


@,BULLETIN OF THE ICA
“Volume 92 (2021), 78-90

On sublinear approximations for the
Petersen coloring conjecture

DAVIDE MATTIOLO!, GIUSEPPE MAZZUOCCOLO*!, AND
VAHAN MKRTCHYAN?

1 UNIVERSITA DEGLI STUDI DI VERONA, VERONA, ITALY
davide.mattioloQunivr.it, giuseppe.mazzuoccoloQunivr.it
2GRAN SASSO SCIENCE INSTITUTE, L’AQUILA, ITALY
vahan.mkrtchyan@Qgssi.it

Abstract

If f: N — N is a function, then let us say that f is sublinear if
lim m =0.

n—+oo N

If G = (V,E) is a cubic graph and ¢ : E — {1,...,k} is a proper
k-edge-coloring of G, then an edge e = uv of G is poor (rich) in c,
if the edges incident to u and v are colored with three (five) colors.
An edge is abnormal if it is neither rich nor poor. The Petersen
coloring conjecture of Jaeger states that any bridgeless cubic graph
admits a proper 5-edge-coloring ¢, such that there is no an abnormal
edge of G with respect to c. For a proper 5-edge-coloring ¢ of G, let
Nc(c) be the set of abnormal edges of G with respect to c¢. In this
paper we show that (a) The Petersen coloring conjecture is equiva-
lent to the statement that there is a sublinear function f : N — N,
such that all bridgeless cubic graphs admit a proper 5-edge-coloring
¢ with |Ng(c)| < F(|V]); (b) for k = 2,3,4, the statement that
there is a sublinear function f : N — N, such that all (cyclically)
k-edge-connected cubic graphs admit a proper 5-edge-coloring ¢ with
|INc(c)| < f(]V]) is equivalent to the statement that all (cyclically)
k-edge-connected cubic graphs admit a proper 5-edge-coloring ¢ with
|NG(C)| <2k +1.
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PETERSEN COLORING CONJECTURE

1 Introduction

The Petersen Coloring Conjecture in graph theory asserts that the edges of
every bridgeless cubic graph G can be colored with edges of the Petersen
graph P as colors, such that adjacent edges of G receive as colors adjacent
edges of P. The conjecture is considered hard to prove as it implies some
other classical conjectures in the field such as Cycle Double Cover Con-
jecture, Berge-Fulkerson Conjecture, The Shortest Cycle Cover Conjecture
(see [2, 3, 5, 13, 15] for more details). In [5], Jaeger himself introduced an
equivalent formulation of the Petersen Coloring Conjecture. He proved that
a bridgeless cubic graph satisfies this conjecture, if and only if, it admits
a normal edge-coloring (see Definitions 1.2 and 1.3) with at most 5 colors.
Let x5y (G) be the minimum number of colors in a normal edge-coloring of
G. As usual, we refer to xy(G) as the normal chromatic index of G. In
terms of normal edge-colorings, Petersen Coloring Conjecture amounts to
saying that all bridgeless cubic graphs have normal chromatic index at most
five. The best known upper bound for x5 (G) in the class of all bridgeless
cubic graphs is 7 and some authors have asked for improving this bound
to six as an intermediate step towards proving Jaeger’s conjecture. If one
considers the class of all simple cubic graphs (not necessarily bridgeless),
then the situation has been clarified here only recently. There are examples
of cubic graphs with normal chromatic index 7 and it is shown in [9] that
all simple cubic graphs admit a normal edge-coloring with at most seven
colors.

Now, let us introduce the main notions and definitions that will be used
in the paper. Graphs considered in this paper are finite and undirected.
They do not contain loops. However, they may contain parallel edges. If
G is a graph, then let V(G) and E(G) be the set of vertices and edges of
G, respectively. For a vertex v of G, let Jg(v) be the set of edges of G that
are incident to the vertex v in G.

Assume that G and H are two cubic graphs. A mapping ¢ : E(G) — E(H),
such that for each v € V(G) there is w € V(H) such that ¢(dg(v)) =
On (w), is called an H-coloring of G. If G has an H-coloring, then we write

H < G. Tt can be easily seen that < is a transitive relation defined on the
set of cubic graphs. That is, if H < G and K < H, then K < G.

Let P be the Petersen graph. The Petersen coloring conjecture of Jaeger
states:

Conjecture 1.1. (Jaeger, 1988 [6]) If G is a bridgeless cubic graph, then
P<G.
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Note that in [11] it is shown that the Petersen graph is the only 2-edge-
connected cubic graph that can color all bridgeless cubic graphs.

