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Abstract

We consider an assignment problem that has as-
pects of fair division as well as social choice. In
particular, we investigate the problem of assign-
ing a small subset from a set of indivisible items
to multiple players so that the chosen subset is
agreeable to all players, i.e., every player weakly
prefers the chosen subset to any subset of its com-
plement. For an arbitrary number of players, we
derive tight upper bounds on the size for which a
subset of that size that is agreeable to all players al-
ways exists when preferences are monotonic. We
then present polynomial-time algorithms that find
an agreeable subset of approximately half of the
items when there are two or three players and pref-
erences are responsive. Our results translate to a
2-approximation on the individual welfare of every
player when preferences are subadditive.

1 Introduction

Consider the following assignment problem with aspects of
fair division as well as social choice: A group of agents are
going together on a road trip, and they have to collectively
agree upon a subset of items to bring with them in a bag that
can hold a limited number of items. Naturally, the agents have
different interests on different items, but they always like a set
at least as much as any subset of it. The set of items included
in the bag should be selected in such a way that any agent
weakly prefers it to the set of items left at home. How large
does the bag need to be in order to guarantee that there always
exists such a subset—an agreeable subset—that fits within it?
And how can we efficiently compute an agreeable subset?
Our notion of agreeability is closely related to envy-
freeness, a well-studied notion in fair division [Bouveret and
Lemaitre, 2014; Brams et al., 2012a; Chevaleyre et al., 2006;
Cohler et al., 2011; Kash et al., 2013], and variants of agree-
ability have been considered in the literature [Aziz et al.,
2015; Bouveret ef al., 2010; Brams et al., 2012b]. An envy-
free allocation is one in which every player weakly prefers
her bundle to that of any other player. Both agreeability and
envy-freeness involve players being happy if their allocation
is at least as good as some other allocation(s). In previous
work on fair division, each allocation is typically assigned
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to a single player, and the player compares the allocation
that she receives with the allocations that other players re-
ceive. A novelty in our setting is the introduction of a social
choice aspect to the allocation problem, i.e., we assign the
same subset of items to multiple players with possibly wildly
differing preferences. This corresponds to the social choice
framework of aggregating individual preferences to reach a
collective decision for the whole group [Arrow er al., 2002;
Brandt er al., 2016].) However, the envy-freeness condi-
tion is one-directional in our setting—there is no envy as-
sociated to the unassigned set of items. Our setting can
also be seen as a multiagent knapsack problem in which ev-
ery item has the same size and the agreeability condition is
imposed, and it bears a resemblance to the consensus halv-
ing and necklace bisection problems [Alon and West, 1986;
Simmons and Su, 2003].

For an arbitrary number of players, we derive tight upper
bounds on the size for which a subset of that size that is agree-
able to all players always exists when preferences are mono-
tonic. Remarkably, even if the subset of items needs to be al-
located to several players, the number of extra items that we
might need to choose in order to accommodate all of them is
quite small, i.e., half an item per additional player. We then
present polynomial-time algorithms that compute an agree-
able subset of approximately half of the items when there are
two or three players and preferences are responsive. Our re-
sults translate to a 2-approximation on the individual welfare
of every player when preferences are subadditive.

The assumptions that we make on the players’ preferences,
monotonicity and responsiveness, are practical in a broad
range of settings. Monotonicity says that a player cannot be
worse off whenever an item is added to her set, while the
stronger notion of responsiveness says that a player cannot
be worse off whenever an item is added to her set or re-
placed by another item that she weakly prefers to the original
item. These assumptions are common in the literature’ and
have been made, for example, in [Brams and Fishburn, 2000;
Brams et al., 2012b; Aziz, 2015; Lipton et al., 2004], with the
latter two only assuming monotonicity. For our existence re-

'In fact, fair division can also be viewed as a social choice prob-
lem in the sense that a collective decision, concerning the allocation
of the resources to the different players, has to be reached.

“For a comprehensive treatment of properties concerning the
ranking of sets of objects, we refer to [Barbera er al., 2004].



sults we will only assume monotonicity, and we will assume
responsiveness for our algorithms.

Even though the need to assign as many as half of the items
even for two or three players might not seem that impressive
at first glance, the reader should bear in mind that the condi-
tions that we impose on the valuations functions are not many.
For instance, monotonicity and responsiveness are general-
izations of additivity, a very common assumption on prefer-
ences (e.g., [Dickerson et al., 2014]). Since we consider very
general valuation functions, it is natural that the size of the se-
lected set is relatively large. Indeed, in the simple case where
we want to assign items to a single player whose preference
only depends on the number of items and who prefers more
items than less, we already need to assign to her at least half
of the items. In this light, our result that we only need to as-
sign half an item extra in the worst case for each additional
player is quite intriguing.

