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NEW HYBRID CONJUGATE GRADIENT METHOD FOR
NONLINEAR OPTIMIZATION WITH APPLICATION TO
IMAGE RESTORATION PROBLEMS

Youcer ELHAMAM HEMICI, SAMIA KHELLADI AND DJAMEL BENTERKI

The conjugate gradient method is one of the most effective algorithm for unconstrained
nonlinear optimization problems. This is due to the fact that it does not need a lot of storage
memory and its simple structure properties, which motivate us to propose a new hybrid con-
jugate gradient method through a convex combination of &ML and ﬁfs. We compute the
convex parameter 0 using the Newton direction. Global convergence is established through the
strong Wolfe conditions. Numerical experiments show the superior efficiency of our algorithm to
solve unconstrained optimization problem compared to other considered methods. Applied to
image restoration problem, our algorithm is competitive with existing algorithms and performs
even better when the level of noise in the image is significant.
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1. INTRODUCTION

The conjugate gradient method remains one of the most widely used iterative techniques
for solving linear systems and nonlinear optimization problems due to its efficiency,
numerical stability and versatility across different domains of science and engineering.
In this paper, we are interested in solving unconstrained optimization problems in

the form
{mln f(z) (1)

xz eR?,
where f: R® — R is a continuously differentiable function.
The nonlinear conjugate gradient methods are efficient to solve problem , especially

for large scale problems. So, the classical conjugate gradient method is given by:

T4l = Tp + agdy, (2)
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where xj, is the current iterate point, o > 0 is the stepsize which can be found by one
of the line search methods and dj, is the search direction defined by:

do = —g0, dk+1 = —Gr+1 + Prdy, for k >0, (3)

where gr = Vf(xy) is the gradient of f at xp and i is a scalar conjugacy coefficient.
The choice of the parameter i in the conjugate gradient method determines the search
direction dy which leads to different variants of the conjugate gradient method.

In recent years, researchers have continued to explore and refine the conjugate gra-
dient method, proposing new S to address specific problem characteristics and compu-
tational challenges.

Some of the well known parameters [ are those of Hesteness—Steifel (HS) [I5],
Fletcher and Reeves (FR) [13], Polak—Ribiere—Polyak (PRP) [2I] 22], Conjugate Descent
(CD) [12], Liu-Storey (LS) [I7], Dai-Yuan (DY) [6}[7] and Rivaie-Mustafa—Ismail-Leong
(RMIL) [24]. Hager and Zhang gave a good survey of nonlinear conjugate gradient meth-
ods in [T4].

The formulas of the 8 mentioned above are:

,’?S _ 91{+1yk ifR _ M ]pr _ ggﬂyk kCD _ _M
diye lgwll> lgrll* grde
T T
Ls _ _Ik+1¥k ooy _ lgr+1l®  Lrarir _ Jk+1Yk
g gfdy ~ " dfy, " lld|I?
Where yi, = gk+1 — gk and || - | denotes the Euclidean norm.

Many researchers proposed new families and combinations of the conjugate gradient
methods, specifically the hybrid methods. The idea of the hybrid methods is to combine
the standard conjugate gradient methods and exploit the attractive features of each of
one and to avoid the jamming phenomenon. This combination can be convex or non-
convex. Among these hybrid methods, we can cite those proposed by Dalladji et al. [8]
and Mtagulwa and Kaelo [20], Djordjevic [9, [10], Ben Hanachi et al. [3], Yang et al.
[28], Rivaie et al. [25] and the families of conjugate methods proposed by Sellami and
Chaib [26, 27].

Recently, a great contribution in the area of conjugate gradient methods and its
application has been done by Andrei in [2].

The aim of this paper is to propose an efficient conjugate gradient method for non-
linear optimization using a new parameter S which leads to a new descent direction.

