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Abstract

We consider several natural classes of com-
mittee scoring rules, namely, weakly separa-
ble, representation-focused, top-k-counting, OWA-
based, and decomposable rules. We study some
of their axiomatic properties, especially properties
of monotonicity, and concentrate on containment
relations between them. We characterize SNTV,
Bloc, and k-approval Chamberlin—Courant, as the
only rules in certain intersections of these classes.
We introduce decomposable rules, describe some
of their applications, and show that the class of
decomposable rules strictly contains the class of
OWA-based rules.

1 Introduction

We study axiomatic properties of classes of committee scor-
ing rules (some previously known, and one introduced in this
paper), and clarify the relations between these classes.

In our multiwinner voting setting, we are given a set of
candidates and a collection of voters, each with a prefer-
ence order ranking the candidates, and the goal, for a given
k, is to select a committee (a set) of exactly k candidates
that reflects the voters’ preferences in the best possible way.
Committee scoring rules, introduced by Elkind et al. [2014],
are multiwinner analogues of the classic single-winner scor-
ing rules. They form a remarkably rich class that includes
both very simple rules, such as SNTV, Bloc, or k-Borda, and
rather complicated ones, such as the rule of Chamberlin and
Courant [1983] or variants of the proportional approval voting
rule [Kilgour, 2010]. In effect, it is quite natural to focus on
various classes of committee scoring rules instead of studying
only general properties of the whole class.

So far, researchers have identified the following classes
of committee scoring rules (see Sections 2 and 3; here we
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give intuitions only). Weakly separable rules, introduced by
Elkind et al. [2014], are those rules where we compute a sep-
arate score for each candidate (using a single-winner scoring
rule) and then pick k candidates with top scores (for exam-
ple, using the plurality scoring leads to the single nontrans-
ferable vote rule, SNTV). Representation-focused rules, also
introduced by Elkind et al. [2014], model rules which are
similar to the Chamberlin—Courant rule, which ensures that
each voter ranks his or her most preferred committee mem-
ber (his or her representative) as high as possible. On the
other hand, top-k-counting rules, introduced by Faliszewski
et al. [2016], capture rules where each voter judges the qual-
ity of a committee by the number of its members that he or
she ranks among k top ones (notably, among committee scor-
ing rules, only members of this class can satisfy the fixed-
majority property of Debord [1993]; Bloc is a prime example
of a top-k-counting rule). Finally, the class of OWA-based
rules—introduced by Skowron et al. [2015], but also stud-
ied by Aziz et al. [2015a; 2015bl—includes all the previ-
ously mentioned classes, and is based on summing ordered
weighted averages (OWAs) of the (per vote) scores of the
candidates (see the original work of Yager [1988] for a gen-
eral discussion of OWAs, and, e.g., the works of Kacprzyk et
al. [2011] or Goldsmith et al. [2014] for their other applica-
tions in voting).

Our goal is to establish relationships between these classes
and to study their axiomatic properties. Our main results are:

1. Regarding classes of top-k-counting, representation-
focused, and weakly separable rules, for each two of
these we show that their intersection contains exactly
one nontrivial rule and we identify this rule (in each
case, it is a natural, previously-studied rule).

. We introduce the class of decomposable committee scor-
ing rules that strictly contains all the OWA-based rules
and appears to be easier to work with axiomatically.
Since weakly separable rules, representation-focused
rules, and top-k-counting rules are all OWA-based, we
obtain a hierarchy of classes of committee scoring rules.

We characterize weakly separable rules as exactly those
committee scoring rules that satisfy the noncrossing



monotonicity property of Elkind et al. [2014]. Then
we refine the notion of noncrossing monotonicity to
obtain a family of its variants, including one satisfied
by all representation-focused rules (top-member mono-
tonicity), and one satisfied by a natural class of decom-
posable rules (prefix monotonicity).

In addition, we show that there are decomposable rules that
are not OWA-based, but nonetheless interesting from a prac-
tical point of view. Due to limited space, we omit most of our
proofs (the proofs are available upon request).

2 Preliminaries
For each positive integer ¢, we write [t] to mean {1,. .. ¢}.

Multiwinner Elections. An election is a pair £ = (C, V),
where C = {c1,...,¢m} is a set of candidates and V' =
(v1,...,vy,) is a collection of voters. Each voter v; has a
preference order >;, expressing his or her ranking of the can-
didates, from the most desirable one to the least desirable one.
Given a voter v and a candidate ¢, by pos,(c) we mean the
position of ¢ in v’s preference order (the top-ranked candidate
has position 1, the next one has position 2, and so on).

