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1. Introduction

One of the famous problems in fuzzy subgroup theory is to find the number of fuzzy
subgroups of dihedral group. Some authors discussed the case of cyclic groups and finite
Abelian group [1-3, 8-9]. In [10] Tarnauceanu obtain formula for the fuzzy subgroups of
dihedral group D, and D,m, which was verified by Dabari, Saeedi and Farrokhi in [6].
In our earlier work [7], we have determined the number of subgroups of a finite abelian
group of rank two. In this present paper, we establish a recurrence relation for the number
of distinct fuzzy subgroups of dihedral group D,m,» and solve this recurrence relation
by using the concept which was already used by Tarnauceanu and Bentea [2].

2. Preliminaries

Let X be afixed non-empty set. A Fuzzy Setsu on X is afunction from X to [0,1]. A
fuzzy subset of agroup G iscaled afuzzy subgroupf G if

Q) p(xy) = min {u(x),u(N}vVxy €6

(i) wx™D)=pux)VxeaG
Clearly, u(e) = max u(G). For each a € [0,1], the level subsetorresponding to « is
defined as u, = {x € G: u(x) = a}[4] . A fuzzy subset  isafuzzy subgroupf G if and
only if itslevel subsets are subgroups of G [5].

Let ~ be the natural equivalence relation on the set of all fuzzy subsets of G.

Then u~p iff (u(x) > uly) & px) > p(y) Vx,y € G). By the above equivaence
relation, the fuzzy subgroups of G can be classified up to equivalence classes in such a
way that two fuzzy subgroups p and p of G are distinct if 4 + p . Suppose that G is a
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finite group and u: G — [0,1] is a fuzzy subgroup of G. Let u(G) = {a;, ay, a3,.., ay}
and assumethat a; > a, >...> a,. Then u provides the following chain of subgroups of
G ending with G

Hay S Ha, S Hay S S U, =G (1)
Thenforany x € G andi = 1,2,3,...,n, wehave u(x) = a; © x € g, — g, , Withthe
assumption that u,, = @. According to Volf [11], a necessary and sufficient condition for
two fuzzy subgroups of G to be equivalent with respect to ~ is that they are same level
fuzzy subgroups, that is, they determine the same chain of subgroups of type (1). Hence,
there exists a bisection between the equivalence classes of fuzzy subgroups of G and the
set of chains of subgroups of the group G, which end in G. If F; denotes the number of
all distinct fuzzy subgroups of G, then F;; isthe number of chains of subgroups of length
one of G ending in G plusthe number of chains of subgroups of length more than one of the
group G, whichend in G.
Fe=1+3YpccFu
Fe =1+ XYaistinct Hersoq) (Fu X 1), ()
where Is0(9) is the set of representative classes of subgroups of G and ny denotes the size
of the isomorphism class with representative H.

3. Dihedral group

The group D,, is known as Dihedral group of order 2n, this group is generated by two
elements: arotation y of order n and areflection x of order 2. Under these notations, we
have, D, =< x,y|x? =1,y" = 1,xy =y 1x >.

Theorem 3.1. [12] Every subgroup of D,, is cyclic or dihedral. A complete list of
subgroupsis as follows:-

(i) Cyclic subgroups < y¢ >, where djn

(i) Dihedral subgroups < y4,xy' >, wheredjnand0 <i <d -1
Here cyclic subgroup <y? > ~Z,,4 and <y%,xy'>~D,,y . As follows form
Theorem 3.1, we have following results:
~Z, wherei=0,n

1
Theorem 3.2. Number of subgroupsof group D,» are . _
groups ot group {p"“ ~D,i where i =0,n

Theorem 3.3. Number of subgroupsof group Dymg» are
1 ~Z,,wherei=0mandj= on

pq L
piqi Dplq]

wherei=0mandj=0n

Now we contract recurrence relations for number of fuzzy subgroups of group Z,mn,
Dym and Dymgn.

Theorem 3.4. The number of all distinct fuzzy subgroups of Dymgn is

2 [Bsansneamnl G0 e = 20 +
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P (O] (—DRrrizbrgy (150 (g +2-1D)" -

1-p
Sarzbrkre=n-1 [ () () g+ p™ 1 - ("‘“)("‘”) +

P(m)(m 1+t)] (—1)ktb+1b+tab+1 (a+b) ((q 4o 1 )a]]

lp

4. Construction of recurrence relations

Theorem 4.1. If F(meqn) denotes number of fuzzy subgroups of group Z,m
we can establish relation as

F(Zymgn) = 2F(Zymgn-1) — 2F(Zym-14n) + 2F(Zym-1,n-1) = 0

Proof: We know that, the number of subgroups of group Z,m4» which are isomorphic
to group Z ,kqn islfor0<h<nand0<k<m

