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ABSTRACT

This thesis consists of two major parts, and it contributes to the fields of

mathematical finance and statistics.

The contribution to mathematical finance is made via developing new theoreti-
cal results in the area of conic finance. Specifically, we have advanced dynamic aspects
of conic finance by developing an arbitrage free theoretical framework for modeling
bid and ask prices of dividend paying securities using the theory of dynamic accept-
ability indices. This has been done within the framework of general probability spaces
and discrete time. In the process, we have advanced the theory of dynamic subscale
invariant performance measures. In particular, we proved a representation theorem
of such measures in terms of a family of dynamic convex risk measures, and provided

a representation of dynamic risk measures in terms of BSAEs.

The contribution to statistics is of fundamental importance as it initiates the
theory underlying recursive computation of confidence regions for finite dimensional
parameters in the context of stochastic dynamical systems. In the field of engi-
neering, particularly in the field of control engineering, the area of recursive point
estimation came to great prominence in the last forty years. However, there has been
no work done with regard to recursive computation of confidence regions. To par-
tially fill this gap, the second part of the thesis is devoted to recursive construction
of confidence regions for parameters characterizing the one-step transition kernel of

a time-homogeneous Markov chain.



CHAPTER 1
INTRODUCTION

Risk management and no-arbitrage pricing are among the core research and
applications areas in mathematical finance. Recursive estimation of unknown param-
eters is one of the core research and applications areas in the statistics of stochastic
processes. This thesis contributes to these areas, and it consists of two main parts. In
the first part — Chapter 2 — we develop a unified pricing theory for modeling bid and
ask prices of dividend paying securities in a discrete time market model with frictions.
In particular, we contribute here to the so called dynamic conic finance theory. In the
second part — Chapter 3 — motivated by the applications to the problem of adaptive
robust hedging, we develop a methodology for recursive construction of confidence

regions.

Dynamic conic finance theory was originated in Bielecki et al. [BCIR13]. As
in [BCIR13], we extend here the conic finance methodology initiated by Cherny and
Madan [CM10] in the static case. The idea behind conic finance is to use coherent
acceptability indices to define bid/ask prices in the spirit of the no-good deal method
proposed by Cochrane and Saa-Requejo [CSR00]. The coherent acceptability index is
a measure of performance of financial portfolios, and it is essentially a generalization
of the well known measures of performance such as the Sharpe Ratio or the Gain-to-
Loss Ratio. Also in [CM10], it was shown that the conic finance pricing framework

can be used as a tool to shrink the arbitragefree price interval.

The extension of conic finance to multiperiod markets is quite delicate, espe-
cially if the underlying securities pay dividends and bear transaction costs themselves.
The main challenges are due to the fact that the wealth process associated with a self-
financing trading strategy is not a linear functional of trading strategies. Based on the

dynamic version of coherent acceptability indices introduced in Bielecki, Cialenco, and



Zhang [BCZ14] (see also Biagini and Bion-Nadal [BBN14]), Bielecki et al. [BCIR13]
studied dynamic conic finance theory. This was done for the case of discrete time
and a finite probability space. There, the authors also investigated the connection
between dynamic conic finance framework and classical arbitrage theory, based on

the arbitrage theory for the corresponding markets developed in Bielecki, Cialenco,

and Rodriguez [BCR15].

Although dynamic conic finance theory is a flexible nonlinear pricing frame-
work, it does not fully capture the liquidity risk. More precisely, due to the scale
invariance of the dynamic coherent acceptability indices, the bid/ask prices are ho-
mogeneous in the number of shares traded. However, the typical market phenomenon
is that the more shares one buys the higher price per share one pays; similarly, more
shares one sells, lower price per share is received. It turns out, as observed in Rosazza
Gianin and Sgarra [RGS13], and Bion-Nadal [BN09], that replacing the scale invari-
ance postulate by sub-scale invariance yields a pricing framework that captures the
liquidity charge describe above. Accordingly, a ‘dynamic conic finance’ framework
generated by sub-scale invariant acceptability indices was develped in [RGS13]. They
consider a continuous time set-up for pricing terminal payoffs defined on a general
probability space. Similarly to the original conic finance case of [CM10], the authors
derive a representation theorem for bid/ask prices in terms of convex risk measures,
and consequently in terms of solutions of some Backward Stochastic Differential Equa-

tions (BSDEs) and g-expectations.

Our work in Chapter 2 builds upon the ideas described above. By applying a
time consistent, quasi-concave acceptability based approach, we develop a nonlinear
pricing framework on a general probability space, in the discrete time set-up. The
pricing framework leads to arbitrage-free prices, and it takes into account the market

impact effect. The advantage of establishing the link between Backward Stochastic



Difference Equations (BSAEs) and dynamic acceptability indices comes up in two
ways. On one hand, we derive robust representations of bid and ask prices via g-
expectations (which are solutions of BSAEs). On the other hand, BSAEs allow for
efficient numerical computations. The results presented in this chapter are the basis

for Bielecki, Cialenco, and Chen [BCC15].

Chapter 3 develops a recursive construction of confidence regions for a finite
dimensional parameter in a discrete time stochastic dynamical systems. Motivated
by discrete time adaptive robust stochastic control problems subject to model uncer-
tainty (cf. Bielecki, Cialenco, Chen, Cousin, and Jeanblanc [BCC*16b]), we consider
in this chapter discrete time, time-homogeneous Markov chain models. The set of
possible one-step transition kernels of the Markov chain models is parameterized in
terms of a finite dimensional parameter # taking values in the known parameter space.
We postulate that all these models are possible descriptions of some reality, and that
only one of the models, say the one corresponding to #*, is the adequate, or true, de-
scription of this reality. The true parameter 6* is unknown. In Chapter 3 we derive a
recursive (in time) construction of confidence regions for #* that satisfy some desired
properties, such as desired asymptotic properties, when the time series of observa-

tions increases. The results presented in this chapter underlie Bielecki, Cialenco, and

Chen [BCC16a].

There is a vast literature devoted to recursive computation, also known as on-
line computation, of point estimators. It is fair to say though, that we are the first to
study a recursive construction of confidence regions. The geometric idea that underlies
such recursive construction is motivated by recursive representation of confidence
intervals for the mean of one dimensional Gaussian distribution with known variance,
and by recursive representation of confidence ellipsoids for the mean and variance

of a one dimensional Gaussian distribution, where in both cases observations are



generated by i.i.d. random variables. The recursive representation is straightforward

in the former case, but it is not so any more in the latter one.

The key step to the recursive construction of confidence regions for 6#* is to
establish an appropriate recursive point estimator and prove its asymptotic normality.
For this purpose we developed an appropriate version of the so called stochastic
approximation algorithm. Initiated by Robbins and Monro [RM51], the stochastic
approximation methodology is one of the most widely used recursive point estimation
procedures. It essentially amounts to an iterative approximation of the root of an
unknown function, using an iterative sequence of approximations of that function

that can be computed from the observed data.

There is a vast literature that studies consistency and asymptotic normality
of point estimators obtained via stochastic approximation (cf. Khas'minskii and
Nevelson [KN76]; Fabian [Fab78|; Ljung and Soderstrom [LS87]; Englund, Holst,
and Ruppert [EHR89]; Sharia [Sha98]). These approaches for proving asymptotic
normality only apply to the case when the error of approximation of the unknown
function is a martingale difference process. We cannot use these approaches in our

set-up as such requirement is not satisfied.

We thus proceed differently, building upon the concept of the (local) asymp-
totic linearity of the point estimator. This property is frequently used in the proof
of asymptotic normality of estimators. Detailed discussion of the literature on this
subject can be found in Barndorff-Nielsen and Sgrensen [BNS94|, Heyde [Hey97],
and Prakasa Rao [PR99]. Unfortunately, in general, asymptotic linearity can not
be reconciled with the full recursiveness of a point estimator, the property, which is
the key property involved in recursive construction of confidence regions. Therefore,
one of the major contributions made in Chapter 3 is that we propose the concept

of quasi-asymptotic linearity, which not only applies to the fully recursive (modified)



point estimator introduced in Section 3.3, but, importantly, allows us to prove the

asymptotic normality of this estimator.

The recursive construction of confidence regions is needed not only for the
purpose of speeding up the computation of the successive confidence regions, but,
primarily, for the ability to apply the dynamic programming principle in the context
of robust stochastic control methodology introduced in [BCC*16b]. Other potential

applications of the results of Chapter 3 are far reaching.

The thesis is organized as follows. Chapter 2 studies dynamic conic finance
via BSAEs. In Section 2.1 we establish existence and uniqueness of the solutions for
a (large) class of BSAEs, and define the g-expectation, in terms of the solution of a
BSAE. In Section 2.2 we introduce and study the notion of Dynamic Acceptability
Index (DAI) and show that a DAI can be generated by a family of dynamic convex risk
measures, and consequently by solutions of BSAE with convex drivers. Section 2.3 is
the main section of this chapter, and it is devoted to dynamic conic finance. We start
with Section 2.3.1 by defining a market model consisting of a banking account and K
securities. The prices of the securities are given by bid and ask pricing operators, and
the banking account is the only asset that trades with no transaction costs. Next, in
Section 2.3.2, we introduce the relevant financial definitions in this market model, such
as value process, self-financing trading strategy, and arbitrage. Then, in Section 2.3.3,
we define the main objects of this chapter — the acceptability bid and ask prices — by
using the DAIs. We provide a representation of acceptability bid and ask prices in
terms of g-expectations associated with the corresponding family of convex drivers.
Subsequently, in Section 2.3.4 we build an arbitrage-free market model by using the
acceptability bid and ask prices, and prove a series of fundamental properties of these
prices. We conclude Chapter 2 with Section 2.4, where we introduce the notions of

no good deal and arbitrage in an extended market model. We prove that there are no



good deals if and only if the acceptability prices in the extended market are arbitrage

free prices.

We consider the problem of recursive construction of confidence regions in
Chapter 3. Section 3.1 introduces the Markov chain framework relevant for the present
study, and it provides an important technical result, Proposition 3.1.1, that is crucial
for recursive identification of the true Markov chain model. Section 3.2 is devoted to
the recursive construction of the base (recursive) point estimator of the true parameter
0*. Here we prove the strong consistency of the base point estimator. The key
step to the desired recursive construction of confidence regions for 6#* is to establish
the asymptotic normality of the underlying recursive point estimator. Therefore, in
Section 3.3, we appropriately modify our base point estimator, so to construct a quasi-
asymptotically linear (recursive) point estimator, for which we prove weak consistency
and asymptotic normality. The main section of this chapter is Section 3.4, which
is devoted to recursive construction of confidence regions for #*, and to studying
their asymptotic properties. We show that confidence regions derived from quasi-
asymptotically linear point estimators preserve a desired geometric structure. Such
structure guarantees that we can represent the confidence regions in a recursive way in
the sense that the region produced at step n is fully determined by the region produced
at step n — 1 and by the the newly arriving observation of the underlying reality. We

finish Chapter 3 with Section 3.5, where illustrating examples are provided.
1.1 Contributions of the Thesis
The major contributions of Chapter 2 are:
e We develop the theory of dynamic sub-scale invariant performance measures

on a general probability spaces, and in the discrete time set-up. We prove

a representation theorem for such measures in terms of a family of dynamic



convex risk measures. Moreover, we provide a representation of dynamic risk
measures in terms of g-expectations, given as part of solutions of BSAEs with
convex drivers. We demonstrate existence and uniqueness of the solutions of
the relevant BSAEs, and we provide a comparison theorem for corresponding

BSAEs.

We construct a market model for dividend paying securities. For this model
we introduce the pricing operators that are defined in terms of dynamic ac-
ceptability indices, and we prove various properties of these operators. Using
these pricing operators, we first define the bid and ask prices for the underlying
securities and then we define the bid and ask prices for the derivative securities
in this market market. We prove a series of important and desired properties of
these prices. In particular, we show that the obtained market model is arbitrage

free.

The major contributions of Chapter 3 are:

We introduce the concept of quasi-asymptotic linearity of a point estimator of
the true parameter. This concept is related to the classic definition of asymp-
totic linearity of a point estimator, but it requires less stringent properties,
which are satisfied by the recursive point estimation scheme that we develop in

Section 3.3.

Starting from what we call the base recursive point estimation scheme, we design
a quasi-asymptotically linear recursive point estimation scheme, and we prove
the weak consistency and asymptotic normality of the point estimator generated

by this scheme.

We provide the relevant recursive construction of confidence regions for the true

parameter. We prove that these confidence regions are weakly consistent, that



is, they converge in probability (in Hausdorff metric) to the true parameter.



CHAPTER 2

DYNAMIC CONIC FINANCE VIA BACKWARD STOCHASTIC DIFFERENCE
EQUATIONS

2.1 Backward Stochastic Difference Equations

Let T be a fixed and finite time horizon, and let 7 := {0,1,...,7}. We
consider a filtered probability space (Q, F,{F},, P), with Fy = {0,Q} and F =
Fr. Throughout, we will use the notations LP(F;) := LP(Q, F,P), p> 1, t € T.
Also, we will denote by X the set of all adapted and square integrable stochastic
processes on (2, F, {F:}_,, P). We reserve the notation A for the backward difference
operator AX; := X; — X;_1, t € T, where X is a stochastic process, and we also
take the convention AX, := X,. In what follows, all equalities and inequalities will
be understood in P-almost surely sense. We recall that the predictable quadratic
variation (X); of a stochastic process X is defined as a predictable process, starting
at zero, and such that X? — (X); is a martingale with respect to filtration {F;}. It

can be shown that A(X), = E[(AX;)?|F_1].

In the sequel, the function g : 7 x 2 x R — R will play the role of a driver for
considered Backward Stochastic Difference Equations (BSAEs), and we will assume

that it satisfies

Assumption A:
A1. the mapping (¢t,w) — ¢(t,w, z) is predictable for any z € R;

A2. the function z — ¢(t,w, z) is uniformly Lipschitz continuous, i.e. there exists a

finite constant K > 0 such that

lg(t,w, 21) — g(t,w, 22)| < K|z — 2|;

A3. g(t,w,0) =0 for any t € T.
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Throughout the chapter we will denote by ¢;(w) the Lipschitz coefficient of mapping

2z g(t,w, z), that is
¢i(w) =essinf {lt(w) € L>(Fi) :
9t w, 21) — g(t,w, 22)| < l(w)|z1 — 2af, w €Q, 21, 22 € R},

for any t € T. Note that in view of condition A2. ¢, (w) is well defined (in particular,

a(w) < K).

Also, we will suppress the explicit dependence on w, if no confusion arises; for

example, we may write g(¢, z) instead of g(t,w, z).
We consider the following Backward Stochastic Difference Equation (BSAE),

Yi=Yr+ Y g(s, Z)AW), = Y ZAW,+ My — M, teT, (2.1)

t<s<T t<s<T

with terminal condition Y7 € L*(Fr), and where W, is a fixed square integrable
martingale process with increment AW, independent of F; 1, and such that A(W), #
0 for any t € T. As already mentioned, the function g is usually referred to as the

driver of the BSAE (2.1).

As one may expect, due to its ‘backward’ nature, and similar to continuous
time BSDESs, a solution is a triple of processes, rather than just an adapted process.

Next, we give the precise definition of a solution of BSAE (2.1).

Definition 2.1.1. A solution to BSAE (2.1) is a triple of processes (Y, Z, M) such
that: (Y, Zy, My) € L?(F;) x L*(Fy_1) X L*(F), it satisfies equality (2.1) for allt € T,

and M is a martingale process strongly orthogonal® to W.

In general, for fixed Z and M, Y that satisfies (2.1) is not necessarily an

adapted process. For example, by taking the terminal condition X € F7, and putting

'We say that the process M is strongly orthogonal to W if the process W, M;
is a martingale.
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Zy = My = 0 for allt € T, then Y, = X for any t € 7. In this case, Y is not
an adapted process unless F; = Fr, t € 7. However, due to Galtchouk-Kunita-
Watanabe decomposition (cf. [FS04, Theorem 10.18]), there exists Z and M along
with Y such that they (Y, Z, M) is a solution of (2.1). We recall that W is said
to have the predictable representation property, if F = F" implies that for any
square integrable martingale process X, there exists a predictable process Z, such
that AX, = Z,AW,. It can be shown that if F = F" and W has predictable
representation property, then M, = 0 for all t € 7. If W does not satisfy the
predictable representation property, then a martingale process M which is orthogonal

to W is indeed needed to ensure that the solution of (2.1) is well defined.

With a slight abuse of notation, we will sometimes refer to process Y as solution

of BSAE (2.1), rather than saying process Y from the solution (Y, Z, M).

It is fair to say, we believe, that the theory of backward stochastic difference
equations is in many respects analogous to the theory of the backward stochastic
differential equations (BSDEs). However, BSAEs that we use in this work can not
be just considered as time discretized BSDEs. So, even though existence, uniqueness,
as well as other properties of the solution of BSDEs are well studied and understood
(cf. [PP90, Pen97, EKQ97, BCH'00]), corresponding issues for BSAEs need to be
studied in their own right. Accordingly, one goal of this chapter is to present some
relevant properties of solutions of these type of equations, that tailored to our needs.
Similar work on BSAEs has already been done in [CE11], [CE10], [CS13], and [Sta09],
where quite general BSAEs were studied, in particular with drivers depending on Y;.
The driver g considered in our work does not depend on Y;. The main reason to
consider this type of drivers comes from the fact that, as proved in the remark on page
114 in [BCH™'00], any driver g(¢,w,y, z) such that the mapping (y, z) — g(t,w,y, 2)

is Lipschitz continuous, g(t,w,y,0) = 0, and g(¢,w, y, z) is convex with respect to y
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and z, does not depend on y. Since we will apply the theory of BSAE to dynamic
risk measures which require convexity on the drivers, then we focus only on drivers
of the form g¢(t, z). It needs to be stressed though that our set-up is not just a special
case of the set-up considered in the references mentioned above, primarily because
we work under a set of assumptions which is not nested in the assumptions used in

these papers.

2.1.1 Existence, Uniqueness and Comparison Results. In this section we will
prove some general results regarding existence, uniqueness and comparison of the

solutions of BSAE (2.1).

Theorem 2.1.1. Assume that the driver g satisfies Assumption A, and that the
terminal condition Yr € L*(Fr). Then, there erists a unique solution of equation

(2.1).

Proof. First, we will prove the existence using backward induction argument. Given

Yr € L*(Fr), we consider the equation
Yro=Yr+9(T, Zp) AW)p — Zp AWr + AMr, (2.2)
where Zp, AMy and Yr_; are the unknowns. Since Y € L?(Fr), then
E[E[Yr|Fr]"] < E[E[(Y7)*|Fr]] = E[(Y7)] < 0.

Hence, Yr — E[Yr|Fr_1] is a square integrable martingale difference, so it admits
the Galtchouk-Kunita-Watanabe decomposition, which implies that there exist Zp €
Fr 1, ZpAWr € L*(Fr), AMy € L*(Fr) such that E[AMy|Fr_1] = 0, E[AM AW | Fr_4] =
0 and
Yy — E[Y7|Fr_1] = ZpAWrp — AMy. (2.3)

We multiply both sides of last identity by AW, and then apply E[ - |Fr_41] to both
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sides. This implies that E[Y;AWr|Fr_1] = ZpA(W)p. Therefore,

E[Yr AWr|Fr_i]
AW)r

Since W has independent increments, then A(W )7 = E[AWZ| Fr_,] = E[AW?] =: C,

Tr = (2.4)

and by our initial assumption C' # 0. Hence, we deduce

EENr AW Fra 7] BICENEFroa]] _ B[] _
C? - C? C '

With Zr and AMyp known, taking into account (2.3) and (2.2), we conclude that

B[73] =

Yr_1 must be given by
YT,1 = E[YT’FTfl] + g(T, ZT)A<W>T (25)
From here, due to Al, we get that Y;y_; € Fr_;. Also, using A2, A3 and the fact
that Z7 € L*(Fr_1), we have
E[(9(T, Zr)A(W)1)?] = E[g(T', Zr)*E[A(W) 7| Fr_1]]
< E[c7 Z7E[A(W)7|Fr_1]]
< C?|ler||3E[Z7] < oo
and thus Yr_; € L?(Fr_1). Therefore, we determined Yr_;, Zp and AMr.
We continue this backward procedure for any finite number of steps smaller
than T: having Y;,; € L*(F,y1) for some fixed ¢t € {0,1,...,T — 1}, by similar

arguments as above, we find (Y3, Z;11, AMy 1) € L*(F;) x L*(F;) x L*(Fiy1), such

that

Y=Y +9t+1,Zu ) AW — Zipa AWy + AMyyq, t=0,...,T—1, (2.6)

with
Yi1 — ElYii| R = Zen AWy — AMyq, (2.7)
Zyoi = EY; 1 AWy | F]
" AWy

Ve = E[Yia|Fe] + g(t + 1, Zip ) AW )y
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By taking the convention Zy = 0, My = 0, and letting M, := Mm—Zizl AM,, we have
that (2.1) holds true for all £ € 7. Moreover, M is a square integrable martingale

process. Finally, since

t
E[MW;|Fio1] = E[() | AM)Wi|Fi_i]
s=1
t—1

= AME[W,|Fii] + E[AM,(Wy_y + AW,)[Fiy]

s=1

:Mtflwtfla t=1,...,T,

we conclude that M is strongly orthogonal to W, which concludes the proof of exis-

tence of the solution.

Next, we prove the uniqueness. Assume there are two solutions (Y;!, Z}, M})

and (Y2, Z2, M?), t € T, of BSAE (2.1) with terminal condition Y7. Then
Yooy =Y = (9(T, Z7) — o(T. Z7)) AW)r — (Zp — Z7) + AMp — AMp. (2.8)

From (2.9), we have that Z}. = % = Z2%. Hence, by (2.7), we get

AMy = =Yy + E[Yy|Fro] + ZEAWy = =Yy + E[Yy | Froi] + Z2AWr = AMZ.

From here, in view of (2.8), we immediately conclude that Y} | = Y2 |. Induc-
tively, and by using the convention that Z} = Z2 = 0, M3 = M? = 0, we get that
(YA, ZH MY = (Y72, ZE M?), for any t € T. Therefore, the solution is unique, and

this concludes the proof. O]

Remark 2.1.1. Here, we make a note of one step in the proof that amounts to

derivation of the following backward recurrence relations (starting from Yr ),

E[Y; 1 AW, | F
AW)r

Yy = E[Yea|F] + g(t + 1, Zep1 ) AW )i, (2.10)

Ly =

fort=20,....,T —1. We will make use of these formulae later on.
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Remark 2.1.2. Note that, if F = FW and if W has the predictable representation
property, then we have that AM; = 0, and since My = 0, we conclude that My =0, t €
T, in (2.1). Saying differently, if F = FW and W has the predictable representation
property then there exists a pair of processes (Y;, Z;), t € T, that is the unique solution
of equation
Yi=Yr+ > g(s. Z)AW), — Y ZAW, teT.
t<s<T t<s<T

One important example of martingale W that has the predictable representation

property is the symmetric random walk.

We now proceed with presenting comparison results between the solutions of
BSAEs. These results, besides being of fundamental importance for the theory of
BSAE:s itself, will also serve as key ingredients for describing the risk measures devel-
oped later on in this chapter. More precisely, the version of the comparison theorem
provided here is tailored to our needs and it will be used to prove the monotonicity

property of proposed risk measures.
We start with an auxiliary result.

Lemma 2.1.1. Consider BSAE (2.1), and assume that the driver g satisfies As-
sumption A, and that the terminal condition Yr > 0. Also, suppose that for a fized
teT, g(s,z) =x5z, s €{t,..., T}, where x is such that 1 + x;, AW, > 0, for any
se{t,...,T}. Then, Yy >0 for all s € {t,...,T}. Moreover, if Y; =0 on A € F,
then Yy =0 on A, for all s € {t,...,T}.

Proof. First note that Assumption A and Theorem 2.1.1 guarantee that the solution
(Y,Z, M) of (2.1) exists. Fix t € T, assume that g(s,z) = zs2,s € {t,...,T} and
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1+ 2,AWs > 0,5 € {t,...,T}. Then, by (2.10) and (2.9),

Y1 = ]E[YS|‘FS—1] + $SZSA<W>S
E[Y,AW,|Fs_1]
AW,

= ]E[Y:g|fs_1] + $SE[}/;AWS|IS_1].

- ]E[Y;LFS—I] + x4

A(W)s

Recall that ¢ is predictable, and since g¢(s,z) = x4z, we have that x, is Fs 1-
measurable. Thus,

Yot = E[Y,(1 + 2, AW,)|Fs1). (2.11)

From here, if Y; > 0 for some s € {t +1,...,T}, using the assumption that 1 +
r, AW, > 0, we get that Y,_; > 0. Hence, since Y > 0, we conclude that Y, > 0 for

all se{t,...,T}.

If 1,Y; = 0 for some A € F;, then, by the above, 1,Y, > 0 for all s €
{t,...,T}. Moreover, by (2.11) we also have 14Y; = E[14Y;11(1 + 241 AW 1| F] =
0, and since 1 + 2,1 AW;110, we get 14Y;11(w) = 0. Similarly, we deduce that
1,Y,=0,s€{t+2,...,T}

This concludes the proof. O

Lemma 2.1.1 depicts the comparison result for drivers g of the form g¢(t,z) =

x¢z. Using this result, we will prove next the comparison theorem for a general BSAE.

