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—— Abstract

Higher-order grammars have recently been studied actively in the context of automated verification
of higher-order programs. Asada and Kobayashi have previously shown that, for any order-(n + 1)
word grammar, there exists an order-n grammar whose frontier language coincides with the language
generated by the word grammar. Their translation, however, blows up the size of the grammar,
which inhibited complexity-preserving reductions from decision problems on word grammars to those
on tree grammars. In this paper, we present a new translation from order-(n 4+ 1) word grammars to
order-n tree grammars that is size-preserving in the sense that the size of the output tree grammar
is polynomial in the size of an input tree grammar. The new translation and its correctness proof
are arguably much simpler than the previous translation and proof.
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1 Introduction

It is well known that there is a close relationship between context-free word languages
and regular tree languages: for any regular tree language L, its frontier language, i.e., the
word language consisting of the sequence of leaf symbols of each tree in L, is context-free;
conversely, for any context-free language with no empty sequence, the set of parse trees
is a regular tree language. Damm [6] has shown that this correspondence generalizes to
safe higher-order languages: for any order-n (safe) language L, there is a corresponding
order-(n 4+ 1) word language that corresponds to the frontier language of L, and vice versa.
Asada and Kobayashi [1] extended the result to unsafe higher-order languages. The results
allow us to reduce a problem on order-(n + 1) word languages (like linear-time property
verification of order-(n+1) functional programs) to a problem on order-n (but tree) languages.
Such a reduction may be useful, since the cost of various problems on a higher-order language
(such as HORS model checking) is usually in the tower of exponentials whose height is the
order of the language.

Unfortunately, however, the translation of Asada and Kobayashi [1] from order-(n + 1)
word grammars to order-n tree grammars (which is the hard direction) blows up the size of
the grammar: the output tree grammar is hyper-exponential in the size of an input word
grammar, which cancels off the benefit of reducing the order of the grammar. Also, both the
translation and correctness proof were very complex. Clemente et al. [5] have shown another
translation from order-(n + 1) word grammars to order-n tree grammars (as a component of
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their algorithm for the diagonal problem), but their translation also suffers from the same
problem of blowing up the size of the grammar.

In the present paper, we present a much simpler translation from order-(n + 1) word
grammars to order-n tree grammars, where the size of the output grammar is polynomial in
the size of an input grammar.!

Some of the known results on the complexity of decision problems on higher-order
languages follow immediately from our result. For example, Parys [12] has shown that the
complexity of the diagonal problem is n-EXPTIME-complete for order-n tree grammars and
(n — 1)-EXPTIME-complete for order-n word grammars. He separately discussed the tree
and word cases, but using our result, the upper-bound for the word-case follows immediately
from the tree case. (Note that the hardness follows from the translation of [1] in the
opposite direction.) For another example, it is known that the inclusion problem between an
order-(n + 1) word language and a regular language (to which various program verification
problems can be reduced) can be decided in n-EXPTIME in the size of the order-(n + 1)
word grammar; it is, for example, obtained as a corollary of Kobayashi and Ong’s result [10]
that linear-time property model checking of order-(n 4 1) higher-order recursion schemes
(HORS) is n-EXPTIME complete. Using our result, the upper-bound of the complexity
of the inclusion problem can be obtained as an immediate corollary of the n-EXPTIME
completeness of the modal u-calculus model checking of HORS [11] and our result.

Our new translation from word grammars to tree grammars is in a sense more elementary
than the previous known translations [1, 5]. While the previous translations used intersection
types, our new translation, which has been inspired from [3, 9], uses only simple types. The
correctness proof of the new translation is also arguably much simpler than those of the
previous translations.

Related Work As explained above, a translation from order-(n + 1) word grammars to
order-n tree grammars has first been shown by Damm [6, Theorem 7.17] for safe grammars.
His translation does not seem to generalize to unsafe grammars (grammars without the so
called “safety restriction” [7, 4]). Asada and Kobayashi [1] and Clemente et al. [5] have
shown translations for unsafe grammars. As mentioned already, these previous translations
are quite different from ours. Both of the previous translations [1, 5] used intersection types
and replicated a term for each intersection type. Since the number of intersection types
need for the translation of order-k grammars is k-fold exponential, it was inevitable for the
previous translations to blow up the size of the grammar. In contrast, our translation does
not use intersection types, and only keeps track of how order-0 variables are used.

As for applications, Asada and Kobayashi’s translation [1] has been used to prove a
pumping lemma for higher-order grammars modulo a certain conjecture [2]. Clemente et
al. [5] used (an extension of) their translation to prove the decidability of the diagonal
problem.

Our translation has been inspired from related transformations developed in [3, 9]. Asada
and Kobayashi [3] used a related transformation for order-3 grammars, which was used to
prove a variant of the pumping lemma for higher-order grammars. Kobayashi et al. [9] used
a similar transformation technique for probabilistic higher-order grammars called PHORS,
to provide a fixpoint characterization of the termination probability of PHORS.

L More precisely, the transformation of Asada and Kobayashi [1] consists of two steps, a main step and an
administrative step. We simplify only the main step; for applications discussed below, we do not need
the administrative step.
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The rest of the paper is structured as follows. Section 2 reviews the definition of higher-
order grammars, and states the main result. Section 3 gives the definition of the new
transformation from order-(n + 1) word grammars to order-n tree grammars. Section 4
proves the complexity results, and discusses an application of the main result. Section 5
proves the correctness of the translation. Section 6 concludes the paper.

2 Preliminaries

We first review basic definitions on higher-order grammars [6, 1] in Section 2.1; our definitions
given below basically follow those of [1], with slight modifications. We then state our main
result in Section 2.2.

We often write @ for a sequence aq,...,a,, and write |a| for the length n of the sequence.

2.1 Higher-order grammars

» Definition 1 (types and terms). The set of (simple) types, ranged over by &, is given by:
K =0 | K1 = Kka. The order, arity, and size of a type k, written ord(x), ari(x), and |x|,
are defined by

ord(o) := 0 ord(ki — k2) = max (ord(k1) + 1, ord(k2))
ari(o) := 0 ari(ky — K2) = 1+ ari(ke)
lo] :==1 |[k1 = ko| == |k1|+ |k2| + 1.

The type o describes trees, and k1 — ko describes functions from k1 to ko. The set of terms,
ranged over by s,t,u,..., is defined by:

t:::x|at1 -~-tk|t1ﬁ2|t1@t2‘9.

Here, x ranges over a denumerable set of variables, and a over a set of constants (which
represent tree constructors). We also use meta-variables y, z, F, G for variables. Variables
and constants are also called non-terminals and terminals respectively. A ranked alphabet
¥ is a map from a finite set of terminals to the set of natural numbers; we call 3(a) the
arity of a terminal a. We implicitly assume a ranked alphabet whose domain contains all
terminals discussed, unless explicitly described. The term t; @ t5 denotes a non-deterministic
choice between ¢ and to, and 2 denotes divergence. A term is called an applicative term if
it contains neither @ nor €.

A (simple) type environment K is a sequence of type bindings of the form x : xk, where K
may contain at most one binding for each variable. The type judgment relation K Fgr ¢ : & is
defined by the following rules.

Y(a)=k  Khtgrti:o (foreachie{1,...,k})

K,z:k Ktgro:k Ko ati o
Krsttiire —r  Khsrta: o Khrsrtiio Khrgrty:o -
Klsrtits:w Khrerti ®ty:o0 KhsrQ:o

For a technical convenience, in the typing rule for constants, we require that a terminal
must be fully applied; this does not restrict the expressive power of higher-order grammars
introduced below. Note that, given K and ¢, there exists at most one type x such that
K Fsr t: k. We call k the type of ¢ (with respect to K). Henceforth, we consider only
well-typed terms.
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A term t is called ground (with respect to K) if K Fsr t : o, and ¢ is called a (finite,
Y-ranked) tree if ¢ is a closed ground applicative term consisting of only terminals. We write
Treesy, for the set of Y-ranked trees, and use the meta-variable v for trees.

We define the size |t| of a term t by: |z| := 1, |aty -+ ,tg] := 1+ [t1] + -+ + |t&],
|st] == |s| +|t| + 1, |sDt] :=]s| +|¢| + 1, and |Q := 1.

» Definition 2 (higher-order grammar). A higher-order grammar (or grammar for short) is a
quadruple (X, NV, R,t°), where

Y. is a ranked alphabet,

N is a map from a finite set of non-terminals to their types,

R is a finite set of rewriting rules of the form Fxy --- xy — t, where: (i) ¢ is a term,
(i) N(F)=k1 — -+ = kg — o, (ili)) N, 21 : K1,...,%¢: ke Fsp t 2 0 holds, and (iv) in R
there is exactly one rule for each nonterminal,

t° is a term called the start term, and N Fgr t° : o.

The order of a grammar G is defined as the largest order of the types of non-terminals (or
0 if dom(N) is empty). We define the size of N, written as [N, by |N|:= 3 o IN(F)],
and also define the Curry-style and Church-style sizes of a grammar G, written as |G|, and
|Glens By |Gley =[] + 22 5y o wystyer (It +€) and [Glen := |Gley + [N, respectively. We
sometimes omit the subscript of |G|c, and write |G|. |Glen (rather than |G|cy) is essentially
the same as the definition of the grammar size in [12] (the results of [12] will be discussed in
Section 4.2, as an application of our results).