An important issue when we discuss algorithms for com-
puting desirable allocations is how we represent the play-
ers’ preferences. Since preferences on subsets, unlike pref-
erences on single items, might not have a succinct repre-
sentation, this would already disallow algorithms that run in
polynomial time in the number of players and the number
of items if the algorithm were required to read the whole
preference input. To circumvent this problem, we instead
assume the existence of a preference oracle. In particular,
we allow the algorithm to make a polynomial number of
queries to the preference oracle. In each query, the algo-
rithm can specify a player and two subsets of items to the
preference oracle, and the oracle reveals the preference of
that player between the two subsets. The use of the oracle
model is common in computer science and in artificial intelli-
gence in particular [Armstrong et al., 2012; Jain ef al., 2011;
McMahan et al., 2003].

2 Definitions and notation

In this section, we introduce the setting and give definitions
and notation that we will use throughout this paper.

We consider n players, numbered 1,2, ..., n, who must
collectively choose a subset of the set S = {x1,z2,...,2m}
of m indivisible items. Denote by S the set of all subsets
of S. Each player 7 is endowed with a preference relation
>, areflexive, complete, and transitive ordering over S. Let
>, denote the strict part and ~; the indifference part of the
relation >;. For items x and y, we will sometimes abuse
notation and write x > y to mean {z} = {y}.

Next, we define two properties of preferences that we will
consider in the paper. Both properties are standard in the lit-
erature. The first property, monotonicity, says roughly that
“more is better”, i.e., a player cannot be worse off whenever
an item is added to her set.

Definition 1. A preference = on S is monotonic if TU{x} =
Tforall T CS.

Note that if € T', then T'U {«} = T always holds, so we
only need to check when x € S\T.

We will assume throughout most of the paper that prefer-
ences are monotonic. Monotonicity is a natural assumption
in a broad range of situations. In particular, it implies free
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disposal of items, i.e., every item is considered to be of non-
negative value to each player.

The next property, responsiveness, says that a player can-
not be worse off whenever an item is added to her set or re-
placed by another item that she weakly prefers to the original
item. While stronger than monotonicity, responsiveness is
still a reasonable assumption in many settings.

Definition 2. A preference = on S is responsive if it satisfies
the following two conditions:

® > is monotonic;
e T\{y} U{a} = T forall T C S and x,y such that
xryxg€TandyeT.
Given two sets 71 = {Zi,, Tiy, ..., &4, ) With i1 < ig <
e <idpand Ty = {le,xj2,...,xjk} Withjl <o <o <
Jk, 11 is said to lexicographically dominate T if the follow-

ing two statements hold for some [ € {1,2,...,k}:
1. iy =gy forall1 < I < l;
2.9 < jl-

For instance, one can check that the set {x1, z3, x5, zs}
lexicographically dominates the set {z1, z3, 2, z7}, while
the set {x4, x5} does not lexicographically dominate the set
{3, 710}

We now consider two examples of preferences.

Example 1. Consider the preference =1 on S defined as fol-
lows. For distinct subsets Ty, To C S, we have Ty =1 T5 if
one of the following two conditions holds:

o [Th| > [Ty
o |Ty| = |Ts| and T} lexicographically dominates Tb.

>

For instance, when m = 3, the preference =, is given
by {z1, w2, 23} =1 {w1, 22} =1 {x1, 23} =1 {72,703} =1
{21} =1 {22} =1 {as} =1 0.

Example 2. Consider the preference =5 on S defined as fol-
lows. For distinct subsets T1,T5 C S, we have Ty =5 T5 if
one of the following three conditions holds:

o x1 €Ty and x1 & T,
o x1 €T, Thorxy €T, T, and |Ty| > |To|;

e xy € T\, Ty orxy & Th, T, and |Ty| = |T| and Ty
lexicographically dominates T5.

For instance, when m = 3, the preference > is given
by {w1, 22,23} =2 {x1,22} =2 {T1,23} =2 {71} =2
{w2, 23} =0 {2} =2 {w3} =2 0.

One can check that the preferences in Examples 1 and 2
are both monotonic and responsive. Moreover, they share the
same preference on the single items in S, i.e., 1 > o >
e X

Next, we define the notion of agreeability. We denote the
complement of a set T'by —T := S\T.

Definition 3. Player i regards a subset T C S as agreeable
1= —T.

When preferences are monotonic, agreeability also implies
that the player does not prefer any subset of the complement
to her current set. That is, we have T' >=; U forany U C —T.



We now define two properties of subsets of items based
on the preference on single items. In general, we will use >~
to denote the preference on S and =59 to denote the pref-
erence on the single items in S. The first property, possible
agreeability, says that a subset is “strictly agreeable” for some
responsive preference consistent with the preference on sin-
gle items.