Theorem 2.1.2. Assume that g', g* satisfy Assumption A, and Y}, Y7 € L*(Fr),

and suppose that for every t € T, the following conditions hold true:

1) Y >YE:
2) gl(S7Z> 2 92(872)7 s € {ta te 7T}z ZAS R;

3) |clAW,| < 1, s € {t,..., T}, where c' is the Lipschitz coefficient of g* as defined

i A2.
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Denote by Y, i = 1,2, the solution of (2.1), that corresponds to driver g', and ter-
minal condition Y7, for i = 1,2. Then, Y} > Y2, for all s € {t,...,T}. Moreover,
the comparison is strict, in the sense that if Y,! =Y? on A € F;, then 1,4V} = 1,4Y?

and 1ag*(s, Z%) = 1 49°(s, Z2), for all s € {t,...,T}.

Proof. We prove by backward induction that ¥;'! > Y}, for every t € T. By condi-
tion 1), the statement holds true for ¢ = T. Assume that Y;! > Y;? for some fixed
t € T. Then, by (2.6)
Yo =Y =Y - Y2+ (9'(s, Z,) — 6%(s, Z2) AW,
—(Zs = Z)AW, + A(M; — M)
= [V = Y2+ (g, 21) — g (s, Z) AW,
— (21— Z)AW, + A(M! = M1?)
+ (9. 22) = (s, Z2) (W),
=:1N/5_1 + 75_1.

Clearly, condition 2) implies that Y1 >0. As for }78_1, we write it as

1 1 1 2
g S7Zs _g S, Zs
( Zz _ Z2< )(Zsl - ZSQ)A<W>5

?9_1 _ Y;l - }/;2 _|_
(2.12)
—(Z} = Z)AW, + A(M} — M),

gl (tvztl)_gl(tﬂZtQ)

where, as usually, 0/0 = 0. Let us now define g(t,2) = A

z, fort € T
and z € R. Since g'(t, 2) satisfies Assumption A, then g(¢, 2) is predictable, and by

Assumption A2

gl(ta Zt1> — gl(t7 Zt2)

121 = 22| < epler — 2.

19(t, 21) — g(t, 22)| = |

Moreover, g(t,0) = 0, and hence g(t, z) satisfies Assumption A, and Y, ; is the

solution to BSAE (2.12) with driver g(t,2) and terminal condition Y;! — V2. Since

| gl(t7Ztl)_gl (t7Zt2)

1 1 2
L9325 < ¢, in view of Assumption 3), |9 8Z)=9 (L2 AW,| < 1, and thus
t t

1 2
Zt _Zt

1+ %AWI‘/ > (0. From here, using Lemma 2.1.1, we get that Y, > 0.
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From the above arguments, we have that V! | — Y2 = Yo1+Ys >0, and

s—1 —

consequently, by induction argument Y! > Y2 s € {t,...,T}.

Finally, if 1,Y,) = 1,Y2, for some A € F, then 1,Y; = 1,Y; = 0. By
Lemma 2.1.1, 1,Y,}; = 1,Y2,. Since 1,Y, = 0 and Lag*(t + 1, 2% ) > Lag?(t +
1,Z% ), then 1ag'(t+ 1, Z2,,) = Lag*(t + 1, Z2.,). Similarly, for t +1 < s < T, one

gets that 1,Y! = 1,Y2 and 149" (s, Z2) = 144%(s, Z?).
The proof is complete. O

Corollary 2.1.1. Let g be a driver that satisfies Assumption A, and let Y2, Y2 €
L3(Fr) be two terminal conditions such that Y} > Y2 Assume that |c,AW,| < 1,
t € T, where ¢, is the Lipschitz coefficient of g. Then, Y} > Y2 t € T. Moreover,
the comparison is strict in the sense that if 14Y,;' = 1.Y2, for somet € T, A € F,

then 14Y} = 1,Y2 s=¢,...,T.

Remark 2.1.3. Using the same ideas, one can show that Theorem 2.1.2 holds true

if condition 3) is replaced by the following assumption:

[ EY'AWFEL]\ L/ E[YZAW,F,_]\ _ E[Y2—YYF,_]
9(5’ A(T), )‘ ( AW, )Z AT),

(2.13)

for YL Y? € LA(F,),Y' > Y? t < s < T, and the equality reached if and only if
Yyi=Y2,

Assumption (2.13) is weaker than condition 3) in Theorem 2.1.2. Indeed,

assuming that |cLAW,| < 1, and Y > Y2, we then have that

EYT =Y Fa] | Elle, AWL|(YE = Y3 Fo]
A(W), - A(W)s
1| EAW (Y = Y2)| Foi]
- AW,
G| EYTAW|FL] E[Y2AW,|F]
CeTTAWT T AW,
L/ EYTAW,|F,_4] 1/ E[Y2AW,|F,_i]
= ‘9 (S’ AW), )‘ ( AW, )‘
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Hence, inequality (2.13) holds true.

We feel that assumption (2.13) is less intuitive, and cumbersome, and for sake

of ease of exposition, in what follows we will use assumption 3) from Theorem 2.1.2.

Remark 2.1.4. In [Sta09], the author proves a comparison result for BSAEs in the
limit sense, as time step goes to zero. It was assumed that the driver g and the

martingale process W are such that

g(t, 21) — g(t, 22)] < K (14 (|21]o0 V |22]00) ) |21 — 22]o0;

Hm [|AW, || AW, =0, a € [0,2),
At—0

along with some additional technical conditions. In this case, by taking a = 0, and
small enough At, we note that g and W will satisfy condition 3) from our set-up,
and hence our comparison result holds true. In either [Sta09] or our set-up, it is
required to have control on both the driver g and the noise W for the comparison
theorem to hold. Finally we want to mention that while the conditions from [Sta09]
and conditions proposed in this work overlap (in some sense), neither one implies the
other. With a = 0, the condition on the driver from [Sta09] is stronger; while for
a > 0, the assumption on the driver is weaker but the condition satisfied by W 1is

more restricted.

In this chapter, we will mostly work with drivers that satisfy the comparison
principle, and for brevity we will call such drivers regular, with precise definition as

follows:

Definition 2.1.2. Let g be a driver that satisfies Assumption A, and let Y}, Y2 €

L*(Fr) be two terminal conditions.

1. We say that the comparison result holds true for BSAE with driver g, if Y2 > Y2
implies that Y,' > Y2, t € T, and the comparison is strict if 14Y,' = 1,Y? for

somet €T, and A € F;, then 1,Y} = 1,Y2, s=t,...,T.
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2. The driver g is called regular driver if the comparison result holds true for BSAFE

with driver g.

It can be easily shown that a linear driver g(t, z) = x;z is regular if 142, AW, >
0, for every t € T. Also, Corollary 2.1.1 implies that a general driver g is regular if
le; AW,| < 1 for every t € T. Next, we present several examples of regular drivers,
where we consider W as a martingale process such that AW, is uniformly bounded.

In particular, this means that ||[AW;|| is Fo measurable.

Example 2.1.1. Let the driver g(t, z) = ¢;|z|, with ¢ such that ||¢;]|e < m, is a

reqular driver. We will show in the next section that such driver generates a family

of coherent dynamic risk measures.

Example 2.1.2. Let us put

(t2) = K (2 4 2ot 4+ Leo)
TS = KT D[AW |~ '3 ’

where K € RY s fized. As such, g(t,z) is predictable, g(t,0) = 0 and g(t,z) is

Lipschitz due to the fact that its derivative with respect to z takes value in

(_(K+1)HKAWt||oo’ (K+1)HKAWt||oo)' Moreover, the Lipschitz coefficient ¢; is such that

lee AW, < 1, according to the fact that \agéi’zw < K||§17V1||oo'

Thus, the driver g is

reqular, and the corresponding BSDFE has the following form

K 1 1 1
Y, =Y In(=+-e"%+=eZ A(W),— Z AW+ Mp—M,.
t T+t<§<:T (K + 1)HAWt||oo n(3+36 +36 ) < >t t;,r + T t

We will see in the next section, this BSAFE plays an important role in our study, and

it 1s related to so called convex dynamic risk measures.

2.1.2 g-Expectations. In the seminal paper [Pen97], the author introduced a re-
lationship between solutions of BSDEs (in continuous time) and so called nonlinear

expectations or g-expectations (see also [CHMPO02]). Later, the theory of nonlinear



21

expectations was successfully applied to some problems from mathematical finance
in the context of theory of risk measures. For more details we refer the reader to
[RG06, BEKO7, RGS13] and references therein. Similar approach can be adopted for

the case of BSAEs, which will be the main goal of this section.

Towards this end, we will assume that the driver g is a regular driver, and that
the terminal condition X € L?(Fr). As before, we denote by (Y;, Z;, M), t € T, the
solution of the corresponding BSAE. Analogous to the existing literature on BSDEs
(cf. [Pen97]), we define the conditional g-expectation £, X|F;] of a random variable
X given F; as &, [X|ft] =Y.

In what follows, it will be convenient to view the space L?(Fr) as an L (F;)-
module, for every fixed t € T; saying differently, the random variables from L (F;)
will play the role of scalars for the linear space L?(Fr). This is a special case of con-
sidering L°(G)-module, or simply L°-module, where the scalars are random variables
that are measurable with respect to some o-algebra G. For more details on gen-
eral theory of L°-modules, and their relationship to theory of risk and performance

measures, we refer the reader to [FKV09, KV09, BCDK15].

Remark 2.1.5. Throughout the chapter we will use the following result, which follows
immediately from the uniqueness of the solutions and backward nature of BSAFEs. Let

g be a driver that satisfies Assumption A, and assume that there exists a triplet of

processes (Y', Z', M') such that

Yi=X+ Y gls, Z)AW).— > ZIAW,+ My —M,, u=t,...T,
u<s<T u<s<T

where Y € L*(F,), Z! € L*(Fu_1), M, € L*(F.), and E[M! W, |Fu_1] = M, _W,_;.
Then, Y] = & X|Fi].

Next proposition provides some fundamental properties of g-expectations, such
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as monotonicity, tower property, convexity when driver is convex, and homogeneity

when driver is homogenous.
Proposition 2.1.1. For any reqular driver g, the conditional g-expectation satisfies
the following properties:

(Z) 59[/“4;15] = W, fOT any p € R; te T;'

(i) if X' > X%, X', X? € L*(Fy), then &X' F] > &[X?|F], for anyt € T.
Moreover, if 14&, [Xl‘}"t} = 14€, [XQ‘}}}, for somet € T, and A € F;, then
ﬂAXl = ILAXz,'

(iii) &;[&, [X’]:s} |}"t} =&, [X|}"3M}, for any X € L*(Fr), s,t € T;
(iv) E[LaX|F] = 14&[X|F], for any X € L*(Fr), A€ F, t € T;
(v) &[X +m|F] =&[X|F] +m, for any X € L*(Fr), m € L*(F,), t € T;
(vi) if g(u,w,-) is convex, for anyu € {t,..., T}, w € Q, 21, 22 € R, that is
g(u,w, pz1 + (1= p)ze) < pg(u,w,z1) + (1 — p)g(u,w,22), peR, 0<p <1,

then

E,AXT + (1= N)XP|F] < MG XHF] + (1= NE[X?|F,

for any X', X? € L*(Fr), A€ L™(F), 0 <A< 1.
(vii) if g(u,w,-) is homogeneous, for any u € {t,..., T}, w € Q, that is
g(u,w, pz) = pg(u,w, 2), 2z, p €R,

then

E,NX|F] = A\X|F], X € LA(Fr), A € L®(F).
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Proof. (i) If Yr = p € R, then according to (2.4), we get that

g E[YTAWT|fT_1] _ E[AWT|~FT—1]
r NG AW

=0.
Hence, by (2.5) and Assumption A3, we have that
Yr1 = E[Y7|Fra] + g(T, Zp) A(W)r = E[Y7|Fr_1] = p.

Inductively, in view of (2.9) and (2.10), we have that Y; = u for all t € 7. Hence,

EHIF) = pte T
(ii) It follows imediatly from Theorem 2.1.2.

(iii) Assume that t < s, and let (Y, Z, M) be the solution of BSAE with
terminal condition X. Then,

Yo=X+ > g0 Z)AW), — > ZAW,+ My —M,, ueT.

u<r<T u<r<T
By considering v = t and u = s, we immediately get
Yi=Ye+ Y g0 Z)AW), — Y Z,AW, + M, — M,. (2.14)
t<r<s t<r<s

Next, we consider the BSAE with driver g, terminal time s and terminal condition
Y;. By (2.14) and definition of g-expectation, we have that Y; = &;[Y;|F], which
implies that E[X|F;] = E[E,[X | Fs]|Fil-

Now, let us assume that ¢ > s. For t = T, then property follows from the
definition of g-expectation For t < T, we us consider the BSAE with driver g and

terminal condition (at time T') £;[X|F,]. In view of (2.4), we have that

E[Yr AWr|Fr_i]
AW)r

E[AWr|Fr_]

Zr = AWz

=0.

= &[X|F]
Hence, by (2.5) and Assumption A3, it is true that

Yry = E[Yp|Fr ] + g(T, Zr) A(W)r = EIE, [ X|F][Fr] = E[X|F].
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Inductively, using (2.9) and (2.10), we conclude that Y; = &,[X|F,]. Consequently,

by the definition of g-expectation, we finally get that &;[E,[X|Fs]|Fi] = £, [X|Fs).

(iv) Fixt € T, X € L*(Fr), A € F;, and let (Y, Z, M) be the solution of BSAE
with terminal condition X. Note that 14g(u, Z,) = g(u,142,), u =t+1,...,T, and
thus

LaY, = 14X + > g(s, LaZ)AW), = > LaZAW, + LaMy — L4M,, (2.15)
u<s<T u<s<T

for every u = t,...,T. Also note that since A € F;, and v > t + 1, we have that

14Y, € L*(F.), 14aZ, € L*(F,_1), and 14M, € L*(F,), for any u =t +1,...,T.

Due to that fact that M and W are orthogonal, we note that
E[laM W, |Fu1] = LAE[M W, |F.] = 1aM, W, 1.

Therefore, in view of (2.15), and Lemma 2.1.5, we have that 1,Y; = & [14X|F],
which implies that 14&,[X|F] = &[LaX|F]. (v) If (Ya, Zy, M,),u € T, be the
solution of BSAE with terminal condition X, then

Yo+m=X+m+ Z g(s, Zs) AW

u<s<T

- Y ZAW,+ My —M,, u=t,...T,

u<s<T

(2.16)

for any m € L?(F;). Clearly Y, +m € L?*(F,), and hence, by Lemma 2.1.5 and (2.16),

we conclude that Y; +m = &;[Yr + m|F;], which implies that
EXIF] +m = X + 5 = £,[X +mlF).

(vi) Let (Y}, ZL, M), and respectively Y2, Z2, M2 w € T, be the solution of BSAE

with terminal condition X!, and respectively X?. Assuming that g(u,w,-) is convex,
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and using identity (2.1), we have that

AV 4+ (L= NY2=0X"+ (1= DX+ X ) glu,w, Z)AW),

t<u<T

+(1=A) D glu,w, Z)AW), =X Y ZIAW,

t<u<T t<u<T

—(1=A) Y ZEAW, + A(Mf — M)+ (1= N)(Mz — M7)

t<u<T

SAXT+ (1= NX7+ > glu,w, AZ)+ (1= N ZD)AW),

t<u<T

= ) (AZy+ (1= NZHAW), + AM} + (1 — A)M;

t<u<T

— AM}! — (1= N M7, (2.17)

where A € L>®(F;), 0 < A < 1. Next we consider the process Y’ defined as follows

Yi=AXT+ (1= NX2 4 Y g(s, A2+ (1= NZH)AW),
u<s<T
= > (AZL+ (L= NZHAW), + AM} + (1 — \)M;
u<s<T

—AM} — (1 —-NM2, u=t,...,T.

Clearly Y/ € L*(F,), NZL + (1 — \)Z2 € L*(Fu_1), A\M}! + (1 — A\)M? € L*(F,), and
E[(AM+(1 =N MW, | Fua] = AML +(A=N)M2_ )W, _y, forany u = t+1,...,T.
Therefore, by Lemma 2.1.5, we have that Y, = &,[A\Y} + (1 — N\)YZ|F], combined

with (2.17) concludes the proof.

(vii) The proof is similar to the proof of (vi) and we omit it here.

In what follows, we will call a driver g convex, if g(¢,w,-) is convex, and g
positive homogeneous, if g(t,w,-) is positive homogeneous, for any ¢t € T, w € Q.

Also, we will simply say that ;[ - |F;] is convex (rather than convex in L*-module
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sense) if

EAXT + (1= NX|F] < MG XTA] + (1= NE[XP|R],

for any A € L*(F;), 0 <A < 1.

Proposition 2.1.1 shows that g-expectation (or nonlinear expectation) shares
many properties with usual conditional expectation. However, as name suggests,
generally speaking it is not linear. The next two results show that the g-expectation

is linear if and only if the driver is regular and linear.

Proposition 2.1.2. Assume that g is a regqular linear driver. Then &,[ - |F] is linear.
Moreover, there exists a probability measure Q ~ P such that Eq[X|F] = &;[X|F]

for all X € L*(Fr).

Proof. Since ¢(t,z) is regular, then &, - |F;] is well defined and &;[0|F;] = 0. As-
suming that (Y, Z M"), i = 1,2, are the solutions of BSAE (2.1) with terminal
condition X*, i = 1,2, for any a,b € F;, we get

aY,' + bY? =aY} + bYE + Y w.(aZ) +bZDAW), — Y (aZ) +bZ2)AW,

t<s<T t<s<T

+ (aMy + bMZ) — (aM} + bMP).

Moreover, aM; + bM} is orthogonal to W, and therefore, aY;' + bY;? is the solution

of BSAE with terminal condition aY;} + bY72. Hence, linearity of &,[-|F;] follows.

For any A € F we define Q(A) := &;[14]. First, we will verify that Q is
a probability measure. Since 1 + z;AW; > 0, then according to Lemma 2.1.1 we
have that Q(A) = &[14] > 0. If A = 0, then 14 = 0 almost surely and therefore
Q(A) = &[0l =0. If A=, then 14 =1 and hence Q(A) = &,[1] = 1. Let (4;),
be such that A, € F, i € N, and A;(A; =0, for i # j. Let (Y, Z, M) be the solution
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of BSAE with terminal condition > ;°; 14,. Then,

QJA) =& 14 Z]lA + ) W)= > ZAW, + My — M,
=1 =1

t<s<T t<s<T
By (2.4), we also have that

B2, 14, AWp| Fr 4]

Zr = AW)r

From here, by Dominated Convergence Theorem, and again by (2.4), we continue

. Zl E[ILAAAWTU"T ) Z 7

where Z% is the part of the solution corresponding to terminal condition 14,, 7 € N.

Similarly, we have that Yr_; = >, Y/ _;. Inductively, we have that Yy = "7, Yy,

or QU2 Ai] =22, Q[A;]. Therefore, Q is a probability measure.

Next, we will show that Q is equivalent to P. If A € F, and P(A) = 0, then
14 = 0, P-as., and thus Q(A) = &,[14] = 0. Conversely, if Q(A) = 0, then, by

Lemma 2.1.1, 14 = 0 P-a.s., and hence P(A) = 0. Thus, Q is equivalent to P.

We are left to show that Eg[X|F] = &,[X|F], for any X € L*(F), t €
T. First, we prove the statement for ¢ = 0. For a simple random variable X =
St Laa; € L*(F), withn € N, 4; € F, q; € R, using linearity of g-expectations
proved above, we have that Eg[X]| = &£[X]. For a general random variable we use the
standard approximation procedure. If X & Li(]—" ), then there exists an increasing,
and positive sequence of simple random variable )0 < X; < X, < ... < X, <... < X

such that lim,,_,., X, = X, and

Eg[X] = lim Eg[X,,] = lim &,[X,].

n—oo n—o0

Using similar procedure as in the first part of the proof, one can show that YOX" RN

Y5¥, and thus &,[X] = Eg[X]. Finally for the general case, X € L*(F), it is enough

to split X into its positive and negative part.
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From here, and Proposition 2.1.1, for any ¢t € {1,...,T}, A € F;, and X €
L*(F), we also have

EqUa&y[X|F]] = ELa&[X|Fil] = &[E[LaX[F]] = &[1aX] = Eq[1aX],
which implies that &,[ - |F;] is equal to the usual conditional expectation.
This concludes the proof.

O

Proposition 2.1.3. Assume that g is a reqular driver, and &,[ - |F] is linear for any
t € T. Then, there exists a process x;, such that x; is predictable, |z;| < ¢;, where ¢

is the Lipschitz coefficient of g(t,-), and g(t,z) = xz, t € T.

Proof. Fixt € T. Let us consider a BSAE from time t—1 to terminal time ¢, and with
driver g. For any fixed 2!, 2% € R, it is straightforward to verify that Z}! = az!, M} =
0, VL, = g(t,az") A(W),, and respectively Z2 = bz%, M? =0, Y2, = g(t,02*) A(W),,
is the solution to this BSAE with terminal values az'!AW,, and respectively bz AW,
where a, b are arbitrary real numbers. Consequently, Z) = az! + bz%, MY = 0,
Y2, = g(t,az! + b2*)A(W), is the solution to the BSAE with terminal condition
(az' 4+ b2%) AW,

By the definition of g-expectation, and using its linearity, we have

g(t,az' +b2*)AW), = & l(az' + bz*) AW, | Fi1]
= agg[zlAWt]ft_l] + b€, [Z2AW,|Fi_i]

= ag(t, 2" ) AW ), + by(t, 2) A(W),.

From here, since A(W); # 0, and since z' and z? were arbitrarily chosen, we have

that

g(t,w,az' +b2*) = ag(t,w, z') + bg(t,w, z?), weQ, 2, 2% a, b R.
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Note that since g(t,w, -) is Lipschitz, hence continuous, there exists a random variable

x¢(w) such that g(t,w, 2) = zy(w)z, w € Q, z € R.

Finally, recall that g is predictable, and thus x; is predictable too. Moreover,

by Assumption A2,
|Q?t<(.U)Zl - xt<w)’22| = |g<t7w7 Zl) - g(tawu 22)’ S Ct((“"))’zl - 22|
for any w € €, 21,20 € R, t € T. Therefore, |2;] < ¢;, and this completes the proof.

]

2.2 Dynamic Convex Risk Measures and Dynamic Acceptability Indices

via g-Expectation

In this section we will explore the connections between g-Expectation and Dy-
namic Convex Risk Measures (DCRMs), and subsequently the relationship between

DCRMs and Dynamic Acceptability Indices (DAISs).

In the seminal paper [ADEH99], the authors proposed an axiomatic approach
to defining risk measures that are meant to give a numerical value of the riskiness
of a given financial contract or portfolio. Since then, an extensive body of work was
devoted to exploration of the axiomatic approach to risk measures, and it is beyond
the scope of this thesis to list all the relevant literature on this subject. We refer
the reader to [DK13] for an excellent overview of the static (one period of time)
risk measures, as well as to the survey paper [AP11] on dynamic risk measures.
The values of risk measures can be interpreted as the capital requirement for the
purpose of regulating the risk assumed by market participants (typically, by banks).
In particular, the risk measures are aimed at quantifying risk, similarly to what
was the primary objective of the well-known Value-At-Risk (V@R). Following a

similar axiomatic approach, Cherny and Madan [CMO09] introduced the notion of
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coherent acceptability index — function defined on a set of random variables that takes
positive values and that is monotone, quasi-concave, and scale invariant. Coherent
acceptability indices can be viewed as generalizations of performance measures such
as Sharpe Ratio, Gain to Loss Ratio, Risk Adjusted Return on Capital. Coherent
acceptability indices appear to be a tool very well tailored to assessing both risk and
reward of a given cash flow. The dynamic version of coherent acceptability indices

was introduced and studied in [BCZ14].

For a robust representations of general dynamic quasi-concave, monotone and

local maps see, for instance, [BCDK15].

As it was shown in [RGO6] there is a direct connection between convex risk
measures and nonlinear expectations, and consequently there exists a direct link be-
tween convex risk measures and BSDEs. These connections were further studied in
[CE10], [ESC15], and [Sta09] for the case of discrete time set-ups, thus establishing

a relationship between BSAEs and DRM for terminal cash flows (random variables).

In [CM09, BCZ14] the authors proved that any (dynamic) coherent accept-
ability index can be associated with a family of (dynamic) coherent risk measures.
In [RGS13] the authors study the relationship between dynamic sub-scale invariant
performance measures and dynamic conver risk measures and their connections to
BSAEs. The aim of this section is to develop a unified framework for assessing the
risk and performance of cash-flows in a dynamic, discrete time set-up. It is well known
that one of the key properties of dynamic risk and performance measures is their time
consistency, and in this chapter, we also pay special attention to this property. We
refer the reader to [BCP14, BCP15] for a thorough discussion of various forms of time

consistency of risk/performance measures.

Besides the usual applications of these measures to risk management, and as-
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sessment of portfolio’s performance, we will show in next sections that dynamic sub-
scale invariant acceptability indices, nonlinear expectations and theory of BSAEs can
be successfully applied to build a general, arbitrage free, nonlinear pricing methodol-

ogy in complex derivative markets.