The tree language L(G) generated by a grammar G is defined as follows. The set of
evaluation contexts (ranged over by F) is defined by the grammar:

EZZZH|at1...t¢_1Eti+1...t2(a) (1§Z§E(a))|E@t|t€BE

Below we consider only contexts F such that A,K,[]:0 kst E : o. For a grammar
G = (X,N,R,t°), the rewriting relation —g is defined as follows:

(Fz—>t)eR

E[Fg] —g E[ [g/g]t] E[a g(tl @ ta) ﬁ] —g E[(a Sty 17) ® (asty ﬁ)]

We write —¢ for the reflexive transitive closure of —¢g. We may omit the subscript
G and write — and —"*, if G is clear from the context. We define the set of choice
contexts (ranged over by C) by: C == [] | C@®t | t® C. For N Fgr t : o, we define
L(G,t) :={v € Trees |t — Cv]}, and L(G) := L(G,1°).

» Remark 3. In [1], we used a slightly different definition of a higher-order grammar: (i) The
definition in the present paper uses a start term, while that in [1] uses a start symbol (i.e., a
start term is restricted to some non-terminal S). (ii) In the present paper R is deterministic
and total, and @ and §2 may occur on the right hand side of each rule, while in [1] R is
not necessarily deterministic nor total, and neither @ nor 2 may occur. The two styles of
grammars can be mutually translated in an obvious manner.

The grammars defined above may also be viewed as generators of word languages.

» Definition 4 (word alphabet / br-alphabet). A ranked alphabet ¥ is called a word alphabet
if it has a special nullary terminal e and all the other terminals have arity 1. A grammar G
is called a word grammar if its alphabet is a word alphabet. For a tree v = ay(--- (ane)---)
of a word grammar, we define word(v) = ay - - - a,. The word language generated by a word
grammar G, written L£,(G), is word(L(G)).
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The frontier word of a tree v, written leaves(v), is the sequence of symbols in the leaves
of v. Tt is defined inductively by: leaves(a) = a when X (a) = 0, and leaves(av; --- v;) =
leaves(v;) - - -leaves(v,) when Y(a) = k > 0. We write Licar(G) and Liea:(G,t) for
leaves(L£(G)) and leaves(L(G,t)), respectively, and call Lieas(G) the frontier language
generated by G.

A br-alphabet is a ranked alphabet such that it has a special binary constant br and
a special nullary constant e, and the other constants are nullary. We call a grammar G a
br-grammar if its alphabet is a br-alphabet. Intuitively, br and e represent the concatenation
of two frontier words and the empty word e respectively. For a word w, we write wt, for the
word obtained by removing all the occurrences of e in w, and L1, for {wt. | w € L}. We
write s & ¢ if L1eas(G, 5)Te = Licar (G, t)Te.

For a word alphabet ¥, we define the br-alphabet of ¥, written br(X), by: br(X) := {e —
0,br —» 2} U{a— 0| X(a) =1}

We note that the classes of order-0, order-1, and order-2 word languages coincide with
those of regular, context-free, and indexed languages, respectively [13].

» Example 5. Consider the order-2 (word) grammar G; = ({a:1,e:0},{S:0,F: (0 — 0) —
(0 2 0),T:(0—0)— (0 —0),A:0— 0}, Rq1,S5), where Ry counsists of:

S— FAe Ffe— (fo)e (F(Tf)x) Tfx— f(fx) Az —az
S is reduced, for example, as follows

S— FAe— C1[F (T A)e] — Co[F (T (T A)) e] —C3[(T (T A)) €]
—C3[T A(T Ae)] —* Cs[a*(e)]

where C1, Cs, and C3 are some appropriate choice contexts. The word language L£,(G1) is
{a%" | n>0}.

Consider the order-1 (tree) grammar Go = ({br:2,a:0,e:0},{S:0,F:0 — 0,T:0 — o},
R2,S), where Ro consists of:

S—Fa Ff—=fa(F(Tf) Tf—bvrff

The frontier language Licar(G2) coincides with £,(G;1) above. This (existence of an order-1
tree grammar corresponding to an order-2 word grammar) is not a coincidence, as stated in
Theorem 6 below.

2.2 The main result
The following theorem states the main result of the present paper.

» Theorem 6. For any n > 0, there exist an effective translation T, from order-(n+ 1) word
grammars to order-n br-grammars and a polynomial p, such that, for any order-(n+1) word

grammar G, Lieas(Tn(G))Te = La(G) and [Tn(G)] < pa(|G])-

The theorem above follows from Theorems 12 and 13, given in Sections 4 and 5 respectively.
Theorem 6 without the condition |7,(G)| < pn(|G]) has been proved in [1] (Theorem 7).

» Remark 7. Asada and Kobayashi [1] have also presented a post-processing transformation
for removing e, which also suffers from a hyper-exponential blow-up of the grammar size. We
do not think that there exists a size-preserving transformation that achieves the removal of e.
Fortunately, however, the post-processing transformation is unnecessary for the applications
discussed in the introduction.
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3 The Transformation

A basic idea of our translation (7, in Theorem 6) to decrease the order of a grammar is to
represent an order-1 word function as a tuple of order-0 terms, each of which represents the
set of (the tree representations of) words that may be generated before a certain target term
(such as an argument, a constant, or a variable) is encountered. For example, consider a
term ¢ u of type o where ¢ has type o — o. The set of words generated by tu is To U (17 - Up),
where Top = {w |tz —* w(e)}, T1 = {w | tx —* w(x)} (for a fresh variable z of type o),
and Up = {w | v —* w(e)}. In other words, Ty is the set of words that are generated by ¢
before e is encountered (without using the argument), and T} is the set of words that are
generated before the argument is encountered. If we can convert ¢ and u to tg,t1, and ug
that respectively generate tree representations of Ty, T1, and Uy, then the whole term ¢t u can
be converted to tg @ (brt; ug) (where recall that the binary tree constructor br plays the
role of word concatenation). In this manner, the order-1 term ¢ has been replaced by order-0
terms to and t;. As a concrete example, consider an order-1 grammar:

S—=TU Tx—aedbx U—ce.
Then it can be converted to the order-0 grammar:
S—)To@(brTon) To — a T — Db Uy — c.

(In the actual translation below, e should actually be passed around as a variable.)

For higher-order grammars, we apply the above transformation inductively (although a
further twist is required as we explain later). For example, consider the grammar (which is a
contrived version of Example 5).

S—TAe Tfzx— f(fz) Ar —ax.

Since the first argument f of T has type o — o, it is replaced by an order-0 variable f;, which
is bound to a term that generates (the tree representation of) words generated by f before
the argument is encountered. T is then replaced by an order-1 function 77 which, given fi,
generates words generated by T f x before x is encountered. The resulting grammar is thus:

S—>T1A1 T1f1—>brf1f1 A1—>a.

Note that f(f z) generates x only after the outer call of f uses the argument f z, and then
the inner call of f uses the argument, hence the body br fi f1 of T7. Notice that the type
of Ty is 0 — o, which has order 1. In general, a function of type kK1 — -+ — Kk — o — o
(where ord(ky) > 0) is converted to a tuple of functions of type Ii]i - KJL — o, where
(-)T represents recursive applications of the type conversion.

A further twist is required for higher-order cases. For example, consider the grammar:

S— He(be) Hzy— F(Gzy) Fg—gA Gaxyh— (hx)® (h(hy))
where the types of non-terminals are:
S:o H:o—o0—o0 F:((o—0)—0)—o0 G:0o—0—(0o—0)—o0

(the rule and type of A are as before, hence omitted). Based on the idea above, the rule for
S can be translated to:

S — H1 D (bI‘HQb),
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where H; (Ha, resp.) generates the words generated by H x y before x (y, resp.) is encountered
in the original grammar. But how can the rules for H; and Hs be obtained from that of H?
The head symbol F' of the body of H has no order-0 argument, so the idea explained above
does not apply. We translate the rules for H, F, and G to:

Hy, — Fy(Goe Q) Hy — Fy(GoQ2e) Fygo — go Ax
Go xoyo h1 — (br hy zo) @ (br hy (br hi yo)).

Here, Fygo generates the words generated by F'g before a certain target symbol (say,
z) is encountered, assuming that gy A; generates the words generated by g A before z is
encountered. In Hy, the argument g is set to G e §2 (so that when z is reached in the original
grammar, the empty word is generated, and when y is reached in the original grammar, no
word is generated) since the target symbol is x, while in Ha, go is set to Go Qe. Similarly,
G is a function to generate the words generated by G x y h in the original grammar before a
certain target symbol is encountered, assuming that the arguments zg and yy generate the
words generated by x and y before the target is encountered.
The following is a variation of the example above:

S— He(be) Hxzy— K(Gz)y Kky— F(ky) Fg—gA
Gzyh — (hx) @ (h(hy))

where K : (0 — (0 — 0) — 0) — 0 — o. We have just introduced an auxiliary step to reduce
Hzyto F(Gzy), via K(Gz)y. It can be translated to:

S%Hl@(erQb) H,y —>K0(G0e) H2—>K1(G09) Koko—)Fo(k()Q)
Ki ki — Fy(kie) Fo go — go A1 Go o yo h1 — (br hy xg) ® (br hy (br hy yo)).

Here, K| is a function to generate the words generated by K ky before a certain target
(embedded in k) is encountered (thus, K¢ (Go e) generates the words generated by K (G )y
before the target = is encountered), whereas K is a function to generate the words generated
by K ky before y is encountered. Different arguments Gge and Gy €2 are, therefore, passed
to Ko and K7. In Gy e, the target is set to = (hence = has been replaced by e), whereas in
Go 2, the target has not been set yet (and is later set to y when G is passed to K1).