For a positive integer k a (proper) k-edge-coloring of a graph G is an as-
signment of colors {1, ..., k} to edges of G, such that adjacent edges receive
different colors. If ¢ is an edge-coloring of G, then let S¢ .(v) be the set of
colors that edges incident to the vertex v receive. When it is clear which
graph we are referring to, we write S.(v) in place of Sg .(v).

Definition 1.2. Let uv be an edge of a cubic graph G and c is an edge-
coloring of G, then the edge wv is called poor or rich with respect to c, if
|Sc(u) U Se(v)] = 3 or |Se(u) US.(v)| = 5, respectively. An edge that is
neither poor nor rich is called abnormal.

For a cubic graph G and an edge-coloring ¢ of G, let Ng(c) be the set of
abnormal edges of G with respect to c.

It can be easily seen that edge-colorings having only poor edges are 3-
edge-colorings of G. On the other hand, edge-colorings having only rich
edges have been considered in the last years. They are called strong edge-
colorings. In this paper, we consider the case when all edges must be either
poor or rich.

Definition 1.3. An edge-coloring c of a cubic graph is normal, if any edge
is rich or poor with respect to c.

It is immediate that an edge coloring which assigns a different color to every
edge of a simple cubic graph is normal (as all edges are rich). Hence, one
can define the normal chromatic index of a simple cubic graph G, as the
smallest k, for which G admits a normal k-edge-coloring. Let us denote it

by X (G).

In [5], Jaeger proved that:

Proposition 1.4. (Jaeger, [5]) If G is a cubic graph, then P < G, if and
only if G admits a normal 5-edge-coloring.

This means that Conjecture 1.1 can be stated as follows:

Conjecture 1.5. For any bridgeless cubic graph G, x'y(G) < 5.

Observe that Conjecture 1.5 is true for 3-edge-colorable cubic graphs. This
is so because in any 3-edge-coloring ¢ of a cubic graph G any edge e is
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poor, hence ¢ is a normal edge-coloring of G. This means that non-3-edge-
colorable cubic graphs are the main obstacle for Conjecture 1.5. Let us
note that Conjecture 1.5 is verified for some non-3-edge-colorable bridgeless
cubic graphs in [4].

In [14], the percentage of edges of a bridgeless cubic graph, which can be
made poor or rich in a 5-edge-coloring, is investigated. There it is shown
that in any bridgeless cubic graph G, there is a proper 5-edge-coloring such
that at least § - |E(G)| of edges are normal. See the papers [1, 7, 10, 12],
where new results on this problem are presented. The problem studied in
[14] can be viewed as finding proper 5-edge-colorings of bridgeless cubic
graphs with some upper bounds for the number of abnormal edges. Note
that a similar approach was already considered by Kochol in [8] for many
different problems in graph theory.

The bounds for x’y (G) presented in the above-mentioned papers are linear
in terms of the size of G. Thus, one may wonder whether it could be
possible to show that all bridgeless cubic graphs G admit a proper 5-edge-
coloring with at most f(|V(G)|) abnormal edges, where f is a fixed sublinear
function. In this paper, a function f : N — N on positive integers is called
sublinear, if

lim M

n—-+oo n

=0.

In the following section, we prove that obtaining such a result is going to
be a difficult task. Here, we would like to offer a more general conjecture:

Conjecture 1.6. The following statements are equivalent:

(a) Petersen coloring conjecture is true;

(b) There is a sublinear function f : N — N, such that all bridgeless cubic
graphs G admit a proper 5-edge-coloring such that at most f(|V(G)])
edges of G are abnormal;

(¢) There is a sublinear function g : N — N, such that all 2-connected
cubic graphs G admit a proper 5-edge-coloring such that at most

g([V(G)]) edges of G are abnormal;

(d) There is a sublinear function h : N — N, such that all 3-connected

cubic graphs G admit a proper 5-edge-coloring such that at most
LV (QG)|) edges of G are abnormal;

(e) There is a sublinear function k : N — N, such that all cyclically 4-
edge-connected cubic graphs G admit a proper 5-edge-coloring such
that at most k(|V(G)|) edges of G are abnormal.
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Roughly speaking, our conjecture suggests that beating the linear upper
bound for abnormal edges amounts to proving the original conjecture of
Jaeger. Note that [8] proves this statement for many well-known conjectures
in graph theory. Table 1 summarizes the results that we have obtained so
far. On the left column we give the class of cubic graphs where we assumed
the sublinear bound. In the right column we give the constant upper bound
that this sublinear bound implies in the class under consideration.