A multiwinner voting rule is a function R that, given an
election £ = (C, V) and a committee size k, 1 < k < |C],
returns a family R(FE, k) of size-k subsets of C, i.e., the set
of committees that tie as winners of the election (we use
the nonunique-winner model). We provide a few examples
of multiwinner rules a bit later. (We focus on rules based
on scoring functions, but there are other rules, e.g., those
based on the Condorcet principle [Barbera and Coelho, 2008;
Fishburn, 1981; Darmann, 20131, or those which take ap-
proval ballots as input [Kilgour, 2010]).

Single-Winner Scoring Functions. Most of the multiwin-
ner rules we study are based on single-winner scoring func-
tions. A single-winner scoring function for m candidates is
a nonincreasing function ~, : [m] — R, that assigns a
score value to each position in a preference order. Given a
preference order >; and a candidate ¢, by the ~v-score of ¢
(given by voter v;) we mean the value y(pos,, (c)). The two
most commonly used scoring functions are the Borda scoring
function, §,,,(¢) = m—1, and the t-approval scoring function,
ay, where a4 (1) = 1 for i < ¢, and o, (i) = 0 otherwise.

Committee Scoring Rules. Let m and k be two positive
integers, £ < m (intuitively, m is the number of candidates
and k is the committee size). We write [m]; to denote the
set of all length-k increasing sequences of numbers from [m].
Given two sequences, [ = (i1,...,49) and J = (j1,...,jk)s
we say that [ (weakly) dominates J, I > J, if for each ¢ €
[k], it holds that i; < j;.

Let E = (C,V) be an election with C = {c1,...,¢cn}
and V' = (vy1,...,vy), and let k be a positive integer. For a
committee .S and voter v;, by pos,, () we mean the sequence
that we obtain by sorting the set {pos,, (c) | ¢ € S} in the
increasing order. Naturally, pos, (.S) is in [m].

Definition 1 (Elkind et al. [2014]). A committee scoring func-
tion for m candidates and committee size k is a function
h: [m]r — Ry such that, for each two sequences I,.J €
[m]k, if I dominates J then h(I) > h(J).

251

Let f = (fmk)k<m be a family of committee scoring
functions, where each f,, j, is a function for m candidates and
committee size k. We define the score of a size-k commit-
tee S in an election £ with m candidates to be scoreg(S)
> ey fm.k(pos,, (S)). The committee scoring rule R ; out-
puts those committees that have the highest score under f.

Many well-known multiwinner rules are, indeed, commit-
tee scoring rules. Below, we provide some examples:

1. Under the single nontransferable vote rule (SNTV), we
output those k£ candidates that are ranked first by the
largest numbers of voters; i.e., SNTV uses functions

. ) k . .
511?1’;1‘\/(“’ cesig) = Doy (i) = aq(iy).

Bloc operates under the assumption that each voter ranks
the members of his or her ideal committee on top k& po-
sitions, and outputs those k candidates that belong to the
highest number of ideal committees. That is, Bloc uses

i1y k) = Doymy (ir).

k-Borda outputs k£ candidates whose sums of Borda
scores are highest. That is, k-Borda uses committee

scoring functions fXPorda(iy, ... iy) = S Bnit).

. Under the Chamberlin—Courant rule (the 3-CC rule), the
score that a voter v assigns to committee .S depends only
on how v ranks his or her favorite member of S (referred
to as v’s representative in .S). The Chamberlin—Courant
rule seeks committees in which each voter ranks his or
her representative as high as possible. Formally, the rule

uses functions f5G (i1, ... ,ir) = Bm(i1).

Naturally, there are many other committee scoring rules,
some of which we discuss throughout the paper. The trivial
committee scoring rule that for every election and committee
size k returns the set of all size-k subsets of candidates is
defined by a family of constant functions.

functions

3 Hierarchy of Committee Scoring Rules

In this section we describe the classes of committee scoring
rules that were studied to date, introduce our new class—the
class of decomposable rules—and argue how all these classes
relate to each other, forming a hierarchy.

(Weakly) Separable Rules. We say that a family of com-
mittee scoring functions f = (fm,k)k<m is weakly separable
if there exists a family of (single-winner) scoring functions
(Ym,k ) e<m With ¥, 0 [m] — Ry such that for every m € N
and every sequence I = (i1, ...,4x) € [m]x we have:

Frup(Ers - yik) = iy V(i)

A committee scoring rule Ry is (weakly) separable if it is
defined through a family of (weakly) separable scoring func-
tions f. If for all m we have v,,1 = -+ = Vm,m, then we
say that the function is separable, without the “weakly” qual-
ification (separable rules have some axiomatic properties that
other weakly separable rules lack [Elkind e al., 2014]).