Note that the translations above have been chosen to clarify the essence of our transfor-
mation; they do not exactly match the actual translations defined below. Henceforth, we
often write k1 — --- — k3, = of — o for kK — --- — Kk;, — of — o when either ord(xy) > 0
or k = 0; note that x1,...,k,—1 (but not ;) may be the ground type o. We abbreviate
K1 — - = Ky = o' = 0 to & = o' — o, and define gar(k = of — o) := £. We assume that
a given word grammar is normalized to the form (X, A, R, S e), where R does not contain e.

The discussions above suggest that for each term t of an order-n type & = of — o, with
order-0 variables x1, ..., g, we need to consider the following tuple of order-(n — 1) terms in
the target grammar:

(t()atl) ... ?t€7t£+1a ... 7t€+kat5+k+1)-

Here, each element ¢; of the tuple is a function used to generate (tree representations of) the
words generated by ¢ before a certain target is encountered, where the “target” is:

the i-th ground-type argument (precisely, the i-th argument of the part of — o in the
type K = of wooft)if 1 <i<¥,

Ti—y 1f€+1§l§€+k,

set inside the term t if ¢ = 0, and
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TR-OMEGA
KC;x1,. ., xp 0 Far Qo ~ (QFF2) ( )

. _ TR-VARG
K21, ..., 0 Far @0~ (QF e, QF 1) ( )

Kly)=k=0o'—o

po 7 1 (TR-VAR)
Kixy,...,zp:0bny:R=0"2 0~ (Yo, Y1y, Y, Yesr1)"H)

N(F)=Fk=0"=o

. (TR-NT)
Kixy,...,xp:0bn FiR=of = o~ (Fy,Fy,..., Fy, (Fp)Ft)

Kizq,...,x:0bptio~ (Lo, trt1)

(Tr-CONST)
K;x1,...,z:0bpn a(t) 0~ (bratg,...,bratpir)

KC;xy,...,xn 0N 8 Ko — R = 0' =0~ (S0,...,801ks1)
Kix,...,xk:0bat: ko~ (Lo, s borgikyr) gar (ko) = ¢/

Kizi,....,o5:0Fyst:R=0" >0
~s (80(toy ey ters torgkr1)s STy ooy torytorgkt1)s s Se(t1, ooyt torskt1)s
Sep1(tegi,ty, - steteyryn), s Serkst(toprytsta, oo te toypy1))
(Tr-APP)
1 0~ (S0, Sepke2)
Kizq,...;x:0bpatio~ (Lo, oy trt1)

Kix1,...,zp:0Fpn s:0

Kizi,...,xp:0Fp st:of o
s (SO D (bI‘ S1 to),Sg, ey So41,S042 D (br S1 tl), ey So4k42 D (br S1 tk+1))
(Tr-APPG)

Kiz1,...;x:0bn s 0~ (S0, .., Skt1)
Kiz,...,x:0bptio~ (Lo, trt1)

(TR-CHOICE)
Kizy,...,z:0bn s®t:o~ (soDtoy.-.,Skt1 D trr1)

N(F)=k1 — -+ — kpm=0"—o0

yl:K:la"'vym:/{m;x17~";xk:0|7Nt:oW(t07t17"';tkatk+l)
~ ~/ .
i = 2,05+« + s Yi,gar(k; P = i,1y++ s Yi,gar(k; 1§Z§m
Yi = Wi0 - Yigar(s)t1) Y (y,1~ Yiga o) ) (TR-RULE)
{Fomn - ym = to} U
Fx (Fyn - Ym @1 g — ) ~ o _
{Fiyl o Ym 4)15”16{1,...7]{3}}
Gg=(E,N,R,Se) e does not occur in R
R =UR'|kxn (Fyz—>t)~R', (Fyz—1t)€R
U{R" | Fa (Fy ) (Fy ) €ER} (Tr-GrAM)

G ~ (br(%), N¥,R', 81)

Figure 1 Translation rules from a word grammar to a tree grammar
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set later by the higher-order arguments of t if i = ¢+ k + 1.

We formalize the translation for terms as a type-based transformation relation of the
form:

Kiar,....op byt B= 0" = 0~ (to,t1, .o to togts o toghs tosktn)-

where K is a type environment and x1,...,x; are order-0 variables; we often omit the
subscript of k5 and write I if A/ is clear from the context. The relation means that the term
t of type & = o° — o is transformed to the tuple (to,t1,...,te,tor1,- - tosk, toska1), Where
the role of each term is as described above. The relation is defined by the transformation
rules given in Fig. 1.

The translation AN'* of the types of nonterminals used in (TR-GRAM) is defined as follows.
We first define the translation of types by:

(n1—>-~-—>f£;€:>oé—>o)T:=

(Hﬁ—)~--—>ka—>0)><(/£17/—>~-~—>/$le—>o)€><(fi1T—>---—>mT—>o),

(/@1—>---—>mk:>o£—>o)T = (mT,—>--~—>ka/—>o)€x(m1T—>---—>f£k‘L—>o),
T+m
) .

(k1 == kp=>0" =0

(mT—>~--—>/ikT—>o)><(mT, —orel 5 0) x (ki = o = T = o)™ T!

where m > —1. The translation of type environments is defined by:

1 T

(yl Ry Yk "{k) = (y1,07 s ayl,gar(ﬁl)+1) : 51T7 sy (yk,Ov CER yk,gar(nk)—&-l) Rk -

Finally, we define N'# by:

(Fl CR1, - Fy: Hk)i = (F1,07 B Fl,gar(nl)) : HlTila LR (Fk,Oa cee 7Fk,gar(nk)) : K:kT71~
As in (TR-RULE), we translate each rule Fy; -+ ymx1 ... T — ¢t with N(F) = k1 —
- = Km = 0F — o by the relation:

Y1 K1y Ym i Bm L1y k0 bEpAr 0~ (b, b1, .oy by tlat)-

Note that every t being transformed never contains e since R does not contain e.

We now explain some of the key rules. There are two rules for variables: (TR-VARG)
for ground type variables z1,...,x, and (TR-VAR) for variables bound in I (note that
some of them also may have ground type o). In (TR-VARG), the (i + 1)-th component
of the output should represent the words generated before x; is encountered; since x; is
immediately encountered, the component is set to e. The other components are set to
Q (which generates no word), since no other variable is encountered by reducing z;. In
(TR-VAR), each type binding  : s in K gets (implicitly) translated to (yo,...,yes1) : &' In
the output of translation, the last k 4+ 1 components (which represent the words generated
until 21, ..., 2, and an unknown target are encountered) are set to ys1, because x;’s are
unknown for the environment. In Example 8 below, we explain why we use y¢11 (rather than
yo) for the last k£ + 1 components of (TR-VAR). There are also two rules for applications,
(Tr-APP) and (TR-APPG). (TR-APPG) is used when the function s has an order-1 type.
The first component of the output is set to so @ (br s1 tg), since st encounters the current
target either when s does so without using ¢ (which is covered by sg), or s uses the argument
t and then ¢ encounters the target (which is covered by br s; tg). In (TR-APP), the output
is just an application, but we need to choose the function and the argument appropriately
for each component of the output tuple. Note that k¢ in (TR-APP) can be o.
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» Example 8. The following example of the translation shows why we need to use ypy1
rather than y for the last k + 1 components in (TR-VAR). Let us consider the following
grammar:

Sr — Fx(Gx) Fyg—T(Ag)y Thy — h(hy)

Agy—g(Jy) Gzh—hz Jyz = (by) @ (c2)

S:o0—o, F:o0— ((0—>0)—0)—o, T:(0—0)—0—o,
A:((0 = 0) —0)—o0—o, G:0— (0 —0)—o, J:o—o0—o.

Then we have the following reduction sequence:

Se— Fe(Ge) — T(A(Ge))e —>A(Ge)(A(G Je) — Ge(J (AG ) )
— J(A(Ge)e)e — (b(A(Ge)e)) @ (ce) — (b(Ge(Je))) @ (ce
— (b(Jee)) @ (ce) — (b((be) @ (c e)))®(ce)—>(( (be)) @ ( (ce))) @ (ce).

Thus, the language generated by the grammar is {bb, bc, c}. The translation produces:

S1 — Fo (e, Q) (Go(e, ), Go(Q,Q))
Fy (yo,y1) (90, 91) = (To(Ao(g0, 91), A1(91), Aol(g1,91)))

@ (br (Tn( Ai(g1), Aolg1,91))) Yo)
To(ho, ha, ha) — ho & (br by ho) Ao(90,91) = go(br J1 2, Ja, brJiQ)
T1( hl,hg) —>brh1 (brh1 e) Al( 91) —>gl(erle, JQ, erl Q)

Go (xg, 1) (ho, ha, ha) — ho ® (br hy z()
Jo —Q J1 — b Jg — C.

The frontier language generated by the output grammar is {bb,bc, c}. If we changed the
definition of (TR-VAR) by replacing yi+1 with yo, then A;(g1) in the body of Fy above would
be replaced with A;(go).—But then we would wrongly obtain cc as a member of the frontier
language. |

The following theorem guarantees that the output of the translation is a valid grammar;
the preservation of the language will be proved later in Section 5.

» Theorem 9. Suppose that G = (X,N,R,Se) is an order-(n + 1) word grammar, and
G~ G'. Then G' is a (well-typed) order-n tree grammar.

The well-typedness of G’ follows immediately from the following lemma, which can be proved
by a straightforward induction.

» Lemma 10. I[fK;Z:0 ot : & ~ (1), then NI KT F (1) : 6T Furthermore for
y € dom(K), yo does not occur freely in t except for ty.

