 6 6 80 0 20000 6 0 1
CNTL =  2.2204D 13

I NFO (1: 6)
RINFQ(1: 5)
Resi dual of first unconverged eigenvalue is
Comput ed ei genval ues:
Real part |maginary part
6.7968D+00 7.6617D- 01

On iteration 1
= 0 5 0 0 1

Real part

On successful exit:
I NFO (1:6) 0
RINFO(1:5) = 4.0928D+00
Comput ed ei genval ues:
Real part |maginary part
1.0000D+01 0. 0000D+00

Al gorithmterninated successfully.

48 40 1 2

Real part

Comput ed ei genvector is:
0.2944 0. 2944 0. 5542
Resi dual is near machine precision.

0. 4157

1 NSTEPS = 3

2 0 500

0

0. 0000D+00 0. 0000D+00 0. 0000D+00 2.2204D-13 1.0000D+01
1. 7269D- 01

| magi nary part
6. 7968D+00 -7.6617D 01

40

0.0000D+00 1.0000D-08 2.2204D-13 1.0000D+01

| magi nary part

0. 5888
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