The notion of (weakly) separable rules was introduced by
Elkind et al. [2014]; they pointed out that SNTV and k-Borda
are separable, whereas Bloc is only weakly separable.'

'Tn the AAMAS version of their paper, Elkind et al. [2014] used
the term “additively separable” instead of “separable.”



Representation-Focused Rules. A family of committee
scoring functions f = (fm k)k<m IS representation-focused
if there exists a family of (single-winner) scoring functions
(Ym,k)k<m such that for every m € N and every sequence
I=(i1,...,ix) € [m] we have:

S (i, ooy ik) = Ymok (1)

A committee scoring rule Ry is representation-focused if it
is defined through a family of representation-focused scoring
functions f. The notion of representation-focused rules was
introduced by Elkind et al. [2014]; 3-CC is the archetypal
example of a representation-focused committee scoring rule.

SNTV is both separable and representation-focused rule,
and it is the only nontrivial rule with this property.

Proposition 1. SNTV is the only nontrivial rule that is
(weakly) separable and representation-focused.

Top-k-Counting Rules. A committee scoring rule R ¢, de-
fined by a family f = (fi.k)k<m. i top-k-counting if there
exists a sequence of nondecreasing functions (gx)xen, With
gk {0,...,k} — Ry, such that:

fm,k(ilw .. ,Zk) = gk(|{2t it S k}|)

That is, the value f, 1 (41, ..., i) depends only on the num-
ber of committee members that the given voter ranks among
his or her top k positions. We refer to the functions gy, as the
counting functions. Top-k-counting rules were introduced by
Faliszewski et al. [2016].

Faliszewski et al. mention three notable examples of top-
k-counting rules: the Bloc rule (with counting functions
g2l°¢(i) = i), the Perfectionist rule (with counting functions
gFet such that gF(i) = 1if i = k and g} °*!(i) = 0 oth-
erwise), and the aj-CC rule (with counting functions g,gc
such that g€(0) = 0 and g-C(i) = 1 fori > 1). a,-CC
is also representation focused and is one of many approval-
based variants of the Chamberlin—Courant rule.

Bloc is the only nontrivial rule that is both weakly separa-
ble and top-k-counting, and ay-CC is the only nontrivial rule
that is both representation-focused and top-k-counting.

Proposition 2 (Follows from the results of Faliszewski et
al. [2016]). Bloc is the only nontrivial rule that is weakly
separable and top-k-counting.

Proposition 3. «y-CC is the only nontrivial rule that is
representation-focused and top-k-counting.

OWA-Based Rules. Skowron et al. [2015] introduced a
class of multiwinner rules based on ordered weighted average
(OWA) operators (a variant of this class was studied by Aziz
etal. [2015a; 2015b]; Elkind and Ismaili [2015] use OWA op-
erators to define a different class of multiwinner rules). While
they did not directly consider elections based on preference
orders, their ideas also apply to committee scoring rules.

An OWA operator A of dimension % is a sequence A =
(A1, ..., Ak) of nonnegative real numbers.

Definition 2. Let A = (Ay)ren be a sequence of OWA op-
erators such that A, = (\¥, ..., \F) has dimension k. Let
v = (Vm.k)k<m be a family of (single-winner) scoring func-
tions for elections with m candidates (Vm : [m] — N).
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Then, v and A define a family f = (fm. k)k<m of commit-
tee scoring functions such that for each (i1, ..., i) € [m]k
we have:

S (i1, ik) = 25:1 A Yo e (it).-

We refer to committee scoring rules Ry defined through f in
this way as OWA-based.

It is known that weakly separable, representation-focused,
and top-k-counting rules are OWA-based (one uses OWA
operators (1,...,1) for weakly separable rules, and OWA
operators (1,0, ...,0) for representation-focused rules; the
argument for top-k-counting rules is due to Faliszewski et
al [2016] and is a bit more involved). As a corollary to the
preceding propositions, we get the following observation.

Corollary 4. Each of the classes of separable, top-k-
counting, and representation-focused rules is strictly con-
tained in the class of OWA-based rules.

Naturally, there are also OWA-based rules that do not be-
long to any of the above-mentioned classes. For example,
by t-PAV (t-approval based variant of proportional approval
voting; see the work of Kilgour [2010]) we mean the OWA-
based rule that uses o as the single-winner scoring functions

and OWA operators of the form Ay = (1, %, %, R %)

Proposition 5. For some constant t, t-PAV is neither weakly
separable, representation-focused, nor top-k-counting.

