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This technical report contains the full versions of all sketched or omitted proofs of our ICAPS 2023 paper “A Theory of
Merge-and-Shrink for Stochastic Shortest Path Problems”. We follow the same notation as originally introduced in the paper.

Proof of Theorem 2
Recall that for a transformation 7 = (0, ©', o, \), we defined the following two heuristics:
oy ._ JJ&(0(s)) s e dom(o) ooy . Jmaxseo—1s) JE(s) o
he(s) = { 00 s ¢ dom(o) o (s) = 0 o~ 1(s")

The statement of Theorem 2 was the following.

Theorem 2 Let 7 = (0,0, 0, \) be a transformation.

(i) If T is conservative, then h7, is goal-aware, consistent, safe and admissible.
els8
(ii) If T is refinable, then hy, is goal-aware, consistent, safe and admissible.
(iii) If T is refinable, then h7, is pessimistic.
elsp
iv) If T is exact, then h, is perfect.
elsp

As already mentioned in the paper, (iii) follows from (ii) since h (s) = J§&, (o(s)) > hg, (o(s)) > J&(s) by admissibility if
s € dom(o) and h;(s) = oo > J§(s) otherwise. Clearly, (iv) follows directly from (i) and (iii). Admissibility of the heuristics
follows from goal-awareness, consistency and safety. To prove (i) and (ii), we split these statements into multiple parts. We
first concentrate on goal-awareness and consistency only, and then leverage this intermediate result to also show safety and
admissibility.

Theorem 2A Let T = (0,0, 0, \) be a transformation.

(i) If T is conservative, hg, is goal-aware and consistent.
(ii) If T is refinable, hg, is goal-aware and consistent.

Proof.Let © = (S, L,c,T,G)and ® = (8", L', ¢, T", G").

(i) Goal-Awareness Let s € G. From CONSg and CONS¢ we can immediately conclude o(s) € G’ and therefore hf(s) =
J& (o(s)) = 0.

(i) Consistency Let s € S. We need to show h;(s) < (Behg)(s). Assume T'(s) # (), as otherwise this is trivial by definition
of Be. This also implies 77(co(s)) # 0 since ind, (T'(s)) # 0 by CONSg and CONS, and ind(T'(s)) C T"(o(s)) by CONSt.
Because J§, < BgrJ§,, we have by definition of h, and Be::

hZ(s) < min 5/ J /
ols) = (o(s),£,6") €T (a(s)) { t'eZS/ o }
< §'(t)JE, by ind(T'(s)) € T"
< o in [ + 8IS } (by ind,(T'(s)) € T'(a(s)))

t'esS’



Next, acknowledge the simple mathematical fact that minge s x) g(x) = mingex g(f(z)) for f total on X. In our case,
f =1ind; is total on X = T'(s) by CONSg and CONS;,. This allows us to minimize over 7T'(s) directly.

.= min [a(w)HZaD(a)(t’)Jg,(t')]

(s,£,6)€T(s)

t'es’
= (s f%ienT(s) {C(@ * t;, UD(é)(t/)‘%/(t/)} (by CONS¢)
= min () + t,; teaz;(t/) 5(t) 75, (1) (by def. op)
= o) {C(@ * t; 5(t)J6(0(t))} (by CONSs)
- @,é%ienT(s) {c(é) + ; 8(t) 6(t)] (by def. h3)
= (Bohg)(s) (by def. Bo)

(ii) Goal-Awareness Let s’ € G'. If 07 '(s') = 0 we have h{,(s’) = 0 by definition of h, otherwise REF guarantees
o~1(s") C G and h,(s') = 0 since J§(s) = 0 for s € G.

(i) Consistency Let s’ € S’. We need to prove h, (s") < (Berhg,)(
definition of Be:. We can also assume o~ *(s) # () as otherwise hg, (s’
since all terms are non-negative.

We choose an arbitrary s € o~ (s). Note that 7’(s") C ind,(T'(s)) by REFy and therefore §) # T'(s) and ind ' (T”(s')) C
T(s). Because J¢ < BgJ§, we have

J5(s) < min [c(f)—i—Zé(t)Jg(t)}

T (s,4,0)€T(s) =

s'). Assume T"(s’) # (), as otherwise this is trivial by
) = 0 by definition of hg, and the inequality is trivial

< min c(0) + Y 8(t)JE(t (by ind-H(T"(s")) C T'(s))
(s,€,6>eind;1(T’(s’))[ () teZS (t)Je( )} y (T'(s")) € T'(s)

Now, notice that § € dom(op) for (s, £, ) € ind; *(7"(s")). Thus, supp(8) C dom(o) = o~ 1(S’) by definition of op.