Table 1: The classes of cubic graphs and the upper bounds for abnormal
edges that the sublinear bound implies.

Class of cubic graphs Constant upper bound for abnormal edges
bridgeless =0
2-edge-connected <5
3-edge-connected <7
cyclically 4-edge-connected <9

If on one hand, upper bounds on the number of abnormal edges can be
investigated, on the other hand, one can also try to prove that graphs having
a proper 5-edge-coloring with a small prescribed number of abnormal edges
admit a normal 5-edge-coloring. In this spirit, we present some results
and questions in Section 3. In particular we prove that there is no proper
5-edge-coloring of a cubic graph having only one abnormal edge.

2 The main results

In this section we obtain our main results. Our first theorem says that
showing a sublinear bound for the number of abnormal edges with respect
to the order of a bridgeless cubic graph G is as hard as proving Petersen
coloring conjecture. In other words, we establish the equivalence of state-
ments (a) and (b) in Conjecture 1.6. We observe that in this statement G
may not be connected.

Theorem 2.1. The following statements are equivalent:
(a) Conjecture 1.1 holds true;

(b) There exists a sublinear function f, such that every bridgeless cubic
graph G admits a proper 5-edge-coloring ¢ with |[Ng(c)| < f(|V(G))).
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Proof. (a) implies (b): it follows by Proposition 1.4 since the identically
zero function is sublinear.

(b) implies (a): it is known that it suffices to prove the Petersen coloring
conjecture for 2-connected cubic graphs. Let G be such a graph. Consider
a cubic graph H obtained from ¢ disjoint copies of G. Here ¢t > 1. We have
|[V(H)| =t-|V(G)|. Since f is sublinear, we can choose t large enough in

such a way that
SV (H))) 1

< .
V(H)| V(@)
By (b), we can assume that H admits a proper 5-edge-coloring ¢, such that
[Nu(c)l < f(IV(H)]). Hence

[V (H)|
V(G
Thus, there is a copy of G where there are no abnormal edges with respect

to ¢. Thus, in this copy ¢ gives a normal 5-edge-coloring of GG. The proof
is complete. O

INu(e)] < f(IV(H)|) < =1

The proof of previous theorem could appear unsatisfactory since it uses a
disconnected graph. Mainly for this reason, we wonder if we can obtain
similar conditions under some connectivity assumptions. The answer is
positive as we show in the next three theorems.

Theorem 2.2. The following statements are equivalent:

(a) Any 2-connected cubic graph G admits a proper 5-edge-coloring c,
such that |Ng(c)| < 5.

(b) There exists a sublinear function f, such that every 2-connected cubic
graph G admits a proper 5-edge-coloring ¢ with |[Ng(c)| < f(|[V(G))).

Proof. (a) implies (b): as before, by Proposition 1.4 and since the identi-
cally five function is sublinear.

(b) implies (a): Let G be a 2-connected cubic graph and let e be an edge
of G. Consider a cubic graph H obtained from ¢ disjoint copies of G — e by
joining them cyclically. Here, ¢t > 1. We have |V(H)| =t - |V(G)|. Since f
is sublinear, we can choose t such that

JV) 1
v~ Vel
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By (b), we can assume that H admits a proper 5-edge-coloring ¢, such that
[Nu(c)l < f(IV(H)]). Hence

INu(e)l < F(IV(H)]) <

Thus, there is a copy of G — e where there are no abnormal edges with
respect to ¢. Since the endpoints of e are adjacent to four edges, they see
four colors. Hence there is a color in {1, ...,5} that is missing in both ends
of e. We can color e with this color. Clearly, this will give a proper 5-edge-
coloring of G. Moreover, only e and the four edges adjacent to it might be
abnormal. Thus (a) holds. The proof is complete. O

Now we show that we need to increase the number of abnormal edges under
stronger connectivity assumptions.

Theorem 2.3. The following statements are equivalent:

(a) Any 3-connected cubic graph G admits a proper 5-edge-coloring c,
such that |Ng(c)| < 7.

(b) There exists a sublinear function f, such that every 3-connected cubic
graph G admits a proper 5-edge-coloring ¢ with |[Ng(c)| < f([V(G)]).

Proof. (a) implies (b): it follows as before by using Proposition 1.4 and the
identically seven function is sublinear.