For other examples of OWA-based rules, see the works of
Skowron et al. [2015] and Aziz et al. [2015a; 2015b].

Decomposable Rules. We introduce the following class
that naturally generalizes the class of OWA-based rules.
Definition 3. Let '77(5),1«: [m] = N, t € [k], be a family of
(single-winner) scoring functions for elections with m can-
didates (t < k < m). These functions define a family of
committee scoring functions f = (fm.k)k<m Such that for
each (iq, ..., i) € [m]i we have:

oo yin) = S0 4, ().

We refer to committee scoring rules Ry defined through f in
this way as decomposable.

At first glance, decomposable rules seem very similar to
the weakly separable ones. The difference is that for fixed
m and k and two different values ¢ and ¢', for decomposable
rules the functions 752) 5 and '77(;3« can be completely differ-
ent. This implies that OWA-based rules are decomposable. In
fact, the containment is strict.

Proposition 6. The class of OWA-based rules is strictly con-
tained in the class of decomposable rules.

While the containment is immediate to see, proving that it
is strict requires more care. We first give an intuition for a
practical decomposable rule that is not OWA-based and then
show that indeed such rules are not OWA-based.

Example 1. Consider a clothing store that specializes in
shirts. Let C be the set of m shirts that the store can or-
der from its suppliers. However, the store can put on display
only k different shirts, and it wants to pick them in a way that



would maximize its revenue (i.e., the number of shirts sold).
We assume that every customer ranks all the possible shirts
from the best one to the worst one.> Let us say that a cus-
tomer considers a shirt to be “good enough” if, from his or
her point of view, it is among the top 20% of all shirts and
to be “very good” if it is among top 5%. A customer buys
two “very good” shirts, or one “at least good enough” shirt
(if there are no two “very good” shirts). Naturally, the cus-
tomer picks the best shirt(s) he can find (respecting the above
constraints). If i1, ..., i} are the positions (in the customer’s
preference order) of the shirts that the store puts on display,
then the number of shirts he or she buys is given by function:

Sk (81, o 8k) = a0.20m (1) + @0.05m (i2).

Thus, to maximize its revenue, the store should find a winning
committee for the election where the shirts are the candidates,
the voters are the customers, and where we use committee
scoring rule Ry based on f = (fum k) k<m.

We refer to decomposable rules defined through committee
scoring functions of the form

fm,k(ilv CER Zk) = A]fatm,k,l (21) +ee /\]lzatm.k,k (Zk)’

where Ar, = (\},...,\F) are OWA operators and
tn,k1, - - - s tm k& are sequences of integers from [k], as mul-
tithreshold rules (we put no constraints on ¢, i 1, - - -, tm,k,ks
both increasing and decreasing sequences are natural).

Proposition 7. The committee scoring rule defined through
the multithreshold function fp, 1,(i1,...,%) = op, (1) +
ap, (i2), for p1,p2 € {2,....m —k — 2}, p1 > p2 + 1,
is not OWA-based.

Proof. Let us fix the number of candidates m to be suffi-
ciently large (as will become clear throughout the proof) and
the committee size k to be sufficiently small (e.g., k = 2
would suffice). For the sake of contradiction, let us as-
sume that Ry is OWA-based, i.e., in particular, that there
exists f’ such that Ry = Ry (for elections with m candi-
dates and committee size k) and such that f'(i1,...,x)
A1y (1) + Aoy (i2)+- - -+ Ay (ik ), where ~ is a single-winner
scoring function and the coefficients \; are all nonnegative.

Let E = (C,V) be an election with candidate set C' =
{c1,...,cm} and voter collection V' = (v1,...,0m1), With
one voter for each possible preference order. By symmetry,
each size-k subset W of C' is a winning committee of F un-
der Ry. Let v be an arbitrary fixed voter and let b be the
candidate that v ranks on top, c; be the candidate that v ranks
on position (p; + 1), and ¢, be the candidate that v ranks on
position (p2 + 1). Note that v prefers b to ca to ¢1. Let Dg_q
and Dy _o be, respectively, the sets of candidates that v ranks
on bottom k£ — 1 and k£ — 2 positions. We define three com-
mittees: C7 = Dy U {Cl}, 01)2 =D, U {01,02}, and
Cho = Dy_o U{b,c2}.