Definition 4. Fix a preference =9 on the single items in S.
A subset T C S is possibly agreeable with respect to =59
if there exists a responsive preference >= on S consistent with
=519 sych that T >~ —T.

The next property, necessary agreeability, concerns the sit-
uation in which a subset is agreeable for any responsive pref-
erence consistent with the preference on single items.

Definition 5. Fix a preference =9 on the single items in S.
A subset T C S is necessarily agreeable with respect to =59
if T = —T for any responsive preference = on S consistent
with =59,

We now make a connection to the model in which ev-
ery player has a cardinal utility for each subset of items.
A utility function f is a function that maps any subset of
items to a nonnegative real number. We assume that util-
ity functions are monotonic, ie., f(T1) < f(T3) for all
subsets of items 77 C 7T5. A utility function f is said to
be additive if f(Th U Ty) = f(Th) + f(T2) for all dis-
joint subsets of items 737 and 75, and is said to be subad-
ditive if f(Ty U Te) < f(T1) + f(T%) for all subsets of
items 77 and T5. Any nonnegative monotonic additive util-
ity function is also subadditive. Subadditive utility functions
have been widely considered in the literature [Feige, 2009;
Bhawalkar and Roughgarden, 2011].

When the preferences of the players are given by subaddi-
tive utility functions, a subset that a player regards as agree-
able also gives the player a utility of at least 1/2 of the utility
that the player obtains from the whole set .S of items. In-
deed, for any such subset 7' we have f(S) = f(T U -T) <
f(T)+ f(=T) < 2f(T), which implies that f(T) > % f(S).
Hence our results concerning subsets that are agreeable to ev-
ery player also translate to a 2-approximation on the individ-
ual welfare of every player when preferences are subadditive.

3 Possibly and necessarily agreeable subsets

In this section, we investigate possibly and necessarily agree-
able subsets and provide characterizations for such sets. The
characterizations will later be useful in the analyses of our al-
gorithms for computing an agreeable subset when there are
two or three players. The following proposition shows a rela-
tionship between the two classes of subsets.

Proposition 1. Fix a preference =9 on the single items
in S. A subset T C S is possibly agreeable with respect
to =9 if and only if —T is not necessarily agreeable with
respect to —sing,

Proof. Suppose first that T" is possibly agreeable with respect
to =*'"9. By definition, there exists a responsive preference
> on S consistent with =*""*9 such that 7' = —7'. This means
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that —T" = T does not hold for the responsive preference =.
Hence —T' is not necessarily agreeable with respect to >**"*9.
The converse can be shown similarly. O

We now characterize possibly and necessarily agreeable
subsets.

Proposition 2. Fix a preference =*"9 on the single items in
S with 1 =59 go =59 ... =59 ¢ JTetrT C S, and
define I, = {x1,xa,..., 2} forall k € {1,2,...,m}.

(@ If Iy NT| > & forall k € {1,2,...,m}, then T is
necessarily agreeable with respect to =9, The converse
also holds if the preference =*""9 is strict.

(b) If T is possibly agreeable with respect to =9, then
|Ix NT| > & for some k € {1,2,...,m}. The converse also
holds if the preference =59 is strict.

Proof. (a) Suppose first that |, N T| > % for all £ €
{1,2,...,m}. Since |I,,NT| > %, we have that |T'| > |-T'|.
Let 7" C T be the subset consisting of the | — T'| elements of
T with the smallest indices.

Define a bijective function f : T/ — —T as follows: Given
the element x5, € T with the smallest index for which f(xy)
is not yet defined, we define f(xy) to be the element in —7T
with the smallest index that has not occurred in the range of
f so far. Since |I; NT| > & forall k € {1,2,...,m},
the function f maps each element xj, to another element z;
with [ > k. Hence T is necessarily agreeable with respect to
>_SZTLg.

Now, sugpose that the preference =59 ig strict, and that
|[xNT| < £ forsome k € {1,2,...,m}. Since the (| £ |+1)-
th element of —7 has a smaller index than the (| £| + 1)-th
element of T' (if the latter element exists at all), there exists a
responsive preference > on S consistent with =59 such that
—T > T. Hence T is not necessarily agreeable with respect
tO >_szng.

(b) Suppose first that 7' is possibly agreeable with respect
to =*%"9_ By Proposition 1, —T is not necessarily agreeable
with respect to =’. Part (a) implies that |I;, N —=T| < % for
some k € {1,2,...,m}. It follows that |I; N T"| > % for this
value of k.

When the preference =59 ig strict, the converse can be
shown similarly to the converse of part (a). O

4 Two players

In this section, we assume that there are two players and con-
sider the problem of choosing a small subset that is agreeable
to both players. We show that if preferences are monotonic,
we can choose a subset of approximately half of the items
that is agreeable to both players. Moreover, if we are given
the preferences on the single items of the two players, we
can choose a subset of approximately half of the items that
is necessarily agreeable with respect to both preferences, and
we present a polynomial-time algorithm to do so.