The contents of the remaining part of this paper are organized as follows. In sec-
tion 2, we give the new formula of J; and describe the corresponding algorithm. In
addition, we present a complete analysis of the descent condition of the obtained direc-
tion then, we show the global convergence of the new algorithm using the strong Wolfe
line search. Section 3 includes numerical experiments on the obtained algorithm based
on our new parameter O on several unconstrained optimization problems compared to
other considered methods, using the well known test functions in the literature and an
image processing problems called image restoration problems. Finally, we end with a
conclusion in section 4.
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2. NEW HYBRID CONJUGATE GRADIENT METHOD AND DESCRIPTION OF
THE CORRESPONDING ALGORITHM

Based on the previously mentioned hybridization ideas and considering the good nu-
merical performance of the RMIL and HS algorithms, we present in this section a new
formula of ; which is a convex combination of B,?M IL and B,’? S Our new parameter
Bk, denoted by BEMILHS ig given as follows:

B[?MILHS — (1 o gk) ]i%MIL _’_gkﬂfs (4)

So, we can write

dr11 = —Ggk+1 + ﬁ/?MILHSdm (5)

where 0y is a scalar parameter which satisfies 0 < 6, < 1.
To compute the stepsize ay, of , we use the strong Wolfe conditions, given by:

flon +andy) < flxr) + pargl d (6)
lgtadi] < —ogldy, (7)

WhereO<p<U<%.

It is obvious that, if 8 = 0, then gEMILHS — gEMIL on( if §;, = 1, then SEMILHS —
e k k k
Pl

On the other hand, if 0 < 0 < 1, then ﬁ,’fM”’HS is proper convex combination of
BEMIL and pHS.
Having in view the formulas of SFMLand S5 the relation (4)) becomes

T T
Ji+1Yk i+1Yk
BR]\/[ILHS —(1— ek) ek . (8
: S PV ERR o )

Hence the relation becomes

i1 Yn
dfyk

G 1Yk

dp. 9)
[l dxl?

dipy1 = —Ggrv1 + (1 —6) dy, + Oy,

As known, if the point xj; is close enough to a local minimizer z*, then the Newton
direction is the best direction to follow.

The parameter 6y, is chosen such that the search direction dy4 1 aligns with the Newton
direction. So, assuming that the inverse of the hessian V2 f () 41) exists at each iterative
point xx41 for the objective function f. We are going to choose the parameter 6 such
that the search direction dj, defined by , satisfies the condition of Newton’s direction,
ie.,

V2 f(@h41) k1 = disr = —gepr + BT S dy (10)
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Replacing SEMILHS Yy jts formula and multiplying by sFV?f(xk11), where
Sk = Tk4+1 — Tk, We obtain

— 5t g1 = =55 V2 (@rr1) g1 +(1=01) BEM L ST f (2411 ) die+0x BE T sEV? f (2141 dis-

(11)
Using the secant condition V2 f(zx11)sk = Yk, becomes:

—sigkt1 = —yi g1 + (1= 00) B Pyl dy + 0,81y dy.. (12)
From and with some simple algebraic manipulations, we define 6 as follows:

ONT if  0<oNT <1,
0 =<0 if ONT <o, (13)
it oY > 1,

where
oNT _ —ngkﬂ + y;fgzm - ,?M’Lyfdk (14)
g (BEMIE — BHS )y dy

2.1. Algorithm RMILHS

The algorithm corresponding to our parameter fj is given as follows:

Begin algorithm
Step 0: Given a starting point xg and a parameter € > 0.
Step 1: Set k = 0 and compute dy = —go-
Step 2: If ||gx|]| <&, Stop; else go to Step 3.
Step 3: Find the stepsize oy, €]0, 1] (using strong Wolfe conditions (@) and )
Step 4: Compute zi+1 = zf + apdy.
Step 5: Compute gri1 = Vf(Tri1), Y& = ki1 — ks Sk = Thy1 — Tk
Step 6: Compute 6, = G,ZCVT (using and .
Step 7: Compute By = SEMILHS =11 — 9, )pFMIL 4 9, BHS (using )
Step 8: If | g/, 1k |> 0.2[|gr41|| (restart criterion of Powell [23])
then set diy+1 = —gr+1 and apyq =1,
else compute dgy1 = —gra1 + Brd.
Step 9: Let k =k + 1 and go to Step 2.
End algorithm.