By using (2), we have F (Z,mgn) = 1+ X3to Bhzg F (Z ke gn) + Xisg F(Z jegn) (3
Changeninton-1in (3), we get

p qn,then

F(Zymgn-1) = 1+ o TRZGF (Zyegn) + TR F (Zykgn-1) @
From (3) and (4), we get

F(Zymgn) = 2F (Zymgn-1) = Y1 F (Zpegn-1) ®)
Changeminto m-1in (5), we get

F(Zym-1qn) = 2F (Zym-1qn-1) = YR8 F(Z jegn-1) (6)
From (5) and (6), we get

F(Zymgn) = 2F (Zymgn-1) — 2F (Zym-14n) + 2F (Zym-14n-1) = 0 @)

Theorem 4.2. If F(me) denotes number of fuzzy subgroups of groupD,,m=, then we
can establish relation as

F(Dym) — 2pF(Dym-1) = 2F(Z,m) — 2pF(Z ym-1)

Proof: By using (2) and Theorem 3.2, we have

F(Dp”):1+z?=o ( )+Zlopn lF( ) )
F(Zyn) =1+ 50 F(2 p,-) 9)
(8)-(9), we get

F(Dyn) = 2F (Zyn) = 213 p"'F (D) (10)
Changenton-1in (10), we get

F(Dyn-1) = 2F(Zyns) = S22 p"=1F(D ) (11)
(10)-p (11), we get

F(Dyn) — 2pF(Dyn-1) = 2F (Zyn) — 2pF (Zyn-1) (12)
Theorem 4.3. If F(meqn) denotes number of fuzzy subgroups of groupDmgn, then

we can establish relation as
F(Dymgn) — 2qF (D mgn-1) — 2pF(Dym-1n) + 2pqF (D ym-1,n-1)
= 2F(Zymgn) — 2qF(Z ymgn-1) — 2pF(Zjm-1,n) + 2PqF(Z jm-1,n-1).
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Proof: By using (2) and Theorem 3.2, we have

F(Dp q") =
1+ X B F(Zpigr ) + Z06  Big P " (D ) + Z0d 4" F(Dymgs) (13)
F(Zymgn) =1+ X5 0" OF(Zp q,) + 3 gF(meq,-) (14)

(13)-(14), we get
F(Dpmgn) — 2F (Zymgn) = LGt S o p™™ iqn-fF(Dp MRSy —fF(meq,-)

(15)
Changenton-1in(15), we get
F(Dymgn-1) = 2F (Zymgn-1) =
TS EI p™ g I (D g ) + B33 0T (D gy ) (16)
(15) g (16), we get
F(Dymgn) = 2F (Zymgn) = 2qF (Dymgn-1) + 2qF (Zymgn-1) = £ p™F(Dpign )
(17)
Changemtom-1in (17), we get
F(D m-14n) = 2F (Zym-14n) — 2qF (Dpym-14n-1) + 2qF (Zym-14n-1) =
m-2 pm-—1- ‘F(Dpiqn (18)

(17)-p(18), we get

F(Dpmgn) — 2F (Zymgn) — 2qF (Dpymgn-1) + 2qF (Zymgn-1) — 2pF (Dym-1,n) +
2pF(z m-14n) + 2pqF (Dpm-1n-1) — zqu(z m-14n- 1) =0

F(Dpmgn) — 2qF (D pymgn-1) — ZpF(D m-14n) + 2qu(me_1qn_1) = 2F(Zymgn) —
2qF (Zymgn-1) — 2pF(Z m-14n) + 2qu(z m-14n-1) (19)
Now we find solution of these recurrence rel i ons which satisfies required initia
condition.

5. Solution of recurrencereation
Multiply both sides of (19) by x™ and summation n from 1 to o, we get

Ym1 F(Dpmgn) x™ = 2q Yoy F(Dymgn-1) x™ = 2p X5y F(Dpym-1n) x™ +

2pq Y= F(me—lqn—l) xt=2)r_; F(Zp mgn ) X" —=2q Y-, F(Zp mgn- 1) x" -
2p Y1 F(Zym-1n) x™ + 2pq ¥3ioy F(Zym-1n-1) x™

Take Yyoo F(Dpymgn) x™ = By and X5-o F (Zymgn) x™ = Cp,, We get

(By — F(Dym)) — 2qxBp, — 2p(Bjn—q — F(Dym-1)) + 2pqxBp_q = 2(Cry —
F(me)) —2qxCp, — 2p(Cppe1 — F(me—l)) + 2pqxCy_q

(1—-2gx)By, —2p(1 — qx)Bjy—1 — (F(me) - 2pF(me—1)) =2 —2qx)C,, —
2p(1 — qx)Cp—y — 2[F(Zpym) — pF (Zym-1)].