For arbitrary preferences that are not monotonic, the task
of choosing any subset that is agreeable to two players might
not be possible. Indeed, suppose that preferences are strict,
and that the preference of one player is exactly the reverse of



that of the other player. Then any subset is not agreeable for
one of the players.

Nevertheless, when we impose the light assumption of
monotonicity on the preferences, the following proposition
shows that we can choose a subset of approximately half of
the items that is agreeable to both players. Even though the
proposition will later be generalized by Theorem 2, the proof
of Theorem 2 relies crucially on a theorem best known as
Kneser’s conjecture, which we use as a black box. We be-
lieve that a direct proof of Proposition 3 may well be useful
both for understanding and for applying the result.

Proposition 3. Assume that there are two players with mono-
tonic preferences on S. There exists a subset T C S such that
|T| < {mTH] and T is agreeable to both players. Moreover,

there exist monotonic preferences for which the bound [%]
is tight.

Proof. Denote by > and >, the preferences on S of the two
players.

Assume first that m = 2k + 1 is odd. Suppose for con-
tradiction that no subset of size at most k + 1 is agreeable to
both players. Let ' C S be such that |T'| = k. We begin by
proving the following claim.

Claim: T =1 =T, then T U {z}\{z'} =1 —T\{z} U
{z/}foranyx € —T and 2’ € T.

Proof of Claim: Suppose that T >, =T, z € =T, and
a2’ € T. Tt follows from monotonicity of the preferences that
TU{xz} =1 —T\{z}. Since no subset of size at most k+ 1 is
agreeable to both players, we have —T\{z} > T'U {z}. By
monotonicity of the preferences again, we have —T\{z} U
{z'} =2 TU{z}\{z'}. Hence TU{a}\{z'} =1 —T\{z} U
{z'}, and our claim is proved.

We now use our claim to obtain the desired con-
tradiction. Assume without loss of generality that
{z1,22,.. . 2} =1 {@ry1,Tryo, ..., Topq1). Applying
our claim repeatedly to move elements between the two sets,

we find that {xk_H,IQ, c.. ,Ik} 1 {131,I]€+2, .. ,I2k+1},
{Zps1, Trgo, w3, ok} =1 {21, T2, Taas, o, Takg )
and so on, until finally {@g41,%k42,.. %2k} =1
{z1,z9,..., 2k, xop+1}. By monotonicity of the pref-
erences, we have that {xpi1,Zgi2,...,Topr1) -1
{x1,29,...,2}, which contradicts our assumption that
{1,202, ..., 2k} =1 {Thg1, Thyo, - Torg1 )

Assume now that m = 2k is even. Let S’ be the set of
all elements of S except x1. We know from the case of
m odd that there exists a subset 7' C S’ of size at most
k such that T »=; S'\T'and T >, S’\T. Since the play-
ers have monotonic preferences, we have that T'U {1} =
S\TandT U {x1} =2 S’\T. This means that the set
T U {z1} of size k + 1 is our desired subset.

We omit the proof that the bound is tight due to space con-
straints. O

While Proposition 3 shows the existence of a subset of ap-
proximately half of the items that is agreeable to both players,
it does not show how to obtain such a subset. If preferences
are also responsive, it is possible to lift preferences over sin-
gle items to partial preferences over subsets. The next theo-
rem shows that by considering only preferences over single
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items, it is possible to find a subset of approximately half of
the items that is guaranteed to be agreeable to both players,
no matter what the (responsive) preferences are.

Theorem 1. Assume that there are two players with prefer-
ences =" and =3 on the single items in S. There exists
a subset T C S such that |T| < {%] and T is necessarily

agreeable with respect to both =" and =5'"9. Moreover,
there exist preferences on the single items in S for which the
bound [mT'H] is tight. We also give a polynomial-time algo-
rithm that finds such a subset T.

Proof. Assume first that m 2k + 1 is odd, and sup-
pose without loss of generality that x; =7""Y =1

- =19 Zok41. One can check using Proposition 2 that
the set {71, 73, Ts5,...,Tak+1} is necessarily agreeable with
respect to =7""Y. We choose our set T' of k + 1 items as

1
follows.

1. We choose z7.

2. Between each of the &k pairs of items
{.1‘2, .133}, {334, $5}, ey {.I‘Qk, $2k+1}, WC ChOQSC
the item that is preferred according to =359, If =359
is indifferent between any pair of items, we choose

arbitrarily.
Since our set T is at least as good as the set
{z1,23,25,...,Tops1} with respect to =77, and the lat-

ter set is necessarily agreeable with respect to =59, T is

also necessarily agreeable with respect to =1""?. Moreover,

since we choose the item that =59 prefers from each of the
sets {xo, 23}, {xa, 25}, ..., {xok, Tak41}, T is also neces-
sarily agreeable with respect to =5""?. Hence T’ is necessarily
agreeable with respect to both =7"""Y and =3""9.