2.2. Convergence Analysis

Throughout this section, we make the following assumptions:

(1) The level set £L = {x € R : f(z) < f(xo)} is bounded, which means that there
exists a constant M < oo, such that

lz|| < M, for all x € L.
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ii) In a neighborhood N of £, the function f is continuously differentiable and its
g y
gradient V f(x) is Lipschitz continuous, it means that exists 0 < L < oo such that

IVf(x) = Vi)l < Lllz — yl| for all 2,y € V. (15)

Under these assumptions, there exists a constant u > 0, where
IVf(@)| < p, for all x € L. (16)
To establish the sufficient descent condition, we introduce the following theorem.

Theorem 2.1. Let the sequences {gi} and {dy} be generated by the RMILHS algo-
rithm. Then, the search direction satisfies the sufficient descent condition:

gEaRMILHS < )l g, |2, for all k. (17)

Proof. From the RMILHS algorithm, we know that if the restart criterion of Powell
holds, then dy = —gi and holds.
So, we assume that Powell criterion doesn’t hold. Then, we have

| 9h 19k 1< 0.2][grs1 |- (18)

The following proof is by induction.
If k=0, then gd'dy = —||go||?, so holds.
Next, for k > 0 we have

RMILHS
dk+1 = —Gr+1 + B, dy,

which can be written as

dir1 = —(Orgesr + (1= Ok)gir1) + (1 — 0k)BEME + 0,85 d),
= Ok(—grs1 + Bdk) + (1= 0k) (grsr + BEM ).
It follows that:
A1 = OpdfIS + (1 — 0p)diMIE. (19)
Multiplying by g,a_l from the left side, we get

ng+1dk+1 = Hkgg+1dka1 + (1 - ek)ggﬂdkR%IL (20)

Firstly, if 6, = 0, di coincides with descent direction of Rivaie et al., dfﬂm =
—gr41 + BEMILd,, where they proved in [25] that

G i < —eillgea )P, for all k. (21)

Now, if 6, = 1, di coincides with descent direction of Hesteness-Steifel, dkal =
—gr+1 + B9 dy,, where Djordjevic proved in [10] that

91?+1dkH+Sl < —C2||gk+1||27 (22)
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with
1-22 5
Co = —, an —_—.
CE T

Finally, if 0 < 0 < 1, then there exist scalars A\; and Az, such that
0< A <O, <A<l (23)
From the formula and using , we conclude
Gip1diir < Mg di + (1= A)giadittt'" (24)
Let ¢ = Area + (1 — A2)eq, then from , and we finally get
ng+1dk+1 < *C||9k+1||2-

|

Lemma 2.2. Suppose that assumptions (i) and (ii) hold. Consider common iterate (2,
where dy, is a descent direction and «ay, is determined by the strong Wolfe line search
@ and . Then, the Zoutendjik condition

Td 2
3 (9 ’“2) < 0, (25)
2l
holds.
Proof. The proof follows directly from [29]. O

Theorem 2.3. Consider the RMILHS conjugate gradient method and suppose that
assumptions (i), (ii) and hold. Then either g; = 0 for some k, or

lim inf ||gx|| = 0. (26)
k—o0

Proof. Suppose that g; # 0, for all k. Then we have to prove .
Suppose, on the contrary, that doesn’t hold. Then there exists a constant ¢ > 0,
such that
gkl > ¢, for all k. (27)

Let D be the diameter of the level set L.

From the formula of BEMILHS we get

gg+1yk
d{yk

T
|55MILHS| < [BREMIL| 4 |ﬁ]§15| _ |94 1Y% (28)

1di]?

Further, using the second strong Wolfe condition 7 we get

Yidi = gi 1 di — gidi > (0 — Dgfde = —(1 = 0) g di, > 0, (29)
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which gives
1 1

< .
Ypdy — —(1—o)g{dy
The direction dj, satisfies ([17)), so it holds:

~gidi = cllgu]l*,
which implies using that
-1 1 1

— < — < .
gidi ~ cllgrl* T et?
So, from the formula satisfies
1 < 1 < 1
ylhdy = —(1—o)glde = (1 —o)et?

Now, using and , we get

|9k 1wk < Ngrsall lge+1 — gell < pLl|lzrer — axll < pLllskl| < pLD.