Let E; be an election obtained from E by shifting ¢; one
position forward in v. According to f,, , in E; the score
of committee C increases by one point (as compared to E),

>We use this order to define natural concepts, such as a “good
enough” shirt. A customer certainly knows if a shirt is good enough.
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Figure 1: The hierarchy of committee scoring rules.

and the score of C] 5 does not change. Since every other
committee gains at most one point, we get that C1 is a winner
in £y and that C 2 is not. However, this means that also
under f’ the score increase of C'; must have been greater than
the score increase of C 2 and, so, we get A1 (y(p1) —v(p1 +
1)) > X2(y(p1) —7v(p1+1)). It must be that y(p1) — v(p1 +
1) > 0 (otherwise the above inequality would not hold) and
we conclude that A; > \o.

Next, let E» be an election obtained from E by shifting ¢,
one position forward in v: In Ey the committee Cj 2 gains
one point and by the same reasoning as above we infer that
Ch,2 is a winner in Ey. Similarly, C 2 does not gain the
additional point and, so, it is not a winner in E”. Under f’
the score increase of C}, 2 must be greater than that of Cf »,
s0 A2(v(p2) — ¥(p2 + 1)) > Ai(v(p2) — ¥(p2 + 1)). This
implies that Ao > A1, which gives a contradiction. O

Example 2. We continue the shirt store example. Now the
store does not want to maximize its direct revenue (i.e., the
number of shirts sold), but the number of happy customers
(in hope of increased future revenue). Let us say that a cus-
tomer is happy if he finds at least two very good shirts or at
least one excellent shirt (one among top 1% of the shirts).
Then the store should use the committee scoring function
Jmk (i1, .. ix) = max(ao.01m(i1), €0.05m (i2))-

We refer to multithreshold rules with summation replaced
by the max operator as max-threshold rules.

Proposition 8. There is a max-threshold rule that is not de-
composable.

We show the relations between the classes discussed in this
section, with examples of notable rules, in Figure 1.

4 Axiomatic Properties

We now focus on axiomatic properties of committee scoring
rules. The choice of properties we study was led by the desire
to understand (and separate) our classes of rules.

Nonimposition Property. Nonimposition is among the
most basic properties of voting rules. A single-winner rule R



is said to satisfy the nonimposition property if for each can-
didate there is an election where this candidate is the unique
winner. We generalize this definition to the case of multiwin-
ner rules in the natural way.

Definition 4. Let R be a multiwinner rule. We say that R has
the nonimposition property if for each candidate set C' and
each subset W of C, there is a collection of voters V over C,
such that for election E = (C, V) we have R(E,|W|) = W.

We show that all nontrivial committee scoring rules have
the nonimposition property, through a somewhat intricate
proof. For single-winner scoring rules, it suffices to consider
an election where a fixed candidate is on top in all preference
orders and all the other candidates are ranked in all possi-
ble ways. We use a similar approach, but the proof is more
complicated because we need to take care of committees that
share some members with the committee that we want to win.

Theorem 9. Let Ry be a committee scoring rule defined by
a family of committee scoring functions f = ( fum k) k<m. The
rule Ry satisfies the nonimposition property if and only if
every committee scoring function in f is nontrivial.

So far we do not know if for every committee scoring rule
there is an election where exactly two (a’priori given) com-
mittees tie as winners. This is unfortunate since if we had
such a result, we would have a fairly general mechanism for
showing that two committee scoring functions (for given m
and k) define the same rule (for these m and k) only if they
are linearly related. This would give a semiautomatic mean
of proving results such as Proposition 7.

Variants of Noncrossing Monotonicity. Elkind et al. [2014]
introduced two monotonicity notions for multiwinner rules:
candidate monotonicity and noncrossing monotonicity. In the
former one, we require that if we shift forward a candidate
from a winning committee in some vote, then this candidate
still belongs to some winning committee after the shift (possi-
bly a different winning committee). Elkind et al. [2014] show
that all committee scoring rules have this property.

For noncrossing monotonicity, we require that if we shift
forward a member of a winning committee W (without him
or her passing another member of W) then W is still winning.

Definition 5 (Elkind et al. [2014]). A multiwinner rule R
is noncrossing monotone if for each election E = (C,V)
and each k € [|C|] the following holds: if c € W for some
W € R(E, k), then for each E' obtained from E by shifting ¢
forward by one position in some vote without passing another
member of W, we have that W € R(E', k).

Elkind et al. [2014] have shown that weakly separable rules
are noncrossing monotone, and we will now show that these
are the only such committee scoring rules.

Theorem 10. Let Ry be a committee scoring rule defined
through a family f = (fmk)k<m of Scoring functions
fmk: [m]e = N. Ry is noncrossing monotone if and only if
R is weakly separable.