Assume now that m = 2k is even. Let S’ be the set of all
items of S except x1. We apply the algorithm from the case
of m odd to choose a set T C S’ of k items such that T is
necessarily agreeable with respect to both =79 and =59,
when the universe considered is S’. It follows that " U {x; }
is a subset of £+ 1 items that is necessarily agreeable with re-
spect to both =1""? and =359, when the universe considered
is S.

The tightness of the bound can be shown using players
whose preferences are in opposite order of each other; we
omit the details due to space constraints. O

Since the algorithm in Theorem 1 only considers prefer-
ences on single items, it remains efficient even when the num-
ber of items is relatively large.

We can generalize the notion of necessary agreeability by
defining a subset ' C S to be necessarily worth at least 1/k
with respect to =*"9 for some fixed positive integer k& > 2
if the complement —7" can be partitioned into £ — 1 sets
11,15, ...,Tk—1 so that T' > T; for all ¢+ and any responsive
preference = on S consistent with =*"9, Necessary agree-
ability then corresponds to being necessarily worth at least
1/2. An algorithm similar to that in Theorem 1 yields a sub-
set T C S such that |T| < [%}HW and T is necessarily



worth at least 1/k with respect to both tfing and t;mg . This
bound is again tight.

S Three or more players

In this section, we consider the problem of choosing a small
subset that is agreeable to multiple players. We generalize
Proposition 3 by showing that if preferences are monotonic,
we can choose a subset of size approximately half of the
number of items plus half of the number of players that is
agreeable to all players. Moreover, if there are three players
and preferences are also responsive, we present a polynomial-
time algorithm for computing such a subset.
We begin with the following lemma.

Lemma 1. The graph with all k-element subsets of
{1,2,...,n} as vertices and with edges connecting disjoint
sets has chromatic number n — 2k + 2 if n > 2k, and 1 oth-
erwise.

Lemma 1 was conjectured by Kneser, and is therefore best
known as Kneser’s conjecture [Kneser, 1955]. It was first re-
solved by Lovasz using topological methods, and was later
simplified several times, before MatouSek gave a purely com-
binatorial proof [Lovasz, 1978; Matousek, 2004]. The lemma
will play a crucial role in our next theorem.

Proposition 3 shows that if there are two players, we can
choose a subset of approximately half of the items that is
agreeable to both players. It is natural to ask what happens
when there are more than two players. Given that the pref-
erences of the players can differ wildly, it is perhaps surpris-
ing that the price we need to pay is only approximately half
an item for each additional player, as the following theorem
shows.

Theorem 2. Assume that there are n players with monotonic
preferences on S. There exists a subset T C S such that
|T| < min ([%’Hw ,m) and T is agreeable to all n play-
ers. Moreover, there exist monotonic preferences for which
the bound min ([ 2= 'm) is right.

Proof. Let k = [ZE2=1] If k > m, the set S of all items
has size m = min(k,m) and is agreeable to all n players
since preferences are monotonic. Assume from now on that
k < m, and consider the graph G with all (m — k)-element
subsets of {x1,za,..., 2, } as vertices and with edges con-
necting disjoint sets. If all n players weakly prefer S\T to T
for some (m — k)-element subset T C S, then S\T is our
desired subset of size k.

Suppose now that for any (m — k)-element subset 7' C S,
there exists a player who strictly prefers 7" to S\T. We color
the vertices of G with n colors 1,2, ..., n in the following
way. For each vertex v of G corresponding to a set 7', we
color it with the color corresponding to a player who strictly
prefers T to S\T. If there is more than one such player,
choose one arbitrarily.

By Lemma 1, the chromatic number of G is m — 2(m —
k)+2 =2k —m+2 > n+ 1. Since we colored G with
n colors, there exist two adjacent vertices sharing the same
color, say, 77 and 75. This means that 77 >; S\77 and
Ty =; S\T» for some player 7. Since 77 and T3 are dis-
joint, we have Ty C S\T5 and T C S\T;. Monotonicity of
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preferences now implies that S\T} =; Ty =; S\T» =; T1,
a contradiction to T} >; S\T}. This case is thus impossible,
which implies that we can always find our desired subset 7.
The tightness of the bound can be shown by having all but
one players prefer any set with a particular distinct item to any
without that item, and the last player preferring any set with a
larger number of the remaining items than any with a smaller
number. We omit the details due to space constraints. [

We again ask the question of how to obtain a subset whose
existence is guaranteed by Theorem 2. The following theo-
rem provides a polynomial-time algorithm in the case of three
players with responsive preferences. Since preferences on
subsets, unlike preferences on single items, might not have
a succinct representation, we assume that the algorithm is al-
lowed to make a polynomial number of queries to a prefer-
ence oracle. In each query, the algorithm can specify a player
and two subsets of items to the preference oracle, and the
oracle reveals the preference of that player between the two
subsets.