Then, from and 7 we have

HS _ ggﬂyk < pLD
ko — T = 2"
Yy di (I1—o)ct

On the one hand and using , we have
Yk die < |lyell ldell < Llskll ldell = Levg]|dy |,
then

1
Il = vl ds.

So, using and the formula becomes

1 1
ldi]* > “Ta o)gk di > (1 = o)c]grl|*.

Lak

Using , we get
Lak Lak

< .
ldel* = (1 = o)ellgell* — (1 —o)ct?
From , and the formula of BFMIL  we obtain

T 2
RMIL| _ |9F 1| pul=D
1% = | d ||? = 1 —U)Ctzak.

Now, from (28), and we get

LD
| BRMILHS | < B il 2 (Lo +1).

(1-o0)c

041

(30)

(32)

(33)

(34)

(38)
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Next, we are going to prove as in [9] that there exists . > 0, such that

ag > ay > 0, for all k.

Suppose, on the contrary, that there isn’t an ., such that a; > «, > 0. Then there
exists an infinite subsequence oy = 7%, k € K; such that

lim «ap = 0.
keK1
Then

Jim A7 =0, (39)

lim jp — 1 = o0.
kérlr{lljk 0

Now, from @ we get

f(@r + 7 di) — far) < 697 gl dy, (40)

flax + 977 dy) = flag) > 6y gy dy, (41)
where § < 1. From , we have

[y + 47 ) — f(ar)
r)/jlc*l

> dgi dy. (42)

Using and passing to the limit of , we conclude that
gi i > 693 dy. (43)

But, our method satisfies the sufficient descent, so gfdy, < 0.

Also, 0 < § < 1, so, the relation , is correct only if gf'd, = 0. Then, from the
second strong Wolfe condition , we get that ggﬂdk = 0, which correspond to the
exact line search. So, we have a contradiction.

Now,we can write

I dis1ll < Nlgrrall+ | BEMTEHES | dy|. (44)

As s = apdy, we write di = S—k. So, from and , we have
(673
sl

LD
H Loy +1)—.

d < —
|| k+1|| = H"’ (1 — O’)Ct2( an

Since ay, > a, and ||sg]| < D, it follows that

= Cste, (45)
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which gives

1
2 @ = (46)

k>1

On the other hand, from , and from the Zoutendijk condition , it results

that
1 el (g di)?
244 k
c°t E < E — < E — < 0
2 — 2 — 2 2
>0 (||| >0 (||| >0 ||l

which contradicts . Therefore, doesn’t hold.
Then, klim inf ||gr|| = 0. This completes the proof. O
—00

3. NUMERICAL EXPERIMENTS

In this section, we will study the effectiveness of our algorithm (RMILHS) on two
parts. In this first part, we consider an unconstrained optimization problem of the form
(1). To show the effectiveness and to measure the convergence behavior of our algorithm
(RMILHS), we applied it on a set of test functions taken from [I] in comparing with
some existing methods, namely HSFR method [I0], LSCD method [9] and LSDY
method [28]. We take several dimensions, from n = 10 to n = 10000 and we considered
the precision € = 1076.

We used Matlab language on HP laptop with Intel(R) Core(TM) i5-6300U CPU @
2.40 GHz processor and 8GB RAM memory and Windows 8.1.

We applied here the iterations number, CPU time and the gradient evaluations. The
performance profile of Dolan and Moré [I1] offers a systematic means to evaluate and
compare the performance of a set of solvers S on a set P of problems. Assuming n,
problems and n; solvers, for each problem p and solver s, they define ¢, ; the computing
time required to solve problem p by solver s. A need of reference point for comparisons.
They evaluate the performance of solver s on problem p against the optimal performance
achieved by any solver on the same problem using the performance ratio

tp,s
min{t,s:s€ S}t

Tps =

They suppose that a parameter ry; > r, s for all chosen p,s, and r, ; = ras if and
only if solver s does not solve problem p. Define