Proof. Due to the results of Elkind et al. [2014], it suffices
to show that if R ; is noncrossing monotone then it is weakly
separable. So let us assume that R ; is noncrossing monotone.
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Consider an arbitrary number of candidates m and com-
mittee size k € [m]. Foreacht € {2,...,m}, let P, x(t) be
the set of sequences from [m]; that include position ¢ and do
not include position ¢t — 1. (For example, if m = 5 and k = 2,
then P52(4) = {(1,4),(2,4),(4,5)}.) Intuitively, P, (t)
is a collection of positions a committee of size k£ may take,
in which it is possible to shift the committee member from
position ¢ to position ¢ — 1 without passing another member.

Let E = (C,V) be an election with candidate set C' =
{e1,...,¢m}, and voter collection V' = (v1,...,0Vm1), with
one voter for each possible preference order. By symmetry,
any size-k subset W of C' is a winning committee under R .

Consider an arbitrary integer ¢ € {2,...,m}, two arbi-
trary (but distinct) sequences I = (i1,...,%x) and J =
(J1,---,Jk) from P, 1(t), and an arbitrary vote v from the

election. Let C'(I) be the set of candidates that v ranks at po-
sitions 41, . . . , 4%, and let C'(J) be defined analogously for J.
Let E’ be the election obtained by shifting in v the candidate
currently in position ¢ one position up. Finally, let I’ and J’
be sequences from [m]y, obtained from I and J by replacing
the number ¢ with ¢ — 1 (recall that I and J are from P, j(t)).

Since, by assumption, R is noncrossing monotone, it
must be the case that C'(I) and C(J) are winning committees
under R also in election E’. The difference of the scores of
committee C'(I) in elections E’ and E' i8 fr, k(I") — fin 1 (1),
and the difference of the scores of committee C(.J) in E’
and E is [ 1(J') — fmk(J). Clearly, it must be the case
that: fri(I') — frnikD) = fri(J) = fun(J). How-
ever, since the choice of ¢, and the choice of I and J within
P, 1.(t), were completely arbitrary, it must be the case that
there is a function h,,  such that for each ¢ € {2,...,m},
each sequence U € P, (t), and each sequence U’ ob-
tained from U by replacing position ¢ with £ — 1, we have
hm,k(t - 1) = fm,k(U/) - fm,k(U)'

We define a single-winner scoring function vy, ; as fol-
lows. For each t € {2,...,m}, we set v, 1(t — 1) —
Yme(t) = hmi(t — 1). We choose v, x(m) so that
'Ym,k:(m) + ’Ym,k(m - 1) +.o.ot ’Ym,k(m - (k' - 1))
fmk(m —(k—1),...,m —1,m) (so that v, j indeed cor-
rectly describes the score of the committee ranked at the &
bottom positions as a sum of the scores of the candidates).

We fix some arbitrary sequence ({1,...,£;) from [m]g;
our goal is to show that fy, x(¢1,...,0k) = Ymx(f1) +
Ym,k(€2) + -+ 4+ Ym 1 ({x). We know that, due to the choice
of ym.p(m), for R = (r1,...,1) = (m—k+1,...,m) it
does hold that fy, k(71,...,7%) = Ym k(r1)+ - +Ym & (Tk)-
Now we can see that this property also holds for R’ = (ry —
1,72,...,7). The reason is that v,  (m—k) —vm k. (m—k+
1) =hmr(m—k) = fimx(R) — fmk(R). Thus, for R’, we
have fm,k(R/) = %n,k’(rl - 1) + ’Ym,k’('r'Z) + ’Ym,k(rk’)-
Clearly, we can proceed in this way, shifting the top member
of the committee up by sufficiently many positions, to obtain
R" = (l1,72,...,7%) and (by the same argument as above)
have fr k(R") = Ymk(l1) + Ymx(r2) + - + Yk (k)
Then we can do the same to position 75, and keep decreas-
ing it until we get 5. Then the same for the third posi-
tion, and so on, until the k-th position. Finally, we get
Sty lk) = Ymr(l1) + -+ + Ymx(lk). We con-
clude by noting that v is a nonincreasing function, because



it defines a noncrossing monotone rule. O

Based on the idea of noncrossing monotonicity, we can
define many other similar notions. Consider a multiwinner
rule R, committee size k, and let M = {mq,...,m;} be a
subset of [k], where t < kand m; < mg < -+ < my.
Consider a vote v (over a candidate set C, |C| > k) and a
committee W = {ws,...,wy} (we assume that v ranks w;
ahead of wo, ranks wy ahead of w3, and so on). By an M-
shift of W in v, we mean shifting by one position forward
Wi, , then wy,,, and so on, until w,,,. We say that a given
M -shift is legal in v with respect to W if executing it is pos-
sible (i.e., w,,, is not ranked first) and the shifted members
of W do not overtake other members of .

