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ABSTRACT: We consider a two-person zero-sum pursuit-evasion differential game in the Hilbert space l2. The control
functions of the players are subject to integral constraints. It is assumed that the control resource of the pursuer is greater
than that of the evader. The pursuer tries to force the state of the system towards the origin of the space l2, and the evader
tries to avoid this. We give a solution to the optimal pursuit problem for the differential game. More precisely, we obtain an
equation for the optimal pursuit time and construct optimal strategies for the players in an explicit form. To prove the main

result we solve a time-optimal control problem.
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INTRODUCTION

The study of two person zero-sum differential games
was initiated by Isaacs'. Since then much work with
various approaches has been done in developing the
theory of differential games described by ordinary
differential equations.

Control and differential game problems for sys-
tems described by partial differential equations are
also of increasing interest*'°. In Refs. 4-9, such
problems for the equations described by parabolic
and hyperbolic equations were studied. By using the
decomposition method these problems can be reduced
to ones described by infinite systems of ordinary
differential equations %3-°

Ze+ Az =wg, k=1,2,...,

where wy,k = 1,2,... are control parameters, zj,
wy, € RY, and A\, > 0 are eigenvalues of the elliptic
operator defined by

0 0
i,7=1

Hence there is a significant relationship between
the control problems described by partial differential
equations and those described by an infinite system
of ODEs. The latter is of independent interest and
can be investigated within one theoretical framework.
Ref. 11 relates to such games described by an infinite
system of ODEs and an evasion differential game with
integral constraints was studied.

This paper is concerned with the so-called two-
person zero-sum pursuit-evasion differential game in
the Hilbert space I, with integral constraints on the
control functions of players. We investigate the dif-
ferential game problem associated with the following
infinite system of differential equations

Tp = —apTr — PrYr + Utk — Vik,
Uk = PrTy — Yk + Uk — U2k, e9)
r(0) = 2o,  Yk(0) = Yro,
k = 1,2,..., in l5, where «y, () are real num-
bers, ag, = 0,29 = (210,%20,...) € lo,y0 =

(ylo, Y20, - - ) S lg,u = (’U,u, U112, U21, U22, . - ) and
v = (v11, V12, V21, V22, . . .) are control parameters of
the pursuer and evader, respectively. The pursuer tries
to force the state towards the origin of the space o
against any action of the evader who exactly tries to
avoid this. We give a solution to the optimal pursuit
problem for the differential game.

Note that if we substitute A\, = ap — 10k, 2 =
Tp + 1Yk, up = Uik + iuog, vk = vig +ivor, k =
1,2, ..., into the system

2+ Mgz =ukp — vk, k=1,2,...,

then we obtain the system (1). Hence this work is a
complement to Refs. 8, 9.

STATEMENT OF THE PROBLEM

Let pg, p and o be positive numbers.
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Definition 1 A function
w() = (wu(-),w21(~)7w12(~),w22(-)7 .. ')7
w:[0,T] — g,

with measurable coordinates wi (t), wak(t), 0 < t <
T, k=1,2,..., subject to the condition

o T
> [whe(o) + udil)ds < s
k=170
is referred to as the admissible control, where T' > 0
is a sufficiently large fixed number.
We denote the set of all admissible controls by S(po).

Definition 2 A function u(-) € S(p) (v(-) € S(0))
is referred to as the admissible control of the pursuer
(evader).

Definition 3 A function
u(t,v) = (ur(t,v),uz(t,v),...), u:[0,T]xls — la,
with 2-d coordinates uy, = (u1x, u2g) of the form
ug(t,v) = vg(t) + wi(t),
wr = (wWk1, wk2), vk = (V1k, V2k),
w(-) = (wi1(),w2("),...) € S(p—0),

subject to the condition (admissibility)

0o LT
> [ hucte. o) at < g2 forany o() € (o),
k=1

is called a strategy of the pursuer.
Let

2(t) = (z1(¢)

( 2(t), ..
= (21(t), 11

Y (t)’xQ(t)7y2(t>7 .. ')7

~ 1/2
Izl = (Z(aﬁi +yi)> 7

)
)

k=1

2 () = (2 (t), yn (1)), 2| = /27 + v,

) = (x10»y107x207y207 .- ~)7

- 1/2
(Z(mio + ?Jl%o)) .
k=1

20 = (210,2207~~

[l20ll =

Definition 4 If there exists a strategy wu(-) of the
pursuer such that for any admissible control of the
evader the equality z(7) = 0 occurs at some 7 where
0 < 7 < 9, then we say that the differential game (1)
can be completed within the time ¥.
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Definition 5 A function v(¢,u), v: [0,7] x Iz — o,
that satisfies the conditions

(i) v(t,u) =0, 0<t<e

() v(t,u) =u(t—e), e<t<T,

where € is a positive number, is called a strategy of the
evader.