1
ps(T7) = —size{p € P:logyrys < T},
Tp

where ps(7) is the probability for solver s € S that the performance ratio 7, s is within a
factor 7 € R of the best possible ratio. The function p; is the (cumulative) distribution
function for the performance ratio. The value of ps(0) is the probability that the solver
will win over the rest of the solvers. Table [1] represents several test functions that
are used in this experiments for different dimensions and different choices of the initial
points.
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Test function

Dimension

Initial point

Raydan 1 10, 100, 500, 1000,2000  (1,...,1)
Raydan 2 10,100, 500, 1000,3000 (4, ...,4)
Diagonal 4 10,100, 500, 1000, 10000  (1,...,1)
Extended Woods 10,100, 500, 1000, 10000  (2,...,2)
HIMMELBG 10,100, 500, 1000, 10000  (1.5,...,1.5)
Extended Block-Diagonal 1 10,100, 500, 1000,10000 (1,...,1)
Prod1 10,100, 500, 1000, 10000 (1,...,1)
Extended Maratos 10,100, 500, 1000, 10000  (0.1,...,0.1)
Pertubed Quadratic 10,100, 500, 1000, 10000  (0.5,...,0.5)
Extended White and Holst 10, 100, 500, 1000,10000 (1.5,...,1.5)
Diagonal 2 10,100, 500, 1000,10000 (1,%,...,1)
POWER 10,100, 500, 1000, 10000  (1,...,1)
Hager 10,100, 500, 1000,5000  (1,...,1)
DENSCHNA 10, 100, 500, 1000, 10000 (1, ..., 1)
HIMMELBC 10, 100, 500, 1000, 10000 (1, ...,1)
Extended TET 10,100, 500, 1000,2000  (0.1,...,0.1)
Extended Cliff 10,100, 500, 1000,5000  (1,...,1)
Tridia 10,100, 500, 1000,10000  (,..., 1)
Diagonal 5 10,100, 500, 1000,3000  (1.1,...,1.1)
ARWHEAD 10, 100, 500 (1,...,1)
QUARTC 10,100, 500, 1000, 10000  (2,...,2)

Tab. 1. The test functions and their dimensions with the initial

points.

In the second part, we applied our algorithm to image restoration problems with the
use of the two-phase scheme.

As known, images can get corrupted due to various factors including noise during
acquisition. In this part, we are going to deal with restorations of an image corrupted
by impulse noise problems. Impulse noise is one of the most common noise models,
where only a portion of the pixels is contaminated by the noise and the information
on the true values of these pixels is completely lost. Chan et al. [5] have applied the
two-phase scheme to restore a corrupted image. Several researchers have used these two
phases to make conjugate gradient algorithms capable of restoring images corrupted by
impulse noise, even though the noise ratio is high or even reaches 90% [16], [18], [19].

The two-phase scheme applied can be briefly described as follows. In the first phase,
we use adaptive median filter to detect noisy pixels. In the second phase the noise from
the corrupted pixels is removed by solving the following smooth problem proposed
by Cai et al.[4]. We used our proposed RMILHS algorithm to solve the problem ,
in comparison with HSFR, LSCD and LSF R methods.

Let X be an image of size M-by-N and A = {1,2,..
index set of the image X. We minimize F,,(u) where

LM} x{1,2,...,N} be the

Falwy= > (2 >

(i,j)EB (m,n)evi,j\B

Pa (ui,j - ym,n) + Z

(m,n)evi‘jﬂlg

@a(ui,j - Um,n) ) (47)
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——— RMILHS

0.1 ===LSFR |7

Fig. 3. Performance profile based on gradient evaluations.

in which B C A, the set of indices of the noise pixels detected from the first phase and
7 its number of elements. V; ; = {(¢,7 —1), (¢, +1),(i —1,5), (i+1,7)} is the set of the
four closest neighbors for the pixel at pixel location, for all (¢,7) € A, and y; ; be the
observed pixel value of the image at pixel location (i, 7). Also ¢4 (t) is an edge-preserving
functional which is chosen as ¢4 (t) = V2 + «, in our tests we set o = 100. We use the
peak signal to noise ratio (PSNR), defined by

2552

PSNR = 10log;, 55
1 *
MN Z (m;j - x”)
i,J

where z; ; and z7 ; denote the pixel values of the restored image and the original one,
respectively. We tested Lena (512 x 512), Man (512 x 512) and Pepper (512 x 512). We
also set the stopping criteria as

| Fo(ur) = Fo(ugp—1)|

<107%
Fa(uk:) -

Itr > 300 or

The noise levels of the salt-and-pepper noise used are as follows: 30%, 50%, 70%, and
90%.