The algorithm presented in the theorem is weaker than the
one for two players in Theorem 1 in that it relies not only on
preferences on single items but also on preferences on sub-
sets.

Theorem 3. Assume that there are three players with respon-
sive preferences >, >, and =3 on S. There exists a subset
T C S such that |T| < {%] + 1 and T is agreeable for
all three players. Moreover, there exist responsive prefer-
ences for which the bound [ + 1 is tight. We also give
a polynomial-time algorithm that finds such a subset T'.

Proof. The existence of a subset 77 C S such that |T] <
[%5]+ 1 and T is agreeable for all three players follows from
Theorem 2. The tightness of the bound also follows, since one
can make the preferences used to show tightness in Theorem
2 responsive. Next, we give an algorithm to find such a subset
T.

Assume first that m = 2k is even. Suppose without loss
of generality that xs;_1 is the most preferred item accord-
ing to >~1, X9y is the most preferred item besides xo;_1 ac-
cording to >5, and that among the remaining 2k — 2 items,
the preference >; ranks them as xy >1 x2 >3 -
ZTop—2. One can check using Proposition 2 that the set
{zok—1, 22,24, %6, ..., Tox—2, Ty} is agreeable to player 1.

Let A = {x1,29,...,2Z2,—2}, and consider the pairs
(x1,22), (23, 24), ..., (T2k—3, Tar—2). Let Bbe asetof k—1
elements containing an item from each pair that is less pre-
ferred by > than its pair. If > prefers the two items in
some pair equally, we choose an arbitrary item from that pair.

While A\B »o B, we remove an element from B that is
less preferred by =5 than its pair, and insert its pair into B.
Since the preference is responsive and there are finitely many
items, we eventually reach a point where B =5 A\B. We
consider two cases.

Case 1: We have not performed any insertion into or re-
moval from B. By definition of B, we have that A\B >3 B,
and therefore A\B ~2 B. Since preferences are monotonic,
it follows that A\B U {xor} =2 B and BU {xa,} =2 A\B.



Case 2: We have performed some insertion into or removal
from B. Suppose that our last insertion was on z2,_; and
our last removal was on zg;. Let C = A\(B U {z3;}) U
{3;‘21‘,1} and D = B\{,Tgi,l} U {1'21} We have that C' =
D and B =5 A\B, and it follows from the monotonicity
of preferences that C' U {xor} =2 D and B U {xor} =2
A\ B. We will show that at least one of D U {xa} »=2 C and
A\B U {J}Qk} > B holds.

Suppose for contradiction that C' =9 DU {zox} and B =
A\BU{z2}. Then by the responsiveness of preferences, we
have C' =9 D U {ka} =2 B > A\B U {IQk} —o C, a
contradiction. Hence at least one of D U {xor} »2 C and
A\B U {x%} > B holds.

In both Cases 1 and 2, we can find a subset £ C A
of k£ — 1 elements containing an item from each of the
pairs (1‘1, IQ), (Ig, I4), ey (JCQk_g, zgk_g) such that £ U
{zar} =2 A\E and A\E U {x9;} >2 E. This set E will
be crucial in the description of our algorithm.

We choose our set T" of k + 1 items as follows.

1. We include x2;,_1 and x9; in 1.

2. We include in T either E or A\FE according to which
one player 3 prefers. (If player 3 is indifferent between
the two sets, we choose one of them arbitrarily.)

Next, we claim that our chosen set 7" is agreeable for all
three players. We prove the claim separately for each of the
players.

e From the perspective of player 1, the
worst set T we could have chosen is
{$2k_1,332,334,$6,. .. ,Z‘Qk_g,.rgk}. Since this set

is agreeable to player 1 and preferences are responsive,
our set " is agreeable to player 1.

Since E U {xar} =2 A\F and A\E U {za} >=2 E and
we include the remaining item xof_1, 1" is also agree-
able for player 2.

Since we choose the set E or A\ E that player 3 prefers
and we include both of the remaining items xo;_1 and
Tog, T is also agreeable for player 3.

Hence T is agreeable for all three players, as desired. This
concludes the case m even.

Assume now that m = 2k + 1 is odd. Let S’ be the set
of all items of .S except 1. We apply the algorithm from the
case of m even to choose a set ' C S’ of k + 1 items such
that T is agreeable for all three players, when the universe
considered is S’. It follows that 7" U {x1 } is a subset of &k + 2
items that is agreeable for all three players, when the universe
considered is S. O

Even though the algorithm in Theorem 3 also relies on
preferences on subsets, the number of subsets involved in the
algorithm is only linear in the number of items, hence the al-
gorithm remains efficient even when the number of items is
relatively large.