Definition 6 A number ¢ is called optimal pursuit

time if

(i) the differential game can be completed within the
time 9,

(ii) there exists a strategy v(-) of the evader such that
z(t) # 0, 0 < t < 9, for any control u(-) of
the pursuer. In this case we say that evasion is
possible on [0, ).

Problem. Find the optimal pursuit time in the
differential game (1).
Fork=1,2,...,let

[ emtcos Bt — ekt sin Bt
Ap(t) = e~ %tgin At e~ tcos At |- )

It is not difficult to show that the matrices A (t) have
the following properties:

Ap(t+h) = Ag(t)Ar(h) = Ag(h)Ax(t),
| A (t)zk] = | AL () 2] = ez,

where A* denotes the transpose of the matrix A.

TIME-OPTIMAL CONTROL PROBLEM

In this section, we find the minimum time required to
steer the system from some initial point to the origin.
Let C(0,T}12) be the space of continuous func-
tions z(-) such that z(t) € I foreacht, 0 < ¢ < T.
The following proposition is true '°.
Proposition 1 If w(-) € S(po), and o, > 0, then
for any given T' > 0 the following infinite system of
differential equations

Ty = —agrr — BrYk + Wik,
Uk = BrTk — QrYk + Wak, (3)

2 (0) = ko,  Yk(0) = Yo,
k = 1,2,..., has a unique solution z(t) =
(z1(t),22(t),...), 0 < t < T, in the space

1( t
C(0,T;ls). Of course, fork =1,2, ...,

t

an (D) = Ap(D)z0 + /O At — 8)wi(s) ds.

It should be noted that this existence-uniqueness the-
orem for the system (3) was proved for any finite
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interval. Hence we consider the systems (1) and (3)
on [0, T, with T being an arbitrary positive number.

For the system (3), first we consider the following
time-optimal control problem:

2(0) = zg, 2(¥) =0, ¥ — min. 4)
w
Let
2apt
e —1
S o >0,
@k(t) — 204k-
ta Q= 07 t>0.

Since 1/pg(t) — +oo ast — 0T for each k, the
left-hand side of the equation

>

approaches +oo as t — 0. Moreover, the left part of
(5) is a decreasing function of ¢, ¢ > 0, and

e

Hence (5) has a unique root ¢t = 9.

2
2k
ka()| 2 (5)

oo

<3 Yl =

k 1

|Zk0\2
k

1 2
;HZOH — 0, t— oo.
2

Theorem 1 The number ¥ is the solution of the time-
optimal control problem (3)—(4).

Proof: A. Define the control

1

wilt) = pn(9)

Ai(~t)zmo, 0t (6)

Then by (2)
Z/W ()2 dt
:;(p% /'Ak Zk()| dt
:i zk0|2 / 200t Jp — Z |ZkO|2 2‘

Hence the control (6) is admissible.
B. Show that z(¢) = 0. Indeed,

0

§x (V) = zro +/0A (—s)wg(s)ds
1]
= 2k — @%(19) /OAk(*S)AZ(*S)ZkO ds

=zo—20=0, k=1,2,....

27

Therefore zj(9) = A (9)&: (V) =0, k=1,2,....
C. We now show that z(¢) # 0, 0 < t < ¥, where
z(t) is the state of the system (3).
Assume the contrary. Then there exists an admis-
sible control w*(-) and time 7, 0 < 7 < 1, such that
z(7) = 0. Hence &(7) = (&1(7),&(7),...) =0, ie.,

/Ak(—s)wZ(s) ds = —z0. @)
0

We use the following proposition (see, for example,
Ref. 12).