In the following figures (Fig. 4 and Fig. 5), we present the most significant results of
the noisy images which correspond to 70% and 90%.
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Original Original Original

Original with 70% salt-and-pepper noise Original with 70% salt-and-pepper noise Original with 70% salt-and-pepper noise

RMILHS RMILHS RMILHS
v g g

HSFR HSFR HSFR
> p— P .

LSCD LSCD

LSFR LSFR LSFR
v " "

Fig. 4. The original images, the noisy images with 70%
salt-and-paper noise and the restored images by RMILHS , HSFR,
LSCD and LSFR.
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Original Original Original

RMILHS RMILHS RMILHS
v - e

HSFR HSFR _ HSFR

Fig. 5. The original images, the noisy images with 90%
salt-and-paper noise and the restored images by RMILHS , HSFR,
LSCD and LSFR.
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Tmages Methods RMILHS HSFR LSCD LSFR
Ratio ITER CPU PSNR ITER CPU PSNR ITER CPU PSNR ITER CPU PSNR
30% 21 1134 38.07 21 11.09 38.07 19 1042  38.06 19 10.41 38.06
Lena 50% 24 1823 35.53 24 18.18 35.53 22 16.82 35.50 22 16.79 35.50
70% 29 27.02 32.22 29 2710 32.22 26 23.00 32.21 26 22.87 3221
90% 34 4407 2721 34 4388 27.21 44 5773 27.07 44 5773 27.07
30% 221625 34.46 22 14.64 34.46 19 1043 3443 19 1049 34.43
Man 50% 23 18.66 32.02 23 1849 32.02 22 16.88 32.00 22 16.87 32.00
70% 29 29.53 29.04 29 27.53 29.04 27 24.79  29.06 27 2257 29.06
90% 39 49.07 25.02 39 49.58 25.02 49  58.29 24.96 49  58.49 24.96
30% 23 16.28 34.08 23 16.25 34.08 19 13.11 34.15 19 12,96 34.15
Pepppers 50% 25 19.64 32.37 25 19.92 32.37 23 20.28 32.33 23 1832 32.33
70% 30 32.79  29.93 30 31.83 29.93 29 33.16 29.91 29 3112 2991
90% 37 51.58 25.96 37 51.70  25.96 51 7091 25.77 51 T71.58 25.77

Tab. 2. Numerical results for image restoration problem.

The obtained results of the Table 2 are converted into a bar chart so that the subtle
differences can be seen better.

Lena Peppers

PSNR (dB)
PSNR (dB)

30% 50% 70% 90% 30% 50% 70% 90% 30% 50% 70% 90%
Compression Ratio Compression Ratio Compression Ratio

Fig. 6. PSNR Comparison for different methods and images.

3.1. Commentaries

Concerning the first part, based on the performance profiles depicted in Figures 1, 2
and 3 for the number of iterations, CPU time and gradient evaluations, respectively,
we can say that our new approach employing SFMIEHS js more efficient than the other
considered conjugate gradient methods.
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For the second part, the numerical results cited in Table 2, Figures 4, 5 and 6 show
the superiority of the LSCD and LSFR approaches compared to our RMILHS approach.
We observe either an equality or a slight increase in the number of iterations or compu-
tation time in RMILHS compared to LSCD, LSFR, and HSFR. On the other hand, our
approach RMILHS and also HSFR offer a better PSNR compared to LSCD and LSFR.

4. CONCLUSION

We have proposed a new parameter (;, which is the convex combination of ﬁ,f’M L and
BH S, We have provided proof of the global convergence of the algorithm under the strong
Wolfe line search. The performance of the proposed new method is significantly better
than other existing conjugate gradient methods, namely HSFR, LSCD and LSFR, for
unconstrained optimization problems. On the other hand, applied to restoration image
problems, our method is competitive with the considered methods and it is even better
when the image’s noise is higher.