One may ask whether we may restrict the algorithm in The-
orem 3 to rely only on preferences on single items similarly
to the case of two players. The following example shows that
the answer is negative. In particular, a necessarily agreeable
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m4+n—1

2=11 m) does not always

subset of size at most min (|
exist.

Example 3. Suppose that there are six items x1, . .., g, and
consider the following preferences =1, >4, =3 of three play-
ers on the single items:

11X > Xy - T - Tg - To > T3,
ol Ty > Ty > XTg - Ty - T3 > T,
31 X3 > XTg - Ty - Ty = T1 > To.

If we had access to the preferences on subsets, the algo-
rithm in Theorem 3 would yield a subset of (g} +1=4
items that is agreeable to all three players. However, to ob-
tain a necessarily agreeable subset, we need to include all of
x1,x2,x3 as they are most preferred by at least one player.
Moreover, choosing only one of x4, x5, ¢ does not yield a
necessarily agreeable subset for the player who ranks that
item fourth. Hence a necessarily agreeable subset contains
at least five items.

6 Future Work

Our work suggests a number of possible future directions.
With the polynomial-time algorithms for two and three play-
ers in mind, a natural question to ask is whether we can sim-
ilarly obtain efficient algorithms for more players. The algo-
rithm for three players is already quite involved, so one might
suspect that the problem is intractable for larger numbers of
players. If that were to be the case, it would be useful to have
a confirmation by means of a hardness result, even for some
fixed large number of players. Since the problem is a search
problem in which we know that a solution always exists, the
problem would not be NP-hard, but could potentially be hard
with respect to some subclass of TFNP such as PPAD or PLS.
One could also ask about the NP-hardness of deciding the ex-
istence of an agreeable subset of some smaller size for which
there is no guarantee of existence.

Since the algorithm in Theorem 3 relies on preferences on
subsets, we can consider a different setting in which we are
not given access to preferences on subsets but only to pref-
erences on single items. In this setting, we need to choose a
subset that is necessarily agreeable to all three players, and
as Example 3 shows, this may well force us to choose more
items than we need to in the case where we have access to
preferences on subsets. We can ask how many items we need
to choose in the worst case, and whether there exists an effi-
cient algorithm to compute those items. Of course, the same
question can be asked for the corresponding setting with more
players as well.

An interesting related question that goes beyond our setting
is the following: When is it possible to obtain an envy-free
allocation between two (or more) parties if there are multiple
players in each party, possibly with wildly differing prefer-
ences? To the best of our knowledge, the fair-division litera-
ture has so far only focused on settings in which each party
consists of a single player. Whether we can come up with an
algorithm along the lines of the undercut procedure [Brams
et al., 2012b] to find an envy-free allocation in the multiple-
player setting when one exists is an appealing direction that
we leave for future research.



References

[Alon and West, 1986] Noga Alon and Douglas B. West.
The Borsuk-Ulam theorem and bisection of necklaces.
Proceedings of the American Mathematical Society,
98(4):623-628, 1986.

[Armstrong ef al., 2012] Stuart Armstrong, Anders Sand-
berg, and Nick Bostrom. Thinking inside the box: Con-
trolling and using an Oracle Al. Minds and Machines,
22(4):299-324, 2012.

[Arrow ef al., 2002] Kenneth J. Arrow, Amartya K. Sen, and
Kotaru Suzumura, editors. Handbook of Social Choice and
Welfare, volume 1. North-Holland, 2002.

[Aziz et al., 2015] Haris Aziz,
Mackenzie, and Toby Walsh.
divisible objects under ordinal preferences.
Intelligence, 227:71-92, 2015.

[Aziz, 2015] Haris Aziz. A note on the undercut procedure.
Social Choice and Welfare, 45(4):723-728, 2015.

[Barbera et al., 2004] Salvador Barbera, Walter Bossert, and
Prasanta K. Pattanaik. Ranking sets of objects. In Sal-
vador Barbera, Peter Hammond, and Christian Seidl, ed-
itors, Handbook of utility theory, Volume 2. Kluwer Aca-
demic Publishers, Boston, 2004.

[Bhawalkar and Roughgarden, 2011] Kshipra  Bhawalkar
and Tim Roughgarden. Welfare guarantees for combi-
natorial auctions with item bidding. In Proceedings of
the Twenty-Second Annual ACM-SIAM Symposium on
Discrete Algorithms, pages 700-709, 2011.

[Bouveret and Lemaitre, 2014] Sylvain Bouveret and
Michel Lemaitre. Characterizing conflicts in fair division
of indivisible goods using a scale of criteria. In Proceed-
ings of the 13th International Conference on Autonomous
Agents and Multi-Agent Systems, pages 1321-1328, 2014.