Proposition 2 Let B(t), 0 < t < Y bea
continuous matrix-function of the order m, and its
determinant be not identically 0 on [0,99]. Then
among the measurable functions u(-), u : [0,9¢] —
R", satisfying the condition
Yo
B(s)u(s)ds = zg
0

the control defined at almost everywhere on [0, 9] by
the formula

Yo

F~Y(9)20, F(0o) = | B(s)B*(s)ds,

0
gives the minimum to the functional

Yo
lu(s)|* ds.
0

For the matrix
Fr(1) = /Ak(—s)AZ(—s)ds
0

we have F} (1) =
tion 2 the control

wo(t) = (wlo(t) wao(t),--.), ®)
—— A (=

(1/¢1 (7)) E2. Then by Proposi-

wko(t) )Zko, k:1,2,...,

@k( )
satisfies (7) and gives the minimum to the functional

_ — Tw 2
_;/O| K (1)]2 dt.

Substituting (8) into the functional I gives

* o - |Zk0|2

I(w*(+)) = I(wo(+)) ;mﬂ
S |ZkO|2 2
>;ww‘%

This means the control (8) is not admissible. Then
w*(+) is not admissible. Contradiction. This com-
pletes the proof. U
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DIFFERENTIAL GAME PROBLEM

We now consider the differential game (1). As shown
in the previous section, the equation

— |zrol®
,; er(t) (

has a unique solution ¢ = ;. We can assume, by
choosing T’ if necessary, that ¥, < 7.

p—o)°

Theorem 2 v, is the optimal pursuit time in the game
(1).

Proof: 1. First we show that the differential game (1)
can be completed within the time ;. To this end we
offer to the pursuer the following strategy

1
or(V1)

ug(t,v) = vg(t) — A*(—)zgo, k=1,2,....

(©))

Let v(-) be any admissible control of the evader.

Admissibility of the strategy (9) can be shown by
using the Minkowski inequality as follows:

(Z/ g (£, v(t |2dt> -

1/2
—t) 202 dt>

Lo+p—0o=o.

It is easy to show that z; (1) =0,k =1,2,....

2. We now show that evasion is possible on the
time interval [0, 1)1 ). The evader’s strategy consists of
two parts. If p(t) > o(t), where

2

:(f—AMun%QU,

2

t 1/

ﬂ(fﬁM$F®),

[Jul|* = Z|“k|2 Zu1k+ugk)>
k=1

we set
1

(W) p—o

Uk-(t) = — AZ(ft)Zko, k= 1,2,....

(10)
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If p(t) = o(t) at some ¢ € [0, 1), then the evader
will use the second part of his strategy, which will be
constructed later.

A. Show that if the evader uses the control (10),
then z(t) # 0, t € [0,94), while p(t) > o(t). We
assume the contrary, the game is completed at some
time t = 7 < 91, that is,

Zk(T):Ak(T)nk(T)ZO, k:1,2,...,

hence

T) = 2ko — /OTAk(—S)Uk(S) ds

when
(11)

From (10) we obtain

/jélk(—s)uk(s) ds
0

= zko + /()TAk(—s)vk(s) ds

o (1)
Zko, Kk
p—opp(dy)

In accordance with Proposition 2 the minimum of the
is attained at

functional .
Jluso) as
0
1

(pT(T)A}:(—S)sz (1 +

almost everywhere on [0, 7]. So

=1,2,....

= 2o +

ug(s) =

o pk(7) >
p— 0 i)

g Ly e

1 o
= 7|Zk:0|2 <1+
kT

o)\,
P—U@k(ﬁl)) k=12

According to (10)

/\vk (5)]?ds = (

Hence for k = 1,2, ...,

or(7) 2 _
) @k(ﬁ)‘k()' k=1,2,....

o 1

2
—— ———|zko[*
—0 @k(ﬂl)l wol
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Consequently,

(/Iw |2ds—/|vk |2ds>

*Z |Zk0| -2

p—0

M

1 2
Wk(%)'ZkO' '
(12)

As 7 < ¥; and the function g (t), t > 0, is
increasing, then in agreement with the definition of 94
we have

o oo

1
——|zkol* > |2k0l® = (p — 0)?.
2 oyl > 2 sl
Hence by (12)
(/|u;c |2dsf/|vk |2ds>
>(p—0a)?+2(p—0)° G=p2—02-
Hence
o - /m s> 2 =3 [Tun(s)P ds,

k=170

thatis, 02(7) > p*(7), which contradicts the assump-
tion that p(7) > o(7) (see, (11)).

Thus if the evader uses the control (10), then
z(t) # 0, ¢ € [0,91) whenever p(t) = o(t).