ECESD SERIORA0] (by supp(5) € o~ 1(S")

min
: —1
(s,€,6)€ind -1 (T"(s")) L teo—1(3")

- min :c(e) + Y s (t)}

(5,0,6)€ind 1 (T"(s")) =

teo 1 (t')
- min [ (\0) + ()5 (t (by REF¢)
(s,6,6)€ind =1 (T"(s")) L (A(®)) t;/ OREL )}
teo 1 (t)
< min OO+ S op(8) ()G, ( by def. o and hZ,
< e o [ O) ZS D (8)(t )i (t)] (by def. o and hZ,)

Lastly, we minimize over the transitions in 7”(s’) directly instead.
L= min )+ 8t T,t’}
o) PIRIGLTE
= (Be'hy)(s") (by def. Bor)

Allin all, J§&(s) < (Behg,)(s'). Since s € o~ !(s") was arbitrary, we have b, (s') = max,e,—1(5) J&(s) < (Berhg,)(s')
by definition of hg,,. |

To show the remaining properties of Theorem 2 (i) and (ii), we apply Theorem 2A to a very specific type of transformation.
To this end, for a PTS © = (S, L, ¢, T, G), we introduce the MaxProb compilation of © as MP(©) := (S U {s¢(©)}, L U
{give_up(0), success(0)}, ', 77, {s¢(0)}) where s¢(0) is a fresh goal state, give_up(©) and success(O) are fresh labels,
' (give_up(®)) := 1 and ¢/ (¢) := 0 for £ # give_up(O) and the transitions are defined as 7" := T'J{(s, give_up(©), s¢(0)) |



s € S} {(s,success(0),sc(0)) | s € G}. The name of this construction represents the fact that 1 — Jiip(e)(s) € [0,1] is
the maximal goal probability of the state s € S, i.e., the probability of terminating in the goal with a policy that maximizes
this metric. In particular, J&(s) € Rxo if and only if J{p(g)(s) = 0, since an s-proper policy terminates in the goal with
probability one.

For a transformation 7 = (©,0’,0,)), we now investigate the corresponding extended transformation MP(7) :=
(MP(©),MP(©’),0’, ') where o'(s) := o(s) for s € S, 0/'(sq(©)) = s¢(©), and N(¢) = A({) for £ € L,
N (give_up(0)) := give_up(©’) and N’ (success(0)) := success(0’). The following is easy to see.

Theorem 2B Ler 7 be a transformation. If T satisfies any of the properties of Definition 2, then MP () also satisfies this
property.

With the help of the MaxProb compilation and the fact that J§(s) € Rxo if and only if J3jp(e)(s) = 0, we can now prove
the remaining part of Theorem 2.

Theorem 2C Let T = (0,0, 0, \) be a transformation.

(i) If T is conservative, hg, is safe and admissible.
(ii) If T is refinable, hy, is safe and admissible.

Proof. For (i), we can use Theorem 2B to apply Theorem 2A (i) to MP(7) and obtain that the heuristic hMEEC) is goal-
aware and consistent. Note that the MaxProb compilation does not contain any dead-ends, so hMEEg}) is trivially safe and thus
admissible. Concludingly, for all states s € .S, h%ﬁgé))(s) = Jap(e)(0(5)) < Jip(e)(s). Ultimately, Jiip o) (s) = 0 implies
Jip ey (0(s)) = 0, which means that J§(s) € R>q implies hg és) = Jo(o(s)) € Iézo. This shows that h is also safe and
therefore admissible.

For (ii), we likewise use Theorem 2b to apply Theorem 2a (ii) to MP(7) and obtain that the heuristic hg, for MP(©’) is
goal-aware and consistent. hMEEQ,) is also trivially safe and thus admissible. This means that hMEEQ)(s’ ) < Jipen(s)
and therefore Jyip()(s) < Jipery(s') forall s € o~ (s'). Ultimately, Jiip(or)(s') = 0 implies Jiipe)(s) = 0 for all
s € o~ !(s’), which means that J, (s") € R>( implies J§(s) € Rx and for all states s € o~ *(s’) and thus hg, (s") € Rxo.
This shows that hg, is also safe and admissible for refinable 7. O

Proof of Theorem 3

Theorem 3 provided a characterization of exact transformations in terms of PTS bisimulation, but the proof was only sketched.
We now provide a rigorous proof of this statement.