For the sake of consistency, we will follow the set-up from [BCIR13, BCZ14,
BCR15] adapted to a general probability space. A cash-flow, also called a dividend
process, denoted as D = {D;}L_,, is any real valued, square integrable, stochastic

process adapted to filtration F. The set of all cash-flows is denoted by D, that is
D := {(Dy) : (Di)/_y is an adapted process, D, € L*(F;), t € T }.

From financial point of view, an element D € D should be interpreted as a cash-
flow associated with a portfolio, or with a general financial instrument, such that the
amount D, is received/paid by the holder at time ¢ € 7. For more details, and for

more general set-up, please see next chapter.

For any D € D, A € L*(F;), we define the following multiplicative operator
)\'tD = (07---70;)\Dt7~--;)\DT)-

Note that for any ¢t € T, the set D is closed under the multiplication -;. We also
define an order =, on D, and say that D' =, D? whenever 3.._, D! > "7 D2

t € T. Hence, D' =; D? if the future cumulative cash-flow is larger.

Remark 2.2.1. In what follows, we will simply write AD instead of \ -y D. That
means for process D € D, A\D = X+ D, and if X is a random variable, then \X 1is

understood as multiplication of random variables \ and X .

2.2.1 Dynamic Convex Risk Measures via g-Expectation. We start by re-

calling the definition of Dynamic Convex/Coherent Risk Measures.
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Definition 2.2.1 (Dynamic Convex Risk Measure). A dynamic convex risk measure

1s a function p 1T X D x  — R that satisfies the following properties:

R1.

R2.

RS.

Ry.

Rb.

R6.

RT.

Adapted. p,(D) is Fi-measurable, for anyt € T,D € D.
Local. 14p,(D) = 1api(1aD), for anyt € T,A€ F,D € D.

Convex. p(AD + (1 — \)D') < Api(D) + (1 — Np(D'), for any t € T,
ANEL®(F),0<A<1, D, D eD.

Monotone. If D =y D' for somet € T, D,D" € D, then p,(D) < p(D’).

Cash-additive. p,(D + mly) = p(D) —m for anyt € T, D € D, and

Fi-measurable random variable m and s > t.

Time consistent. p,(D) = pi(—pi1(D)Lgq1y) — Dy foranyt =0,1,...,T—1
and D € D.

If p furthermore is

Positive-homogeneous. p,(AD) = A\p,(D), A € LY(F),

then p: T x D x Q — R is called a dynamic coherent risk measure.

Properties R1-R7 have a clear financial interpellation: adaptiveness means

that the measurements are consistent with the flow of information; the locality prop-

erty essentially means that the values of the risk measure restricted to a set A € F

remain invariant with respect to the values of the arguments outside of the same

set A € F, and in particular, the events that will not happen in the future do not

change the value of the measure today; convexity implies that diversification reduces

the risk; monotonicity implies that a cash flow with higher payoffs bears less risk.
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Cash-additivity means that adding $m to a portfolio at any time in the future re-
duces the overall risk by the same amount m. From the regulatory perspective, the
value of a risk measure is typically interpreted as the minimal capital requirement
for a bank. There exists various forms of time consistency of risk and performance
measures and we refer the reader to recent paper [BCP15] where the authors give a
systematic approach to time consistency of LM-measures (local and monotone func-
tions). The time consistency R6 for DCRM considered here is known in the existing
literature as strong time consistency. It can be shown that property R6, combined
with R4, is equivalent to the following property: if D; = D} and p;11(D) = pr1 (D),
then p,(D) = pi(D’'), i.e. if two cash flows bear the same risk tomorrow, and they
pay the same dividend today, then today these two cash flows are assessed at the
same risk level. Saying differently, the risk is measured consistently in time. Finally,
positive-homogeneity means the risk of a rescaled cash flow is rescaled by the same

factor.

Similar to, [CE10, ESC15, Sta09] that address discrete time case, and [RGO06,
RGS13] that consider the continuous time set-up, we will show that the solution of
BSAEs (2.1) with convex drivers, more precisely the corresponding g-Expectation,
generates a DCRM. In the sequel, for any regular and convex driver g, we will denote

by p? the function defined as follows

T
pf(D)zEg[—ZDs J—“t], teT, DeD. (2.18)
s=t

Theorem 2.2.1. Assume that g is a conver and reqular driver. Then, the function

p? defined as in (2.18) is a DCRM.

Proof. Invoking Proposition 2.1.1, it is straightforward to show that pf satisfies Prop-
erties R1-R5.

We will show that p? is time consistent. By Proposition 2.1.1 (iii) and (v), we
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immediately have that

T
o (=Pl (D)Lg1y) = Dy =E,lpfa(D)IF] = Dy = & [&,[ = 3 D,

s=t+1

Fun|| 7] - D

T T
:59[59[—2133 -7:t+1} -7:15} :Sg[_ ZDS ft}
s=t s=t
=pi(D),
for any t € T, D € D. This concludes the proof. O

As an immediate consequence of Theorem 2.2.1, if additionally the driver g is

positive homogeneous in z, then p? is a time consistent coherent risk measure.

Corollary 2.2.1. Assume that g(t, z) is a convex and reqular driver, such that g(t,-)

is positive homogeneous. Then, pi is a dynamic coherent risk measure.

Proof. In view of Theorem 2.2.1, we have that p{(D) is a DCRM. Moreover, for any

fixed t € T, due to Proposition 2.1.1 (vii), we have that

]-"t} - Agg[— ZT:DS
s=t

for any A € LY(F,), and D € D. Hence, p] is a dynamic coherent risk measure. [0

T
(D) = £, =AY D,
s=t

F| = 2t(D),

Next, we give some examples of DCRMs generated by various drivers via g-
expectation. Similar to Example 2.1.1 and 2.1.2, in the following two examples, we

will assume that W is a martingale process such that AW; is uniformly bounded.

Example 2.2.1 (Coherent Case). We consider the driver g(t,z) = c|z|, for some
fized ¢ € [0,1). It is easy to see that g(t,z) is convexr and positive homogeneous
with respect to z. Then, by Corollary 2.2.1, p{(D) = & |- S, Dy|Fi] is a dynamic

coherent risk measure.
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Example 2.2.2 (Convex Case). Let us put

(t,2) K | <1+1_z+1z>
z) = n(-+-e —e
gL (K+D)[AW, ]~ \3" 3 3° )

where K € R* is fivred. Note that % 18 an increasing function with respect to
z, and hence g(t,-) is a conver driver. By Theorem 2.2.1, we have that p](D) =
&~ ST, DJ|F)] is a time consistent DCRM.

By Theorem 2.2.1 any given convex regular driver g generates DCRM. Next
result shows that the converse implication also holds true if W is the symmetric

random walk and the filtration is generated by W.

Proposition 2.2.1. Assume that W is a symmetric random walk, F = FV, and p, :

L>*(Fr) — L*®°(F) is a DCRM. Also, let g(t, z) = %. Then, p(X) = pl(X),

for any X € L*>®(Fr).

Proof. Fix an X € L>®(Fr). Since p(X) € L®(F;) C L*(F), for any t € T, then,
since W has the martingale representation property, there exists Z; € F;_; such that
pe(X) = Elpi(X)|Fi_1] + Z:AW,. According to time-consistency property of p, we

have that

pe(X) = pe-1(X) =pe(X) — pe-1(—pe(X))
=E[pi(X)|Fi-1] + Z: AW, — E[p(X)| Fe1] — pr1(Z:AWY)
= — p—1 (L AWL) + Z AW,
Therefore,

pt—l(ZtAWt)
A(W),

and hence, p;(X) = p{(X). O

AW, — Z,AW,

The next example is an application of Proposition 2.2.1.
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Example 2.2.3 (Dynamic Entropic Risk Measure). The dynamic entropic risk mea-

sure takes the following form
X
Y — -
21(X) =~1ln (E[exp( : )‘]—}]) (2.19)

where v > 0. So the driver corresponding to entropic risk measure will be

Fal) = A<;v>t In (%e_i %&)'

Similarly as in Example 2.2.2, we have that g(t, z) is a convez regular driver.

g(t,z) = ﬁmln (E[exp(—@)

Remark 2.2.2. [t is worth observing that, if we take the time step to be equal to At,
and the martingale W to be a scaled symmetric random walk P(Wiiar = £VAL| F),
with Wy = 0, and F = FW, the driver corresponding to the entropic risk measure

(2.19) takes the form
g(t,2) = I (57T 4

By direct computations, we have that lima;_0 g(t, 2) = 2?/(27). Formally, this means
that in continuous time framework the BSDE that corresponds to the dynamic entropic
risk measure has a quadratic driver, which is consistent with the results in the existing

literature [BEKO7, Proposition 6.4).

2.2.2 Dynamic Acceptability Indices via g-Expectation. In [CM09] the au-
thors introduced the notion of coherent acceptability index, meant to measure the
performance of a given terminal cash flow, as a monotone, scale-invariant, and quasi-
concave function defined on the set of all bounded random variables. The extension
of these measures to a dynamic set-up was studied in [BCZ14], where the appropriate
notion of time consistency for dynamic coherent acceptability indices was introduced.
In [BCZ14], the author follow a discrete time market set-up on a finite probability
space. Recently, Biagini and Bion-Nadal [BBN14] studied this type of dynamic per-

formance measure of terminal cash-flows on a general probability space, and discrete
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time market set-up. For robust representations of general dynamic quasi-concave
performance measures we refer the reader to [BCDK15]. The aim of this section
is to study dynamic performance measures that are sub-scale invariance. Following
[RGS13], who argued that the scale invariance fails to capture all risks in an illiquid
market, and, accordingly, postulated the sub-scale invariance instead, we replace the
scale invariance condition used in [BCZ14], with a weaker assumption of sub-scale

invariance.

Definition 2.2.2 (Dynamic Acceptability Index). A dynamic acceptability index is

a function a1 T x D x Q — [0,00] that satisfies the following properties:

I1. Adapted. o(D) is F;-measurable, for anyt € T,D € D.
I2. Local. 1 04(D) = Laay(14D), for anyt € T,A € F,,D € D.

13. Quasi-concave. If ay(D) > m and ou(D') > m for some positive
Fi-measurable random variable m, and D, D" € D, then ay(AD+(1—\)D’) > m,

for any A € L>(F;), 0 < A< 1.
Ij. Monotone. If D =y D' for somet € T, and D, D’ € D, then ay(D) > ay(D").

I5. Sub-scale Invariant. o;(AD) > au(D) for any A € L*®(F;), 0 < X < 1,
D € D, or, equivalently, ay(AD) < ay(D) for any A € L>®(F;), A>1, D € D.

16. Time Consistent. For anyt € T, D, D" € D, the following implication holds
true

a1 (D) >m > (D) = (D) >m> (D),

whenever Dy > 0 > Dj, and m being an non-negative Fy-measurable random

variable.

Remark 2.2.3. (i) We note that property I5 is weaker than the scale invariance

property
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15, Scale Invariant. o, (AD) = ay(D) for any A € L>®(F;), A >0, D € D,

(ii) If property 15 from the definition of DAI is replaced with 15°, then « is called

dynamic coherent acceptability index.

Analogously to [BCZ14, CM09], we will show that a DAI can be generated
by a family of DCRMs, and hence by a family of BSAEs. For this, we will consider
families of drivers indexed by positive real numbers that satisfy the following assump-

tions:

Assumption G:
Gl. gz, > go, for x9 > 21 > 0;
G2. g, is a convex regular driver for any x > 0;

G3. g, = g, for any (t,w, z) € RT x Q x R.

With slight abuse of notations, we will denote by g the family of drivers (g ).>o-

In what follows, for any family of drivers g that satisfy assumption G, we

denote by af the following function

T
af(D)(w) :=sup {:L’ eRz>0:&, [—ZDS
s=t

ft](w)SO}, weteT, DeD.
(2.20)

Then we have the following theorem.

Theorem 2.2.2. Assume that the family of drivers g = (gz)e>0 Satisfies Assumption

G. Then, o is a dynamic acceptability index.

The proof will follow from a series of lemmas proved below.

Lemma 2.2.1. Assume that the family of drivers g = (gz)e>0 Salisfies Assumption

G. Then, o9 satisfies properties 11-15.
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Proof. We will show that of satisfies properties 11-15.

I1. Let us consider the set A, = {w € Q: af(D)(w) > v}, where y € R, t € T and
D € D are fixed. We want to show that A, € F. If v < 0, then it is clear that

A, =Q € F. For v > 0, we will prove that
ol (D)(w) >, weqQ,

is equivalent to

]-“t] (W) <0, we. (2.21)

T
& =YD
s=t

According to definition (2.20), any w € € such that «f (D)(w) > ~ satisfies that

sup{xER,x>O:€gz[—iDs E}(W) SO} >,
s=t

which, by assumption G1, implies that

T
lim &y, [ - Z D,
s=t

ft} (w) < 0.

zty

Therefore, in order to show (2.21) holds for such w, we only need to verify that

limé&,, [ - iDS E] (W) =&, [ - iDS
s=t s=t

x Ty
Let (Y*,Z% M%), 0 < x < =, be the solutions of BSAEs with drivers g, and the

;ft] (W) we A, (2.22)

terminal condition Y# = —S>'_, D,. Then, (2.22) is implied by

lmY® = Y7, (2.23)

Ty

which holds clearly for t =T

Suppose that (2.23) is true for some ¢t < u < T. According to (2.9), we have

the representation:
Y AW,
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Notice that {Y,"}o<s<, is increasing with respect to x because of Theorem 2.1.2.

Hence, by dominated convergence theorem, we get that

, . E[YPAW,|F.1]  E[Y)AW,|F. ]
lim Z; =1 : =— =2y
i T ay AW, AW, ¢

Next, by (2.10), ¥;* | can be represented by

Y = EYS | Fua] + ge(u, Z3) AW)y,

u

where the following equality

lim E[Y?|F,_y] = E[Y]|Fo_i]

Ty

holds true due to dominated convergence theorem. Moreover, we have that
|92 (1, w, Z35 (W) = gy (1, w, Z) (W)

<|g2 (v, w, Z5(w)) = g, w, Z5(W))| + |92 (v, w, Z] (W) = g, (w, w0, Z;(w))]

Scf(w)lzvf(w) - ZJ(W” + \gx(u,w, ZJ(W)) - g’)/(uvwv qu(w))],

for almost all w € €. Recall that ¢f(w) is defined as the smallest Lipschitz constant

of g,. Since that the family of drivers satisfy assumption G1 and G2, then we have

that ¢f < ¢/. The following equality follows immediately:

Ty

Thus, we have proved

lim Yu"’il = YJ_l,
Ty

and (2.23) is true by induction.

On the other hand, for any w € € such that &, [ — ST Dy|F](w) < 0. We

get that

of (D) (w) :sup{xeR,x>Ozggm[—zT:Ds }"t](w) < O} > 7,
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which implies that w € A,. In view of the above, we conclude that

sz{wEQ:af(D)(w)zv}z{wEQ:ggV[—iDs

J—"t] (w) < o}.

Since that & [ — Zstt DS‘]—}} is Fi-measurable, then A, € F;. This completes the

proof of showing that af is adapted.

12. Let us fix t € T, D € D, and A € F;. Then, for almost all w € €, we have that

ILa(w)ad(D)(w) =1a(w)sup {x eRz>0:&, [ - iDs ]-"t} (w) < 0}

=14(w)sup {x eRz>0:14(w)&, [ - iDS }}] (w) < 0}.

By (v) in Proposition 2.1.1, we deduce that

T T
L&, [= Y Di|F] = &,[-14 > Di|F,
s=t s=t

and locality of o follows immediately.

13. Let us fix t € T, D, D' € D. Also, let v > 0 be some F;-measurable random
variable such that of (D)(w) > v(w) and of (D’)(w) > ~v(w) hold for almost all w. Fix

one such w and denote v* = (w). Similar to the proof of adaptiveness, we have that

af(D)(w) > ~* and of (D) (w) > ~* will imply that

S STAL[RRERY S o)
s=t s=t

T T
gg'y(w) [ - ZD/S ‘Ft] (w) = gg—y* [ - ZD;
s=t s=t

respectively. Then according to (vi) in Proposition 2.1.1, we get that

Evr | i (AD,+ (1= ND)

s=

Flw <o,

Filw) <o,

Flw) <o,
holds for almost all w € €2, and it implies that

af(AD + (1 —\)D')(w) = sup {x ER,z>0:

g, [ . i (ADS 41— A)D;)

S=

F (@) <0} 2 1(w).
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Therefore, the Quasi-concavity of o holds.

I4. Fixt € 7. Let D, D' € D, and suppose that D >=; D’. For any fixed F;-

measurable random variable v > 0 such that of(D’) > ~, we have that

g’Y(W) [ Z D/

holds for almost every w € §). Due to the assumption D =; D’ which implies that

7

Zf:t D, > Z;F:t D’ we get by (ii) in Proposition 2.1.1 that

gw(w[ ZD } 97()[ ZD/

and the statement «f (D) > v follows. Hence, o is monotone.

Flw <o,

I5. Fixt € T, D € D. For any fixed F;-measurable random variable v > 0 such that

af (D) > ~, we have that

97(@ [ Z D,

holds for almost every w € ). By convexity of g-expectation, it is true that

9w>[ )‘ZD ]<)‘59()[_2T:D5
=2y | - ZD

for any A € L>(F;), 0 < A <1, and almost all w € 2. Therefore, we conclude that

Flw <0

} +(1=NE,, Mﬂ}

]<0

af(AD) > ~, which implies that of (AD) > of (D).
[l

Remark 2.2.4. In Assumption G, G1 and G2 are natural conditions for constructing
DAI via g-expectation. The reason to assume G3 comes from duality between DCRM

and DAL If a DAI is given, then DCRM can be defined as

pl (D) = essinf{c € Fy : of (D + clyy) > 7},
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which is equivalent to

T
pi (D) = essinf {c € F, :sup {w eR,z>0: ng[— ZDS —clyy .7-}} < 0} > fy}.
s=t

So we have that,

T
pz(D):essinf{ce]:t:sup{xeR,x>0:<€gx[—ZDs ]-"t} §c} 27}.
s=t

Random variable p] (D) can be represented as

pi (D) = essinf {c € F:Ve> 0,8, . [ - iDS }"t] < c},
s=t

Hence, due to assumption G1, we get that p/(D) = sup.-o{&,,_.[— ST, DJF]} =
&g [+ ST, DJF]. In order for duality to hold, it is required to have that p{" (D) =

pi (D) which is equivalent to

T T
ggv,[—zps E} zggw[—ZDs
s=t s=t

Finally, according to comparison theorem, we have that g, = g—.

F

Lemma 2.2.2. Assume that the family of drivers g = (gz)e>0 Salisfies Assumption
G. Also suppose that g, is positive homogeneous for any x € RT. Then, a9 is scale

muvariant.

Proof. We need to show that oY is scale invariant.

Let t € T, D € D, and XA € L>(F;), A > 0. By definition, we have that

af(AD)(w) = sup {x eERz>0: ng[—)\zT:Ds E] (w) < O},

holds for almost all w € Q. In view of the fact that g.(t,-) is positive homogeneous

for any = > 0, Proposition 2.1.1 (vii) implies that

af (AD)(w) = sup {x eR,z>0:AE, [ — XT:DS .7-}} (w) < O},
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for almost all w € Q. Since A > 0, then we get that A&, [~ Y 1, D,|F] < 0 is
equivalent to &, [~ 3.1_, D F] < 0. Hence, of(AD)(w) = sup{z € R,z > 0 :
£l S, DJF](w) < 0} = of(D)(w), for almost all w € Q. This concludes that

af is a dynamic coherent acceptability index. O]

Remark 2.2.5. In view of 14 and I5 in Definition 2.2.2, for any D =, 0 and X\ €
L>®(F;) a DAI satisfies that c(AD) = oy (D). As matter of fact, for a DAI generated
by a family of DCRMs: a;(D)(w) = sup{z € R,z > 0 : p*(D)(w) < 0}, w € ,
teT, D eD, since pf(D) <0 whenever D =, 0, so that cu(AD) = (D) = oo if
D >, 0. The financial interpretation is clear: a positive cash flow does not bear any
risk, including liquidity risk, therefore such cash flow is accepted at any level and is

scale 1nvariant.

By using the following lemma, we will prove that o is time consistent.

Lemma 2.2.3. Assume that the family of drivers g = (gz)e>0 Salisfies Assumption
G. Also suppose that Dy > 0 > D; for some t € T, D,D" € D, and there exists
c € Rt A € F, such that 1aaf, (D) > 1ac > 1acd, (D'). Then 1] (D) > Lac >

ﬂAaf(D’).

Proof. Suppose that 14af(D) > lac > 1aaf(D’) for some t € T, ¢ € RT, A €
Fi, and D, D" € D such that D, > 0 > D;. Then, for any ¢ < ¢, we have that
Eg =12 ZZ:::H Dg|Fii1] <0. Since D; > 0, then according to Proposition 2.1.1 (ii)

and (iii), we get that

T
€| =143 D,
s=t

J-"t] — 14D, +&,, [596, [ —1, ZT: D,

s=t+1

Fa|F| <0,
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Due to the fact that ¢ is arbitrary, the following is true for almost all w € Q:

14(w)ad(D)(w) = 1a(w)sup {.75 eR,z>0:¢&, [ - ZDS

]—"t] (w) < o}

T
= ILA(w)sup{xE]R,x>O:€gm[—ILAZDS
s=t

Fi](w) <0}
> la(w)e.

On the other hand, by knowing that 1407, (D) < 1ac, we will prove 140{(D’) < T4¢
by contradiction. Assume that there exists some A" C A, P(A") > 0 such that
af(D") > con A’. Then there exists a ¢ > ¢ and A” C A, P(4A”) > 0 such that
af(D) > ¢ on A”. Hence, we have that

T

€|~ 1" D

s=t

]—"t} <.

However, since af,;(D") < c on A, then of, (D) < ¢ on A”. In view of the fact that

D; <0, we get for w € A” that

T
5gc, [—]lA// Z D;
s=t

Hence, there is a contradiction and such result implies that 14af(D’) < 1 ac. ]

FJ (@) = ~1ar(@) D) +€,, [0, [~ 10 S0

s=t+1

Ft+1‘ﬂ:| (W) > 0.

Now we are ready to finish proving Theorem 2.2.2, which is to verify that o

1s time consistent.

Lemma 2.2.4. Assume that the family of drivers g = (gz)e>0 Salisfies Assumption
G. Then, o satisfies 16.

Proof. Foranyt € T, D € D, if there exists a positive F;-measurable random variable
m such that of, (D) > m, then there exists a sequence of simple random variables

Op = Zle 1nai where A} € F, aif € RT, n € {1,2,...}, such that ¢,, < ¢y1 and
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lim, o ¢, = m. Hence, we have that of (D) > ¢, for any n. Since that D, > 0,

then according to locality of a9 and Lemma 2.2.3, The following is true
af(D) > ¢, ne{l,2,...}.
Therefore, we conclude that of(D) > m.

Assume that there exists a positive F;-measurable random variable m such

that of ,(D’) <m. Fix N € R*, and for any w € , define

m(w) if m(w) < N,
my(w) =
N if m(w) > N.
It is clear that (o], ;)N (D") < my and my is bounded. Hence, there exists a sequence
of simple random variables ¢,, such that ¢, > my, and lim,,_,o, ¢,, = my. Therefore
(af 1 )N(D") < ¢, for all n. Since D; < 0, then by locality of o and Lemma 2.2.3,
we have that (of )n(D') < ¢, for any n € {1,2,...,}. Moreover, it implies that

(af)n(D') < my. Let N go to infinity, we conclude that of (D) < m. O

Before proceed to the next section, we give several examples of DAIs generated
by g-expectations. While discussing these examples, we take W as a symmetric

random walk.

Example 2.2.4. Let g = (gz)z>0 be in the form of g.(t,z) = (Z,_’il) ln(% + %e‘z + %ez).

Similar to Example 2.2.2, we have that each g.(t,z) a convex reqular driver. For
fized t,z, g.(t,z) is increasing with respect to x. Therefore, g satisfies Assumption

G. Thus, o (D) is a DAL

Example 2.2.5 (Coherent DAI). Let g = (gx).>0 be in the form of g.(t, 2) = 5 2|.

Then g satisfies Assumption G. Hence, g.(t,-) is positive homogeneous. According to

Lemma 2.2.2, of (D) is a dynamic coherent acceptability indez.
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Example 2.2.6 (Entropic DAI). Let g = (g:)z>0 be such that

e(t,2) = —=———1In(=ze —e" ).
g AW, T \2 2
Then, due to Example 2.2.3, such family of drivers satisfies Assumption G, and of

is a DAI to which we refer as entropic DAL

2.3 Dynamic Conic Finance as Market Model

Cherny and Madan [CM10] proposed the conic finance framework for pricing
non-dividend paying securities using static acceptability indices. In [BCIR13], the
authors generalized such technique to a dynamic framework that allows cash flows
to pay dividends and be subjected to transaction costs by using dynamic coherent
acceptability indices that were obtained in [BCZ14]. Nevertheless, in [ASO8] and
[RGS13], the authors presented a systematic criticism to the positive homogeneity
and sublinearity assumptions frequently adopted in the framework of coherent risk
measures, and Bion-Nadal [BN09] introduced a dynamic approach to bid and ask
prices taking into account both transaction costs and liquidity risk, based on Time
Consistent Pricing Procedures. In this section, we will build a market model in
which the securities are priced by an acceptability method. This set-up accounts for
transaction costs and liquidity risk, by using the dynamic quasi-concave acceptability

indices via g-expectations we developed earlier.