(b) implies (a): let G be any 3-connected cubic graph and let v any of its
vertices. For a positive integer ¢ > 1 take a 3-connected bipartite cubic
graph B such that B has 2t vertices. Consider a cubic graph H obtained
from B by replacing each of its vertices with a copy of G — v. Clearly, H
is 3-connected and |V (H)| = 2¢- (|[V(G)| — 1). Since f is sublinear, we can
choose t such that

SV (H)]) 1

V) S AVE -1

By (b), there is a proper 5-edge-coloring ¢ of H, such that |[Ng(c)| <
f(V(H)|). We have

Nl < SV ) < 5 Ty

V(@) =1

Thus, since the number of copies of G — v is ¢, there is a copy, say K, of
G — v which contains no abnormal edges with respect to ¢. We construct a
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copy G’ of G by contracting all vertices of H not in K in a unique vertex.
We denote again, with a slight abuse of notation, by v such a vertex. Let
vv1, vve and vvs be the three edges adjacent to v in G’. We color the
edge-set of G’ by assigning to every edge different from vv;, vvy and vus
the same color that it has in ¢. We extend the coloring to the remaining
three edges of G’ as follows. We choose the color of vv; equal to the color
of the unique edge of H incident to v; and not in K. Then we can choose
the color of vws different from the color of vv; and from the color of the
other two edges of K incident to vo. Finally, we can choose the color of
vws different from the colors of vv; and vvy and from the color of the other
two edges of K incident to vs. Clearly, this is possible since five colors are
available and at most four of them are forbidden in each step of the process.
The resulting coloring will be a proper 5-edge-coloring. Moreover, only the
edges vvy,vvs,vvg and the four edges adjacent to vvy and vvs might be
abnormal. Thus, in this coloring there are at most seven abnormal edges.
The proof is complete. O

Let G be a bridgeless cubic graph, and let e; = ab and es = ¢d be two
independent edges of it. Take t copies of G — e; — e and let the vertices
corresponding to a, b, ¢, d in the ith copy of G —e; —es be a;, b;, ¢;,d;. Now,
join them in the following way: for ¢ = 1,...,(t — 1) add the edges d;a;11
and ¢;b;11. When i = ¢, we add the edges d;a; and ¢;b; (Figure 1). Observe
that the resulting graph is cubic. We will say that it is obtained from ¢
copies of G — e; — e by joining them cyclically.

Figure 1: Joining the copies of G — e; — es cyclically.

We prefer to omit the proof of the following technical proposition. It is
nothing but a case by case analysis.

Proposition 2.4. Let G be a cyclically 4-edge-connected cubic graph and
let e1, eg be two independent edges of G. Take t > 2 copies of G —e1 — e
and join them cyclically to get a cubic graph H. Then H is cyclically 4-
edge-connected.
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Now, by taking a path of length three, such that its end-edges are e; and
ea, we can prove the following

Theorem 2.5. The following statements are equivalent:

(a) Any cyclically 4-edge-connected cubic graph G admits a proper
5-edge-coloring ¢, such that |[Ng(c)| < 9.

(b) There exists a sublinear function f, such that every cyclically
4-edge-connected cubic graph G admits a proper 5-edge-coloring c
with |[Na(c)| < F(IV(G)]).

Proof. (a) implies (b): as before it follows by Proposition 1.4 and since the
identically nine function is sublinear.

(b) implies (a): let G be any cyclically 4-edge-connected cubic graph. Take
a path of length three in G and let e;, e be the end-edges of this path.
Now for a positive integer ¢t > 2, take ¢ copies of G — e; — e and join them
cyclically. Let H be the resulting cubic graph. Clearly, |V(H)| =1t-|V(G)|
and H is cyclically 4-edge-connected (Proposition 2.4). Since f is sublinear,
we can choose t such that

Vi) 1

V) V@)
By (b), H admits a proper 5-edge-coloring ¢, such that [Ny (c)| < f(|V(H)|).
We have:

[V (H)|
Thus, there is a copy of G —e; —es, such that it contains no abnormal edges
with respect to c¢. Now, consider a 5-edge-coloring of G obtained from ¢ by
taking the colors of e; and es as the ones missing in its end-points. Since
the graph is cubic, there are four such edges. Hence we can choose one from
{1, ...,5}. The resulting coloring is proper. Moreover, only the edges e; and
es and the edges adjacent to them might be abnormal. Since by our choice
e; and ey are adjacent to one edge, we have that G contains at most nine
abnormal edges with respect to this coloring. The proof is complete. O