Theorem 3 Let © be a PTS and let 7 = (0,04 5.,id). Then 7 is exact if and only if ~4 is a PTS bisimulation on ©.

Proof. Before we prove both implications, acknowledge that s; ~, s2 is equivalentto o(s1) = o(s2) and 41 ~, 09 is equivalent
to op(d1) = op(d2) by definition of ~,.
“<"”  We show the following two properties:
(i) If ~, satisfies BISIM; then 7 satisfies REFg.
(i) If ~, satisfies BISIM; then 7 satisfies REFy.

REF trivializes because the label mapping is the identity function and the cost functions of © and ©7 coincide.
BISIM; = REFg: Consider a goal state s’ € ©%1¢ and let s € o~ !(s’). Because 7 satisfies INDg, there is a goal state
5 € 071(s) of ©. In particular, o(s) = o(5) = s’ and we have s ~, 3. Ultimately, because ~, satisfies BISIM; and 3 is a
goal state, s is also a goal state of O.
BISIM, = REFy: Consider a transition (s',/,6') € ©%¢ and a state s € o~ 1(s’). We must show that there exists a
transition (s, £,8) € © with § € o' (8'). Because T satisfies INDr, there exists a transition (3, £, ) € © such that § € o~ 1(s')
and 6 € o' (¢’). In particular, s ~, 3. Due to BISIM,, there is a transition (s, £, ) € © with § ~, 4. Ultimately, op(5) =
op(6) = &' and therefore § € o, (8").
“="  We show the following two properties:
(1) If 7 satisfies REFg, then ~, satisfies BISIMj.
(i) If 7 satisfies REFy, then ~, satisfies BISIM,.

Now, let s1, s2 € O be two states with o(s1) = o(s2).

REFG = BISIM;: Assume that s is a goal state of ©. Because of CONSg, we conclude that o(sy) is a goal state of O%id,
From o(s1) = o(s2), we have s3 € 0~ 1(0(s1)). Combined with REFg, it follows that s5 is a goal state of ©.



REFt = BISIM,: Let (s1,4,8;) € ©. We must show that there exists (s2,¢,d2) € © with op(d1) = op(d2). Because
of CONSs,+1, We have (0(s1),4,0p(81)) € ©71. Because of o(s;) = o(ss), we once again conclude s, € o (co(s1)).
Combined with REFy, we derive that there is a successor distribution do with do € 051(09(51)) such that (s9,¢,d2) € ©.1In
particular, op(d1) = op(d2). O

Proof of Theorem 5

Theorem 5 claimed that every shrink transformation is both induced and conservative. Here, we provide a detailed analysis of
this statement. To this end, the following intermediate lemma will prove helpful as a simplification rule.

Lemma l Let F' = (A;)ics be a factored APTS and let ¥ = (Atom(i,0;))icr be an F2FM only consisting of atomic FMs.
Furthermore, let (a;);c1 with o; © E — S; be a tuple of successor mappings over the state spaces S; of A; and let { be a label

of F. It holds that [X]p(0¢(Q);c; i) = 6e(Q);cp 0i © vi).

Proof. Let s' € S'. Firstly, since ¥ consists only of atomic FMs, we have [X]'(s") = X;c; 07 1(s%). Secondly, for the pre-
image of a product successor mapping, note that (®),; o)~ (s) = N @ !(s;) (for arbitrary o). To prove the equation,
we unfold the definitions of [X]p and &, and make use of these two facts:

[Elo@e(@as) = > Dile) = > Di(e)

) 1 —1, -1
i€l S€EXie1 7; (5;) eeﬂf,g[“j, (0'7', (5;))
—1
e€Miera; (s4)

= Z Dy(e) :5e(®aioai)

eEﬂiEI(Jioai)fl(sg) el

We now proceed to prove Theorem 5 in detail.

Theorem 5 Shrink transformations are ind. abstractions.

Proof. The properties CONSg,1.+c+Gg and INDg,+c+¢ are proven exactly as in the classical theory. We therefore only focus
on CONSt and INDry. In the following, let F' = (A;);cr and let 7 = (F, F’,3,id) be any transformation such that ¥ =
(Atom(i, 0;))ser is an F2FM only consisting of atomic FMs and F’ = (A});c; with A; = A7*. We show that F’ satisfies INDy
and CONSy. Note that shrinking transformations are a special case of such transformations where only a single o; is not the
identity function.