2.3.1 Market Set-up. In this section we retain the same probabilistic framework
and the same notations as in the previous sections. In particular, we consider an
underlying probability space (2, F,F = {F; }ie7, P), and we assume that all processes
considered below are F-adapted and appropriately integrable. On this probability
space we consider a market consisting of a banking account (or money market account)
and K securities. Throughout, we pick the 7" as the largest time horizon. We also

adopt the convention that all security prices are already discounted with the banking
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account. Our market is further characterized as follows:

(M1)

(M2)

The process D% .= (D**), .+ € D, with D™ = 0, represents the dividend
process associated with holding a long position of 1 share of the ith security,
i=1,...,K. Correspondingly, D"4 .= (D}'""),.r € D, with D™ = 0, is the
dividend process associated with holding a short position of 1 share of security

Dask/bid,i

1=1,..., K. We stress that processes represent bullet dividend cash

flows, rather than cumulative dividend.

PK(p, Dask/bid?) “respectively PP (p, D*K/P1d4) " denote the ex-dividend prices
of purchasing, respectively selling, p € L(F;) shares of cash flows D*5* or
DPid that are associated with security i € {1,..., K} at time t € 7. We also
assume that the pricing operators Pk, PP : [°(F,) x D — L*(F;) are such
that P&k(0,-) = PP4(0,) = 0, t € T. We refer to Definition 2.3.2 for better
understanding of the roles of Pk (¢, Dask/Pidi) and pPid(p, Dask/bidiy play in

our theory.

The dividend process associated with holding 1 unit of the banking account
is given by processes D = (0,...,0,1) € D. Moreover, ¢ € LY(F;) units
of the banking account are purchased/sold at time ¢ for price P#(yp, D%) =
PPd(p, D% = -1 = . In particular, P**(1, D°) = PP4(1, D% = 1.2

Let M be the set of all dividend processes in this market, i.e.

M ={D° D=¥Pidi y —1 K}

We will use the notation (M, P*k PPd) to denote our market model.

2This is consistent with our convention that all prices are discounted by the

banking account, so that the price of one unit of the banking account is 1 at any time

teT.
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The market model (M, P#k, PPd) guch that D*% = DPdi =1 . K and

P»X(p, D) = PPY(p, D), for any D € M, is called frictionless market model.

Remark 2.3.1. In accordance with our framework, it is generally assumed that
Deski o£ pYidi G =1 . K, and P**(p, D) # PY(p,D), D € M. We also re-
mark that in this thesis we do not postulate that the prices P#*(p, D) and PY(yp, D)
are homogeneous (of degree one) in w. In other words, we acknowledge the fact that
in practice the unit price of a security typically depends on the size of the position
in the security (cf. Example 2.3.3 below). This is due, for the most part, to market
liquidity considerations. As we shall see later, the bid/ask prices generated by our

acceptability method are not necessarily homogeneous.

We now illustrate the processes introduced above in the context of dividend

paying stock and Credit Default Swap (CDS) contract.

Example 2.3.1. Denote by St the fundamental value associated to 1 share of a
dividend paying stock after dividend payment at time T'. The dividend paid by 1 share
of the stock at each timet = 1,...,T, is denoted by Dy, regardless of what position
the investor is in. Therefore, the dividend process associated with 1 share of the stock
18

D* = DY = (0. Dy,...,Dy_y, Dy + Sy}
In this case, the ex-dividend ask and bid price process P** and P are the market

quoted prices for selling, respectively buying stock S; see also Example 2.5.35.

Example 2.3.2. A CDS contract is an agreement between the protection buyer and
the protection seller, in which the protection buyer pays a regular fixed premium up
to occurrence of a pre-specified credit event, in return, the seller promises a compen-
sation to the buyer. Typically, CDS contracts are traded on over-the-counter markets

in which dealers quote CDS spreads to investors. Consider a CDS contract that is
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initiated at t = 0, expires at t = T with nominal value N, the protection buyer pays
a spread K to the dealer at each time node in exchange for a compensation § at
default time T the protection seller receives a spread k" from the dealer at each time
node and he needs to pay & to the dealer at 7. Please note that k**, k¢ and § all

depends on N, and such dependence is not necessarily linear.

The dividend processes D** and D¢ associated to buying and selling the CDS

with specifications above, respectively, satisfy

t t t t
ask .__ ask bid .__ bid
Z D = 1<pnd — K Z Lis<rys Z D = 1< — K Z Lis<rys
s=0 s=1 s=0 s=1

fort = 1,...,T. In this case, the ex-dividend ask and bid price process P** and
P specify the mark-to-market values of the CDS. In general, P** and P"? are also
not positively homogeneous with respect to N'; a property confirmed in a personal

communication with practitioners trading CDS contracts.

We close this subsection by illustrating the inhomogeneity of prices in a order-

driven market.

Example 2.3.3. In an order-driven market, orders to buy and sell are centralized in
a limit order book available to market participants and orders are executed against the

best available offers in the limit order book.

Table 2.1. Order Book of AAPL (Yahoo Finance 10:46AM EST 12/04/2014)

Bid Price Bid Size Ask Price Ask Size

116.59 400 116.61 200
116.58 400 116.62 700
116.57 800 116.63 543
116.56 500 116.64 643

116.55 043 116.65 343
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Table 2.1 is the limit order book of Apple Inc (AAPL) publicly traded stock. As
we can see, there are up to 200 shares available for purchase at a price of $116.61 per
share. Hence, P**(1) = 116.61, and for 0 < ¢ < 200, P%*(¢) = o P**(1). Similarly,
for 200 < ¢ < 900, we have that P**(¢) = 200-116.61+ (—200)-116.62 > o P%*(1).
Thus, the ask price P**(-) is not homogenous in number of shares traded. Moreover,
it is easy to note that P**(-) is a convex function. Similarly, the function P"%(.) is

not homogenous and it is concave.

We need to stress that it is not our goal to build a stylized model for the time
evolution of a limit order book. The above example serves to show that, generally
speaking, the market prices are non-homogeneous functions of the order size. This
feature is one of the stylized market features that our model captures. We believe
that this feature is invariant of any specific time resolution at which trading is done,
so our discrete time model, which does not refer to any specific time scale is well
placed to model this feature. In particular, the model is meant to deal with valuation

of complex financial products that are not traded via high frequency trading.

2.3.2 Self-financing Trading Strategies and Arbitrage. Due to nonlinearity of
the prices and presence of transaction costs, the classical definition of self-financing
trading strategy and arbitrage are not suitable for the market model proposed above.
In this section we define the notion of self-financing trading strategy by using the
general concept that a self-financing trading strategy is a trading strategy that does
not allow injection or substraction of money during trading periods. Similarly, the
notion of arbitrage is build on the idea that a self-financing trading strategy can not
yield a riskless profit. Moreover, following market practice, we will allow that an
investor can simultaneously have both long and short positions of the same security
at the same time, i.e. the long and short positions in the same security at the same

time are not necessarily netted out.
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Definition 2.3.1. A trading strategy is a predictable process ¢ := {((b?, f;l, f’l, e

Y

LK f’K)}thl, where ¢Y € L>®(F;_1) is the number of units of banking account held

from time t — 1 to t; ¢f;i € LY(Fi-1) is the number of shares in long position of
security i held from time t — 1 to t; and ¢f’i € LY (Fi-1) is the number of shares
in short position of security © held from time t — 1 to t. Sometimes, we will use the

notation ¢i = (¢, ¢F), fori=1,... K.

Definition 2.3.2. Let ¢ be a trading strategy.

(V1) The set-up cost process V(qﬁ) associated with ¢ is defined as
(¢) Prp1 + Z (PaSk ¢t+1a DY) — Pbld(¢t+1’ DbidJ))a t=0,...., T -1
(V2) The liquidation value process V(¢) associated with ¢ is defined as

K
Vi(g) = ¢ + Z <Ptbid(¢i,z” Deskiy — posk(gsi Dbid,i))

+z( DR D), b= 1T,

For each ¢t € T, an investor could have both long and short positions of a
security at the same time. The process ‘N/(gb) represents the cost of setting up the
portfolio ¢, and V;(¢) is interpreted as the liquidation value of the portfolio at time
t (before any time ¢ transactions), including any dividends acquired from time ¢ — 1
to time t. Note that, generally speaking, V;(¢) # XN/t(gb) due to transaction costs and

non-homogeneity of P> and P4,

Definition 2.3.3. A trading strategy ¢ is self-financing if
K
A¢§+1+Z< agtt 2o PEHAGL, DP) — 1y o PP=AGL, D) (2.24)
i=1
— ]1A¢>f ; >0Pbld(A¢t+17 Dbid) + ]1A¢5 ; <0Pask( Agbt-i—l’ Dbz‘d))

= (D D 22
i=1
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fort=0,....,T — 1.

Definition 2.3.3 provides a natural interpretation of self-financing condition in
market with friction. The cash flows that are being bought or sold should depend on
the both positions before and after re-balance at each time ¢. All the money that is
used for getting to the new position is equal to the dividends acquired from time ¢ — 1

to time t. Therefore, no money flows in or out of the portfolio.

Next, we will introduce the concept of arbitrage that is relevant for our theory.

Definition 2.3.4. An arbitrage opportunity at time t, t € T, is a self-financing
trading strategy, such that Vi(¢) — Vi(¢) = 0 and P(Vp(¢) — Vi(¢) > 0) > 0. We call
a market arbitrage free at time t if there exists no arbitrage opportunity in the model

at time t.

It needs to be observed that in the above definition we consider the difference
between the liquidation value of the portfolio at maturity and the set-up cost of the
portfolio at time ¢ (recall that the interest rates are taken to be zero, so there is no
time value of money). Thus, the above definition regards the realized net change in

trader’s wealth.

In what follows, we will provide two other characterizations of arbitrage oppor-
tunities, which are useful in our work. Towards this end, we first define the following

sets,

{¢: ¢ is self-financing, Vy(¢) = 0}, t=0,
S(t) =

{4 : ¢ is self-financing, ¢, = 0 for all s <t}, t=1,...,T.

Note that for ¢ € S(t), we have ¢, = 0. Due to our assumption that

PPY(0,.) = P*5(0,.) = 0 and ¢ is self-financing, we have that Vy(¢) = V(¢) = 0.
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Next, we introduce the set of cash flows generated by strategies in S(#):

HO(t) = {(o 0, AV (6), - ,AVT(¢)> Y= S(t)}, teT. (2.26)

t

Since Pk, PP : [°(F) x D — D, we have that Vi(¢), Vi(¢) € LA(F,) for any

self-financing trading strategy ¢, and therefore H°(t) C D.
Next result gives two characterization of arbitrage.

Proposition 2.3.1. The following statements are equivalent:

(1) There exists an arbitrage opportunity at time t.
(2) There exists a strategy & € S(t), such that Vp(&) > 0 and P(Vr(€) > 0) > 0.

(8) There exists a cash flow (0,...,0, Hypq, ..., Hy) € HO(t), such that 3.,  Hy >

s=t+1""8

0 and P(3°1_,,, Hy > 0) > 0.

Proof. For a fixed t € T, we will show that (1) is equivalent to (2), and (2) is

equivalent to (3).

(2) = (1) Assume that there exists £ € S(t) such that Vy(§) > 0 and P(V(€) > 0) >
0. Since ¢ € 8(t), then V,(¢) =0, and (1) follows immediately.

(1) = (2) Assume that ¢ is an arbitrage opportunity at time ¢. We define a trading

strategy £ as follows
0 yli— g% =0, w=0,....t i=0,... K

Q=g —Vi(¢), u=t+1,...,T,

st —gllsi gy =t4+1,...T, i=1,... K.
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It is straightforward to see that ‘70(5) =0, and &, = 0 for u < t. To show that ¢ is

self-financing, first notice that

K
A§?+1 + Z ( Agl p >0Pask(A§t+1’ Dask,z) o 1A£t+1<OPbld( A§t+17 Dask,i)
=1

ﬂAé“ >0Pbld<A5t+1: DM lAgS ' <0PaSk( Aft—i—la Dbid’i))
_¢t+1 + Z (Pask ¢1lfj—17 D2k, z) Ptbid<¢fi1> Dbid,i))
=Vi(¢) — Vi(0) =
K
Z S = gD, (2.27)

Since A, = A¢, for any u >t + 1, and ¢ is a self-financing trading strategy, then
also in view of (2.27), we conclude that ¢ is a self-financing strategy. Hence, £ € S(t),

and V(&) = Vr(¢) — Vi(¢) which implies that Vr(£) > 0, P(Vy(€) > 0) > 0.

(2) = (3) Assume that £ € S(¢t), and Vp(§) > 0, P(Vr(€) > 0) > 0. Then, we define

the process H as follows

AVi(&), s=t+1,...,T.

Then H € HO(t), 3.0,  He = S0 AVL(€) = Vip(€) > 0, and thus P(Y."_, | H, >

s=t+1 s=t+1

0) =P(Vp(&) > 0) > 0.

(3) = (2) Now, suppose that there exists a cash flow (0, ..., 0, }AIHl, e fIT) € HO(t)

such that Y7, | H, > 0 and P(X.",., H, > 0) > 0. Then, by definition of H°(t)

=t+1 =t+1

there exists a & € S(t) such that V;(¢) =0, AV,(€) = H,, s € {t+1,...,T} and

T T
5=0 s=t+1

Moreover, P(Vir(€) > 0) = P(XL_, H, > 0) > 0. Thus, (3) holds true.

s=t+1

This concludes the proof. O
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Remark 2.3.2. With the results from Proposition 2.3.1 at hand, we say that the
no-arbitrage condition (NA) for H°(t) holds if (3) does not hold, and throughout this
section, we will characterize arbitrage opportunities by properties (2) or (3) as in

Proposition 2.3.1.

Clearly, since S(t+1) C S(t), absence of arbitrage at time t € {0,1,...,T—1}
implies absence of arbitrage at any future times s, s =t+1,...,T — 1. In particular,
if a market is arbitrage free at time 0, then such market is arbitrage free at any
time t € 7. Hence, to show that there is no arbitrage opportunity in the market,
it is enough to show that there is no arbitrage at time 0. Accordingly, we have the

following definition.

Definition 2.3.5. Our market model is called arbitrage free if there exists no arbitrage

opportunity in the model at time 0.

It is important to observe though, that, contrary to the classical frictionless
market model, absence of arbitrage at time ¢t = 1,...,7T — 1, in models considered
here does not (in general) imply absence of arbitrage at time s, where s < ¢t. This

will be illustrated in the following example.

Example 2.3.4. Let T = 2, Q = {wy, we,ws,wy }, and we consider a market with one
banking account and one security paying no dividend. Assume that the pricing oper-
ator is homogeneous with respect to the number shares traded, and the price process

of the security is given in Table 2.2.

Consider the trading strategy & = (—10,1), & (w1, ws) = (1,0) and
&(ws,wy) = (0,0). Thus, £ is a self-financing strategy such that Vo =0, Vi(w1, ws) =
Vo(wr,ws) = 1 and Vi(ws,ws) = Va(ws,wy) = 0. According to Definition 2.5.4, it is
an arbitrage opportunity at time 0. However, it is not hard to observe that for any

v € 8(1), ¢ could not be an arbitrage opportunity at time 1.
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Table 2.2. Stock Price Dynamics, Example 2.3.4.

PaSk(wl)/Pbid(wl) Pask(w2)/Pbid(w2) PaSk(u)g)/Pbid(wg) PaSk(w4)/Pbid(W4)

T=0 10/10 10/10 10/10 10/10
T=1 12/11 12/11 11/10 11/10
T =2 13/12 11/10 12/11 10/9

2.3.3 Pricing Operators. In this section we will introduce some pricing operators
for cash flows D € D through an acceptability method and show some properties of
these prices. Then, in the next section, we will show that a market model, in which
the fundamental assets are priced according to our pricing operators, satisfies the
properties postulated in (M2) and (M3), and that this market is arbitrage free in the

sense of Definition 2.3.4.

For any random variable a that is JF;-measurable, and for any process X =

(X1)ie7, we will use the following notation:

6t(a) = Il{t}a = {0,...,0,&,0,...,0},

5:_(X) = {Ow'-?O)Xt—l—la'--;XT}'

For any D € D, 6; (D) represents the the future cash flow, at time ¢ € T, of
the dividend stream D. We are going to evaluate this future dividend cash flow, in
other words, to calculate the ex-dividend prices of D, by using an acceptability based

method.

Assume that an investor wants to buy ¢ shares of cash flow D € D at time t €
T, where ¢ € F;, » > 0, then the market as the counterparty will charge P?*(¢, D)
at time ¢ and promises to deliver §,7(D) to the buyer. Thus, the corresponding cash-
flow from the perspective of the market is {0,...,0, P*%(p, D), —¢D;,1,...,—@Dr}.
To decide the proper price P*%(¢, D), the market will choose the smallest P*7 (,)

such that
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{0,...,0,P*%(p, D), —pDy,1, ..., —pDr} is acceptable with respect to some accept-
ability index of at some level . Similarly, the market will choose the largest
PPid(p, D) such that the cash flow

{0,...,0,—PPY(p, D), oD;,1,...,oDr} is acceptable at level v, when an investor is

selling ¢ > 0 shares of D € D at time t € T.

Throughout this section, we will always consider the family of drivers g =
(gz)z>0 that satisfy Assumption G. We proceed by defining the acceptability ask

price aj”” and the acceptability bid price bY".

Definition 2.3.6. Let g = (g.).>0 be a family of drivers. The acceptability ask price

of ¢ € L(F;) shares of the cash flow D € D, at level vy, at time t € T is defined as
al¥ (¢, D) = essinf{a € L*(F,) : af(6,(a) — 6; (pD)) > ~}; (2.28)

and the acceptability bid price of ¢ € LY (F;) shares of D € D, at level vy, at time
t €T is defined as

b7 (p, D) = esssup{b € L(Fy) : o (5 (¢D) — 6:(0)) = 7} (2:29)

For ¢ € LY(F) and D € D, af” (¢, D) and b (p, D) are the ex-dividend

prices at time ¢, therefore, they do not account for Dy, ..., D;.

Remark 2.3.3. Note that in Definition 2.3.6, ¢ is a Fy-measurable random variable,
thus by applying the pricing operators ay” and b{"” to cash flows generated by any
trading strategy ¢, we will get well-defined set-up cost process XN/t(gb) and liquidation
value process Vi(¢). Also by observing the fact that a7 (p, D) = af”(1,pD) and
b (p, D) = b (1, D), we will prove most results for al” (1, D) and b (1, D). Then
such results are also true for ai” (v, D) and b} (p, D).

Remark 2.3.4. We call af" (1, D) the time t acceptability ask price of D at level v,

and b} (1, D) the time t acceptability bid price of D at level v. For simplicity, we
will use the notation o’ (D) = af"(1, D) and b7 (D) = by (1, D).
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Remark 2.3.5. We observe that in Definition 2.5.6 ¢ is non-negative. This is con-

sistent with the term “buy/sell @ shares of some security” which is used in practice.

Next, we provide some important properties of acceptability ask and bid prices.

Theorem 2.3.1. The acceptability ask and bid prices of D € D, at level v > 0, at

time t € T, satisfy the following properties:

P1. Representation:

(0= &, 3 b7,

s=t+1

T
b7(D) = —597[— 3 b,

s=t+1

.
P2. Non-negative Spread:

ai” (D) = b{7(D).
P3. Convexity and Concavity:

af"(AD" + (1 = A)D?) < Aaf"(D") + (1 = A)a{”(D?),

b7 (AD"' + (1 — X\)D?) > Ab{7(D") + (1 — A\)bf7(D?),
for D',D* € D, A€ LY(F,), 0 <A< 1.
P4. Market Impact:
af”(Ap, D) < Aai"" (¢, D), b7 (Ap, D) = Ab{""(p, D), A\, € L(F), 0 <A< L
ai”(Ap, D) = X (¢, D), b7 (Ap, D) < A6} (9, D), A, € LY(F), A= 1.
P5. Time Consistency:

a;" (D) = ai” (0r11(Digr + i1 (D)),

b7 (D) = b (0141 (Dra + b1 (D).
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P6. Linearity (if the drivers are linear): If g,(t,2) = x(t)z, t € T. Then, there exists

a probability measure Q ~ P such that

T
af" (. D) = b"(¢, D) = ¢Bg| > D,

s=t+1

F,
for ¢ € LE(F).

Proof. In P1, P3, P4 and P5, we will prove the results only for acceptability ask

prices; the case of acceptability bid prices is treated similarly.

P1. Due to G3 of Assumption G, by similar arguments as in Theorem 2.2.2, we get
that of(X) > v for v > 0 is equivalent to the fact that pj”(X) < 0. Also, in view of

the definition of acceptability ask price, we have

al?(D) = essinf{a € L*(F,) : af(6;(a) — 6 (D)) >~}
F < o}
= essinf {a cL*(F):a> Sgw[ Z D, .7-}} }

s=t+1
T
- (3 ol

s=t+1

T
= essinf{a € L*(F): ng[_ a+ Z D,

s=t+1

P2. By convexity of g-expectation, we have that

1 T 1 T 1 T T
3% | 2 DR +38. - X DJF] 28, 5( X n- X D))

s=t+1 s=t+1 s=t+1 s=t+1

Hence, due to property P1, we get a7 (D) > b7 (D).

F| =0,

P3. Property P3 follows from convexity of g,(¢,-), convexity of the g-expectation,

and from P1.

P4. By taking D' = D, and D? = 0, for A\, € L®(F), 0 < X < 1, we have
ai” (ApD) < Aai7(pD). Since af”(ApD) = af"(Ap, D) and af” (D) = af”’ (¢, D),

we immediately get that af”(\p, D) < Aaf”(p, D).
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For A € L*(F), A > 1, D € D, we have that af"(¢, %) = af7(£,D) <
xai" (e, D).

P5. According to P1 and Proposition 2.1.1 (iii), we have that

a? (0p41 (D1 + a’fﬁl(D))) = ggw [Dtﬂ + ggw [ i D, ]:H'l} ft]
s=t+2
—, [ [ 3 pJma][7] —e [ Y 07
s=t+1 s=t+1

=a;" (D).
P6. By Proposition 2.1.2, there exists a probability measure Q ~ P, such that
&y [X|F] = Eg[X|F] for all X € L*(Fr). Then, using P1, for ¢ € F;, we obtain

T
at"(e. D) =a{"(1L,pD) = £, [¢ > Di|7]

s=t+1
T
:EQ [90 Z Dy

}"t] = @EQ[ i D,

s=t+1 s=t+1

F.
Hence, af” (p, D) = a7 (1, D).
This concludes the proof.
O

Remark 2.3.6. By Property P/ in Theorem 2.3.1 we have that af’" (\, D) > Xai" (D),
for any X > 1. This indicates that if an investor is buying a cash flow, the price moves
up against the buyer (the effect of market impact). Converse property holds for the bid
price. Such property of acceptability ask and bid prices is consistent with real market

quotes, as it was shown for equity markets in Example 2.5.5.

In case of classical risk-neutral pricing the discounted cumulative dividend

prices of cash flows are martingales under an equivalent martingale measure Q. In
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our pricing framework, a similar ‘martingale property’ also holds true as shown in
the next result. For a given dividend stream D € D, we define the acceptability

cumulative dividend prices at time t as follows

t
a; V(D) ==Y "D, +a{" (D),
s=0

t
BIN(D) == Dy + b7 (D).
s=0
As an immediate consequence of Theorem 2.3.1.P5, we obtain.

Corollary 2.3.1. The acceptability ask and bid cumulative dividend prices of a cash-

flow D, at level v > 0 satisfy

a**7(D) = af (G (a7 (D))),

b7 (D) = 07 (011 (0157 (D).

Remark 2.3.7. This corollary is a counterpart of martingale property in case of
linear pricing. The time t cumulative dividend price of D s equal to evaluating time
t+ 1 cumulative dividend price at time t. We call such property the time consistency

of acceptability ask/bid prices.

So far, we have showed that if the market picks the same level v > 0 for
the given family of drivers g on both buying and selling side, then we have some
nice properties of the ask and bid prices. On the other hand, in general, market
participants will choose different acceptability levels or different acceptability indices
(different family of drivers) for buying and/or selling. In the rest of this section, we

will provide some results regarding such possibilities.

Proposition 2.3.2. Let g' and ¢* be two families of drivers. Then, afl’71(D) >

bfZ’”(D), forany D e D, t €T, v1,7v > 0.

Proof. We will prove the statement recursively, backward in time component.
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Let Ay = {w € Q:g) (wt 2) > g (wtz2),z€ R}, teT)\{0} since the

drivers are predictable, both A; and Af are F;_; measurable, .