3 Related problems

In this paper, we considered the problem stated in [14], which can be re-
phrased as finding upper bounds for abnormal edges in 5-edge-colorings
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Figure 2: The edge-coloring ¢ of P.

of bridgeless cubic graphs. Our main goal was to investigate the case of
this problem when the upper bound for abnormal edges can be written as
a sublinear function of the size of the graph. We presented a conjecture
which was implying that obtaining such bounds is going to be as hard as
proving the Petersen coloring conjecture. In order to support our conjec-
ture we obtained several results that were showing that sublinear bounds
imply constant bounds for abnormal edges. As a problem for future re-
search, one could consider the problem of decreasing these constants. As
an intermediate step towards this goal, we would like to offer

Question 3.1. Assume that a bridgeless cubic graph G admits a proper
5-edge-coloring ¢, such that |[Ng(c)| < 2. Can we prove that G admits a
normal 5-edge-coloring?

We put constant 2 in Question 3.1 because a cubic graph G with a proper
5-edge-coloring ¢ is such that |[Ng(c)| # 1. The following result shows this
fact.

Proposition 3.2. There is no cubic graph having a proper 5-edge-coloring
with exactly one abnormal edge.

Proof. Let G be a cubic graph and ¢ a proper 5-edge-coloring with the
property that exactly one edge e = wv € FE(G) is abnormal. We can
assume without loss of generality that ¢(e) = 1 and that Sq .(v) = {1, 2,3},
Sa.c(v) = {1,2,4}. Let P be the Petersen graph with the edge-coloring ¢
depicted in Figure 2. We denote ¢.: E(G —e) — E(P) the map such that,
for all edges zy € E(G — e),
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Figure 3: A proper 5-edge-coloring of the 3-cube with two abnormal edges
(bold edges).

e if zy is poor in G, then ¢.(zy) = 2’y is the unique edge of P such
that c(zy) = é(z'y’) and Spa(2') = Sa.c() = Sa.(y);

e if zy is rich in G, then ¢.(zy) = 2’y is the unique edge of P such
that c(zy) = é(2'y'), Spe(z’) = Sa.c(x) and Sps(y') = Sg.c(y)-

Let C C P be the bold cycle in Figure 2 and consider the subgraph H
of G — e induced by ¢, 1(C). First notice that ¢ 1(C) N (9g(u) U dg(v))
consists of just one edge, that is the edge wu, with w # v, such that
c¢(wu) = 2. Therefore H has one vertex of degree 1. On the other hand,
since the map ¢, sends each edge x1x2 of G — e to an edge y1y2 of P such
that Sg.c(z:) = Spe(yi), © € {1,2}, we have that every vertex of V(H)\{u}
has degree 2 in H. Therefore H is a graph with all vertices of degree 2 and
only one vertex of degree 1, that is impossible. O

On the other hand, we show that, for every integer k£ > 2, there is a
cubic graph with a proper 5-edge-coloring having exactly k abnormal edges.
Before going to the proof, let G1, G2 be two cubic graphs and let e; = x;y; €
E(G;), withi € {1,2}. We define the 2-cut connection applied to the graphs
G1, G2 with prescribed edges ey, es respectively, to be the operation that
produces the cubic graph K having vertex-set V(K) = V(G1) UV (G2) and
edge—set E(K) = (E(G1) U E(GQ) U {$1$27y1y2}) \ {61, 62}.

Proposition 3.3. For all integers k > 2, there is a cubic graph having a
proper 5-edge-coloring with exactly k abnormal edges.

Proof. Figure 3 shows that the statement is true for k = 2. Let £ > 3 and
G be a cubic graph with a proper 5-edge-coloring ¢ with k£ — 1 abnormal
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Figure 4: Extending an edge-coloring in such a way that the resulting one
has one more abnormal edge (abnormal edges are depicted in bold).

edges. Call e = uv one of the abnormal edges of G. Up to a permutation of
colors, we can assume that c¢(e) = 1 and that S .(u)USq..(v) = {1,2,3,4}.
Construct the cubic graph H applying a 2-cut connection to G (with pre-
scribed edge e) and a copy of Ky (see Figure 4). The edge-coloring of G
can be extended to the new added part as shown in Figure 4. This new
edge-coloring has one more abnormal edge than c¢. Therefore H admits a
proper 5-edge-coloring with k£ abnormal edges. O
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