CONSt Let (s,£,0) € ©(Q F). We need to show that ind,({s, ¢, d)) € O(Q F’). By definition of &) F and O(Q) F'),
there are transitions (s;,¢,a;) € A; forall i € I such that § = §,(Q);c; ). We have (0i(s;),¢,0; 0 ;) € Aj = A7 by
definition of AJ". By definition of @ F’ and ©(Q) F), we have ((0:(si))icr, £, 0e(Q);c; 0i © ;) € O(Q) F'). Ultimately,
we have [Y](s) = (0i(si))ier by definition of [X] and 0,(Q);c; 7i © ;) = [E]p(de(@);c; @i)) by application of Lemma 1,
which shows the claim by definition of ind..

INDy Let (s',£,8") € ©(QR) F’). We need to construct a transition (s, £,5) € O(Q) F) with ind.({(s, £, )) = (s',¢,8"). By
definition of Q) F' and ©(@Q) F), there are transitions (s}, £, o) € Aj for all i € I such that 0’ = §,(Q),; ;). By definition
of A7 = A/ there exist transitions (s;, ¢, ;) € A; forall i € I such that o;(s;) = s} and 0; 0 a; = . By definition of Q) F'
and ©(Q) F), we conclude ((s;)icr, ¥, 00(Q);c; i) € O(Q) F'). Last but not least, note that [X]((s;)ier) = (0i(s4))icr = &'
and [X]p(6¢(®);c; i) = 0e(Q);c; ;) by Lemma 1, which shows the claim by definition of ind.. O

N

Proof of Theorem 6

In Theorem 6, we made the statement that a shrink transformation that uses a local abstraction generated from an APTS
bisimulation is an exact transformation, which strengthens Theorem 5 for such shrinking strategies. In the following, we give a
complete and formal proof for this statement.

Theorem 6 APTS bisimulation-based shrinking is exact.

Proof. Let F = (A;);er with A; = (S;, L, ¢, E,D,T;,G;) and Q F = (S, L, ¢, E, D, T, G). Let ~ be an APTS bisimulation
on A, € F and let 7 = (F, F’, 3, id) be the shrinking transformation for o, and A.

By Theorem 5, every shrinking transformation is induced conservative. In particular, ©(® F’) = () F)I*l4. By apply-
ing Theorem 3, we can therefore conclude that 7 is exact if and only if the induced equivalence relation ~[sj of [¥] is a PTS
bisimulation on () F).



To show this, let s, € O(@Q) F) such that s ~[xy t,i.e., [X](s) = [X](¢) in the following. Note that this implies s; = ¢; for
1 # k and sy, ~ ty by definition of ¥ and o...

BISIM; Assume s € G. We must show that t € G. By definition of ) F', we get s; € G; for all ¢ € I. For ¢ # k, we have
t; = s; € G;. Because ~ is a PTS bisimulation on Ay, and since s;, € G, and si ~ ti, we also have t;, € G by BISIM; for
~. Allin all, t € G by definition of ) F.

BISIM, Let (s,¢,0) € ©(Q F'). By definition of &) F' and ©(Q) '), there exist transitions (s;,{, ;) € A; with § =
00(®);c s ). Since ~ is an APTS bisimulation on Ay, and sy ~ tx, there exists a transition (t, £, Bx) € Ay such that g, ~ By
by BISIM, for ~. Now define 3; := «; fori # k. By definition of &) F" and ©(Q) F'), we have (¢, £, 6,(X),;c; 8i)) € O(Q F).

It remains to show that 0,(Q);c; i) ~[5] 0e(@er Bi)s i€ e 0e(@er i)(u) = 3 co 00(Q;e; Bi)(u) for all
equivalence classes C' € S/~[xy. Let C € S/~[x] be an equivalence class. We start by applying the definition of d:

Y @B = > Dile)

ueC i€l ueCec N g;l(ui)
i€l

We can further partition the innermost sum by first considering the equivalence classes of ~ 4, ¢, which gives us

=Y > Dy(e).

ueC l)ElE/:iAk)(
eeDN N B; M (wi)
i€l

Now, note that every equivalence class D € E/~4,  is either completely contained in the intersection ;. I\{k} B, 1(uz) or
completely disjoint from it by definition of ~ 4, ,. This allows us to restrict to those equivalence classes which are contained in

the intersection.
= > > Dile)

uwe€C  DEE/~a, ¢  eeDNBy  (uy)

DC N B M(w)
i€I\{k}

By definition of ¥ and ~r, we can write the equivalence class C' as C' = X, ; C;, where C}, € Si./~ and C; = {;} for fixed
states u; € A;, i # k. The outermost sum therefore only needs to consider the k-th component and can be moved inwards.