By definition of Az, we have that 14,91 (T, 2) > 1a,¢2,(T, 2) and 1xc g} (T, 2)
< IlAchiz (T, z), for all z € R. Hence, in view of Theorem 2.1.2 and Theorem 2.3.1,

we get that

Lap&q [Dr|Froa] 2 1ap &gz [Dr|Fro] 2 —1a,Eg [=Dr|Fr-i],

1 2
Y1 72
]]-A%gg}{l [Dr|Fr_1] > _lACng}ﬂ [—Dr|Fr_] > —1ACT5932 [—Dr|Fr_1].
Therefore, 1 ATagﬂl_”f(D) > 1 ATb?;ff (D) and 1 AcTa%lff(D) > 1 Ach%z_’?(D), and thus

the statement holds true for ¢t =T

Note that by definition of acceptability cumulative dividend prices, we have

that

T-2
17 Cld: 17
a§ 5 (D) + ) Dy = a5ty ™ (D),
s=1

T—-2
VR(D)+ Y Dy = b4 (D).
s=1

In view of Proposition 2.3.1, we also have that that

a?(&glm (D) = 9, [angﬂll (D) + ji D FT—Q]
! T-2
£,y |04 (D) + Droa|Froa| + 3D,
T-1 -
b7 (D) = = g, [ ~ b F(D) =Y D, fT—2]
s=1

T
fm] +3 D,

s=1

= &3 [ — b?(D) — Dy

Thus,
a3 (D) = £y [a9:77 (D) + Dr_y| Fr_s]

and

b)3 (D) = Egp (142 (D) + Dr_a| Froa).
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In view of above, we have a%l_’vll(D) + Dr_y > bf_’?(D) + Dr_;. Consequently,

applying again the comparison Theorem 2.1.2 and Theorem 2.3.1, we deduce

1 2
Va1 &g a7 7 (D) + Dra|Froa] = La, ,Eg [07°7(D) + Dr—1|Fr-o]

71

[—b% (D) — Dy | Fr_a],

2 —lag_,Eg,
and
11,4;7159%1 [a%lff(D) + Dy |Fr_s] > —ﬂAchlgg;l [—a?pl_”f(D) — Dr_1|Fr_o]
> —~Ta;_ Ep [-0572(D) — Dry|Fros).

Therefore, a% % (D) > b%2(D). We continue this backward procedure for any finite

number of steps till t = 0.

The proof is complete. O]

Proposition 2.3.2 shows that regardless of what drivers and what level of ac-
ceptability one chooses for buying and selling side, the ask price will be greater than
the bid price. In particular, when the same family of drivers ¢ is chosen for both

trading sides, then af" (D) > b7 (D), for any D € D, t € T, 1,7 > 0.

The next result shows that the bid-ask spread increases when acceptability

level is increased.

Proposition 2.3.3. For any v, > 7 >0,t € T, and any D € D,

ai" (D) < a™(D), b/M(D) = b7 (D).

Proof. 1t is sufficient to note that
{a € Fi: af(6ia) — 67 (D)) 2 7} € {a € Fi: af(Bila) — 57 (D)) = ).

for any v, > ;. Using the definition of acceptability ask and bid prices, the result

follows at once.
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Suppose that two counterparties A and B are looking to make a trade on a
cash flow D at time ¢, such as, A is willing to sell ¢ € L3°(F;) shares of D, and
B wants to buy ¢ shares of D. Assume that both parties are using acceptability
pricing theory. Namely, party A will use the family of drivers ¢!, and level 74, to
calculate his ask price, and party B will use g2, and level ~,, to calculate her bid
price. Clearly the trade will happen only if B’s bid price meets A’s ask price. Note
that Proposition 2.3.2 guarantees only that aflm(go, D) > bfz’”(gp, D), and hence, it
is important to investigate under which conditions aflm (p,D) = be’W (p, D). Not to
our surprise, this question has a close connection to linear pricing theory. As shown
in the next result, in order for bid and ask prices to coincide, the drivers (and hence

the prices) have to be locally linear.

Proposition 2.3.4. Let A € F,, g' and ¢* be two families of drivers, v1, vo > 0.
Also, firt € T, D € D. Then,

1 2
Laa! ™ (p, D) = 14b] (e, D)

if and only if there exists a driver §ip a, such that Gip ay(s,-), s=t+1,....T, is
linear, and
T T
L&y, [N Y0 Do|FR] = 14800 A Y DR
s=t+1 s=t+1
. . (2.30)
Li&p, [~ A D DJFE] = Li&ou, [ -2 D DR
s=t+1 s=t+1

for any 0 < X < .

Proof. (<=) If there exists a driver §; p 4, such that g p a,(s,), s=t+1,...,T,

is linear, and

T T

L, A D0 D F] = 14800, X 3 D,

s=t+1 s=t+1

7.
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Lagg, | = A i Dy|F| = 14|~ A i D,

s=t+1 s=t+1

7.

for 0 < A < ¢, then, by taking A = ¢, we have

T T
Laaf (¢, D) = La€py ¢ D D|Fi| = 1a&sn, |0 D DR
s=t+1 s=t+1
) T T
ﬂAbg " (('0’ D) - _]lAgggm [_ v Z D }—t} - ﬂAgf’fﬁDvAw [90 Z D, }—t}’
s=t+1 s=t+1

and hence, ]1,4&;?1’71(90, D) = ﬂAbfz’w(%D)'

(=) Assume that ILAatglm(go, D) = ILAbfZ’”(gp, D). Then, for 0 < X < ¢, there exists

0 < X <1 such that A = N¢. By Theorem 2.3.1.P4, we get
Laa{ (A, D) < LaNaf " (p, D) = LaNb] ™(p, D) < Lab{ ™(, D),

however, in view of Proposition 2.3.2, we have that ILAaflm()\, D) > ILAbe’W()\, D).

Therefore,
Laal (N, D) = 1yNa! " (p, D) = 1uNB (0, D) = 1460 2(\, D), (2.31)

Let (&g [Tay Efztﬂ Du|fs],Zs,]\A/[;), t < s < T, be the solution of BSAE corre-

sponding to driver g}n and terminal condition 1 4¢ ZST:t +1 Ds. Let us define xt DA

fort+1<s<T as

M2 7o
abPAS = 7 (2.32)

0 it Z; = 0.

Next, we define g, p (s, 2) = otPA¢z fort+1<s<T,and z € R. We will

show that g; p 4, is the desired driver.

First, let us show that §; p a,, satisfies Assumption A. First note that z%”-4

defined in (2.32) is Fs_i-measurable, and thus g p a.,(s,2) is Fs_j-measurable for

any z € R, and so it satisfies Al. Since g! satisfies assumption A2, then |z}” Ae| =
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194, (5,Zs)|
A

g3, for s e {t +1,...,T}. Of course, |25P4¢| = 0 < ¢! (s) on the complement of

< ¢, (s) on the set {Z, # 0}, where ¢t (s) is the Lipschitz coefficient of

{ZS # 0}, for s € {t+1,...,T}. Thus, §i.pa, satisfies A2. Clearly, g satisfies A3,

and thus it satisfies Assumption A.

Next, we will show that the identities (2.30) are fulfilled. By the construction
of Gi,p 4, we have that ]1A893/1 [ Zfztﬂ Dy F| = ﬂAggt,D,A,g,[SO ZST:tH Dg|F], and

thus, for 0 < X < ¢, with A = XN, we get

T T T
lAggt,D,A,ga |:)\ Z Ds -Ft:| = ]lA)\,ggt,DA,tﬂ |:(,0 Z Ds -Ft:| = HA)\’EQ}H |:§0 Z Ds ft]
s=t+1 s=t+1 s=t+1
T
= Laég, [)‘ Z D, ]:t}
s=t+1

where the last equality holds because of (2.31). Second identity in (2.30) is proved

similarly.
This concludes the proof.
m

Remark 2.3.8. Proposition 2.3.4 implies that aflm(go, D) = bf2’72(g0, D) if and only
if aflm()\, D) = bfz’w()\, D), for any 0 < X\ < . In other words, if two counterparties
agree on the prices for o shares, then they will also agree on prices for any smaller

(positive) number of shares Ap.

To conclude this section, we show that if atglm(D) = bfz’w(D) for all D € D
and t € T, then 9;1 and g% have to be equal and linear. This is one reason why the

results in Proposition 2.3.4 hold true only locally.

Proposition 2.3.5. Let g' and g* be two families of drivers, and v1,v, > 0.

(i) Assume that atglm(D) = bf2’72(D) for any D € D, and for a fizred t € T. Then,
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Sg%[ - | F] :5932[ - |Fi]. Moreover, in this case the functional 89%1[ VARE

linear.

(i1) Assume that atglm(D) = be’”(D) for any D € D, and any t € T. Then, there
exists a driver §(t, z) such that g(t,-) is linear, and g, (t,z) = ¢2,(t, z) = §(t, z)

foranyteT, zeR.

Proof. Due to the assumption and the representations of bid/ask prices, we have

T T
5%[ 3 Db, .Ft] _ —5952[— 3 Db,

s=t+1 s=t+1

ft}, DeD. (2.33)

Clearly, (2.33) is also true for —D and therefore

T T
Ex| D DR =—€n |- X D,

s=t+1 s=t+1

gl

<t | ZT: D,|F| =€z, | - ZT: D,|7].
s=t+1 s=t+1
Since _8932 [— ZST:,:H Dy F] < 5932 [Zz:tﬂ D,|F], then
s 3 piF] <=6 ]- 3 o]
s=t+1 i s=t+1 i (2.34)
~Eu, | 3 Do|FE| = &5, [~ X DA
s=t+1 s=t+1

for any D € D.

In view of (2.34), we have that afim(gp, D) = afi’%(l,ng) = bfi’%(l,goD) =

bfi’%(gp, D), i =1,2, and thus, by Proposition 2.3.4, we obtain that

T T
En e S DJFE] =wu [ 3 D,

s=t+1 s=t+1

ft}, i=1,2, (2.35)

for any ¢ € L°(F;), D € D. Moreover, by (2.34) again, equation (2.35) is also true
for ¢ € L>®(F;). Hence, (2.35) is true for any ¢ € L®(F).
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To proceed, let D', D? € D, a,b € L>°(F;). Then by convexity of g-expectation

and (2.35), we have that

T T T T
1 1
Esi [a S Dby Dg‘ft} < 58, [2@ 3 D! Ft] + 560, [2b S D2 ft}
s=t+1 s=t+1 s=t+1 s=t+1
T T
- aggg[ Y D! ]—"t} +b5ggl[ Y D2 ]—"t].
' s=t+1 ' s=t+1
Due to (2.34), it is also true that
T T T T
Eqi [a Y Dlb Y D2 .7-}} > agg%,[ S D! ]—"t} +beg%_[ S D ft},
' s=t+1 s=t+1 ' s=t+1 ' s=t+1

and consequently, in view of the above, we deduce that

Esi [a XT: D +b ZT: D? ft} - agg%i[ ZT: D! ft} +b5%_[ XT: D? ]-"t]. (2.36)
s=t+1 s=t+1 s=t+1 s=t+1

Thus, (2.34), (2.35) and (2.36) imply that £ [ - [F] = &g [ - | 7], and that they are

linear.

If aflm(D) = be’”(D) forany D € D, t € T, then &g [ - [F] = Ep [ - |F]
and they are linear for any ¢t € 7. By Proposition 2.1.3, there exists a linear driver

g(t,z) such that g} (t,2) = g2,(t,2) = g(t,2),t € T, z € R.

This concludes the proof. O

2.3.4 Market Models. In this section, we will consider some market models that
follow the set-up introduced in Section 2.3.1. Recall that a market is denoted by
a triple (M, P>k PPd) " where M is the subspace of D that consists of processes
Dask/bidi i — 1K, as in (M1), and of D° = (0,...,0,1), which is the dividend
process of the banking account. The functionals P** and P allow to compute the
ex-dividend prices of the cash flow D € M. We will define P** and P"? by using

pricing operators introduced in Section 2.3.3.
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Ask and Bid Prices Computed at the Same Acceptability Level

Let g be a family of drivers that satisfies Assumption G, and let v > 0. We

consider the market model (M, a%7,b97). Namely, we put
Pi*(p,D) = af"(p, D), P(p,D) =b"(p, D),
for any cash flow D € M, and ¢ € L (F).

Since a7, 97 . L2 (F;) x D — L*(F), for any ¢ € T, then such market is well-

defined. Moreover, due to Theorem 2.3.1, we also have the following representation

T
PP(e,D) =&, |¢ Y D7,
s=t+1
T
Ptbid(@vﬁ) = _ggq [ - Z ZNDs «Ft]-
s=t+1

According to Proposition 2.1.1, we have that P#(0, D)= &y, [0|F] =0, and
PPY(0, D) = —&4,[0lF] = 0. Hence, the market satisfies assumption (M2). In

particular, for D = (0,...,0,1), it is clear that

P(p, DY) = af(p, D°) = Eq 0l F] = ¢,

Ptbid(% DO) = b?ﬂ(% DO) = _597[_90’]'}] =,
for any ¢ € L°(F;), which implies that the market satisfies (M3).

Next, we will show that our market satisfies the following important properties,

proved over the course of two theorems:
(M4) The market is arbitrage-free.

(M5) For any D € M, A€ L®(F,),0<A<1,teT,

PR (" + (1= N\)g?, D) < AP (o', D) + (1 — \)P*(¢?%, D),

PP + (1= \g?, D) > APP(", D) + (1 — N\)PP(2, D).
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(M6) For any D € M, o', A € LY(F), 9> € L®(F),0<A<1,i=1,...,K, and
teT,

APkt 1~)) — (1 =N PP (—¢p ,D) > Lo PP(0, 5) — Ly<oPP4(—, 5)»

where ¥ = Ap! + (1 — N)p?.

Properties (M5) and (M6) imply that diversification in the trading is favored. If an
investor nets his purchasing and selling in a convex way, then the cost of trading will

be reduced.

Now we proceed by showing that such market is arbitrage free.

Theorem 2.3.2. The market model (M, a%7,b97), v > 0, is arbitrage free.

Proof. Assume, the market admits an arbitrage, so that, according to Proposition
2.3.1, there is a trading strategy ¢ € S(0,7) := S§(0,a%7,b97), such that Vy(¢) > 0
and P(Vr(¢) > 0) > 0. We will show that this leads to a contradiction, by showing
that for a self-financing portfolio ¢ inequality (2.40) below is satisfied, leading to a

contradictory inequality that P(0 > 0) > 0.

Note that
K . . . . .
Vilo) =0+ 3 (4D — o5 D)
i=1

T K
:¢(1) i Z A¢2 4 Z (gblT,iD;sk,i _ qb;liD;id,i)'
5=2 i=1
Since ¢ is self-financing, then we have

Ag = Z(gbn Daskz_ 50 Dbldz) i( 1y i@ 97 (Aghi, D)

=1 =1

-1 ( Agf)ll Dask,z) ILA¢“>O 97 1(A¢)SZ Dbld’b)

AL Z<0 w1

+ 1A¢>i’i<0a%11 (A fjia Dbid?i)>> U= 27 s >T'
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For convenience, we use the following notations:

Q=9 t=1,....T,
=o', i=1,.. K t=1,..T, (2.37)

g =—¢3 %  j=K+1,... 2K t=1,...,T.
Also, let us define D as

D° = p°
Di=D*ki =1 . K,

Di=pYidi-K i g1 2K,

Then, we have that
2K R 2K T
Af? = Z §aDi oy — Z 5gw [Ag Z Dy
i=1 i=1 s=t

2K T 2K
Vr(g) =6 + ) &Dy =&+ > AL+ 6Dy
=1 s=2 =1

ft_l}, t=2....T
T 2K S 2K ‘ T N
—0 > (Y abi, -, [ae Y Dl
T x  om T
—0+ > (Yabi, -, [ae Y Dl
s=2 i=1 i=1 uU=s

2K T R
+) (G 4> AL)DS.
i=1 s=2

2K
]:s—lb + Z fZTﬁZT
i=1

=)

By multiplying both sides by ﬁ, and applying the conditional g-expectation
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&g | - |Fr-1] to both sides, in view of Proposition 2.1.1.(v), we deduce

—1 1 1 i )i
&g, [QKTVT(@’FT’J - QTK&) - OT I Zz ; §o1 D (2.38)
T 2K ' T e
2TK 2 Z &, |8 Z Di\Fa| + £, [QKT Z &+ Z AE) Dy | Fr i |

s=2 1=1

—2KT51 21{7?22581 -t 2KTZZS~%[Ag ZDZ

)

s=2 =1 s=2 i=1
2KT ZE‘” [ngl Fr- 1} 2KTZZ€QV [Agle Fr- 1]
T-1 2K
2[@7’ 2KT Z; ;5 1 2KT z; 2 &, [Agl ]
1 2K L T-1 2K o
b S & [P Fro] 4 5 3036, [AciD) fT_l].
=1 s=2 i=1

Since Vr(¢) > 0, P(Vr(¢) > 0) > 0, then by Proposition 2.1.1.(ii) applied to the left
hand side of (2.38), we have that

g, [Q;T o) Fri| 20, and P (5%[2;TVT o) Fr > o) > 0.
Consequently,
T-1 2K T-1 2K
§[1)+ZZ§ D, ZZS%[ASZD’ s— 1}
s=2 i=1 s=2 i=1

+Z<€’gw & S B Fra + Sy e, [Aé’l Z

u=T-1 s=2 1=1

,]20

and the strict inequality holds on some set with positive probability. Let us use the

notation
t 2K R t 2K T
=g+ 336D, - 336, [ag YDA
s=2 i=1 s=2 i=1 u=s
¢ T
+Z£ [glzpf ft} + Z [Ag;ZD; .7-}}, (2.39)
s=2 i=1 u=t
where t € {1,...,T — 1}. We just showed that IIr_; > 0 and P(Ily_; > 0) > 0.

Next, we are going to prove that I, > 0 and P(II; > 0) > 0 will imply that II,_; > 0,

P(Il;—; > 0) >0, for any t € {2,...,T — 1}.
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Using Proposition 2.1.1.(iii)-(iv), we obtain that

ggw[ﬁﬂt t—l} 2Kt<§1+;;§ Dy - ;;@JA{ZZD’ Sl])
‘e, [2%26% [&izﬁi EMQLMZZS% [Aszzﬁz 7|7

_m@ﬁg;g B SZ;S%[AG 7))

2Ktzggv [ﬁle Fi- 1} QKtZZSQW [ASZD

= (8 P ZZ%[A& ZDZ 1)

]

s=2 =1 s=2 i=1
t—1 2K
2Ktzg% [QZD } 2Kt;;ggv [Ag ZD Fi- 1]
m(mtif}f Dl — ZZ&M[A?ZDZ Foal)
s=2 =1 =2 =1 u=
t—1 2K
MZ%[ Z " +2—Kt22_38% Ag ZlDz Fisl
1 - i .
:%HH,

fort € {2,...,7 — 1}. Since II; > 0 and P(II; > 0) > 0, then according to Propo-

sition 2.1.1.(ii), we get that & [ I,

Fi 1] and P(E,, [ 11,

Fi_ 1] 0) > 0, and

2Kt 2Kt

thus II,_; > 0, P(II;_; > 0) > 0. Hence, by backward induction, it is true that

and P(IT; > 0) > 0. Consequently, in view of (2.37) and the representation for a9

and 697 (cf. Theorem 2.3.1) we obtain that

T
0 <560+ 2KZng[iZﬁi]
1 & )

——¢0+—  (af7(01, D) =7 (=01, D)),
2K <
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and
K . .
P(6f+ > (af7(ar', D) = o=, DP)) > 0) > 0. (2.40)
=1

Since ¢ is a self-financing, then

K

& = =3 (ad7(oF, D) — 47 (— 0}, D)),
i=1
Thus, (2.40) means that P(0 > 0) > 0, which is a contradiction. O

Proposition 2.3.6. Assume that (M, P%* P = (M, a%,b97), v > 0. Then,

properties (M5) and (M6) hold true.

Proof. Due to Theorem 2.3.1.P3, we have that
PP + (1= N)g?, D) < APPM(", D) + (1 = N PPN(e%, D),

and

PP + (1= \g?, D) > APP(!, D) + (1 — N\)PP(?, D),

for any De M, Xe L>®(F),0<X<1,te T, which implies that condition (M5) is

satisfied.

We are left to show that (M6) holds. In view of Theorem 2.3.1.P1, we have

that

/\PtaSk(gplv ﬁ) - (1 - A)Ptbid(_cpa ‘5)

= A&, [901 i 5s }—t] + (1 - )\)ggw [%02 i ﬁs Ft}
s=t+1 s=t+1

T
> £, [0 > Du|F] = Lozo P (9, D) — Ly<oPP(~0, D).

s=t+1

This concludes the proof. O
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In Theorem 2.3.2, we showed that if we take a family of drivers ¢ = (g4 )z>o0,
and if we choose the same acceptability level v > 0 to define the ask and bid prices,
then the market model using such prices is arbitrage free. In next section, using the
results from the current section, we will prove that market model is still arbitrage

free even we choose different acceptability level for the two trading sides.

Ask and Bid Prices Computed at Different Acceptability Levels

Let g be a family of drivers that satisfies Assumption G. Also, let v1,7, > 0.

We consider the market model (M, a%7,b972). That is P**(¢, D) = a{" (¢, D) and

PP, D) = b (i, D), for D € M, ¢ € LT(F,).

Similarly as in Section 2.3.4, it is not hard to verify here that the market model
of the present section satisfies properties (M2) and (M3), and we leave the verification
of these properties to the reader. At this time we are unable to verify that property

(M6) holds for this market. However, we can verify that property (M5) holds.

Theorem 2.3.3. The market model (M, a9 b972) ~v1,v9 > 0, is arbitrage free.

Proof. First, we consider the case y; < 5. We will prove the result by contradiction.
Namely, we will assume that market model (M, a9, b972) admits an arbitrage, and
we will conclude that market model (M, a9, b97) also admits an arbitrage, which is
impossible in view of Theorem 2.3.2. Intuitively, the statement and its proof is clear:
since b9 > b9 one will trade at higher bid prices in the new market (M, a9, b97),
and hence it is enough to trade in this market all assets but banking account according
to the arbitrage strategy from (M, a9, b972). Finally, the banking account is set up

such that the trading strategy remains self-financing in (M, a9, b971).

Let us assume that the market model (M, a9 b972) admits an arbitrage

opportunity, which, according to Proposition 2.3.1, means that there is a trading
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strategy ¢ € S(0,a%7,b972), such that Vy(¢) > 0 and P(Vr(¢) > 0) > 0. Using ¢,

we will construct an arbitrage strategy £ € S(0, a9, b97). Specifically, we set

K

5(1) — Z <a8171( llui’ Dask,i) . bgﬁl( i,i7 Dbid,i))7

i=1

Usi /s -
L= 1=1,..., K,

and
t
g?zg?_l_ZCU’ t:2’ 7T7
u=2
g:?b; Z_]-a "7K7t:27 7T7
where
K K
l" k" " b.d7‘ 9 l7‘ 7‘
=3 (D = DY) = 7 (L ngaf (A, D)
i=1 i=1

— LoD (= AT, D) — 1 o077 (A, DY)

gl (A, DY) =2, T,

First, we will show that £ € §(0, a9, b97). We have that?

K
Vit (€) =& + D (Lagng PEN(ALY, D) — 100 PP (- A}, D)
i=1

_ ﬂAgi,iZOPéﬁd<A£fﬂ’ Dbid) 4 ]lAgi’i<0P0aSk(_A€fﬂ7 Dbid))
K ) .
= — Z (agr'h( 11717 Dask,i) . bg(‘ﬂ( i,z’ Dbid,i)>
i=1
K
5 l,i ask,i ; s, idi
+Z(d3“( 2 I PR L ))

K
l,i yask,i s,i ybid,z
:0:§<1D0 — & Dy )7

=1

3Here, we are using the convention that V7 is computed relative to the model
(M, a9 b97) and that V772 is computed relative to the model (M, a9, b972).
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and

K
Agtoﬂ + Z <]1 Li >oPaSk(A§t+1a DaSk’i) - ﬂAg’il<onld( Agt—&-l? DaSk’i)
=1

lAg“ >0Pb1d(A€t+1, pPid) 4 ﬂAé“ <0Pask< Aft+17 Dbid))

_<t+1 + Z < Al 2>0 gvi (A i,i’ Dask,i) . 1A¢>l l<0bg ’q( A i,i’ Dask,i)
L pgeinobe 1 (AdY ', DY) + Ly goi g1 (—AG, 4 DM 1))

K
=N @ DE — gDty =2, T.
i=1
Hence, ¢ is a self-financing trading strategy and & € S(0, a?, b97).

Next we will show that £ > ¢{ and A& > A¢Y, t € {2,...,T}, which will

imply that
V(€)= & +Z£t > ¢°+Z¢t VIR (¢).

Consequently, we have that V' (£) > 0 and P(V'(¢) > 0) > 0, and thus ¢ is an arbi-

trage opportunity in market model (M, a9, b971), which contradicts Theorem 2.3.2.

Since 71 < 79, by Proposition 2.3.3, we get that by (¢, D) > b)" (¢, D), for
any ¢ € LY(F;) and D € D. Hence,

Z ( 9,71 l,i)Dask,i) . bg,’yl( i,i’ Dbid,i))

=1

K
> Z ( gmMm ¢l1,1’ Dask,i) _ b(g)ﬁz(qbi,z’ Dbid,z‘))

=1

0
= ¢17

K
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and it is clear that A& = ¢, t € {2,...,T}. Moreover,

K K
0 __ 1, ask,i 8,0 bid,i ] g7 l,i ask,i
Ag = E ( 1D — 6 Dy > - E <]1A¢iﬂzoat—1 (Agy", D*5")

i=1 =1

- 1A¢i’i<obfﬁf(—A¢i’ia D) —1 VI (Agy', DP4Y)

+ 1A¢f’i<oaf’j11 (_Aﬁbf’ia Dbid’i))

A¢SI>0

K K
1,0 ask,i EX bid,i ) 9,71 1,0 ask,i
2 § ( i1 D — 00 Dy > - § (1A¢i’120at71 (Agy*, D*5)
i=1

=1

: Li i 0 s 1bid,i
- 1A¢ivi<obfjl2(_A¢t 7DaSk ) — 1A¢f’120bf—712(A¢t and )
T agp @ (— A7, DM )
=Ag¢y,
for every t = 2,..., T. Therefore, we have that &% = €94+377 ) A0 > ¢94+3°7 ) Ag) =
7.