Definition 6. Ler M = (My)r>1 be a sequence of sets,
where each My, is a family of subsets of [k]. We say that
a multiwinner rule R is M-monotone if for each election
E = (C,V) and each k € [|C|], the following holds: For
each W € R(E,k), each M € My, and each E’' obtained
from E by applying in some vote a legal M -shift (with respect
to W), we have that W € R(E', k).

We can use M-monotonicity to define the standard non-
crossing monotonicity and several other interesting notions:

1. Consider a sequence M™® = (M}°),>1, where each
ne consists of all the singleton subsets of [k]. Then
M"°-monotonicity is simply noncrossing monotonicity.

Consider a sequence MP™ = (M¥");>1, where each
MY is of the form {{1}, {1,2}, ..., {1,...,k}}. We
refer to MP**-monotonicity as prefix monotonicity.

: t
Consider a sequence M'°P (MP)>1, where

each M;°" is equal to {{1}}. We refer to M"P-
monotonicity as top-member monotonicity.

Intuitively, if a rule satisfies the prefix monotonicity cri-
terion, then shifting forward some top members of a winning
committee, within a given vote, never prevents this committee
from winning. Top-member monotonicity is a refinement of
prefix monotonicity, where we are restricted to shifting only
the top-ranked member of a winning committee.

Naturally, all noncrossing monotone rules (i.e., all weakly
separable rules) satisfy all types of M-monotonicity.

Corollary 11. If a multiwinner rule is noncrossing monotone
then it is M-monotone for every choice of M.

Thus it is impossible to use M-monotonicity notions to
characterize classes of rules that do not contain weakly sepa-
rable ones. Yet, it is possible to show that some such classes
do satisfy specific types of M-monotonicity.

Proposition 12. Every representation-focused rule is top-
member monotone.

On the other hand, only decomposable rules can be prefix-
monotone (and mostly, though not only, those based on con-
vex functions; see also the explanations below Theorem 14).

Theorem 13. Let Ry be a committee scoring rule. If Ry is
prefix-monotone then it must be decomposable.
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Theorem 14. Let Ry be a decomposable committee scor-
ing rule defined through a family of scoring functions

S, i) = 'YS)k(Zl) + ’Yg?k(i2) +t %(r’:,)k(ik)r

where 7 = (VS)k)tSkSm is a family of single-winner scoring
functions. A sufficient condition for R to be prefix-monotone
is that for each m and each k € [m] we have that:

(i) foreachi € [k] and eachp,p’ € [m—1], p < p/, it holds

that ¥ (p) =7 (p+1) > v (p') =D (p' +1), and

(ii) for each i,j € [k], j > 4, and each p € [m], j <

p < m — (k—1i), it holds that v (p) — D (p + 1) >
YD (p) =7 (p +1).

Intuitively, condition (i) says that functions in the v family

are convex, and condition (ii) says that, for each m and k, if

i < j then 75;) i decreases at least as rapidly as 'yg_)k.

Example 3. «a-CC is a decomposable rule that is not prefix-
monotone. Consider k = 2 and an election that includes the
vote v: a = b > c >~ d. Let us say that in the whole election
the winning committees are W = {b,c} and W' = {c,d}.
If a,-CC were prefix-monotone, then shifting b and c by one
position forward in v (to obtain b > ¢ = a > d) should keep
W winning. However, doing so does not change the score of
W and increases the score of W', so W no longer wins.

5 Computational Remarks

Many committee scoring rules are NP-hard to compute. Pro-
caccia et al. [2008], Lu and Boutilier [2011], and Betzler et
al. [2013] show hardness of winner determination for various
representation-focused rules, Skowron et al. [2015] and Aziz
et al. [2015b] show strong hardness results for large fami-
lies of OWA-based rules, and Faliszewski et al. [2016] do
the same for many top-k-counting rules. (On the other hand,
weakly separable rules are polynomial-time computable.)

Fortunately, many of the above-cited papers also provide
means to go around their hardness results. We add the fol-
lowing result to this literature.

Theorem 15. Let Ry be a decomposable committee scor-
ing rule defined through a family of scoring functions
Frne ity i) = A (@) + A8 (i2) + - + A%, (),
where v = (’yffb) i )t<k<m Is a family of polynomial-time com-
putable single-winner scoring functions. If for each m, each
k € [m], each i € [k — 1] and each p € [m], it holds
that v;—1(p) > ~i(p), then there is a polynomial-time al-
gorithm that, given an election E = (C,V') and a commit-
tee size k, outputs a committee W such that scoreg (W) >
(1 — 1) maxgcc jw|=k scoreg (9).