5. ACKNOWLEDGMENTS

The authors would like to thank the anonymous referee for his useful comments and suggestions,
which helped to improve the presentation of this paper.

(Received April 1, 2024)

REFERENCES

[1] N. Andrei: An unconstrained optimization test functions collection. Adv. Model. Optim.
10 (2008), 147-161. DOI:10.1002/adem.200890003

[2] N. Andrei: Nonlinear conjugate gradient methods for unconstrained optimization.
Springer Optimization and its Applications, Romania 2020.

[3] S. Ben Hanachi, B. Sellami, and M. Belloufi: New iterative conjugate gradient method
for nonlinear unconstrained optimization. RAIRO — Oper. Res. 56 (2022), 2315-2327.
DOI:10.1051/ro0/2022109

[4] J.F. Cai, R. Chan, and B. Morini: Minimization of an edge-preserving regularization
functional by conjugate gradient type methods. Image Processing Based on Partial Dif-
ferential Equations. Mathematics and Visualization. Springer, Berlin, Heidelberg 2007.

[5] R.H. Chan, C. W. Ho, M. Nikolova: Salt-and-pepper noise removal by median-type noise
detectors and detail-preserving regularization. IEEE Trans. Image Process. 14 (2005),
10, 1479-1485. DOI:10.1109/T1P.2005.852196

[6] Y.H. Dai and Y. Yuan: A nonlinear conjugate gradient method with a
strong global convergence property. SIAM J. Optim. 10 (1999), 1, 177-182.
DOI:10.1137/S1052623497318992

[7] Y.H. Dai and Y. Yuan: An efficient hybrid conjugate gradient method for unconstrained
optimization. Ann. Oper. Res. 103 (2001), 33-47.

[8] S. Delladji, M. Belloufi, and B. Sellami: New hybrid conjugate gradient method as a
convex combination of FR and BA methods. J. Inform. Optim. Sci. 42 (2021), 3, 591—
602.


https://doi.org/10.1002/adem.200890003
https://doi.org/10.1051/ro/2022109
https://doi.org/10.1109/TIP.2005.852196
https://doi.org/10.1137/S1052623497318992

New hybrid conjugate gradient method for nonlinear optimization 551

[9]

[10]
[11]
[12]

[13]

S. Djordjevic: New hybrid conjugate gradient method as a convex combination of LS
and FR methods. Acta Math. Scientia 39B (2019), 1, 214-228. DOI:10.1007/s10473-019-
0117-6

S. Djordjevic: New hybrid conjugate gradient method as a convex combination of HS
and FR methods. J. Appl. Math. Comput. 2 (2018), 9, 366-378.

E.D. Dolan and J.J. Moré: Benchmarking optimization software with performance pro-
files. Math. Program. 91 (2002), 201-213. DOI:10.1007 /101070100263

R. Fletcher: Practical Methods of Optimization. Unconstrained Optimization. Wiley,
New York 1987.

R. Fletcher and C. M. Reeves: Function minimization by conjugate gradients. Comput.
J. 7(1964), 2, 149-154. DOI:10.1093 /comjnl/7.2.149

W.W. Hager and H. Zhang: A survey of nonlinear conjugate gradient methods. Pacific
J. Optim. 2 (2006), 35-58.

M. R. Hestenes and E. Steifel: Methods of conjugate gradients for solving linear systems.
J. Res. Natl. Bur. Stand. 49 (1952), 6, 409-436. DOI:10.6028 /jres.049.044

X. Jiang, W. Liao, J. Yin, and J. Jian: A new family of hybrid three-term conjugate
gradient methods with applications in image restoration. Numer. Algor. 91 (2022), 161—
191. DOI:10.1007/s11075-022-01258-2

Y. Liu and C. Storey: Efficient generalized conjugate gradient algorithm. Part 1: Theory.
J. Optim. Theory Appl. 69 (1991), 1, 129-137. DOI:10.1007/BF00940464

G. Ma, H. Lin, W. Jin, and D. Han: Two modified conjugate gradient methods for
unconstrained optimization with applications in image restoration problems. J. Appl.
Math. Comput. 68 (2022), 4733-4758. DOI:10.1007/s12190-022-01725-y

M. Malik, I. M. Sulaiman, A.B. Abubakar, G. Ardaneswari, and A. Sukono: A new
family of hybrid three-term conjugate gradient method for unconstrained optimization
with application to image restoration and portfolio selection. AIMS Math. 8 (2023), 1-28.
DOI:10.1155/2023/8851478

P. Mtagulwa and P. Kaelo: A convergent modified HS-DY hybrid conjugate gradient
method for unconstrained optimization problems. J. Inform. Optim. Sci. 40 (2019), 1,
97-113.