The proof for v; > 7, is analogous.

2.4 Derivatives Valuation with Dynamic Conic Finance

The aim of this section is to build a pricing methodology for general contingent
claims, by using the theory of dynamic acceptability indices. We assume that there
exists an underlying market* (M, P&k, PPid) that satisfies conditions (M1)-(M6). We

will use the securities from underlying market as hedging instruments.
2.4.1 Conic Valuation of Derivative Cash flows. We start by introducing the

concept of super-hedging in our context. and then an extension of HO(¢).

Definition 2.4.1. Let us fix t € T, and let V(¢) be the liquidation value process

generated by a trading strategy ¢ € S(t). A process V € D, is said to be super-hedged

4Note that in view of previous section such markets exist.
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at zero-cost, at time t, by ¢, if there exists Z € L, (t), where
Lo(t) = {(ZS)STZO 2, € IA(FuP), Z,=0, 5 < t},
such that
Ve=Vip) - Z,, s=0,...,T, (2.41)

If in (2.41), Z = 0, then we say that V can be replicated by .

We now introduce the set of cash flows that can be super-hedged by strategies

¢ € S(t) at zero cost:

Ht) = {(o e O, AWV () = Zist)s s A(Vip(0) — ZT)) 6eSt), Z€ £+(t)}.
(2.42)

We proceed by defining acceptability ask and bid prices for a cash flow D € D.

Definition 2.4.2. Let g = (g.)z>0 be a family of drivers that satisfy Assumption G.
The acceptability ask price of ¢ € L3°(F;) shares of the cash flow D, at level v, at

time t € T, is defined as

a7 (p, D) = essinf{a € L*(F;) : IH € H(t) so that i (0:(a) + H — 5§ (D)) > v},

(2.43)
and the acceptability bid price of ¢ >0, ¢ € LY(F;), shares of D, at level v, at time
t €T is defined as

b7 (¢, D) = esssup{b € L*(F,) : IH € H(t) so that (6 (pD) + H — 6;(b)) > 1.
(2.44)

Remark 2.4.1. (i) If H(t) is equal to {(0,...,0)}, which means hedging is not ad-

mitted, then

"7 (¢, D) = essinf{a € L*(F) : af(0:(a) — &/ (¢D)) = 7}

=ai"(p, D),
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and

b/ (0, D) = esssup{b € L*(F,) : af (5] (¢D) — 6,(b)) > 7}

= b (¢, D).

(ii) Clearly, @7 (p,D) < a{"(¢, D) and b} (p, D) > by (p, D), for ¢ € LT(F),
D e D.

Similarly as in Section 2.3.3, we note that a?"” (¢, D) = a}7 (1, ¢ D) and
b7 (¢, D) = b7 (1, pD), and thus, we will prove most of the results for a2 (1, D) and

b7(1, D), from which the general case will follow.

Proposition 2.4.1. The acceptability ask and bid prices admit the following repre-

sentations

T
aj”’(D) = essinf & [ Z (Ds — Hy) }—t] ’

Hen®) s=t+1

: (2.45)
B7(D) = esssup —&,, [ > (=H.=D.) ft] 7

HeMN(t) s=t+1

for D € D, at level v > 0, at timet € T.

Proof. We show the proof of first equality; the proof for the bid price is similar.

From the definition of @7, we get that

T
@l (D) = essinf {a e [*(F,):3H ¢ H(t), &, [Z (Ds — H,) ]—"t] < a} ,
s=t+1

and consequently

T
essinf&, [ Z (Ds — Hy)

Her® s=t+1

7
. (2.46)
< essinf {a € [2(F):3H ¢ ’H(t),éfgw[ 3 (D, - H,)

s=t+1

F| <a}.
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To prove the converse inequality, we show that strict inequality in (2.46) does not

hold true. Assume that on some set A € F;, P(A) > 0, we have that

T
essinf&y [ Z (Ds — Hy)

HeH(t) sl

7

T
< essinf {a € L*(F) : 3H € H(1), &, [ Z (Ds — Hy)

Then, there exists an H' € H, such that on A

&, [Z (D, — HY) ft]

s=t+1

T
< essinf {a € L*(F):3H € H(1), &, [Z (Ds — Hy) ft] < a} .
s=t+1

Consider b € L*(F;), such that on set A

&, [Z(DS—HQE] <b

s=t+1

T
< essinf {a € L*(F):3H € H(), &, [ Z (Ds — Hy) ]:t] < a} .
s=t+1

Then, we have that

1ab € {a € L*(F) : 3H € H(t), 14&,, [Z (Ds — Hy) ]—“t] < a} :

s=t+1
Hence, for almost all w € A, we get af”’(D)(w) < b(w). However, by (2.47), we

also have that af”(D)(w) > b(w) for such w’s, that leads to a contradiction. This

concludes the proof. O

As an immediate consequence of Proposition 2.4.1, a technical result is pro-
vided, which shows a “symmetry” between acceptability ask and bid prices, that will

be used later.

Corollary 2.4.1. Let g = (g.)z>0 be a family of drivers that satisfy Assumption G.
Then,
@"(D) = ~B"(~D),

forDeD,v>0,teT.
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2.4.2 Arbitrage. Here, we will define and study arbitrage with regard to the ex-
tended market model consisting of the underlying market (M, P#k PPd) and of the
(derivative) cash flows priced according to acceptability bid and ask prices given in

Definition 2.4.2.

Towards this end we first introduce some relevant notions and notations. Fix
some t € T. Let D € D be a cash flow, and let ¢ € L*(F;) be the number of
shares that D is traded. Assume that the ask price for |p| shares of D at time ¢ is
P¥(|g|, D), and respectively, the bid price is PP(|¢|, D). We say that (¢, D) :

L>(F;) x D — L*(F,) is the set-up cost for ¢ shares of D at time ¢t € T if

Si(p, D) = 1,50P** (¢, D) — 1, PP (—¢, D).

Accordingly, we denote by 13(15) ={(0,...,=Si(¢, D), ©Ds11,...,0Dr): D €
D,p € L>®(F;)} the set of all derivative cash flows initiated at set-up cost S;, and

time ¢ € 7. It is clear that D(t) C D.

~

Definition 2.4.3. An arbitrage opportunity at time t € T is a pair (D, ¢) consisting
of derivative cash flow De 13(25) and a trading strategy ¢ € S(t), such that Vi(¢p) +
ST Dy >0 and P(Vr(¢) + L, D, > 0) > 0.

Similarly to Proposition 2.3.1, we will characterize arbitrage opportunities in
the derivative market model in terms of cash flows.

Proposition 2.4.2. Fizt € T. The following statements are equivalent:

(1) There exists an arbitrage opportunity at time t.

(2) There exists a derivative cash flow De ﬁ(t) and a super-hedging cash flow H €
H(t), such that S°'_, (D, + Hy) > 0 and P(X"_,(D, + H,) > 0) > 0.
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Proof. (1) = (2) Assume that there exists an arbitrage opportunity at time ¢. Then,

according to Definition 2.4.3, there exists D € D(t) and ¢ € S(t), such that

=t (2.48)

By definition of H(t), we have that H = (0,...,0, AV, 1(d), ..., AVr(9)) €
H(t). Then according to (2.48), it follows that ZST:t(ﬁs +Hy) > 0 and P( 2?:1&(‘53 +
H,) > 0) > 0.

(2) = (1) Assume that there exists D € D(t), and H € H, such that ZST:t(lA?S+Hs) >
0 and PP( ZST:t(ﬁs + H,) > 0) > 0. Then, by definition of H(t), there exists ¢ € S(t)

such that
T T T
VT(¢)+ZD5 Z ZH5+ZD3 2 07
s=t s=t s=t
T T T
P(Ve(@)+ > D, >0) = P(D H,+ Y Dy >0) >0,
s=t s=t s=t
Hence, (lA), ¢) is an arbitrage opportunity. ]

2.4.3 Good Deals and No-Good Deals. Next, we introduce the concept of good
deals for sets of cash flows, which plays an essential role in the theory of no-arbitrage
pricing in the extended market, and in derivation of fundamental properties of the

acceptability ask and bid prices. Towards this end, let (u*),~0 be an increasing family

of DCRMs (cf. Definition 2.2.1):

Definition 2.4.4. A good deal for H(t), t € T, at level v > 0, is a cash flow
H € H(t), such that p](H)(w) < 0, for w € A, for some A € F;, and P(A) > 0.
Respectively, we say that the no-good deal condition (NGD) holds true for H(t), at

time t € T, and at level v > 0, if ) (H) > 0 for any H € H(t).
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In the rest of this chapter, we take p* := p9 x > 0, where g = (g,)z>0 IS a
family of drivers that satisfy Assumption G, and (p9),~¢ is the family of DCRMs

such that for each x > 0 the DCRM p? is given as in (2.18).°

We proceed by proving some technical results as preparation for showing the
relationship between NGD and no-arbitrage pricing in the extended market. We begin

with three technical lemmas.

Lemma 2.4.1. Let ¢ € S(t), and let L, (t) be defined as

Lo(t) = {(ZS)ST:0 L Z, € LA, FoP), Z, = 0, 5 < t},
fort=20,...,T —1. Then, for anyt € {0,...,T — 1}, the set
() = { (0,0, AW (9) = Zisr), - A(Vi(9) = Zr)) 1 0 € S(1), Z € L4(1)}

18 a convex set.

Proof. Let H', H*> € H(t), and let A € L>=(F;) such that 0 < A\ < 1. Then, there
exists ¢, £ € S(t), Z', Z? € L (t), such that

H' = (o, 0, AVt (6) = ZL 1), A(Ve(e) — Z;)),

and

2= (0,2,0, A () = Z20). - AV(©) = Z3)).
It can be proved that there exists 8 € S(t), such that AV(¢) + (1 — A\) V(&) < Vi(0)
for any s =t +1,...,T. Therefore,

YD HIE (A=) Y H = AV + (1 V)~ AZE - (1- N2

u=t+1 u=t+1

<V,(6) — (AZ} + (1 - N)Z2) < Vi(6),

>Note though, that in (2.18) symbol g represents a single driver.
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for any s =t +1,...,T. By Definition 2.4.1, we have that AH' + (1 — \)H? € H(t).

The proof is complete. O

Lemma 2.4.2. Fixt € T, and level v > 0. Assume that there exists B € F;, such
that 1gp]" (H) > 0 for any H € H(t). Then, for any D € D, 1za)’ (D) > ILB/b\f”(D).

Proof. We prove the statement by contradiction. Assume that there exists some D €
D, B' C B, such that b?”(D)(w) > @7 (D)(w), on B'. Then, by Proposition 2.4.1,

we have that

T T
esssup —& —H, — D,)|F;|(w) > essinf & D, — H,)|Fi | (w),
sssup gw[szt;f )| (@) > essint gv[szt;f )| @)

A~

where w € B'. Let M = (by7(D) +a}"(D))/2. Then, there exists H', H? € H(t)

such that

e, [ Y - D)) > ) > 6, | Y (0. - )

s=t+1 s=t+1

Fi] @),
for w € B’. Hence, we get that

&[S - D)|E] @) 46 [ Y (- )

s=t+1 s=t+1

]-"t] (W) <0, we B. (249
On the other hand, in view of Proposition 2.1.1.(vi), we have

AH S (o) Y (0. 1)) |7|

s=t+1 s=t+1

T T
<5 (&, [ 3 i -pof] +e, [ 3 - m]7]),
which combined with (2.49), and using (2.18), we obtain
1 1
o (GH! + H)(w) = &, |5 D (~H! = H)|F](w) <0,
s=t+1

for w € B'. However, by Lemma 2.4.1, we have that $(H' + H?) € H(t), and since
Lpp]”(H) > 0 for any H € H(t), we have that 1gp{” (3(H' + H?)) > 0, which leads
to a conclusion that P(B’) = 0, and hence, 15a¢7(D) > 15b?7(D). The proof is

complete. O
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An application of Lemma 2.4.2, which is also useful to our study of arbitrage,

is stated as follows:

Lemma 2.4.3. Fixzt € T, and level v > 0. Assume that there exists B € F;, such
that 1ppY" (H) > 0 for any H € H(t). Then, 1567 (D) = 15677 (D) = 0, for any
D e H(t).

Proof. Since D € H(t), then D — §,; (D) = 0, and thus
)" (D) = essinf{a € F; : IH € H(t), s.t. af(6;(a) + H — 6, (D)) > v} <0.
Similarly, 5¢7(D) > 0, and therefore a?”(D) < 0 < 57(D). On the other hand, by

Lemma 2.4.2, 15077 (D) > 1567 (D). Hence, 15a?" (D) = 1569”7 (D) = 0. O

With the help of Lemma 2.4.2 and Lemma 2.4.3 we can now prove the main

theorem in this section.

Theorem 2.4.1. Fiz v > 0,t € T. Assume that

~

P**p, D) =a{"(,D), P"(p,D) =1{"(¢,D), (2.50)
and consequently,
Si(0, D) = 145067 (¢, D) — Lo (—p, D),

for any D € D, and ¢ € L>®(F;). Then, NGD holds for H(t) at level v > 0, if and

only if there is no arbitrage opportunity at time t.

Proof. (=) Assume that NGD holds for #(t) at level v > 0, and assume that there is
an arbitrage opportunity at time ¢. Then, according to Proposition 2.4.2, there exists

D e D(t) and H € H(t) such that 3-7_(D,+H,) > 0 and P(Y."_,(Dy+H,) > 0) > 0.
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Due to (2.50), there exists D € D, and ¢ € L*°(F;) such that

T

> (Hy = ¢Dy) = (Lp<@f " (—p, D) — Lyob{ (9, D)) > 0,
s=t+1
T A~
P( Z (Hs — pDs) — (Lp<oa?” (=, D) — Lpsobi (0, D)) > 0) > 0.
s=t+1

In view of Corollary 2.4.1, we get that

T
> (Ho— D) + " (pD) > 0,
s=t+1
T ~
P( > (H,— D) +b{"(¢D) > 0) > 0. (2.51)
s=t+1

Since NGD holds for #(t) at level v, then by Lemma 2.4.2,

T T
&, 3 (¢D, — H)|F| > @7(4D) > 87 (¢D) > 3 (¢D., — H,),

s=t+1 s=t+1

and (2.51) implies that

T T
& 3 (0D = H)|F] > 3 (oD Hy),
s=t+1 s=t+1

with strictly positive probability. Consequently, by Theorem 2.1.1, we get that

7

gg'v [ i (@DS - Hs)i| = ggv [ggw |: i (QODS — Hs)
s=t+1 s=t+1
T

> &, | Y (¢Do - H),

s=t+1
with strict inequality holding true on some set A such that P(A) > 0, which leads to

contradiction. Hence, there exists no arbitrage opportunity.

(«<=) To prove that absence of arbitrage at time ¢ implies that NGD holds for H(t)
at level v > 0, we will show that if NGD does not hold for H(¢), then there exists an
arbitrage opportunity at time t. In fact, if NGD does not hold true, then there exists
some H' € H(t) and A € F; such that P(A) > 0 and p{"(H') < 0 on A. Without loss

of generality, we assume that 14¢p]" (H) > 0 for any H € H(t).
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Let us consider D = (0,...,0), then by Proposition 2.4.1, the acceptability
ask price of D is

T
a(D) = essinfggy[— 3 H‘ft} < p'(H'),

HeH(t) s—irl

and therefore
a"(D)(w) < pf" (H')(w) <0,

for any w € A. Also note that D € H(t), then Lemma 2.4.3 implies that L aca;” (D) =
0. Thus, the pair (ﬁ, ¢), where D= (0,...,0,—a?"(D),0,...,0) and ¢ = 0, satisfies

that

According to Proposition 2.4.2, there exists an arbitrage opportunity at time ¢, and

the proof is complete. O]

Remark 2.4.2. In [BCIR13], the authors prove, in case ofls = {0} and pricing
according to dynamic coherent risk measure, that absence of arbitrage is equivalent
to NGD at the some level v > 0, and the derived acceptability ask and bid prices are

no-arbitrage prices. In our set-up, those two results are implications of Theorem 2.4.1.

In fact, the notion of NGD not only plays an essential role in no-arbitrage pric-
ing of derivative market, but also is crucial to the study of properties of the proposed
acceptability ask and bid prices. We will show that, under NGD condition, accept-
ability ask and bid prices satisfy nice properties similar to those in Theorem 2.3.1. To

start, we give the next two propositions without proof as they are direct applications

of Lemma 2.4.2 and 2.4.3.
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Proposition 2.4.3. Assume that NGD holds for H(t) at level v > 0 and some fized
t € T. Then, for any D € D, we have ai" (D) > gf’V(D)_

Recall Theorem 2.3.1 P2, the pricing operators af"” and b{"” satisfy the property
of non-negative spread. Proposition 2.4.3 shows that under the assumption of NGD,

=97

the acceptability ask and bid prices af”’ and /b\f”

also admit a similar result. Such
proposition is in accord with observations from the real market. We also want to

stress that, as discussed in [BCIR13], if NGD does not hold, then the ask-bid spread

is equal to —oo.

The following result shows that under NGD, by implementing the acceptability
pricing method, the set-up cost of cash flows which can be super-hedged at zero cost

is indeed 0.
Proposition 2.4.4. Assume that NGD holds for H(t) at level v > 0, at time t € T.

Then, a27(D) = b?7(D) = 0, for any D € H(t).

Next we will show that pricing the underlying securities D € M by the bid

and ask acceptability prices defined by (2.44) and (2.43) yields the market prices

Pask/bid of thege securities.

Proposition 2.4.5. Fizt € T. Assume that NGD holds for H(t) at level v > 0, at

time t € T. Then,

afﬁ(()p’ 5) = PtaSk(907 ﬁ)

b7 (¢, D) = P(¢, D),

for any ¢ € LY(F;), and D e M.

Proof. Since D € M, then H := 0,...,0, goﬁtﬂ — Pk, 15), goﬁtH, ...,pDr) €
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H(t). Therefore, by Proposition 2.4.4, we get a}” (H) = 0, which is equivalent to

T
essinf &, [ IN)S —H Pk (o, ‘]—‘} =
HeH(®) 7 5;1«0 ) ('O t

Note that P**(¢p, 15) is Fi-measurable, and it does not depend on the argument

H € H(t) over which the essinf is taken. Hence, we immediately get that

T
P*(p, D) = 'fg[ D,—H }f D
o D) =i €, | 3 (Do = H) (. D).

The proof for the bid price is analogous. n

n [CM10] and [BCIR13], the authors consider ask-bid prices produced by
coherent acceptability indices. However, in some literature there are arguments that
coherent acceptability indices fail to take liquidity risk into account. In our set-
up, acceptability indices are assumed to be quasi-concave and we will show that

corresponding ask-bid prices reflect liquidity risk as in the following proposition.

Proposition 2.4.6. The acceptability ask and bid prices satisfy

A (AD" + (1 — A)D?) < X" (DY) + (1 — Na?" (D?), (2.52)
BY(AD" + (1 — \)D?) > X627 (DY) + (1 — AP (D?), (2.53)

for DY, D? € D, N € F,, 0 <A< 1, at level v > 0, at timet € T .

Proof. In view of Proposition 2.4.1, and by convexity of g-expectation, for any

HY H?> € H(t), A € F,

.7—}} +(1 = NE,, [ i (D? — H?)

T
>€,,[ 3 (DI + (1 - ND? - i)

s=t+1
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where H3 = AH' + (1 — A\)H?. Due to convexity of H(t) (see Lemma 2.4.1), we have

that H? € H(t). Consequently, using Proposition 2.4.1, we continue

xal"(D') + (1 — A)am(D2)

T

_ f ( [ g ] 1— [ D? — H? D

HFEISZIGI%{ (t) s—tt+1 ) +< )\)ggw S;1< ’ 8) d

T

> [g, (AD! + (1 — \)D? — H? }

WSS Em ;1 AP

T

> essinf &, [ (AD! + (1 - \)D? — H, }

S Eon| 2 ODs (1= WD~ 1)

=al"(AD" + (1 — \)D?).

The proof of (2.53) is similar. This conclude the proof.

As an immediate consequence of Proposition 2.4.4 and Proposition 2.4.6 we
deduce the following result about market impact on acceptability ask and bid prices.
Namely we show that the acceptability bid and ask prices may not be homogenous
in number of shares traded - larger number of shares one trades, a higher price per

share it will cost.

Corollary 2.4.2. Assume that NGD holds for H(t) at level v > 0, t € T. Then, the

acceptability ask and bid prices satisfy the following inequalities

a%" (Mg, D) < Xa?"(p, D), b7 (Ap, D) = Xb? (0, D), A, € LY(F,), 0 < A< 1;

@7 (Ap, D) > Xa?"(, D), b7 (Ap, D) < Xo¢ (9, D), A\ p € LLY(F), A >1,

fory>0,teT.

Similar to the discussion in Section 2.3.4, we study the relationship between

the acceptability ask and bid prices in the case when these prices are generated by
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different families of drivers and and different acceptability levels. We start with a

result analogous to Proposition 2.3.3.

Proposition 2.4.7. The acceptability ask and bid prices at time t € T of a cash flow
D € D, satisfy the following inequalities a3 (D) < a?"*(D) and b (D) > by"2(D),

for v >y > 0.

Proof. Since g,, < g,,, according to Theorem 2.1.2, we get that

]SSM[ZT]D - H,)

s=t+1 s=t+1

for any H € H(t). Hence, using the representation (2.45), we obtain

]

T
a7 (D) =essinf &, | S (D, — H,
ai™ (D) qusesﬁ%) o, Z( )

s=t+1
T
<essinf€, [ S (D, - H,)|F]
essinf €y, | D ( )| F
s=t+1
<a?™ (D).
Analogously, one proofs the corresponding inequality for the bid prices. O

Corollary 2.4.3. Assume that NGD holds for H(t) at time t € T, and at levels

V1,72 > 0. Then, a37%(D) > 69" (D), for any D € D.

Proof. It 41 > 73, then by Proposition 2.4.3 and 2.4.7, we have that af"*(D) >
b22(D) > b7 (D). Similarly, if 1 < 72, then a#72(D) > a2 (D) > 62" (D). This

completes the proof. O

Finally we want to mention that we were not able to establish a general result
on comparison of acceptability bid and ask prices, similar to Proposition 2.3.2. Gen-

erally speaking we do not know if @9’ > 692’72, for some arbitrary family of drivers
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g, g% and levels 71,7 > 0. In the nutshell, this is due to the lack of an appro-
priate form of time consistency property for a%?, and ng, similar to Property P5,
in Theorem 2.3.1. We leave the answer to this question for further investigations.
Nevertheless, we do have a result that shows that once two couterparties, who may
use different acceptability levels and different drivers, find that their prices are such
that ?iflm(D) < /b\tgz’W(D) for all D € D, then the bid and ask prices coincide and

hence the trade will go through.

Proposition 2.4.8. Fizt € T. Let g' and g be two families of drivers. Assume
that &\flm(D) < /b\fQ’W(D), and for any D € D. Then,

aj (D) = b (D) =af (D) =B (D),

for any D € D.

Proof. Since b\flm(D) < Ef’”(D) for any D € D, then we have that
af " (=D) < (-D), DeD.
According to Proposition 2.4.1, it is clear that

a (D) = —b " (-D),

~g? 2 A27 2
aj (D) = =b{ *(=D).

Therefore, —b) (D) = @/ "(—D) < b/ "*(—D) = —al (D), for any D € D.

Hence, EZ?Q’W(D) < /b\flm(D), and due to Proposition 2.4.3, we get that
b (D) <af (D) < B (D) <af (D), DeD.
Thus, using our initial assumptions, we have that
v (D) =a (D) =% " (D)=a " (D), DeD.

This concludes the proof. O
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CHAPTER 3
RECURSIVE CONSTRUCTION OF CONFIDENCE REGIONS

3.1 Preliminaries

Let (2, F) be a measurable space, and ® C R be a non-empty set, which will
play the role of the parameter space throughout.® On the space (2, F) we consider
a discrete time, real valued random process Z = {Z,, n > 0}.” We postulate that
this process is observed, and we denote by F = (F,,n > 0) its natural filtration.
The (true) law of Z is unknown, and assumed to belong to a parameterized family of
probability distributions on (2, F), say {Py, 0 € ©}. It will be convenient to consider
(2, F) to be the canonical space for Z, and to consider Z to be the canonical process
(see Appendix A for details). Consequently, the law of Z under Py is the same as Py.
The (true) law of Z will be denoted by Py«; accordingly, 0* € © is the (unknown)

true parameter.

The set of probabilistic models that we are concerned with is {(2, F,F, Z, Py),
¢ € ©}. The model uncertainty addressed in this work occurs if ®@ # {6*}, which
we assume to be the case. Our objective is to provide a recursive construction of
confidence regions for 6%, based on accurate observations of realizations of process Z

through time, and satisfying desirable asymptotic properties.