4 Complexity and Application

Here we give some complexity results of our translation: an upper bound of the size of an
output grammar and the time complexity of the translation. Based on the complexity results,
we discuss an application of our translation.

For a grammar G, we write Ag (or A if G is clear from the context) for the largest arity
of the terminals, variables, and nonterminals occurring in G. Note that, for an input word
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grammar G, we have Ag < [N| < |G|eh and |G|ey < |Gen, but it is not necessary the case
that Ag < |G|cy (for any k, {S — F(Ge), F f"7° — e, Ga°g" — e} is well-typed and

Ag > ari(k)). Also note that Ag > 1 for an input grammar G (since the start term is Se).

For r = (FT — t) € R, we define |r| := [t| + ari(N(F)), so that |Glcy = [t°] + >, cr |7
also, we write R, for R’ such that -y r ~» R’ by (TR-RULE).

4.1 Complexity

To suppress the blow-up of the cost of our translation, we pre-process an input grammar to
convert it to a certain normal form, as in [8]. A grammar G is in normal form if each rule is
of the form

FZ = (folfiizin) - (fuazig)) © @ (frolfeizin) - (fre i)

where each fj; is a non-terminal, terminal, or variable; and each z,; ; is a variable; note
that k and each ¢}, can be 0. (Rigorously, the expression like ¢ @ - - - @ ¢ can be represented
as D[t1] - [tg] with D =:=[] | Q| D ® D.) By the following transformation, any grammar G
can be transformed to a grammar in normal form: First note that any rule is of the form

FzZ— (fiotin - t1e) ® & (froter - tre)

where each fp,; is a non-terminal, terminal, or variable, and each ¢ ; is a term (which may
contain @ and ). If there exist h and ¢ such that ¢, ; is not of the form f, 25, then
we replace the occurrence tp,; with G zp ; and add the rule Gz, ;§ — t5,; Y, where G is a
fresh non-terminal and {z;,;} (C {Z}) is all the free variables occurring in ¢, ;. By repeated
applications of this transformation, we obtain a grammar in normal form; note that the
number of repeated applications is at most |G|cy. The following lemma guarantees that the
preprocessing transformation does not blow up the grammar size; see Appendix A for the
proof.

» Lemma 11. Let G’ = (X, N/, R/, Se) be the grammar obtained from G = (X, N,R,Se) by
the above transformation. We write A for Ag. Then,

Agr <24,

IV < O(INT x [Gley)

|G'|cy € O(A x [Gley),

the time complexity of the normal-form transformation is O(A X |Glcy),

ord(G’) = ord(G).

oW

We obtain the following complexity results; see Appendix A for the proof.

» Theorem 12. Let G’ be the output of our translation (i.e., the composite of the normal-form
transformation and that of Fig. 1) for an input grammar G = (X, N, R,Se). We write A for
Ag. Then,

1. Ag/ S O(A2),
2. |G'ley € O(A* X |Gley) and |G'|en € O(A* X |Gley + (IN] X |Gley)™) where n = ord(G),
3. the time complezity of our translation is O((A3 4+ |N|) x |Gley).

11
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4.2 Applications

Our translation can be used to bridge results on higher-order word and tree grammars.
Besides applications of our previous translation [1], our new size-preserving transformation
can be applied in contexts where the complexity is critical. For example, Parys [12] showed
that the diagonal problem for higher-order grammars (which is called nondeterministic higher-
order recursion schemes in [12]) is (n — 1)-EXPTIME-complete for order-n word grammars,
and n-EXPTIME-complete for order-n tree grammars. In his paper, the two results, for
words and for trees, were proved separately. By using the result in the present paper, however,
the (n — 1)-EXPTIME-completeness of the diagonal problem for word grammars of order n
immediately follows from the n-EXPTIME-completeness of the diagonal problem for tree
grammars of order n (where, on the hardness part, use the converse transformation given
in [1, Theorem 5]).

5 Correctness of the Translation
Here we prove the following theorem, which states the correctness of the translation.
» Theorem 13. If G ~~ G', then L,(G) = Liear(G')Te-

We show this theorem in the following steps:

First, in Section 5.1, we reduce the proof to the case where G is recursion-free (Lemma 15).
This is rather a standard technique, which uses the finite approzimation GU™: the
reduction of G(™ imitates that of G up to m-steps, but diverges after m-steps.

Then we show the statement of Theorem 13 with the assumption that G is recursion-free
(Lemma 21). This is the main part, proved by using the subject reduction property. In
the proof of the subject reduction, we modify the reduction —¢ of the source grammar
G, by using explicit substitutions. We define the modified reduction in Section 5.2, and
then we show the subject reduction and the correctness for a recursion-free grammar in
Section 5.3.

5.1 Reduction of the correctness to recursion-free grammars

» Definition 14 (recursion-free grammars). A grammar G is called recursion-free if there
is no cyclic dependency on its non-terminals. Precisely, we define a binary relation »>g on
nonterminals of G by: F' =g F’ iff F’ occurs on the right-hand side of the rule for F'; then G
is recursion free if the transitive closure =% of ¢ is irreflexive (i.e., F' =& F for no F € N).

Here we show the following lemma;:

» Lemma 15. Suppose that, for any G and G', if G is recursion-free and G ~~ G, then
L4(G) = Lieas (G')Te. Then, for any G and G', if G ~ G', then L,(G) = Licas(G')Te.

To show this lemma, we define the finite approximation mentioned above. Given terms t,
s; (i € I) and variables z; (i € I), we write [s;/x;];crt for the term obtained by simultaneously
substituting s; for z; in t. Given m > 0 and G = (X,N,R,t°), we define the m-th
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approximation GM) of G as follows.

N = {FD s N(F) | F € dom(N),0 <4 <m}
tﬁ\if) = [FO/Fpent (for any term ¢ and i € {0,...,m})
R = {FOF 57V |[(FT 1) eR1<i<m}
U{F9Z 5 Q| (FT—1t)eR}
G = (5, N0, R, (#9)).

We write t() and R(™ for t ) and R(™ N ) if A is clear from the context.
The following are basic properties of G("):

» Lemma 16. 1. If G is in the domain of the transformation ~ (i.e., G is of the form
(3,N,R,Se) where 3 is a word alphabet and R does not contain e), then so is Ggim.

2. G s a recursion-free grammar.

3. L(G) = UnL(G"™). Hence, L4(G) = UnLy(G™) for any word grammar G, and
Lieaz(G)Te = U Licas (GU™) 1 for any br-grammar G.

Proof. Item 1 is clear, and also Item 2 is clear (since F() =g am) GU) implies j =i — 1).

Item 3: Let G = (X, N, R,t°). To show U,,£(G"™)) C L(G), let v € L(G™); i.e., there
exist a choice context C' and a reduction sequence II in G from (t°)™) to C[v]. Let us
callarule in {FOZ — Q| (FT — t) € R} a bottom rule. We can easily show the following
fact: if t — s by some bottom rule r and s — wu, then there is a term v’ such that ¢ — v’
and v/ —* u where the latter rewriting uses only r. By using this fact repeatedly, from
IT, we obtain a choice context €’ and a reduction sequence I in G(™) from (t°)(™ to C’[v]
where II’ does not use any bottom rule. Then, by dropping the index 7 of every nonterminal
F® in I', we obtain a reduction sequence in G from t° to C”[v] for some C”’.

Conversely, let v € £(G). We have C and a reduction sequence IT in G from ¢° to C[v]; let
m be the length of TI. Then there exist C’ and a reduction sequence I’ in G™ from (¢°)(™)
to C'[v] (such that IT is obtained from II' by dropping the indices of all the nonterminals in
IT'). Hence v € £(G"™)), and thus £(G) C U,,L(G™). <

The following lemma, is trivial; see Appendix B for the proof.
» Lemma 17. If G ~ G and G™) ~~ G! . then Lieas (G ™) e = Lieas (Gl e

Now we can show:

Proof of Lemma 15. Let G ~ G’ and G(™) ~ G/ for each m. Then, by the assumption,

cw(g(m)) = Eleaf (gyln)/l\e (1)
Then,
L4(G) = UnLy(G™) (by Lemma 16-3)
= Umﬁleaf(g;n)/]\e ( ( ))
= Umﬁleaf(g/(m))Te (by Lemma 17)
= L16as (G )Te- (by Lemma 16-3). <

13
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5.2 The modified reduction of source grammars

As explained at the beginning of this section, we modify the reduction relation of a word
grammar G = (X, N, R,t°) by using explicit substitutions. We first extend the set of terms
as follows, which we call extended terms:

ti=x ‘ e | a(t) |t1t2 ‘ t1 Dty | Q ‘ {tl/xl,...,tg/l‘g}to

Here, we write a(t) instead of at, to emphasize that a is a unary constructor. Recall
that nonterminals are included in variables z. The term {t1/x1,...,t¢/x¢}to is an explicit
substitution and is limited to the ground type:

Khtsrti:o (i€{l,...,¢}) K,rx1:0,...,2p:0Fgrtg:0
’Cl—s-r {tl/xl,...,tg/ajg}to 0

We call the original notions of a term, evaluation context, and choice context a non-
extended term, non-extended evaluation context, and non-extended choice context, respectively,
if we need the clarity. We use the same meta-variables s, ¢, u for the extended terms, and also
use F and C for the extended evaluation contexts and extended choice contexts defined below.
We avoid this ambiguity as follows: in this subsection, these meta-variables range over the
extended notions unless we declare otherwise; in the next subsection (i.e., in Section 5.3 for the
proof of the correctness for recursion-free grammars), the source term of the transformation
relation ~» is an extended one and the target term is a non-extended one.