Use the concept F (me) = 2™ in above equation, we get
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(1—=2qx)Bp, —2p(1 — qx)Bp—y — 2™ (2 —p)) = (2 — 2gx)Cp, — 2p(1 —
qx)Cpm—q — 2[2™ — p2™~1] (1 — 2gx)Bp, — 2p(1 = qx)Byy_q
=2 -29x)Cp, — 2p(1 — qx)Cpp4 (20)

Now we find value C,,, multiply both sides of (8) by x™ and summation n from 1 to oo,
we get

(Cn — F(Zym)) = 2xCry = 2(Cppmq — F(Zym-1)) + 2xCppmq = 0

Cn(1 = 2x) = Cppeq (2 — 2%) = F(Zym) — 2F (Zym-1) = 2™ = 2™ =0

(2-2x) _
Cm — = 2x)C 1 =0.

2-2X\
1—2x)

The general solution of above equationisC,,, = A(
Weknow that F(Z,0,n) = 2™
Theﬂ CO = Z;’?—O 2n n= L

T 1-2x

1 2-2x.;m
Hence, Gy, = 1-2x (1 2x

Put the value of C,,, we get

_ (2=2x\" ((1-qx)(2—2x-p+2px)
(2 = 2q2)Cn = 2p(1 = @) Cipy = (1—2x) ( (1-2x)(1—x) )
Hence, (20) becomes

2-2x\™ ((1-qx)(2-2x—p+2px)
(1 - qu)Bm - Zp(l - qx)Bm_l = ( x) ( ax X—pt+ipx )

1-2x (1-2x)(1—x)
2p(1—qx) _(2=2x\™ ((1-qx)(2—2x—p+2pX)
Then By, — (1-2qx) Byt = (1—2x) ((1 2x)(1— x)(l—qu)) (21)

C.F of the recurrence relation (S) |sA(2(’;(12qqx’;))

P.I of therecurrencerelation (21) is B (2 zx)
Now we find B

2-22\"  2p(1-qx) 2-2x 222\ ((1—-qx)(2-2x—p+2px)
B(l Zx) - (1-2gx) B(l—Zx) (1 Zx) ((1—2x)(1—x)(1—2qx))
B[l_p(l qx)(1— Zx)] ((l—qx)(z 2x— p+2px))

(1-2gx)(1—x) (1-2x)(1—-x)(1—2gx)

(1—gx)(2—2x—p+2px)
(1-2x)(1-p+(pq+2p-1-2q)x+(29-2pq)x?)

=

Then, the general solution of (21) is

o 2p(1-qX)\m (1-gx)(2—2x—p+2px) 2—2x\™M
B = A( (1-2qx) ) ((1—2x)(1—p+(pq—2q—1+2p)x+(2q—2pq)x2)) (1—2x)
Put m=0in Yo F(Dgn) x™ = B,

v 2M@™'+q-2) 5 1 2(1-qx)
Bo = Xn=o q-1 A [1 qu 1— Zx] T la-2g0@a-2x%)
Put m=0in (10), we get
— (1-gx)(2-2x—p+2px)
=4+ ((1—2x)(1—p+(—1—2q+pq+2p)x+(2q—2pq)x2))
2(1—-gx) _ (1—-gx)(2-2x—p+2px)
Hence (1-2gx)(1-2x) =4+ ((1—2x)(1—p—(1+2q—pq—2p)x+(2q—2pq)x2)
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_ (=p)(1-g9%)
(1-2qx)(1-p+(Pq—-2q-1+2p)x+(2q—2pq)x?)
Hence
B, =

(=p)(A-qx) ] (2p(1—qx))m
(1-2qx)(1-p+(pq—2q-1+2p)x+(2q9-2pq)x?)] * (1-2qx)

( (1-gx)(2—2x—p+2px) ) 2—2x)m
(1-2x)(1-p+(pq—2q-1+2p)x+(2q—2pq)x?)/ \1-2x

_ 2M(1—qx) (1—-qx)™ 1-x \M+1 1-x\™
B = v aza-t+zmxt Ga—2p002%) [_pm+1 (zgnymi T2 ( ) -p ( ) ]
B, =

2 (1 qx) [Z bt O[(m)(m+t)qk+t m+1 _ (m+1)(m+t) +

(m)(m 1+t)] (—1)k+b+1b+tgh (a+b) ((q +2— _p)) xk+t+a+2b]

But By, = Yr—o F(Dpymgn) x™ , Hence F(Dymgn) = coef ficient of x™ in By,
F(Dymgn) =

o T z(m,:l)(mm +

(m)(m 1+t)] (- 1)k+b+12b+tqb (a+b) ((q 4ol )a —

1-p
Ya+2b+k+t=n—1 [(m)(mH)qupm+1 - Z(m“)(mH) +

p(M)(MH)] (~1)ktbH1gbHEgh+ (a+b) (( +2-1¢ )a]] (22)

1-p

CoroIIary [6, 10]. The number of all distinct fuzzy subgroups of D ym g1 is
(p 1)2 [(m + z)pm+2q (m + 3)pm+1q + zpm+2 pm+1 + (m + 2)p2 _

Bm+7)p+ (2m+ 4)]
Proof. Put n=1in equation (22), we get desired result.
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