E. Polak and G. Ribiere: Note sur la convergence des méthodes de directions conjuguées.
Rev. Francaise Inform. Recherche Opertionelle 16 (1969), 35-43.

B.T. Polyak: The conjugate gradient method in extreme problems. U.S.S.R. Comput.
Math. Phys. 9 (1969), 94-112.

M. J.D. Powell: Restart procedures of the conjugate gradient method. Math. Program.
2 (1977), 241-254.

M. Rivaie, M. Mustafa, W.J. Leong, and M. Ismail: A new class of nonlinear conjugate
gradient coefficients with global convergence properties. Appl. Math. Comput. 218 (2012),
22, 11323-11332. DOI:10.1016/j.amc.2012.05.030

M. Rivaie, M. Mustafa, and A. Abdelrhaman: A new class of non linear conjugate
gradient coefficients with exact and inexact line searches. Appl. Math. Comput. 268
(2015), 1152-1163. DOI:10.1016/j.amc.2015.07.019

B. Sellami and Y. Chaib: A new family of globally convergent conjugate gradient methods.
Ann. Oper. Res. Springer 241 (2016), 497-513. DOI:10.1007/s10479-016-2120-9


https://doi.org/10.1007/s10473-019-0117-6
https://doi.org/10.1007/s10473-019-0117-6
https://doi.org/10.1007/s101070100263
https://doi.org/10.1093/comjnl/7.2.149
https://doi.org/10.6028/jres.049.044
https://doi.org/10.1007/s11075-022-01258-2
https://doi.org/10.1007/BF00940464
https://doi.org/10.1007/s12190-022-01725-y
https://doi.org/10.1155/2023/8851478
https://doi.org/10.1016/j.amc.2012.05.030
https://doi.org/10.1016/j.amc.2015.07.019
https://doi.org/10.1007/s10479-016-2120-9

552 Y.E. HEMICI, S. KHELLADI AND D. BENTERKI

[27] B. Sellami and Y. Chaib: New conjugate gradient method for unconstrained optimization.
RAIRO Oper. Res. 50 (2016), 1013-1026. DOI:10.1051 /r0/2015064

[28] X. Yang, Z. Luo, and X. Dai: A global convergence of LS-CD hybrid conjugate gradient
method. Adv. Numer. Anal. 2013 (2013), 5 pp.

[29] G. Zoutendijk: Nonlinear programming, computational methods. In: Integer and Non-
linear Programming (J. Abadie, ed.), 1970, pp. 37-86.

Youcef Elhamam Hemici, Laboratory of Fundamental and Numerical Mathematics, De-
partment of Mathematics, Faculty of Sciences, Setifl University-Ferhat Abbas, 19000.
Algeria.

e-mail: youcefelhamam.hemiciQuniv-setif.dz

Samia Khelladi, Laboratory of Fundamental and Numerical Mathematics, Department
of Mathematics, Faculty of Sciences, Setifl University-Ferhat Abbas, 19000. Algeria.
e-mail: samia.boukaroura@univ-setif.dz

Djamel Benterki, Laboratory of Fundamental and Numerical Mathematics, Department
of Mathematics, Faculty of Sciences, Setifl University-Ferhat Abbas, 19000. Algeria.
e-mail: djbenterki@Quniv-setif.dz


https://doi.org/10.1051/ro/2015064

	Introduction
	New hybrid conjugate gradient method and description of the corresponding algorithm
	Algorithm RMILHS
	Convergence Analysis

	Numerical experiments
	Commentaries

	Conclusion
	Acknowledgments