We define the extended evaluation contexts by the following grammar:

E:=[]|a(E) | E®t|t®E|{ti/z1,...,te/xe}E.

We often abbreviate {t1/x1,...,te/x¢}to and {t1/x1,...,te/xe} E to {t/T}te and {t/T}E,
respectively. Then the modified reduction, written as —es g (Or —es if G is clear), is
defined as follows:

Fyz—ueR N
N(F)=k=0o"—o |&| = |7 = 3] 1 :~\2| = || Z do not occur in E[F 51
E[F3t] —es E[{t/Z}[3/7]u]
¢ {z1,...,235}Udom(N)
E[{s/Z}zi] —es Elsi] E[{5/7}2] —es Elz]

E[{5/z}e] —es Ele] E[{5/Z}a(t)] —es Ela({5/Z}1)]

E[{5/2}(t1 ® t2)] —ves E[({5/2}01) © ({s/Z}12)]  Ela(ts ® t2)] —es Ela(tr) ® alts)]

We define the extended choice contexts by: C =[] | C @&t |tDC. For N g1 ¢ : o, we define
the languages generated by a term and by a grammar with respect to — .5 as follows:

L3(G,t) = {word(v) | t —¢; Clu]} LE(G) = LG, 1°).

There is an obvious function v from the extended terms to the non-extended terms that
performs every explicit substitution as the real substitution. The following lemma can be
proved in a standard manner; see Appendix C for the proof.

» Lemma 18. Let G be a word grammar.
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1. For any extended term N bgr t : o, we have L4(G, ¥ (t)) = LE(G,t). Especially, L,(G) =
L3F(G).
2. For any extended terms N F t,t' : o, if t —es t/, then L25(G,t) = L2(G,1').

We also extend the transformation relation to handle explicit substitutions:

Kizi,...,z5:0F 8,10~ (81,0, Sik+1) (te{l1,...,0})

Kizi,...,20,21,...,x:0Ft:0~ (tg,...,t
1 ¢ ~1~ k z (to (+k+1) (Tr-SUB)
Kizy,...,z:0-{8/Z}t: 0~ (to e@,_,(brt; sip),
tey1 @ ®f:1(br ti $i1)s oy terke1 @ G}le(br ti Sikt1))

5.3 Correctness for recursion-free grammars

To show the correctness for recursion-free grammars, we use the following substitution lemma
and the subject reduction property:

» Lemma 19 (substitution lemma). Suppose that u contains no explicit substitutions (i.e.,
no subterms of the form {t'/z'}s') and

g: %a Ziobu:k ~ (UOa cee 7ugar(f€’)+|2|augar(fi’)—i—\i\-i—l)
T:ob s ki~ (Sigr s Sioins1) l; = gar(k;) (i=1,...,|&|)

k= |z| {Z}n{z} =0.
We define the following substitution functions

0 =010z, (j=0,...,k+1)
0i0 = [55.0/Y1.05 851 /Yils -5 Si0, [ Vit Sy shy1/Yieir1]  (G=1,...,[R])
05 = [85.0,45/Yi.00 51/ Yits -+ 850,/ Yikss Siot 11/ Yisti 1)
(i=1,.. |k, 5=1,...,k+1).

Then we have:

1. g,f: ok [;’/gﬂu RN (90U0, ey Gougar(,i/)ﬂgh 91UO, ey okuo, 90“gar(n')+|5|+1)

2. Oougar(n')+|zj+1 = Ory1uo-

Proof. Both items can be shown by induction on u and case analysis on the last rule used

for the derivation y:&;Z:0F w: K ~~ (ug, ..., Ugar(x)+|z+1)- See Appendix D. <
» Lemma 20 (subject reduction). If 21,...,25:0F s: 0~ (S0,...,8k+1) and § —es t,
then there exist to, ..., tg+1 such that x1,...,xx:0Ft: 0~ (to,...,tpr1) and s; = t; for

each i € {1,...,k+1}.

Proof. We use Lemma 19. The proof proceeds by induction on the derivation of Z:0 - s : 0 ~
(80, ---,8k+1) and case analysis on evaluation contexts and redexes. See Appendix D. <

Now we show the correctness for recursion-free grammars; as explained already, Theo-
rem 13 follows immediately from this and Lemma 15.

» Lemma 21. Suppose that G is recursion-free. If G ~ G', then L4(G) = Lieas (G)Te.

15
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Proof. Since § = (X,N,R,Se) is recursion-free, every term z: 0 s : o is strongly
normalizing with respect to —s. Since the reduction relation is finitely branching, the
length of reduction sequences from s is bounded. Let #(s) be the length of the longest
reduction sequence from s.

Now we show that

x:okp 50~ (8g,81,82) implies LG, [e/x]s) = L1eas (G, 51)Te (2)

by induction on #(s). If (2) holds, then we can complete the proof as follows: let the rule of
S be Sz — s; then G’ has the rule S; — s, and by Lemma 18-1 and (2) we have

‘Cw(g) = ‘Cfls(gv Se) = 535(97 [e/x]s) = ‘Cleaf(gla Sl)Te = ‘Cleaf(gl)Te~

In the base case that #(s) = 0, i.e., in the case where s is a normal form, first note that,
given a term t satisfies x1 :0,...,2, :0Fgrt: o for some x1,...,x,, then ¢ is a normal form
with respect to — .5 iff t is generated by the following grammar with start symbol w:

wa=r|lwdw ra=40|x|a(r) (a€) 0:=Q | {t1/21,...,tx/zi}0.

Then we can show (2) by induction on this grammar. (For the case s = ¢, show that
Z1,...,Zp 0k 610~ (3) implies s; & Q for every ¢, by induction on §.)

In the case #(s) > 0, suppose s —os s'. Hence [e/z]s —¢s [e/x]s’. By Lemma 20,
there exist s{, s1, and s5 such that z:0 Far 8" : 0 ~ (sp, 81, 85) and s1 ~ s}. By the induction
hypothesis, £33(G, [e/x]s) = Lieaz (G', s})Te. Then, by Lemma 18-2 and s} &~ s1, we have

Ess(g, [e/x]s) = ﬁss (ga [e/z]s/) = Eleaf(g/a sll)Te = Eleaf (g/7 Sl)Te- <4

6 Conclusion

We have given a new transformation that converts an order-(n + 1) word grammar to an
order-n tree grammar whose frontier language coincides with the word language of the
input grammar, and have proved that, unlike the previous transformations [1, 12], our
transformation is size-preserving, in that the size of the output grammar is polynomial in
the size of an input grammar. The time complexity is also polynomial in the size of input
grammar. These properties allow us to establish a link between algorithms for higher-order
word and tree grammars. As a concrete example of this, we have also applied our result
to the work of Parys [12] on the complexity of the diagonal problems for word and tree
languages..
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A  Proofs for Section 4

Proof of Lemma 11. First note that, when we repeat the creation of a fresh nonterminal G
as in the definition, even when the repetition is nested, the term to be replaced such as ¢, ;
at every repetition is a subterm of the right hand side of a rule in (not only the grammar
obtained by the previous repetition but) the original given grammar. Therefore the necessary
information below can be estimated directly by A and N.

Item 1: The arity of the type of the fresh non-terminal G introduced as in the definition
is |zn.i| + [9]- |zn.| is bounded by the arity of F. If |[y| = 0, |y] < A. If |y| > 0, the head of
t,; is not 2, @, nor a terminal, but a nonterminal, whose arity (and hence A) bounds |y].
Hence the arity of the type of G is bounded by 2A.

Item 2: Similarly to Item 1, the size of the type of the fresh non-terminal G is bounded
by 2|N|. The number of all the fresh non-terminal symbols is at most |G|c,. Hence
V| <IN + [Gley % 2IN].

Ttem 3: Each repetition step above increases the Curry-style size only by O(A). Then
recall that the repeat count is at most |G|cy.

Item 4 can be shown similarly to Item 3.

Item 5 is clear. <

Proof of Theorem 12. We first show Item 1: by Lemma 11, we can focus on just the
transformation of Fig. 1 and we need to show Agr € O(A?). Recall from the definition of
(—)T that, if a variable « in G has type k1 — - -- — K = o — o, then we have:

$0,$g+1ZH1T—)~"—>IikT—>O

gkl = Rl oo (te{1,...,0})
k

ari(mJr =R 0) = Z 1(831”(’%‘) +2)
=
k

ari(mT/ — = Hle — 0) = Z 1(831’(“3') +1).
j:

Thus, the arity of every new variable x; in G’ is at most A(A + 2). Similarly, the arity of
every new non-terminal F; in G’ is at most A(A + 2). A terminal of G’ is either a nullary
one or the binary one, br. Hence we have Ag: < A(A + 2).

Next, we show Item 2: note that, by Lemma 11, we only need to show the following: if G
is already in normal form, then |G’|cy € O(A? X |G|cey) and |G'|cn € O(A® X |Gley + [N]™).