In what follows, all equalities and inequalities between random variables will
be understood in Py« almost surely sense. We denote by Ey« the expectation operator

corresponding to probability Py-.

6In general, the parameter space may be infinite dimensional, consisting for
example of dynamic factors, such as deterministic functions of time or hidden Markov
chains. In this study, for simplicity, we chose the parameter space to be a subset of
R,

"The study presented in this thesis extends to the case when process Z takes
values in R?, for d > 1. We focus here the case of d = 1 for simplicity of presentation.
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We impose the the following structural standing assumption.

Assumption M:

(i) Process Z is a time homogenous Markov process under any Py, 0 € ©.
(ii) Process Z is an ergodic Markov process under Py-.®

(iii) The transition kernel of process Z under any Py, 6 € © is absolutely continuous

with respect to the Lebesgue measure on R, that is, for any Borel subset of R

Po(Zy € A| Zo =) = / po(, )dy.
A

for some positive and measurable function py.?

For any 6 € © and n > 1, we define m,,(0) := log pg(Z,—1, Zn).

Remark 3.1.1. In view of the Remark A.0.2, the process Z is a stationary process
under Pg«. Consequently, under Pg«, for each 6 € © and for each n > 0, the law of

7 (0) is the same as the law of w(6).

We will need to impose several technical assumptions in what follows. We

begin with the assumption
RO. For any 6 € ©, m(0) is integrable under Py-.

Then, we have the following result.

Proposition 3.1.1. Assume that M and RO hold. Then,

8See Appendix A for the definition of ergodicity that we postulate here.

9This postulate is made solely in order to streamline the presentation. In gen-
eral, our methodology works for Markov processes for which the transition kernel is
not absolutely continuous with respect to the Lebesgue.
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(i) For any 0 € ©,

(ii) Moreover, for any 6 € O,

Eg«[m1(0%)] > Eg«[m1(0)].

Proof. Fix 6 € ©, since Z is ergodic under Py« and Egy«[m1(0)] < oo, then according

to Proposition A.0.1 we have that

lim — Zm = Egp-[m1(0)]

n—oo N,

which proves (i).

Now we prove that (ii) holds. In fact, denote by fz, the density function of

Z1 under Py-, we have that

Ep+[m1(6)] — Eg«[m1(0")]

7, 7 7, 7
:]Ee*[log—pe( - 2)] :/]Ee*[log—pe( 122)
R Po~

Zy = 21} [z, (z1)dz

po+(Z1, Zs) (Z1, Zs)
p@(ZhZQ)
1 E*[—Z - } d
/[Og ’ pe*<Zl,Zg> 1= 2 )
21, 22)
/log/ Po(z1, 22 pe* (21, 22)d20 2, (21)d 21
pe* 21,22

:/log/pe(zh22)d22le(21)d21 =0,
R R
where the inequality holds due to Jensen’s inequality. O

In the statement of the technical assumptions R1-R8 below we use the nota-

tions

Un(0) = Vra(0),  Wn(0) = Hrn(0),  Bn(0) = Eo- [1bn(0)| Fna], (3.1)

where V denotes the gradient vector and H denotes the Hessian matrix with respect

to 6, respectively.
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For each z,y € R the function p.(x,y) : ® — R, is three times differentiable,

and

Vépe(r7y)dy=AVpa(x,y)dy, H/Rpe(fc,y)dyz/RHpa(:v,y)dy- (3.2)

For any 6 € ©, 11(0) and ¥, (0) are integrable under Pyp+. The function Eg: |7 (- )]

is twice differentiable in 0, and
VEg-[m1(0)] = Eo-[¢1(0)],  HEg-[m1(0)] = Eo-[¥1(6)].
There exists a unique # € O such that
Eg-[11(0)] = 0.
There exists a constant ¢ > 0 such that, for any n > 1 and 6 € O,

Eo- ([ (O)]* | Fouca] < c(1+ 10— 07]1%). (3:3)

There exist some positive constants K;,7 = 1,2, 3, such that for any 6, 6,,0; € O,

and n > 1,10
(0 —6%)"b,(0) < —K1]|6 — 6%, (3.4)
18n(01) — Bn(b2)|| < Ka|th — 62, (3.5)
Ep- [|W0(01) — Wn(02)[| | Frma] < K3)|01 — 02 (3.6)

There exists a positive constant Ky, such that for any §# € ©, and n > 1,

Eg« [

Hepn (0) || Fo-1] < K. (3.7)

For any n > 1,

Yn(0) = Ba(0)||* < 0. (3.8)

sup Egy-
C)

0Superscript T' will denote the transpose.
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RS&. For each 6 € © the Fisher information matrix

I(0) = Ep[t1(0)vy (6)]
exists and is positive definite. Moreover, I(f) is continuous with respect to 6.

R9.

1
Jn

Remark 3.1.2. (i) Note that in view of the Remark 3.1.1 properties assumed in R2,

¥i(07)

| =0 (3.9)

lim Egy- [ sup
n—oo 0<i<n

R3, and RS imply that analogous properties hold with time n in place of time 1.
(ii) According to Proposition C.0.6, we have that if R4-R6 hold, then (3.3)-(3.7) are

also satisfied for any F,_1-measurable random vector 8 € ©.

As stated above, our aim is to provide a recursive construction of the confidence
regions for 6*. In the sequel, we will propose a method for achieving this goal that
will be derived from a suitable recursive point estimator of #*. Note that due to

Proposition 3.1.1 (ii) and Assumption R3, we have that 6* is the unique solution of

Eg-[11(0)] = 0. (3.10)

Therefore, point-estimating 6* is equivalent to point-estimating the solution of the
equation (3.10). Since #* is unknown, equation (3.10) is not really known to us.
We will therefore apply an appropriate version of the so called stochastic approxima-
tion method, which is a recursive method used to point-estimate zeros of functions
that can not be directly observed. This can be done in our set-up since, thanks to
Proposition 3.1.1 (i), we are provided with a sequence of observed random variables
%Z?:l 1;(0) that Py« almost surely converges to Eg:[t1(0)] — a property, which will
enable us to adopt the method of stochastic approximation. Accordingly, in the next
two sections, we will introduce two recursive point estimators of #*, and we will derive

properties of these estimators that are relevant for us.
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3.2 /n-consistent base point estimator

In this section we consider a recursive point estimator § = {f,, n > 1} of *,
that will be defined in (3.11). Towards this end, we fix a positive constant 7 such that

1

5, Where K was introduced in Assumption R6, and we define the process 9

nk; >

recursively as follows,
én = én—l + ﬂwn(én—l)a n Z ]-7 (311)
n

with the initial guess 6o being an element in ©, where v, was defined in (3.1).

Given the definition of 1, we see that én is updated from én_l based on new
observation Z, available at time n; of course, Z,_1 is used as well. We note that the
recursion (3.11) is a version of the stochastic approximation method, which is meant
to recursively approximate roots of the unknown equations, such as equation (3.10)

(see e.g. [RMb1], [KW52], [LS87], [KCT8], [KYO03]).

Remark 3.2.1. It is implicitly assumed in the recursion (3.11) that 6, € ©. One
typical and easy way of making sure that this happens is to choose © as the “largest
possible set” that 0% is an element of. So typically, one takes ® = RY. However, this
s not always possible, in which case one needs to implement a version of constrained
stochastic approximation method (cf. e.g. [KC718] or [BK02]). We are not considering
constrained stochastic approximation in this chapter. This is planned for a future

work.

Remark 3.2.2. As we will see later, the requirement nky; > % guarantees that 0
converges at a rate of \/iﬁ in probability. Other than that, the importance of choice of
1 s neglectable. Hence, a simple choice of n would be [ﬁ] + 1 where [-] denotes the

ceiling function.

As mentioned above, we are interested in the study of asymptotic properties of

confidence regions that we will construct recursively in Section 3.4. These asymptotic
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properties crucially depend on the asymptotic properties of our recursive (point)
estimators. One of such required properties is asymptotic normality. In this regard we
stress that although the theory of asymptotic normality for stochastic approximation
estimators is quite a mature field (see e.g. [Sach8], [Fab68], [LR79]), the existing
results do not apply to 6 as they require ¢n(§n_1) — Ey- [¢n(§n_1)] to be a martingale,
the property, which is not satisfied in our set-up. Thus, we need to modify the base
estimator 0 to the effect of producing a recursive estimator that is asymptotically
normal. In the next section we will construct such estimator, denoted there as é,
and we will study its asymptotic properties in the spirit of the method proposed
by Fisher [Fis25]. Motivated by finding estimators that share the same asymptotic
property as maximum likelihood estimators (MLEs), Fisher proposed in [Fis25] that
if an estimator is y/n-consistent (see below), then appropriate modification of the
estimator has the same asymptotic normality as the MLE. This subject was further
studied by LeCam in [LeC56] and [LeC60], where a more general class of observation

than i.i.d. observations are considered.

Accordingly, we will show that 6 is strongly consistent, and, moreover it main-

ins y/n convergence r i.e.
tains convergence rate, 1.e

Eg- |6, — 6*]> = O(n™Y). (3.12)

An estimator that satisfies this equality is said to be /n-consistent.

We begin with the following proposition, which shows that the estimator 6
is strongly consistent. For convenience, throughout, we will use the notation A, :=

0, —0* n>1.
Proposition 3.2.1. Assume that (3.3), and (3.4) are satisfied, then

lim 0, = 0%, Py — a.s.
n—oo
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Proof. Let us fix n > 1. Clearly, A, = A1 + 2, (6" + Aj_1), so that
A 2 _ A 2 2nAT * A 772 * A 2
1A = [[An—1]" + 107+ Bna) + 5 [Ua(07 + An-y) I
Taking conditional expectation on both sides leads to

2
AN F ] <Al + 2IAT B0 + M)+ SL(+ A D) (313

2 0772 2
SN An-1l” + —5 (1 + [1An-a]), (3.14)

where the first inequality comes from (3.3) and the second is implied by (3.4). Let
Yo o= An* T ¢ 1+— Z H m > 0.
k=m+1 k=m+1 j=k+1

Then, (3.14) yields that
EG* [Yerl‘Fm] S Ym) m 2 07

and therefore process Y is a supermartingale. Noting that Y is a positive process,
and invoking the supermartingale convergence theorem, we conclude that hence the
sequence {Y,,,m > 0} converges Py- almost surely. This implies that the sequence
{l|Asm]|,m > 0} converges, and we will show now that its limit is zero. According to
(3.13), we have

2 cn?
Anll? <Eor | Am-a| + LEor [AL,_1Bn(0" + An-1)] + S5 Eoe [1+ ]| Ap1 ]

Eg« 5

<Ep | AP+ %Eg* (AT (0" + D) + > %EQ* [1+ [ Aka]?].

k=1 k=1

Hence, we get

Z “TR,.
k=

Since

AL Be(0° 4+ Ayo)| < o

As* = Ep- HAmH“erEe* [+ 1Ak

k=1

llm |AL|I? = hm Y,, < oo,
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and

m 2 oo
lim Z %Ee* [1 + HAquQ} < Z M < 00,
k=1

m—»00 k2
k=1

then, the series
m

> %Ee*

k=1

AL Be(0F + Ay_y)

, m2=>1,

converges Py« almost surely, and thus

AL Br(0° + Ap_y)| = 0.

k—o0

This implies that there exists a subsequence AT _ by, (0% + Ay, 1) which converges

Py« almost surely to zero, as k — co. According to (3.4), we also have that
2 1 T *
1Am—1I” = =l A, —1Bms (07 + A1)
1
Therefore, limy_,oo Ay, —1 = 0, Py« almost surely, and this concludes the proof. O
Proposition 3.2.2. Assume that (3.3), (3.4), (3.5) and (3.8) hold. Then,
Eo- 100 — 0712 = O(n™").
Proof. Putting Vn(én_l) = wn(én_l) — 5n(§n_1), from (3.11) we immediately have
that
An = An—l + Qﬁn(én—l) + Evn<0~n—l)a
n n
that yields
Ui ] 2 n? 7 2
Apq + ﬁﬁn(en%)” + EEG* an(enfl)H :

From here, applying consequently (3.8), (3.5), (3.4), and note that (3,,(60*) = 0, we get

. 2
Eg- || A, ||? = Eg- HAn,l + %Bn(en,l) +0(n?)

2K2 2 ~
< Epe 1802+ 22 A+ AT 18,(Bm)] + O

2 72
< (1+nK2 —277K1)E9*
n

A1l + Din2

n2
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Clearly, for any € > 0, and for large enough n, we get

Eg* HAnHz < (1 — (2K177 — 5)”71)E9* An71H2 + D1n72. (315)

For ease of writing, we put p := 2K — € and ¢, := Eg:||A,||*. Take € sufficiently
small, so that p > 1, and then chose an integer N > p. Then, for n > N we have by

(3.15) that

Jj=N+1 j=N+1 k=j+1
<CN H(l——>+D1 Z —2
Jj=N+1 J=N+1 J

Using the fact that 377 1/j% ~ 1/n and [[}_, (1 — p/j) ~ 1/nP, for any fixed

m,p > 1, we immediately get that ¢, < O(n~!). This concludes the proof. O

3.3 Quasi-asymptotically linear estimator

In this section we define a new estimator denoted as {,,n > 1} and given

recursively by
0, = —I"Y(0,) 1,0, + I (6,)T,

—1 1 _
T, = 2Ty + —(1d + n) (B 1),
n n

—1 1 ~
]n - o ]n—l + _\Dn(en—l)y n Z ]-a
n n

(3.16)

I'y=0, I,=0,
where Id is the unit matrix. Since én, I,, and I', are updated from time n — 1
based on the new observation Z,, available at time n, then the estimator 0 indeed
is recursive. This estimator will be used in Section 6 for recursive construction of

confidence regions for 6*.

Remark 3.3.1. In the argument below we will use the following representations of

I, and I,,

n

Iy = Z (Id + 1) ¥;(0;-1),  In = %Z Ui(0;1).
i=1

J=1
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Next, we will show that 6 is weakly consistent and asymptotically normal. We will
derive asymptotic normality of 0 from the property of quasi-asymptotic linearity,
which is related to the property of asymptotic linearity (cf. [Shi84]), and which is

defined as follows:

Definition 3.3.1. An estimator {0,,n > 1} of 0" is called a quasi-asymptotically
linear estimator if there exist a Py«-convergent, adapted matrixz valued process G, and

adapted vector valued processes v and €, such that

~ Gn n * *
By =00 = 23" (0") ten, n 21, Dy —2 67, Ve, — 0,
n — n— o0 n—00

Our definition of quasi-asymptotically linear estimator is motivated by the
classic concept of asymptotically linear estimator (see e.g. [Shal(]): 6 is called (lo-
cally) asymptotically linear if there exists a matrix process {G’n, n > 1} such that

n

0, — 0" =G, Zwi(ﬁ*) + en,

i=1
where Gy, "/ % Ti%) 0. Asymptotic linearity is frequently used in the proof of asymp-
totic normality of estimators. However, in general, asymptotic linearity can not be
reconciled with the full recursiveness of the estimator. The latter property is the
key property involved in construction of recursive confidence regions. Moreover, the
property of asymptotic linearity requires that the matrices G,, are invertible, which
is a very stringent requirement, not easily fulfilled. These are the reasons why we
propose the concept of quasi-asymptotic linearity since, it can be reconciled with re-
cursiveness and does not require that matrices G,, are invertible. As it will be shown

below, the fully recursive estimator 6 is quasi-asymptotically linear.

In what follows, we will make use of the following representation for 0

n

I7Y60,) ) (1d + nI;) v (6;-1). (3.17)

J=1

S|
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Theorem 3.3.1. Assume that R1-R8 hold, then the estimator 0 is P ~weakly con-
sistent.!!

Moreover, 0 is quasi-asymptotically linear estimator for 0*.

Proof. First, we show the generalized asymptotic linearity of . Due to Taylor’s

expansion, we have that

n

%Z%(e*) — %sz<§z—l> = —;Z‘I’z( i—1) i1 + — ZA WHYi (G
i=1 i=1

=1

where ¢;_1,1 < i < n, is in a neighborhood of #* such that ||¢;_y — 6*|| < [|fi—1 — 6*]|.

Note that
_ 1 - i) . 0 )
A= 3 w0) (8- > “i(05)
=—I,A, + g ZZI Iﬂ/%(éi—l)a

and by (3.18), we get

n

1 = 1 <

i=1

Therefore, using the representation (3.17), we immediately have

. - -1 9 N
O+ 171(0,) 1,0 = 17 (6n) sz (6%) (6,)B, (3.19)
Next we will show that

Py.-lim I, = —I(6%). (3.20)

n—o0

First, by (3.6), we deduce that

B[ 1960 - wio] < % ZEQ*

Al

. ~ Pyx
UThat is, 6, —— 0*.

n—oo
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Due to Proposition 3.2.2, %Z?Zl Eo«[|Ai1]] < %Z?:J_l/g = O(n~Y/2). Hence,

1 - ~ * P *
= Wi (Bimy) — Wi(07)]] — 0. (3.21)
n = n—o0
Therefore,
R )
Py.-lim I, = Py _T}E&nqu 1) = Py — g&ﬁz\m(e ). (3.22)

Next, observe that in view of Proposition A.0.1 we get

Jim % D Wi(07) = Bp-[U1(67)] = Ege [Hm (67)] = Ege [Hlog pp- (Zo, Z1)].

Invoking the usual chain rule we obtain that

Hpo-(Zo, Z1)  Vpe-(Zo, Z1)Vpe-(Zo, Z1)"

Hlog pe-(Zo, Z1) =

po-(Zo, Z1) p3(Zo, Z1)
Hpe*(Zo7Z1) T
[ T S 9* 0* ,
p@* (207 Zl) wl( )7/}1 ( )
so that
Hp@* <Z07zl)
Eq[H1 (Zy. Z1)] = Ege [ ———"—2] — 1(0%).
0 [ 0g Po ( 0 1)] 0 [pe*(Zle) ( )
We will now show that Eg- [%] = 0. In fact, denote by f, the density function
of Zy under Py« and in view of (3.2), we have
E,- |:Hp9*(Z07Z1):| _E,. [Ee* {Hpe*(zoazﬂ ‘ ZU”
po-(Zo, Z1) Po+(Zo, Z1)
Hp@*(Z07Z1>
= [ Ep | ——2"2 | Zy = d
/]R ’ lpe*(zoazﬂ [ Z0= 20| Jzo(z0)dz0
Hpe+ (20, 21)
// P (20,21 pe*(Z(),Zl)leon(Zo)dZo
Do* 20721

://Hpg*(zo,zl)d21fzo(20)d20

R JR

:/H/pe*(ZO,Zl)dzlfzo(ZO)dzo
R JR

Z/R(Hl)fzo(zo)dzo =0.
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Recalling (3.22) we conclude that (3.20) is satisfied.
By Assumption R8 and strong consistency of § we obtain that
lim I746,) = I"Y0") Py —a.s., (3.23)

which, combined with (3.20) implies that

T Y0,)L.0" -2 67, (3.24)
n—oo
Next, we will show that
VB, =25 0. (3.25)
n—oo

Indeed, by (3.7), v/nEg-

A;_1]|?, and consequently, in view of

Bn” < 5_% Z?:l Eo-

Proposition 3.2.2,

K
B,|| < lim —=logn =0,
n—oo n

e, Vs 7

which implies (3.25).

Now, taking 9,, = —I~*(0,)I,,0*, G, = ["(0,) and ¢, = [~*(0,,) B,,, we deduce

quasi-asymptotic linearity of 6 from (3.19), (3.23), (3.24) and (3.25).

Finally, we will show the weak consistency of 0. By ergodicity of Z, in view
of Proposition A.0.1, and using the fact that 6* is a (unique) solution of (3.10), we

have that
1 n
o Z i(0°) = Ep[101(67)] =0, Py —aus.
i=1
Thus, lim,, e %(é") Y or  i(6*) = 0 Py» almost surely. This, combined with (3.19),

(3.24) and (3.25) implies that 6, 20 g, as n — 0o. The proof is complete. O

The next result, which will be used in analysis of asymptotic properties of the

recursive confidence region for 8* in Section 6, is an application of Theorem 3.3.1.
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Proposition 3.3.1. Assume that R1-R9 are satisfied. Then, there exists an adapted

process v such that
Pyx

and
Vil = 90) 2 N0, 17(67)). (3.27)

Proof. Let 9,, = —I7*(0,)1,0*, G, = I7'(0,) and I"(0,)B, = &,. Then, property
(3.26) follows from (3.24).

In order to prove (3.27), we note that according to Theorem 3.3.1 we have

n—o0

- G, - . P«
0, — 9, = ; ;m(e)ﬂn, Vne, —2 0.

Next, Proposition B.0.5 implies that

n—o0

Z= 3 U) S N1,

P@*

Consequently, since by (3.23) G,, —— I~(6*), using Slutsky’s theorem we get

% > (07) = N0, 170))

n—oo

The proof is complete. O

We end this section with the following technical result, which will be used in
our construction of confidence region in Section 6. Towards this end, for any § € ©

and n > 1, we define!?

U, (0) := n(0, —0)"1(6,)(6, — 0) (3.28)
ORISR

where (6%); j—1...q = I(0,), and, as usual, we denote by x2 a random variable that

.....

has the chi-squared distribution with d degrees of freedom.

12We use superscripts here to denote components of vectors and matrices.
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Corollary 3.3.1. With ¥, = —I17'(0,,))1,6*, we have that

Un(9,) —— X2.

n—oo

Proof. From Assumption RS, strong consistency of § and Proposition 3.3.1, and em-

ploying the Slutsky’s theorem again, we get that

nI(0,)(0, — 9,) — N(0,1d).

n—0o0

Therefore,
Un(0) = 10, — 9,)"1(0,) (0, — 9,) % T,

where ¢ ~ N(0,1d). The proof is thus complete since ¢7¢ < X3

3.4 Recursive construction of confidence regions

This section is devoted to the construction of the recursive confidence region
based on quasi-asymptotically linear estimator 6 developed in Section 3.3. We start

with introducing the definition of the approximate confidence region.

Definition 3.4.1. Let {V,,n > 1} be such that V,, : R"™' — 2© and V,(z2) is a
connected set'® for any z € R™™' n > 1. The set {V,(Z}),n > 1}, with Z} =
(Zoy ..., Zn), n>1, is called a sequence of approzimate confidence regions for 0, at
significant level o € (0, 1), if there exists a weakly consistent estimator ¥ of 6*, such
that

lim Py« (¥, € Vo (Z])) =1 — .

n—oo

13A connected set is a set that cannot be represented as the union of two or
more disjoint nonempty open subsets.
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Such sequence of approximate confidence regions can be constructed, as the

next result shows, by using the asymptotic results obtained in Section 3.3. Recall the

notation U, (#) = n(6, — 0)T1(0,)(, — 0), for 6 € ©, n > 1.

Proposition 3.4.1. Fiz a confidence level o, and let k € R be such that Py (x3 <

k) =1—«. Then, the set {T,,n > 1} such that
T, ={0€0©:U,(0) <k}
1s a sequence of approzimate confidence regions for 6.

~

Proof. As in Section 3.3, we take ¢, = —I71(0,)I,,0*, which in view of Proposi-
tion 3.3.1 is a weakly consistent estimator of #*. Note that U,(-) is a continu-
ous function, and thus 7, is a connected set, for any n > 1. By Corollary 3.3.1,
Un(0,) 5 2, and since Py- (0, € Tp) = Py (U (V) < ), we immediately have that

lim,, 00 Py« (¥, € T;) = 1 — a. This concludes the proof. O

Next, we will show that the approximate confidence region 7, can be computed
in a recursive way, by taking into account its geometric structure. By the definition,
the set 7T, is the interior of a d-dimensional ellipsoid, and hence 7, is uniquely deter-
mined by its extreme 2d points. Thus, it is enough to establish a recursive formula

for computing the extreme points. Let us denote by
O s 000), k=1,...,2d,

the coordinates of these extreme points; that is 9;7 i, denotes the ¢th coordinate of the

kth extreme point of ellipsoid 7,,.

First, note that the matrix 1 (én) is positive definite, and hence it admits the
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Cholesky decomposition:

lll 0 .. 0 lll l21 . ldl
l21 l22 . 0 0 l22 . ld2
1(0,) = L, LT = :
ldl ld2 . ldd 0 o --- ldd
where [ i, j =1,...,d, are given by
i1
=\ o = D)2,
k=1
1 !
W= (o =Y 1kuk).
ARy
Thus, we have that U, (0) = n(u;, ,(0) + up 5(0) + - - - + u 4(0)), where
d ~
uni(0) =D B0, —0), i=1,....d,
j=i
and thus 7, = {6 : Zjﬂ(un,j(g))Q < B}

By making the coordinate transformation 6 — o given by o = Lg(én —0), the
set 7, in the new system of coordinates can be written as 7, = {0 : 3.0, (0')? < =1

Hence, 7, in the new system of coordinates, is determined by the following 2d extreme

1 d K
= —,0,...,0
(917 791) (\/;77 a)a
1 d K
=(—4/—,0,...,0
(QQ? 7@2) ( \/;7 ) 7)a

K
(Q%d—h“"ggd—l): (07"'707 \/%)a

K
(0345 -+ 055) = (0,...,0,— ).

points of the ellipsoid:
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Then, in the original system of coordinates, the extreme points (written as vectors)

are given by

~ K _
(92,2]‘—17 e »ei,zj—1)T = 0n — \/%(Lf) 16]’7
j=1,...,d, (3.29)
~ K B
0 N

where {¢;}, j =1,...,d, is the standard basis in R%

Finally, taking into account the recursive constructions (3.11), (3.16), and
the representation (3.29), we have the following recursive scheme for computing the

approximate confidence region.