[Bouveret er al., 2010] Sylvain Bouveret, Ulle Endriss, and
Jérome Lang. Fair division under ordinal preferences:
Computing envy-free allocations of indivisible goods. In
Proceedings of the 19th European Conference on Artificial
Intelligence, pages 387-392, 2010.

[Brams and Fishburn, 2000] Steven J. Brams and Peter C.
Fishburn.  Fair division of indivisible items between
two people with identical preferences: Envy-freeness,
pareto-optimality, and equity. Social Choice and Welfare,
17(2):247-267, 2000.

[Brams et al., 2012a] Steven J. Brams, Michal Feldman,
John K. Lai, Jamie Morgenstern, and Ariel D. Procaccia.
On maxsum fair cake divisions. In Proceedings of the
Twenty-Sixth AAAI Conference on Artificial Intelligence,
pages 1285-1291, 2012.

[Brams et al., 2012b] Steven J. Brams, D. Marc Kilgour, and
Christian Klamler. The undercut procedure: An algo-

rithm for the envy-free division of indivisible items. Social
Choice and Welfare, 39(2-3):615-631, 2012.

[Brandt ef al., 2016] Felix Brandt, Vincent Conitzer, Ulle
Endriss, Jérdme Lang, and Ariel D. Procaccia. Introduc-

Serge Gaspers, Simon
Fair assignment of in-
Artificial

495

tion to computational social choice. In Felix Brandt, Vin-
cent Conitzer, Ulle Endriss, Jérome Lang, and Ariel D.
Procaccia, editors, Handbook of Computational Social
Choice. Cambridge University Press, Cambridge, 2016.

[Chevaleyre et al., 2006] Yann Chevaleyre, Paul E. Dunne,
Ulle Endriss, Jérome Lang, Michel Lemaitre, Nicolas
Maudet, Julian Padget, Steve Phelps, Juan A. Rodriguez-
Aguilar, and Paulo Sousa. Issues in multiagent resource
allocation. Informatica, 30:3-31, 2006.

[Cohler et al., 2011] Yuga J. Cohler, John K. Lai, David C.
Parkes, and Ariel D. Procaccia. Optimal envy-free cake
cutting. In Proceedings of the Twenty-Fifth AAAI Confer-
ence on Artificial Intelligence, pages 626—631, 2011.

[Dickerson et al., 2014] John P. Dickerson, Jonathan Gold-
man, Jeremy Karp, Ariel D. Procaccia, and Tuomas Sand-
holm. The computational rise and fall of fairness. In Pro-
ceedings of the Twenty-Eighth AAAI Conference on Artifi-
cial Intelligence, pages 1405-1411, 2014.

[Feige, 2009] Uriel Feige. On maximizing welfare when
utility functions are subadditive. SIAM Journal on Com-
puting, 39(1):122-142, 2009.

[Jain et al., 2011] Manish Jain, Dmytro Korzhyk, Ondfej
Vanék, Vincent Conitzer, Michael Péchoucek, and Milind
Tambe. A double oracle algorithm for zero-sum security
games on graphs. In Proceedings of the 10th International

Conference on Autonomous Agents and Multiagent Sys-
tems, pages 327-334, 2011.

[Kash et al., 2013] Ian Kash, Ariel D. Procaccia, and Nisarg
Shah. No agent left behind: Dynamic fair division of mul-
tiple resources. In Proceedings of the 2013 International

Conference on Autonomous Agents and Multi-Agent Sys-
tems, pages 351-358, 2013.

[Kneser, 1955] Martin Kneser. Aufgabe 360. Jahresbericht
der Deutschen Mathematiker-Vereinigung, 1955.

[Lipton ef al., 2004] Richard J. Lipton, Evangelos Markakis,
Elchanan Mossel, and Amin Saberi. On approximately
fair allocations of indivisible goods. In Proceedings of the
5th ACM Conference on Electronic Commerce, pages 125—
131, 2004.

[Lovdsz, 1978] Laszl6 Lovész. Kneser’s conjecture, chro-
matic number and homotopy. Journal of Combinatorial
Theory, Series A, 25(3):319-324, 1978.

[Matousek, 2004] Jif{f Matousek. A combinatorial proof
of Kneser’s conjecture. Combinatorica, 24(1):163-170,
2004.

[McMahan et al., 2003] H. Brendan McMahan, Geoffrey J.
Gordon, and Avrim Blum. Planning in the presence of cost
functions controlled by an adversary. In Proceedings of the
Twentieth International Conference on Machine Learning,

pages 536-543, 2003.

[Simmons and Su, 2003] Forest W. Simmons and Fran-
cis Edward Su. Consensus-halving via theorems of
Borsuk-Ulam and Tucker. Mathematical Social Sciences,
45(1):15-25, 2003.