Let: r= (FgZ = s) ER,N(F) =k} = - =k, =" 20, K=y 1K}, .., Ym : K.,
and D be the derivation tree of KC; T:0 b s: 0~ (S0,.-.,Sk+1)-

Further, let K; T:oFpx t: R = of — 0~ (%v) be an arbitrary judgment in ®g, and ©
be the sub-derivation-tree of ®g for this judgment. Then we can show ¢ < A by induction
on the height of ©. Next, let h (', resp.) be the largest number, in the depth direction, of
uses of (TR-APP) ((TR-APPG), resp.) in D: precisely, h (h/, resp.) is defined as the least
number p such that in any path of ©, the number of (TR-APP) ((TR-APPG), resp.) in the
path is no more than p. Then for each ¢ € {0,...,¢+ k + 1}, we can show

jtsl < 2(A+2)"2" |t 3)

by induction on ¢ and case analysis on the last rule of ©: If the last rule is an axiom (in
Fig. 1), then h = b’ = 0, and (3) clearly holds. Other cases are as follows:
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Case of (TR-CONST): We consider a(t) and brat; as t and ¢; in (3), respectively; then,

lbrat;| = |t;| +2 < 2(A+2)"2" |t| 42
< 2(A+2)"2" (Jt] + 1) = 2(4 + 2)"2" |a(2)).
Case of (TR-APP): We consider st and sq(to,.-.,te, terrkr1) as t and o in (3), respec-
tively (the calculations for other ¢;’s (i # 0) are similar); then,
[so(toy .-« terstorgrt1)] = [0l + [tol + -« + [ter| + |ter441] + 042
< 2(A+ 2" 2N 5] 4+ (¢ +2)2(A+2) 2 |t + £+ 2
< 2(A+2)"2M 5|+ 2(A + 2)h2" |t + A+ 2
<2A+2)"2"(|s| + ]t +1)  (NBh>1)
= 2(A +2)"2" |st|.
Case of (TR-APPG): We consider st and so @ (brs; tg) as ¢t and to in (3), respectively
(the calculations for other ¢;’s (i # 0) are similar or easier); then,
|so @ (br s1to)| = [so| + [s1] + [to] +2
< 2-2(A+2)" 2" Vs 4+ 2(A4 + 2)" 2" 1t 42
< 2(A+2)"2" (|s| + |t] + 1) = 2(A + 2)"2" |st].

Case of (TR-CHOICE): We consider s @t and s; @ t; as ¢ and t; in (3), respectively; then,

lsi @ ti] = |si| + |t + 1 < 2(A+2)"2" |s| + 2(A + 2)"2"|t] + 1
< 2(A+2)M2M (] + [t + 1) = 2(A + 2)"2" s @ 1].

Now let us consider the case ® = ®y (and hence ¢ = s). Since G is in normal form,
h, b’ < 2; hence by (3), |si] < O(A? x |s|) for each i. Also note that, from Item 1,
ari(N*(F;)) < O(A?) for each i. Thus, for each 7’ € R,., we have |r'| < O(A? x |r|). Since
the cardinality of R, is no more than A + 1, we have:

ey =181+ 32 (D2 11) < IS¢l + D O(A* x [r) < O(A” x [G]ey).

reR r'eER, reR

Next we calculate |G’|c,. We define |1 X -+ X 55| := |k1| + -+ + |kg| + &k — 1. We can
show that |xT|, [k!'| < 3|k[°*%(") simultaneously by induction on . Hence, we have

WV < ST INE) T < )7 B3IV ()N ED) <3 3 V()| < BV
FeN FeN FeN

and thus |G'|cn < O(A3 x |Gley + [NV|™).

Lastly, we show Item 3. Note that, by Lemma 11, we only need to show the following: if
G is already in normal form, then the transformation given in Fig. 1 takes O(A42%|G|cy + |N])
time.

We implement terms by directed acyclic graphs. The implementation |k] of a type &
is as follows: Let s be of the form k1 — --- — K, = of — o. If k =0, ] is the 2-length
array [k,£]. If k > 0, note that K = x; — (k2 — -+ — ki, = of — o) and we define |x|
as the 4-length array [k, ¢, |k1], k2 — -+ — ki = of — o]]. Then, the two operations
that respectively extract k and ¢ from a type kK = K1 — --- — K = of — o and the type
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construction K — &’ from k and &’ can be performed by O(1). The operation that extracts
the sequence ki,...,K; from a type kK = k1 — --- — K = o' — o can be performed
by O(ari(k)). During the computation of G’ from G, we need to extract such a sequence
Kl,..., Kk just at the top of the derivation tree of (TR-RULE) for each rewriting rule; then
in the derivation tree, all the typing environments are common and can be shared.

Now let us consider the computation of a derivation tree; look at Fig. 1. To compute the
base transformation rules (i.e., (TR-OMEGA), (TR-VARG), (TR-VAR), and (TR-NT)), it
takes O(A) time, as the length of the resulting tuple is bounded by O(A). The computation for
one occurrence of (TR-CHOICE) in the derivation tree takes O(k) time, i.e., if the computations
for s and t take p and ¢ time, respectively, then that for s ® ¢ takes p + ¢ + O(k) time.
Similarly, the computations for occurrences of (TR-CONST), (TR-APPG), and (TR-APP)
take O(k), O(L + k), and O(¢' (£ + k)) time, respectively. Thus, the running time for every
node of the derivation tree is O(A?).

Hence, for each rule 'y — t of G, the computation of y1:K1,...,Ym :Km;T1,...,TE:0 Far
t:o~ (to,t1,. .., t, ter1) takes O(A2[t]) time. Also, that of all g; and ;' (1 <4 < m) takes
O(A?) time. Therefore, that of (TR-RULE) runs in O(A?[¢|) time. Thus the computation of
R’ takes O(A?|G|cy) time.

Also the computation of N'* takes O(|N]) time because, for k = k1 — - -+ — kg = of — o,
that of £ (and simultaneously of ') takes O(|k1| + - - - + kx| + k + £) time. Hence, the
computation of (TR-GRAM) runs in O(A%|G|cy + [N]). <

B Proof of Lemma 17
Proof of Lemma 17. Given G = (X, N, R, Se), by definition, we have

G = (bx(), N}, R, 51)
where R' = R | bx (FyT — 1)~ R",(F§T 1) € R}

G'(m) = (br (%), (NI)(m) R(m),(S )(M))
where (NH)™ = {(F)® — NH(F)) | Fj € dom(N#),0 <i < m}
R = {(F) G = 65V | (Fj 7 — 1) e R, 1< i < m}
U{(F) G = Q| (Fj5—t) e R}
te = [(F) D/ F] et
and
Ggm) — (E,N(m),’Rg\T), Sm) o)
where N = {FO) s N(F ) | F € dom(N),0 <i<m}
R = (FO55 -tV | (Fyz—»t) e R,1<i<m}
U{FO9%Z 5 Q| (FJZ —t) e R}
15} = [F9/Flpent

g;n = ( ( ) (N(WL)) 77u (S(m))l)
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where R, = [ JIR" | Fyom (FOGE —t) ~ R, (FD 57 —t) e R\V}
= UR" | Fyom (FO57 = t7Y) ~ R, (FyZ —1t) € R,1<i<m}
U (R | by (FOFE - Q) R", (F§T —t) € R}
We define o : dom((NF)(™) = dom((/\/(m))i) by o((F;)®) := (F®);; then we have

(NH M) = (/\/(m))i oo. From now we show that R;f;?) and R, are the same up to the
renaming of nonterminals by o.

First, note that for any m > 0, 0 < & < m, and K;z1,...,2p 10 Far t 1 K ~»
(tos- - s tgar(w) s hp1)s if

Kixi, .., Tk 0 Fprem tj(\i/) TR~ (té,...,t;ar(,{)%ﬂ) (4)
then

[0(G)/Gloennem )i = 1 (0<j<gar(r) +k+1) (5)

The proof can be given by a straightforward induction on t (as the transformation is
compositional).
For (Fyz —t) € R, let

Y1 iK1y Yo i Ke3 Ty .. T 0 bFart o~ (b, ooy tptt)

~1
Yi = (yi,O; R yi,gar(m)Jrl) Yi = (yi,la s 7yi,gar(mi)+1)

Then Fjyi’ - 90’ —t; (1<j<k)and Foup -+ §r — to belong to R’, and furthermore,

(EFNDg" -5 — (t')ff}fl) (1<j<k 1<i<m)
(Fo) Vg1 -+ g0 — (to)/(wl) (1<i<m)

FNO g g =0 (1<j<k)

(Fo) O g1 -+ 5 = Q

belong to R;\(/T)
On the other hand, FWy7 — tﬁ\ifl) (1 <i<m)and FOyZ — Q belong to ’R(m), and
furthermore,

(FO)" - g’ — ! (1<j<k 1<i<m)
(FD)oi - G =t " (1<i<m)

(FOY "5 =0 (1<j<k)

(FNogr - 50— Q

belong to R., where t;_l are defined as in (4). Then by (5), we have
[0(G)/Claewnm L)y = 15 (0<j<h 1<i<m).

Thus R;\(/T) and R/, are the same up to the renaming of nonterminals by o, from which
L1eat(G'™) e = Liea (GI)Te follows. <
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C Proof of Lemma 18

Proof of Lemma 18. 1. The relation 1 becomes a bisimulation, i.e., for any extended terms
t and non-extended terms s, s,

if t% s—s then ¢ —a b % ' for some ¢/,
and for any extended terms ¢, ',
if t——est then o(t) —* (). (6)

From this, £,(G,¥(t)) = L3(G,t) follows immediately.

2. By the previous item and (6), it is enough to show the following: for non-extended terms
NEs s o, if s — &, then L4(G,s) = L,(G,s’). This follows from, say, the adequacy
of the CPO semantics given in [1, Appendix C]. (The adequacy of the CPO interpretation
[—]g shows that L£,(G,s) = [s]g and L,(G,s') = [s']g, and clearly s — s’ implies

[slg = [']g-) <

D Proofs for Section 5.3

First we show the substitution lemma (Lemma 19), where we use the following lemma:

» Lemma 22 (Weakening). If K;21,..., 20 t: Kk~ (to,...,te1kr1) where gar(k) = £,
then KC;xo,x1,..., 20 t: Kk~ (to, o te ek, tes, - - ,thrk,thrkJrl).