Recursive construction of the confidence region

Initial Step: Ty =0, I, =0, 6, € O.

n' Step:

IHPUt: enflajnfhrnflaanl;Zn-

Output: 9~n = 0~n_1 + g¢n(én—1)a

—1 1 ~
[n = z Infl + _\Pn(enfl);
n n

—1
I, =

1 ~
1—‘n—l + E(Id + n[n)wn(en—l)>

(0}172]., . 702,23-)T = —I—l(én)ln% + ]—1( )+ \/g(]n—lm)Tej,
(9711,2]‘—17 s 792,2j—1)T = _[_1(0~n)[n9~n + [_1(~n)rn - \/g(lgl/Q)Tejv
j=1,....d.

From here, we also conclude that there exists a function 7, independent of n, such

that

T =7(To1, Zn). (3.30)

The above recursive relationship goes to heart of application of recursive confidence

regions in the robust adaptive control theory originated in [BCC*16b], since it makes
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it possible to take the full advantage of the dynamic programming principle in the

context of such control problems.

We conclude this section by proving that the confidence region converges to
the singleton 6*. Equivalently, it is enough to prove that the extreme points converge

to the true parameter 6*.

Proposition 3.4.2. For any k € {1,...,2d}, we have that

Pg*— lim Qn,k =0".
n—+00

Proof. By Assumption R8 and Theorem 3.2.1 (strong consistency of é), we have that

L, > I'/2(#*), and consequently, we also have that

n—oo
K rr—1 as
\/jejLn 225 0. (3.31)
n

Of course, the last convergence holds true in the weak sense too. Passing to the
limit in (3.29), in Py probability sense, and using (3.31) and weak consistency of 0

(Theorem 3.3.1), we finish the proof.

3.5 Examples

In this section we will present three illustrative examples of the recursive con-
struction of confidence regions developed above. We start with our main example,
Example 3.5.1, of a Markov chain with Gaussian transitional densities where both the
conditional mean and conditional standard deviation are the parameters of interest.
Example 3.5.2 is dedicated to the case of i.i.d. Gaussian observations, which is a

particular case of the first example.

Generally speaking, the simple case of i.i.d. observations for which the MLE

exists and asymptotic normality holds true, one can recursively represent the sequence
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of confidence intervals constructed in the usual (off-line) way, and the theory devel-
oped in this chapter is not really needed. The idea is illustrated in Example 3.5.3 by
considering again the same experiment as in Example 3.5.2. In fact, as mentioned
above, this idea served as the starting point for the general methodology presented

in the thesis.

Example 3.5.1. Let us consider a Markov process {Z,} with a Gaussian transition

density function
po(,y) = ! =
7 V1-p?V2ro R
and such that Zy ~ N (u, 0%).

We assume that the correlation parameter p € (—1,1) is known, and the un-
known parameter is 0 = (u,0) € O, where © = [ay, as] X [by,ba], and a1 < ay, by < by

are some fized real numbers with by > 0.

In the Appendix C' we show that the process Z satisfies the Assumption M, and
the conditions R0-AJ.

Thus, all the results derived in the previous sections hold true. Moreover, for
a given confidence level o, we have the following explicit formulas for the nth step of

the recurrent construction of the confidence regions:

L 0 Zn — pZp—1 — (1 = p)fin—1)

n = n-1+ = y
S ne2, (14 0)
~2 =2 Ui N(Zn — pZp—1 — (1 — p)iin_1)?
Op =0p 1~ = + N ~3 )a
NOp-1 n<1 - P )Jn—l
__1=p _ 2(Zn—pZn-1—(1=p)jin—1)
n—1 1 (1+p)an_, (1+)55
]n = -[n—l - ’
_ 2(Zn=pZn_1—(1=p)fin—1) 1 3(Zn=pZn-1=(1=p)fin—1)*
(A+p)ay_y CE (1-p?)5t_,
n—1 1 fin—1

r,= Ly + —(Id+nl,) :
n n



116

and, for j € {1,2,3,4},

(14+p)32 ~ (14+p)52 iy~
M5 1—p 0 Hn 1-p 0 K rzo-n 0
= — [n + Fn + Wj— Uj,
2 0 s 52 0 erd " 0 On
Tn,j 2 On 2 V2
where wy = w3 = —1, wy = wy = 1, up = uy = €1, Uz = Uy = €9, N is a constant
b3 (1+p)b3 2 _
such that n > z&, 1 > 5375, and Po(x5 < k) =1—qa.

Example 3.5.2. Let Z,,, n > 0, be a sequence of i.i.d. Gaussian random variables
with an unknown mean p and unknown standard deviation o. Clearly, this important
case is a particular case of Example 3.5.1, with p = 0, and the same recursive formulas

for confidence regions by taking p = 0 in the above formulas.

Example 3.5.3. We take the same set-up as in the previous example - i.i.d Gaussian
random variables with unknown mean and standard deviation. We will use the fact

that in this case, the MLE estimators for u and o® are computed explicitly and given

by

n

1 <« 1
(ly, = Zy, 62 = Zi — in)?, > 1,

It is well known that (fi,6%) are asymptotically normal, namely

Vi(fi, — p*,62 = (0%)%) —2= N(0, 1Y),

n—o0

where

First, note that (ji,,62) satisfies the following recursion:

n 1

[Ln = [Ln—l + —ZTw
n—ril 1 n+n1 (3.32)
A2 ~2 ~ 2
- 7 1o \Mn T Zn ) > 1.
On n -+ 10-7171 + (TL + 1)2 (:U’ ) n
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Second, due to asymptotic normality, we also have that, U, 4. X3, where U, :=
n—oo

L (fin — 1) + 52 (62 — (0*))?. Now, for a given confidence level o, we let k € R be

such that Py« (x5 < k) = 1 — «, and then, the confidence region for (j,0?) is given by

54
n 2O-n

Tn = {(N,J2) e R*: %(ﬂn—u)2+ o (62 —0?)? < /i}.

Similar to the previous cases, we note that T, is the interior of an ellipse (in R?),

that is uniquely determined by its extreme points

. K. . “ K. 4
(Mmho-?z,l) = (Mn + \/%O-m 31) ’ (Mn,270-121,2) = (un - \/;0-7“0-721) )

. 12K\ . . 265\ .
(ﬂn73aai,3) - (Nm (1 + 7) 0-721) ) (M”747U7?L,4) = (:um (1 - ;) U?L) :

Therefore, taking into account (3.32), we have a recursive formula for computing these

extreme points, and thus the desired recursive construction of the confidence regions

Tn-
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CHAPTER 4
FUTURE WORK

In Chapter 2, we have introduced an axiomatic approach for modeling bid and
ask prices in general financial markets. Our framework is constructed in a discrete-
time setting. Therefore, a major future work will be to develop analogues of our
dynamic conic-finance theory in the continuous-time set-up. Such extension will be

divided into four major research tasks:

1. The first step is to develop continuous-time versions of dynamic risk measures
and dynamic acceptability indices for dividend-paying securities, and to estab-
lish the connection between such dynamic assessment indices and backward

stochastic differential equations.

2. The next research problem is to define a market model under the continuous-
time assumption, and to introduce the relevant financial definitions such as

value process, self-financing trading strategy, and arbitrage.

3. As in the current study, special attention will be devoted to dividend paying
securities. The main difficulty will be to prove that dynamic conic finance via

backward stochastic differential equations is a no-arbitrage pricing framework.

4. Finally, it is interesting to study the limit behavior of the theory developed in

this work as the time increment goes to 0.

In Chapter 3, we initiated the theory of recursive confidence regions. In part,
this theory hinges on the theory of recursive identification for stochastic dynamical
systems, such as a Markov chain, which is the main model studied here. Although
the results in the existing literature on statistical inference for Markov processes are

quite general, not much work has been done on the recursive identification methods
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for Markov processes. Our results provide a useful contribution in this regard, but,
they are subject to assumption of ergodicity imposed on our Markov chain. We leave

the study of more general cases to the future work.

It is implicitly assumed that our base estimator at each time step belongs to
the parameter space. One way to ensure this is to choose the parameter space as the
largest possible set that the true parameter lies in. However, this is not always possible
so that one needs to consider constrained recursive point estimators. We leave for
the future work the study of recursive confidence regions generated via constrained

recursive point estimation algorithms.
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APPENDIX A
ERGODIC THEORY FOR MARKOV CHAINS



121

In this section, we will briefly discuss the theory of ergodicity for (time homo-
geneous) Markov processes in discrete time. Note that for fixed transition kernel @
and initial distribution p, all the corresponding Markov processes have the same law.
With this in mind, we will present results regarding ergodicity of Markov processes
associated to the canonical construction from ) and p. We start with recalling the

notion for ergodicity of general dynamical systems.

Let (€2, F,P) be a probability space, and let T :  — € be a measure pre-
serving map, i.e. a map such that P(T7'(A)) = P(A) for every A € F. Then,
the corresponding dynamical system is defined as the quadruple (€2, F,P,T). Define
G:={AeF :T'A) = A}, and note that 2,0 € G. Then, we have the following

Definition A.0.1. A dynamical system (Q, F,P,T) is said to be ergodic if for any
A € G we have P(A) =0 or P(A) = 1.

One important result in the theory of dynamical system is the celebrated

Birkhoft’s Ergodic Theorem (See e.g. [Bir31], [vN32b], [vN32a]).

Theorem A.0.1 (Birkhoff’s Ergodic Theorem). Let (Q, F,P,T) be an ergodic dy-

namical system. If f € LY(Q, F,P). Then,
i | V-
Nl—r>rcl>oN —

f(T"w) =Ep[f] P—a.s.

We now proceed by introducing the canonical construction of time homoge-
neous Markov chains. Let (X, X) be a measurable space. Also, let Q : X x X — [0, 1]
be a transition kernal and 7 be a probability measure on (X', X) such that 7(A) =
[y Q(z, A)m(dx), for any A € X. Such measure 7 is called an invariant probability
measure of Q. For every n > 0, we define a probability measure P%" on (A"F!, X7+1),

where X" is the product o-algebra on X!, by

IP?’”(AO X ... XA, = /A /A Q(xp_1,dxy) - Q(xg, dry)m(dxy),
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for any Ay, ..., A, € X. The sequence of measures {P?"},, is consistent. That is,
PO (Ag x Ay ... x Ap) =P9"M (A x Ay x ... x A, x &™),

holds true for any integer m > 0, and Aq,..., A, € X. Therefore, by Kolmogorov’s

extension theorem, such family of measures extends to a unique measure P9 on

(XN, xN), such that
P Ay x Ap... X Ay x X®°) =P (Ag x A... x A,), Ao,..., A, €X. (A1)
With a slight abuse of notation, we denote by 7" the (one step) shift map on AN
(T(W))g = Wer1, we XN

Due to the construction of (XN, XN P?) and the fact that « is an invariant measure,
then it can be verified that T is measure preserving, and therefore (AN, XN, P9 T) is

a dynamical system.
Next, define a process X on (AN, XN P%) by
Xw) =w, weal,

so that, in particular, X, (w) = w(n) for any integer n > 0. A process defined in this

way is called a canonical process on (AN, XN PY) .
We now state and prove the following result,

Lemma A.0.1. A canonical process X on (XN, XN, P?) is a time homogenous Markov
chain with transition kernel (), and thus it is called the canonical Markov chain on

(XN, XN PYQ). Moreover, the initial distribution of X coincides with , so that
PO(X, € A) = n(A).

Consequently, process X 1is a stationary process, that is, for any n > 1, the law of

(X, Xjs1,s -y Xjin) under P9 is independent of j, j > 0.
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Proof. For any n > 1, denote by dxg., := dz, X -+ X dxg. According to (A.1) and

the definition of P@", we obtain that

P?(dx()m) = P?’”(dx()m) = Q(Tp_1,dx,) - Q(xg, dxy)m(dxy).
Next, for any Ay, ..., A, € X, we get that
]P’?(An X X Ao) = Eg[ﬂAnx---on]

= / E2[La, | Xno1 = Tt -, Xo = 2P (dzoin—1).-
An 1 X ><A0

(A.2)
On the other hand, we also have that
PY(A, x -+ Ag) = P9"(A, / / Q(zp_1,dxy,) -+ Qxo, drq)m(dx)
Ao
- / / Q(In—h dxn)]P)w (dxo:n—l)-
Ap_1X--xAg J An,
(A.3)

(A.2) and (A.3) yield that

P?(XnEAn|Xn_1:l’n_1,...7X0:ZE0 EQ[ILA |Xn 1 = Tp— 1,...,X0:I0]

= P?(Xn € An | Xn—l == In—l)-

Therefore, we conclude that X is a Markov chain.
Now we prove the initial distribution of X is 7. By definition of X we have
PY(Xy € A) = P2 (w(0) € A) = PY(A x &™),
Then, according to (A.1), it is true that
PP(A x X>) = PY0(A) = n(A).

Therefore,

PY(Xo € A) = m(A),
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and 7 is the initial distribution of X.

We finish the proof by showing the stationarity of X. That is to prove for any
fixed n > 1, the probability P?(X; € Ay, ..., X,; € A,) is independent of j > 0.
Since 7 is invariant measure @, then it is clear that P2(X; € Ag) = m(Ap). Next, we

have
PO(X; € Ao, ..., Xpij € Ap) =PE(X7 x Ag x --- x A, x &™),

where the right hand side is equal to P97 (X7 x Ag x --- x A,,) by (A.1). Finally,

according to the definition of P¥"*7 we have

PO (X7 x Ag x ... x Ay) —/ / / Q(Tnyj-1,dTnyj)
x J 4 An
xn 1, dxy) - Q($0,d$1) (d$0)7

/A / Q(@ntj—1, dTnsj) - - - Qaj, dwjpr)m(da)

0
=P (Ag x ... x A,) =P2(Ag x ... x A, x X®)
=PYXp € Ay, ..., Xn €A).

We now conclude that X is a stationary process. O]

Remark A.0.1. If a transition kernel Q) admits an invariant measure m, then it is
customary to say that 7 is an invariant measure for any Markov chain corresponding

to Q. In particular, 7w is the invariant measure for the canonical Markov chain X on

(AN, XN P9).
We proceed by defining the notion of ergodicity for a canonical Markov chain
X.

Definition A.0.2. The canonical Markov chain X on (XN, XN PQ) is said to be

ergodic if (XN, XN, P2 T) is an ergodic dynamical system.

Remark A.0.2. Note that since an ergodic Markov chain X is, in particular, a

canonical Markov chain on (XN, XN, PQ), then it is a stationary process.
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Through the rest of this section X denote the canonical Markov chain defined
on (XN, XN P¥9). The following technical result is one of the key technical results used

in this thesis. In its formulation we denote by E® the expectation under measure P%.

Proposition A.0.1. Let X be ergodic. Then for any g such that E?[g(X,, ..., X,)] <

oo, we have

N—
lim — Z o Xign) = E9g(Xo, ..., X,)] P9 —as.

N—)oo
=0

Proof. By definition, we have that (AN, XN P2 T) is an ergodic dynamical system.

For fixed n > 0, take f : AN — R defined as f(w) := g(w(0),...,w(n)) for any
w € XN, Note that
w(j) = Xj(w), Jj=0,
and

T (w)(j) = Xisw), 6,520,

Then, according to Birkhoff’s ergodic theorem, we get that for almost every w € X'™:

&%_29 ~HM-%$—Z”"

We finish this section with providing a brief discussion regarding sufficient
conditions for the Markov chain X to be ergodic. Towards this end, first note that,
in general, a transition kernel () possesses more than one invariant measures, and we

quote the following structural result regarding the set of invariant measures of @),

Proposition A.0.2. [Var01] Let Q : X xX — [0, 1] be a (one step) transition kernel.

Then, the set Ilg of all invariant probability measures of Q) is convex. Also, given a
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measure © € 11, the system (XN, XN PQ T is ergodic if and only if w is an extremal
point of 1. Furthermore, any two ergodic measures are either identical or mutually

singular.
Proposition A.0.2 implies
Corollary A.0.1. If a transition kernel () has a unique invariant probability measure

7, then the system (XN, XN PQ T) is ergodic.

One powerful tool for checking the uniqueness of invariant probability measure
is the notion of positive Harris chain. There are several equivalent definitions of

positive Harris Markov chain, and we will use the one from [HLLOO].
Definition A.0.3. The Markov chain X with transition kernel (Q is called a positive

Harris chain of

(a) there exists a o-finite measure p on X such that for any xo € X, and B € X with
w(B) >0

P(X,, € B for some n < o0o| Xy = x¢) = 1,
(b) there ezists an invariant probability measure for Q.

Proposition A.0.3. If X is a positive Harris chain, then X is ergodic.

Proof. 1t is well known (cf. e.g. [MT93]) that a positive Harris chain admits a unique

invariant measure. Thus, the result follows form Corollary (A.0.1).
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CLT FOR MULTIVARIATE MARTINGALES



128

In this section, for a matrix A with real valued entries we denote by |A| the

sum of the absolute values of its entries.

In [CP05] Proposition 3.1, the authors gave the following version of the central

limit theorem for discrete time multivariate martingales.

Proposition B.0.4. On a probability space (2, F,P) let D ={D,,;,0 < j < k,,n>
1} be a triangular array of d-dimensional real random vectors, such that, for each n,
the finite sequence {D,, ;, 1 < j < k,} is a martingale difference process with respect

to some filtration {F, ;,j > 0}. Set

kn
D;= sup |Dn;l, Uy=)> D.;Dl,
1<j<kn e
Also denote by % the o-algebra generated by Uj € where ¢ = liminf, F, ;. Sup-
pose that DY converges in L' to zero and that U, converges in probability to a %

measurable d-dimensional, positive semi-definite matriz U. Then, the random vector

Z?Zl D, ; converges % -stably to the Gaussian kernel N'(0,U).

Remark B.0.3. % -stable convergence implies convergence in distribution, it is enough
to take the entire S in the definition of % -stable convergence. See for example [AE78]

or [HL15].

We will apply the above proposition to the process {1, (0*),n > 0} such that
Assumption M, R8 and R9 are satisfied. To this end, let us define the triangular
array {D,;,1 <j<n,n>1} as

1 *
ij = %¢](0 )7

and let us take F, ; = F.

First, note that Eg«[1;(6*)|F,;—1] = 0, so that for any n > 1, {D,;,1 < j <n}

is a martingale difference process with respect to {F;,0 < j < n}. Next, R9 implies
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that Dj := sup;<;<, %ﬁwj(e*ﬂ converges in L' to 0. Finally, stationarity, R8 and

ergodicity guarantee that
ij YT (6%) = Egr [ (607 (97)]  Bor —as.

The limit 1(6%) = Eg« [t (6*)T (6%)] is positive semi-definite, and it is deterministic, so
that it is measurable with respect to any o-algebra. Therefore, applying Proposition

B.0.4 and Remark B.0.3 we obtain

Proposition B.0.5. Assume that Assumption M, RS, and R9 are satisfied. Then,

Z% 6) —— N(0,1(6%)).

n—oo
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TECHNICAL SUPPLEMENT
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Assumptions R4-R6 are stated for any deterministic vector § € ©. In this
section, we show that if (3.3)-(3.7) hold for § € O, then for any random vectors
0,0,,0, that are F,_; measurable and take values in ©, analogous inequalities are

true.

Proposition C.0.6. Assume that R4-R6 are satisfied. Then, for any fired n > 1
and for any random vectors 0,804,045 that are F,,_1 measurable and take values in ©,

we have

Eo- [[[¢n(0) | Fna] < c(1+ 110 — 67]1%), (C.1)

(0 —6)70,(0) < —K,|6 — 6*|?, (C.2)

16,(0)[| < K>|[0 — 0], (C.3)

B [[|Wn(61) = Wn(62)[|[Fna] < K3[|61 — 62, (C4)
Eo- [[IHYn (0)[[| Fr1] < K. (C.5)

Proof. We will only show that (C.2) is true. The validity of the remaining inequalities

can be proved similarly. Also, without loss of generality, we assume that d = 1.

From (3.4), we have for any 0 € ©, (6 — 0*)Egp«[t,,(0) | Fro1] < K110 — 0%|. If
0 is a simple random variable, i.e. there exists a partition {A,,,1 < m < M} of Q,

where M is a fixed integer, such that A,, € F,,_1, 1 < m < M, and 6 = Zn]‘le cmla,,,
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where ¢,, € ©. Then, we have that

(6 —6")bn(0) = (D cmla,, — 0 )Eg[10n(8)[F]

3

M-

]]-Am (Cm — 0*)E9* [lAm¢n(0)|fn—1]

3
I

M-

]]-Am (Cm - 9*)E9* []]-Am1/}n(cm)|fn—l]

3
1§

M-

La,, (Cm - 9*)E6’* [¢n(cm)|fn—1]

1

3
I

M
< =) 4, Kile, — 07 = —K116 — 6",
m=1

From here, using the usual limiting argument we conclude that (C.2) holds true for

any J,,_1; measurable random variable 6. O

In the rest of this section we will verify that the Assumption M and the

properties RO—R9 are satisfies in Example 3.5.1.

It is clear that the Markov chain {Z,,n > 0}, as defined in Example 3.5.1,
satisfies (i) and (iii) in Assumption M. Next we will show that Z is a positive Harris
chain (see Definition A.0.3). For any Borel set B € B(R) with strictly positive

Lebesgue measure, and any 2, € R, we have that

limIP’g*(anéB,...,ZlgéB|Z0:z0)

n—oo

= lim Pp-(Z, ¢ B| Z,1 ¢ B)-Po-(Zo ¢ B| 21 ¢ B)Po-(Z1 ¢ B | Zy = =)

= lim Py-(Z2 ¢ B| 21 ¢ B)"'Py(Z1 & B | Zo = 2) =0,

and thus Z satisfies Definition A.0.3.(a). Also, since the density (with respect to the

Lebesgue measure) of 7 is

1 (1 —u)?

2 e 2(0.*)2 ,
V2no*

fz,0(21) = /RPG*(Zle)on,G*(ZO)dZO =
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then Z; ~ N(u*, (0*)?), and consequently, we get that Z, ~ N(u*, (0*)?) for any
n > 0. This implies that A'(u*, (0*)?) is an invariant distribution for Z. Thus, Z is a

positive Harris chain, and respectively, by Proposition A.0.3, Z is an ergodic process.

As far as propreties RO-R9, we fist note that

Un(0) = Vlogpe(Zn-1, Zn)
_ <Zn —pZna = (A= pp 1 (Zn = pZna = (1= p)u)2>T7

a%(1+p) "o (1—p?)o3

b (0) = Eg- [t (0)| Fru1]
= (- (L=p)p=p) o™ =0  (1=p)(n= u*)2>T7

o*(l+p) = o3 (1+ p)od
_i _Q(anpZn—lf(lfp)p,)
(14+p)o? (1+p)o3

\I]n(g) =

_2(Zn=pZn-1=(=p)p) 1 _ 3(Zn—pZn-1—(1=p)n)?
(1+p)o3 o? (1—p?)o*

We denote by Y, := Z,, — pZ,_1 — (1 — p)u, and we immediately deduce that that

Ep-[Y, | Fooa] = (1 = p) (0" — p),
Eo: [V} | Fuca] = (1= p)* (0 — p)* + (0%)*(1 — p?),
Eg [V, | Fuca] = (1= p)* (" — ) +6(1 + p)(1 — p)* (1" — p)?(c™)?

+3(0") (1 - PR

(C.6)

From here, and using the fact that © is bounded, it is straightforward, but tedious,*
to show that R4, R5, R6, and R7 are satisfied. Also, it is clear note that RO is true,

and using (C.6) by direct computations we get that R1 and R2 are satisfied.

Since

EM%Wﬂz(“—pmﬁ—M(ﬁV—UQ u—mw—uw)’

2+p @ (+p)ed

then R3 is clearly satisfied.

14 The interested reader can contact the authors for details.
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Again by direct evaluations, we have that

l—p 0
(14p)o2
1(0) = B[ (0)vn(0)"] = | " :
0 2
which is positive definite matrix, and thus RS is satisfied.

Finally, we will verify R9. By Jensen’s inequality and Cauchy-Schwartz in-

equality, we have that

exp (E(;* sup |¢,(9*)]> < Eg- exp < sup W,(@*)]) = Ep- [sup exp |w1(0*)|]

0<i<n 0<i<n 0<i<n

<> Eor exp 44(6°)|

=1

M 1 y?2
<3 Ei e (o L
Z (i e T A=

< Z <]E9* exp( 21’}1 ) ))

Note that for Y;,7 = 0,...,n is normally distributed, and therefore, there exist two

N

2 2Y;? 3
<E9* exp(; + A= p)os p)203)) .

constants C and Cs, that depend on 6* such that

2|Yi| 2 2Y??
wen (ita) =G B (G ) =6

Hence, we have that

Eg« sup |¢;(0")| <logn + = logCng,

0<i<n

and, thus RO is satisfied:

lim Eg- [ sup

n—o0 0<i<n

}glim

n—oo

(logn N lOgClCQ) 0

1 *
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