6 Summary

We have provided an axiomatic study of committee scoring
rules, focusing mostly on the hierarchy formed by its sub-
classes (including that of decomposable rules, introduced in
this paper) and on properties of monotonicity. There is a num-
ber of follow-up directions for this research. For example,
whole-committee monotonicity (where all the members of the
committee are shifted forward) is an interesting property.



References

[Aziz et al., 2015a] H. Aziz, M. Brill, V. Conitzer, E. Elkind,
R. Freeman, and T. Walsh. Justified representation in
approval-based committee voting. In Proceedings of the
29th AAAI Conference on Artificial Intelligence, pages
784-790, 2015.

[Aziz er al., 2015b] H. Aziz, S. Gaspers, J. Gudmundsson,
S. Mackenzie, N. Mattei, and T. Walsh. Computational
aspects of multi-winner approval voting. In Proceedings of
the 14th International Conference on Autonomous Agents
and Multiagent Systems, pages 107-115, 2015.

[Barbera and Coelho, 2008] S. Barbera and D. Coelho. How
to choose a non-controversial list with & names. Social
Choice and Welfare, 31(1):79-96, 2008.

[Betzler et al., 2013] N. Betzler, A. Slinko, and J. Uhlmann.
On the computation of fully proportional representation.
Journal of Artificial Intelligence Research, 47:475-519,
2013.

[Chamberlin and Courant, 1983] B. Chamberlin and
P. Courant. Representative deliberations and representa-
tive decisions: Proportional representation and the Borda
rule. American Political Science Review, 77(3):718-733,
1983.

[Darmann, 2013] A. Darmann. How hard is it to tell which

is a Condorcet committee? Mathematical Social Sciences,
66(3):282-292, 2013.

[Debord, 1993] B. Debord. Prudent k-choice functions:
Properties and algorithms. Mathematical Social Sciences,
26:63-77, 1993.

[Elkind and Ismaili, 2015] E. Elkind and A. Ismaili. OWA-
based extensions of the Chamberlin-Courant rule. In Pro-
ceedings of the 4th International Conference on Algorith-
mic Decision Theory, pages 486-502, 2015.

[Elkind et al., 2014] E. Elkind, P. Faliszewski, P. Skowron,
and A. Slinko. Properties of multiwinner voting rules. In
Proceedings of the 13th International Conference on Au-
tonomous Agents and Multiagent Systems, pages 53-60,
2014.

[Faliszewski et al., 2016] P. Faliszewski, P. Skowron,
A. Slinko, and N. Talmon. Multiwinner analogues of
the plurality rule: Axiomatic and algorithmic views. In
Proceedings of the 30th AAAI Conference on Artificial
Intelligence, 2016. To appear.

[Fishburn, 1981] P. Fishburn. Majority committees. Journal
of Economic Theory, 25(2):255-268, 1981.

[Goldsmith er al., 2014] J. Goldsmith, J. Lang, N. Mattei,
and P. Perny:. Voting with rank dependent scoring rules.
In Proceedings of the 28th AAAI Conference on Artificial
Intelligence, pages 698-704. AAAI Press, 2014.

[Kacprzyk et al., 2011] J. Kacprzyk, H. Nurmi, and
S. Zadrozny. The role of the OWA operators as a unifica-
tion tool for the representation of collective choice sets. In
Recent Developments in the Ordered Weighted Averaging
Operators, pages 149—-166. Springer, 2011.

256

[Kilgour, 2010] M. Kilgour. Approval balloting for multi-
winner elections. In Handbook on Approval Voting.
Springer, 2010. Chapter 6.

[Lu and Boutilier, 2011] T. Lu and C. Boutilier. Budgeted
social choice: From consensus to personalized deci-
sion making. In Proceedings of the 22nd International
Joint Conference on Artificial Intelligence, pages 280—
286, 2011.

[Procaccia et al., 2008] A. Procaccia, J. Rosenschein, and
A. Zohar. On the complexity of achieving proportional
representation. Social Choice and Welfare, 30(3):353—
362, 2008.

[Skowron et al., 2015] P. Skowron, P. Faliszewski, and
J. Lang. Finding a collective set of items: From propor-
tional multirepresentation to group recommendation. In
Proceedings of the 29th AAAI Conference on Artificial In-
telligence, 2015.

[Yager, 1988] R. Yager. On ordered weighted averag-
ing aggregation operators in multicriteria decisionmak-
ing. IEEE Transactions on Systems, Man and Cybernetics,
18(1):183-190, 1988.