Proof. Straightforward induction on ¢. <
Proof of Lemma 19. First we show the second item of the lemma. We have:

eougar(n’)—&-\ﬂ—i-l = 9k+1ugar(n/)+\2\+l = eerrluO

where the former equation follows from Lemma 10, and the latter one can be shown by
straightforward induction on u and case analysis on the last rule used for the derivation
y:R;Z:obu: K~ (uo,. .., Ugar(w)+|z|+1), Where we unfold the definition of 6% only in
the case of (TR-VAR).

Next we show the first item, again by induction on u and case analysis on the last rule
used for the derivation y:&;Z:0F u: K ~ (ug, ..., Ugar(n)+|z]+1)-

Case of (TR-OMEGA): Clear.
Case of (TR-VARG): Let the last rule be the following:

Y:R;Z:ob z;: 0~ (Qi,e,ﬂlg‘ﬂ*l)
( = (u07 cee augar(n’)+|2|7ugar(/{’)Jr\,%\Jrl))

By (TR-VARG), we have:

2,3 0b [¢/7)z 0~ (e, Q7171 QF Q)
(= (Bouo, - - -, OoUgar(n)+|z]> Ot - - -5 Oktio, Boligar(r)+z/+1))

as required.
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Case of (TR-VAR): Let the last rule be the following:

K(ys) =k =o' — o

~ = . = L Z+1
JiRiZiob gy K= 0% = 0~ (Yo Uit - Yine s (Wi e, +1) P

Now [s'/flu = [s'/§]lys = ), and by the assumption and the weakening lemma
(Lemma 22),

~ ~ /
Z, 1ok syt Ky

2|

! / / ! / !
(Si’,OV ceey Site (Si’,li/+k+1) » i1 s Si g ko Si’,Zi/+k+1)

= (Boyir,00 -+ BoYire,s (90y¢/,ei,+1)|zl, 01Yir05 - s Okyir0, Ooyire,+1)

as required.
Case of (TR-NT): Let the last rule be the following:

N(F)=F=o0o—o

J:RiZ:ok F:R=0' =0~ (Fy,Fy,...,Fp, (Fp)FH

( = (u07 B ugar(ﬁ’)Jr\E\vugar(n’)+|2|+1))
By (TR-NT), we have:

N(F)=k=o0"—o
20k [/ /YIF K= of = o~ (Fo, Fu,..., Fy, (Fo)lFIHh+

(= (Bouo, - . -, OoUgar(s)+|2]> 10, - - -, Oktio, Ootigar(nr)+|2/+1))

as required.
Case of (TR-CONST): Let the last rule be the following:

y:R;z:oktio~s (to,... tz41)
y:R;z:oka(t): o~ (bratg,...,brat;z)
( = (an cee 7ugar(ﬁ’)+\5|+1))

By induction hypothesis and (TR-CONST), we have:

Z,T:ok [;’/mt 20~ (boto, .., 907f|g|,91t07 - ,tho,aot‘gpﬂ)
Z,@:0k [s'/Fla(t) : o ~
(br a Oolo, - .., br a Oot |z, br a bO1to, ..., br a Oto, br a Oot)z)41)

( = (GOUOa ceey eougar(n’)+|2|a 91’“’0; ceey eku()v eougar(n’)+|2|+1))

as required.
Case of (TR-APP): Let the last rule be the following:

ﬂ:%;?:ol—s:mg—>g/:>oe—>o->(so7...,35+‘g|+1)
Y:r;Ziobtimg~ (to,. o togz41)  gar(wkg) =0

Y:R;zZ:0b st K = ol = 0~

(so(tos - testogzie1)s sty testogizt1)s - Se(te, ot togz41),

Sep1(tog1,te, - tetoszie1)s -0 Seazie (G415 01, -t toggz141))
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By induction hypothesis and (TR-APP), we have:

T . o - o ¢
Z,x:0b [8'/yls: kg — K = 0" = 0~ (Bpso,. .., 005045, 0150 - - -, OS50, 005042 41)

E, T:ok [;’/mt . IQE) ~ (90150, e ,90tgx+|5|,91t0 ey tho, ootg/_,_‘gH_l) gar(/-ia) = él

ZE:ob [8/9)s[s /Tt : K = o = 0~
(Boso(Boto, - - -, Boter, Ootertiz14+1),

Oos1(Oot1, ..., 00te, Ootpiiz41), -, 0080(Oote, ..., Oote, Oote )z141),

Ooser1(Ootery1,0ote, -, 0ote, ot iz41); - - 00804 2 (Ooter g z), Oota, - - -, Ooter, Ooter i iz141)
0150(61t0, Oot, ., O0ter, Oty yiz41), - - - Oks0(Okto, Ooti, - -, Ooter, Ootpyiz)41),
0050412141 (0ot e 42141, 0ot 1, - - -, Ooter, Ooteryiz141))

Then it is enough to show

0550(05t0, Oot1, . .., 00ter, Oote 4 z41) = 05 (so(to, b1, - te,tegz141)) (G €{1,... k})
e, Oot; =0;t; (ie{l,....000 +|z|+1}, je€{1,...,k})

which follows from Lemma 10.
Case of (TR-APPG): Let the last rule be the following:

g:E;E:oF5:0E+1%ow(so,...,sﬂm_,_g)
Y:R;Z:obt:o~ (to,... tz41)

J:FZ:obst:of =0~

(so@(br s1t0), 82, -, Se1, Sep2 @ (brsity), ..., Spqjzj42 © (br sy t|5|+1))

By induction hypothesis and (TR-APPG), we have:
E,%Z ok [;’/;ﬂ]s : OH—1 — 0 > (9080, ey 9085+|2|+1, 9180 eey 9]€<S()7 908[4_‘2‘4_2)
E,%Z ok [;’/mt 10 v (90t()7 ey 90t|2|, 91t0, ey tho, 90t|g|+1)
Z,Z:ok [s/g]s[s' /gt : o = 0~

(6050 ® (br Ogs1 boto), Bosz, ..., Ooses1,
Ooser2 @ (br Oosy Oot1), -- ., Ooseyz14+1 @ (br Ogs1 Oot)z)),
0150 @ (bI‘ 0os1 91150), cevy B1s0 @ (br 0os1 ekt0)7

0050+ 1z+2 @ (br Oos1 Ootjz41))

Then it is enough to show 6ps; = 6;s; for j = 1,...,k, which follows from Lemma 10.
Case of (TR-CHOICE): Similar to the case of (TR-CONST). <

Now we prove the subject reduction lemma:

Proof of Lemma 20. We restate Lemma 20 as follows with different meta-variables s’,t’, s’, t’

y 991 Vg

for convenience of the proof:

Ifxy,...,xp 08 10~ (s(,...,8,,,) and 8" —qs t', then there exist £y, ...,
such that @1,...,zp:0 " 10~ (t),..., ;) and s ~ t] for each i € {1,...,k+1}.

The proof proceeds by induction on the derivation of x1,...,zx:0F 5" 10~ (sp,...,8,,)
Let s’ be of the form E[s”] where s” is the redex of —¢s. The case where E # [] can be

proved easily by induction hypothesis (as the transformation rules are compositional). So we

consider only the case where E = []. We perform case analysis on the redex s’ (= s'):
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Case where s’ = F3t —es {t/Z}[3/7]u: In this case,
Fjz—wueR NF)=Fk=d" =0 |&l=1g=13 ¢=|z=|f
and Z do not occur in F 31.
By the derivation of Z:0 F (s =) F5t: 0~ (s),..., Sk41), We have:
T:oF F:R=o0f =0~ (Fo,Fi,..., Fy (Fp)*)
Tiok sk~ (860538 04k+1) gar(k;) =¥; (i=1,...,|3]) (7)
fZL'VZOFtiZOW(ti70,...7ti,k+1) (Z:L,‘ﬂ) (8)
(56’ RN S;c+1) = (Uerl,U? ) U€+1J€+1)
where for i = 1,...,|3| and j = 1,...,||(= £), we define:
(’Ui,07 s ’U/1,€+k+1) = (FO’ Flﬁ RRE) FE’ (Fo)k-H)
(U£+1,0a . a”§+1,e+k+1) =
(U270(Si707 sty Si,fi 9 si,[i-i-k-i-l)v
OF 1 (80155 Sistis Sititht1)s 5 Vg o(Sits oo ity Sitivha),
O 01 (86,0415 801+ Sis ikt 1) oo Vi g1 (Sibid kb s Sily -+ o5 Sistys Siti4 k1))
(01,07 s 7U1,€+k+1) = (U\/§|+1,07 cee 7U|l§\+1,1z+k+1)
(Uj+1,07 . avj+1,f+k+17j) =
(vi0 ® (b V)1 £,0)s Vj2s- -5 Vjer1—j,

Vjer2—j ® (b V1 t51), . Vj ekt © (BT V1 tjkt1))-
Then we have

(56’537 .- -,SZH) = (Ue+17o,ve+171, e 7’U€+17k+1)

= (W,o @ (br ve,1 teo), ve,2 B (brves ten), .., Vogpte @ (brves tz,k+1)>
((W—m @ (br vg—1,1 te—1,0)) & (bT vo_1,2 o),
(ve—1,3® (br ve—11 te—1,1)) ® (brvg_12 te1), - ..,