B.If p(t1) < o(t1) at some time ¢ € [0,7;) then
by continuity of the functions p(t), o(t), t > 0, and
the inequality p(0) > o(0) there exists 7, 0 < 7 < #;
to hold the equality p(7) = o(7). As proved in the
above that z(t) # 0, 0 < ¢t < 7, and hence z(7) # 0.

In its turn the inequality z(7) =
(z1(7), 22(7),...) # 0, implies that zi(7) =
Ap(T)ne(t) # 0 for some k. Hence ni(7) # 0.
Consider the following two-dimensional system

(t) = ﬁk(T)—/Ak(—

associated with the number k. Construct a strategy
for the evader that ensures the inequality zx(t) # 0,
T<t<T. Set

07
vg(s) = {uk(s — o),

In the following the positive number ¢ will be chosen.
If <t <7+e¢,then
/ Ap(—s)uk(s

—vp(s))ds, t > 71

TLSKTH+eg,

T+e<s<T.

i (t) = (T

29

and
me(8)] > ()] — /}ms)uk(s)ds
> ()l - [Ax(—s)ua(s) ds
= () —/twwk( )lds
>|nk<7>|(/”23k5ds [ |2ds> :
Since

T
[P ds <7
0

the right part of the last inequality approaches |7 (7)|
ase — 0.

If T +e <t <T,then we have

Mi(t) = mi(r) — / Ap(—s)ur(s) ds

T

t
- e
T+e

=m<f>—/;4k<—

Ap(—s —e)ug(s)ds

T

=)+ [[Aes o) -

t
v [
t—e

Using the Cauchy-Schwartz inequality yields

s)ug(s —e)ds

s)ug(s)ds

A(—3s)]ug(s)ds

—s)ug(s) ds.

t—e 1/2
()] = [mi(7)] — a - ( |uk(s)|2ds)

T

t t 1/2
- (/620‘"‘5 ds- [ |ug(s)|? ds) ,
t—e t—e

where

t—e 1/2
ap = ( |Ak(—s—5)—Ak(—s)||2ds> .

It is clear that |n;(7)] > 0, and the second and the
third terms of the right part of the last inequality
approach 0 as € — 0.

Thus there exists g > 0 such that ng(t) >
[nie(7)]/2, ¢ > 7, whenever 0 < & < ;. Hence
zp(t) # 0, 7 < t < T. This implies z(t) # 0,
7 < t < T. The proof of the theorem is complete. [l
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CONCLUSIONS

In the present paper, we have studied optimal pursuit
game problem for the infinite system of DE (1) in the
Hilbert space l5. Control functions are subjected to
integral constraints. The main results of the paper
are as follows. (i) We have solved a time optimal
control problem and found an equation to find the
optimal time, (5). Also we have constructed optimal
control. (ii) We have studied optimal pursuit problem
for the differential game with integral constraints. We
have constructed optimal strategies for the players and
given an equation to find optimal pursuit time.

Research on methods for solving control and/or
differential game problems for systems described by
infinite number of ODEs has very promising future
since many control and/or differential game problems
described by PDEs can be reduced to such systems
(see, for example, Refs. 4-9).

Control problems for infinite systems of differen-
tial equations require new methods. Many methods of
finite dimensional spaces don’t work even for infinite
systems of simple form. For example, consider the
following controlled system described by the first
order differential equations

Zk = — Mgz +wg, 2(0) = 2po, k=1,2,..., (13)

where 2y, zro, Wi € R, 2(t) = (21(t), 22(t),...) €
lo, t > 0; wg, £k = 1,2,..., are control pa-
rameters, and A;, 0 < A1 < Ao
00. Admissible controls are defined as functions
w(t) = (wy(t),wa(t),...) with measurable compo-
nents w; () subjected to geometric constraint

< - -

o0
S wi(t) <p?, t>0,
k=1

where p > 0 is a given number. Such a constraint is
obtained if we consider the constraint on the norm of
the form [|v(+, )] < p(see (5) in Ref. 8) instead of the
constraint (1.6) in Ref. 6. It is natural to investigate the
following time optimal control problem for the system
(13) in the Hilbert space [5:

z(T)=0,k=1,2,..., T — min

which is an open problem. This problem can also
be extended to systems with arbitrary positive coef-
ficients Ax. Another open problem for simple motion
differential games in the Hilbert space [, was formu-
lated in the conclusion of Ref. 11.
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