(Vo143 B (bT Vg—1,1 to—1,541)) B (bT ve_1,2 tz,k+1)) 9)

= (111,0 @ (brwviytig) @@ (br vy teo),
Vigr1 B (brovigti1)®---® (brouigtes), ...,
V1 oqkt1 @ (br v g b1 pg1) ®--- @ (br vy, tz,k+1))
and
V1,0 = Fo(81,00 - -+ 81,605 51,1 +k+1) = (818,05 - - - » 8138151 > 5|31,y +h+1)
vi; =Fj(S11,. .+, 81,00, 81,00 4k+1) - (s|§|71, A E S|§‘,g|§‘+k+1) (Gj=1,...,0

V1,e+5 = F0(81,41+j, S1,15- -5 81,41,81,el+k+1) T (S|§\,e|§‘+j7 S18),15 -+ -5 515],4,5) 5|§\,£‘§‘+k+1)
(j=1,...,k+1).
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Next let us consider t' = {t/Z}[3/7]u. For some %, we have
YiR;Z:obFu:o~ (ugy...,Ust1). (10)

By (10), (7), and the substitution lemma (Lemma 19), we have

Z,Z:0k [$/y]u: o~ (Boug, Oous, ..., 00w, b1ug, . . ., Opug, Boties1) (11)

Oorgr1 = Ory1ug (12)
where

0j =01, 0z, (j=0,...,k)

05,0 = [5,0/Yi.05 -+ > Si 0 [ Yisis Sisti+k+1/Yi 0 41] (i=1,...,]R[)

Oi; = [Sititi/Yi,0, s Siti/Yitss Sispirht1/ Vi1 (E=1,...,|R], 5=1,...,k+1).

Further, by (8), (11), and (TR-SUB), we have

Trob (' =) {t/Z}E/Plu: 0~ (thy .. thiq)
where
(t0, s s toyy) o=

((Bouo) ® @le(br (Bous) tio),

(01u0) ® BF_, (br (Bow;) tin), - .., (Oxuo) & @i_, (br (Bou;) tik), (3
(Botgs1) ® @i_, (br (Bous) tipr1)).
Now, by (TR-RULE), the transformed grammar has the following rules
Foti -+ Yjg) — uo, Figi' oy —w (G=1,...,0
where
Ui = Y00 Yigar(s+1) Ui = Wists-- -+ Yigar(ui)+1) (i=1...,19).
Then,
v10 —" Gouo (14)
v1,; —" Bou, (j=1,...,0 (15)
V1,045 — Giuo (j=1,...,k) (16)
V1 erki1 —" Orp1uo = Ooupsr (17)

where: the equation in (17) is just (12); and for (15) note that y 0, ...,¥z|,0 do not occur
in u; by Lemma 10. Then, we have

(50,815 s Sher Sha1)
= (v1,0 ® @'_, (br v1; tio), (- (9))
Vo1 D (br v tin), oy vierk & D (br vi, tig)
V1,0+k+1 D @le(br V1, tik+1))
~ ((Boun) ® iy (br (Bous) L), (- (14)-(17))

(1u0) & D;_, (br (Bous) ti1), ..., (Bruo) & @, (br (Bou;) tix),
(Bougs1) ® @le(br (Bowi) tik+1))
= (té)?tllw",t;cﬂt;c-&-l) ( (13))

as required.
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Case where s’ = {5/Z}z;y —es sy: The derivation of Z:0 F (s =) {§/Z}zy : 0 ~

(805 8%41) must be given by (TR-SUB); hence we have:
T1,..., 0 810~ (Si0,. ., Sikt1) E=1,...,13)
Z1yeey 25y Tl T 1O 2y 10~ (Qi’,e,ﬂlng*i#l).

For each j =0,...,k+ 1, let t; := sy ;, so that we have
Ty, ...,z 0k (=) sy io~ (H), .. ).
Then we have
- .
S = Q0@ (br Qsi ) @ (br e si ;) @D, (br Qi)
~ Si/,j = t;

as required.

Case where s' = {5/Z}x —¢s v and = ¢ {21,..., 25} U dom(N): In this case, z = x;
for some j' = 1,..., k. Let (tG,...,t},) :== (', e, QF~3"+1) 5o that we have
T1,..xpiob (=) zj 0 (B, )
The derivation of z:0 &= (s =) {§/Z}x; : 0~ (s0,...,5,, ;) must be given by (TR-SUB);
hence we have
Tlyee, TE 0 810~ (Si0,---,Sikt1) i=1,...,18)
21y 25, B, T t0 b Ty i 0 e QI+ o QF ="y — (g QL4

z1,... k0 {5/Z 10 (tg @ @Lil(br N si0),
t @ @Lil(br Qsi1)y sty @ @Lil(br Q Si’k+1)).
Then we have s; = t; & @Lil(br Qs;j) = t;for j=0,...,k+1, as required.
Case where s’ = {§/Z}e — s e: This case does not happen because we have x1,..., 2 :
oF s :0~ (8p,...,8,,) but there is no rule for e in Fig. 1 extended with (TR-SUB).
Case where s’ = {5/Z}a(t) —es a({$/Z}t): The derivation of Z: 0 F (s’ =) {5/Z}a(t) :
0~ (80, -+, 8)41) must be given by (TR-SUB) and we have
1, Tk 0F 810~ (8505, Sikt+1) (i=1,...,]3])
2150y 25 Tl s T i0t 0~ (o, s akt1)
Z1y.0 5 25,21, Tk 20 Fa(t) 1o~ (braty,...,br atsyri)
(805> Sky1) =
(br ato) ® @Z, (br (b a ) s0).
(br a tz41) @ @Lil(br (or at;) si1), ..., (br atjs1pq1) @ @Lil(br (brat;) siks1))-
Also, we have:
X1,..., 20 {5/Z} 0~
(to ® B!, (br t; 40),
tsipr @ B (br i 1), -, tisjears ® DI (BTt 55411))
z1,...,xk 0 b (' =) a({5/2}) 0~ (g, ..., thyq) ==
(bra (to® @Liﬂbr ti $i0)),
br a (t54+1 @ @Lil(br ti 5i1))s ---s br @ (tz 4641 @ @Lil(br ti Sikt1)))-
Then it is clear that s} ~ ¢} for j =0,...,k+ 1.
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Case where s’ = {5/2}(t1 ® ta) —es ({5/Z}t1) @ ({5/Z}t2): The derivation of Z: 0
(s" =) {8/Z}(t1 © t2) : 0 ~ (s0,...,8},,) must be given by (TR-SUB) and we have

1, ,Tk:0F 810~ (8100, Sikt1) (i=1,...,|3)

Zl,...,Z|§|,$1,...,$kZO |_t1 0 v (t1,07o~‘,t1,|§\+k+1)

2y 25 T1y s Tt Ot 10~ (2,0, -+, L[5 4h41)

21y g Tl e, TR0t Dt i 0~ (B0 Dt2,0, -0 b1 |5 4k41 D 2,5/ +h+1)
(50s-- - 8ks1) = (b0 ® t2.0) ® DT, (b (13 © 12,0) s10)s
(t1,)5/+1 @ to,)5/41) @ @Lil(br (t1,i ®ta;) Sin), -,
(t1,)5]+h+1 P t2)5/4h+1) © @gl(br (t1,i ® o) Sikt1))-
By (TR-SUB) we have:
T1,...,xp:0ob {5/Z 1 0~ (ti0® @Lil(br 1, 8i,0),
l1,)5+1 @ @Liﬂbr L1, 8i1), -5 b1 5| +kt1 @ @‘f:ll(br t1,i Sipt1))
X1y .., a0k {§/Z a0~ (t270 @ @Lil(br to.i 8i0),
ta5141 © DU (0T 20 8i1)s s Lo sppas © B (0T 2,0 5i841))
and by (TR-CHOICE), we have:
x1,..,xk 0k ({8/Z 1) @ ({5/2}2) 10~ (g, thyy) ==
((tl,o @ @ (br t1; 510)) @ (t20 ® B, (br 12 510)),
(t1,15141 @ @Liﬁbr t1i sin)) @ (to,)5141 @ @Lil(br t2,i8i1)), -+ -,
(t1,)5]+k+1 @ @Lil(br t1,i Siet1)) D (t2,)514h41 B @Lil(br ta 5i,k+1))>-

Then it is clear that s; = ¢} for each 1.
Case where s’ = a(t; @ ta) —res a(t1) @ a(tz): The derivation of Z:0 b (s’ =) a(t; ta) :
0 ~ (80, -+, 84,) must be given by (TR-CONST), and we have

Tiokt; o~ (t10,.--,t16+1)

T:obFty:0~ (t2,0,.--,t2k+1)

Tiokti ®ta:o~ (t10Btoo, ..., t1et1 Dtokyt)

T:obFa(ti ®ta): 0~ (bra(tio®tap),...,bra (t1 k1 ®lags1))-

Then by (TR-CoONST) and (TR-CHOICE), we have

T:oka(ti):o~ (bratig,...,braty ki)
T:ok a(te) o~ (bratag,...,br ats ki)
T:obF a(tl) D CL(tQ) L0 ((bI‘ a tl,O) D (bI‘ a t270), ey (bI‘ a t17k+1) D (br a t27k+1)).

For each ¢ =0,...,k+ 1, we have br a (t1,; @ t2;) — (br ati;) ® (br atz;); thus
br a (tl,i b t27i> = (br a tl,z‘) (&) (br a tg’i)

as required. <
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