= > X )Y D

DeE/~ap e wi€CK eeDNB; * (ur)
DS N B ()
ieI\{k}
Next, we apply the facts oy ~ By and o; = §; fori # k.

= > Yo Y Do

DeE/~a, e ur€Ck eeDNay t (ur)
DC N ay (@)
ieI\{k}

Lastly, we apply the previous transformations in reverse.

=) > > Dile)=) > Dy(e)

wel DEE/:A,C,Z eEDﬁa?l(uk) ueC DEE/:Ak,z
DC N o) M (w) eeDNN a;l(ui)
ieI\{k} i€l
=> > Dy(e) = ) 8e(X) i) (u)
ueCec N a;  (w) ueC el
ier

Proof of Theorem 7

In Theorem 7, we made the claim that all merge transformations are isomorphisms, and therefore only cause a renaming of the
states of the represented state space.



Theorem 7 All merge transformations are isomorphisms.

Proof. Let T = (F, F’,¥,id) be a merge transformation of F' = (A;);e; into F' = (A});ey for j, k € I with j # k, where
I' =T\ {j,k} U{(4, k) }. We need to show that 7 is an isomorphism. Since merge transformations only affect the (goal) states
and transitions of ) F, it suffices to show that [3] is bijective, that [X](G) = G’ for the goal states G and G’ of ) F' and
Q F',and that " = {{[Z](s), ¢, [E] o &) | (s, ¢, ) € T} for the transitions 7" and 7" of @ F and @ F’. Since X, G and G’
are exactly defined as in the classical theory of merge transformations, the former two claims are already proven in the classical
case. We only need to focus on the transitions. We show both inclusions seperately.

“2>” Let (s,4,8) € @F. We need to show ([X](s),4, [X] o ) € @ F’. By definition of @ F, there exist transitions

(si,€,;) € A; foreach i € I such that 8 = @), c;. Furthermore, since (s;, £, ;) € Aj and (sy, ¢, ) € Ay, we conclude
that ((s;, sk), 4, a; ® ag) € A; ® Ay by definition of A; ® Ay. We now define

8" = (si)iengipy U0 E) = (sjis6)} o i= (aw)iengpy UL, K) = aj @ o}

We have that (s}, £, o) € Aj for every i € I’ by definition, and therefore (s', £, @), ;) € @ F’ by definition of &) F”. We
clearly have [X](s) = s’ by definition of ¥ and s’. It is left to show that [X] o @, ; i = @), @;. To this end, let e be an
label effect. We have:

([Z] 0 @) ai)(e) = [E)(wi(e))ier) = (@i(€))ien iy U LG k) = (a(e), an(e))}
i€l
= (@i(€))ien gy U{{: k) = (o © ar)(e)}
= ((e))ien g,ky LA, k> = (o) (€)}

:(Ct e 2€I’: ®a

iel’
“C” Let (s',¢,0") € @ F'. By definition of () F”, there exist transitions (s}, ¢, «}) € A} for each i € I’ such that ' =
&, @;. From (s’J Ky &5 0/<J k>) € Al<j7k> = A; ® A and the definition of A; ® Ay, there exist (5;,¢,&;) € A; and

(8, ¢, &) € A such that s’<]’k> = (8, 5;) and a’<M> = &; ® &y. We now define

5= (8} )iengmy U7 = 8 U{k =381} a:=())iengry UL — &} U{k = ar}.

By definition, we have (s;, ¢, ;) € A; forall i € I and therefore (s, £, @), ;) € @ F by definition of ) F. It is clear that
[¥](s) = s’ by definition of X and s. It is left to show that [¥] o &), ; @ = &), @;. To this end, we have:

([X] o ®az = [Z]((ai(e))ier) = (aile))ien (k) U, k) = (&;(e), anle))}
= (ai(e))iengiry UL k) = (& @ au)(e)}
= (aj(e))ien gxy UL, k> = (o) ()}
= ((e))ier = ®a

el’

Proof of Theorem 8

In Theorem 8, we investigated the basic properties of label reductions. The proof given in the paper contained a final claim that
we deal with here. For the sake of simplicity, we including here the steps already mentioned in the paper.

Theorem 8 Label reductions are abstractions and satisfy INDg,y1+c+G and REFg. Furthermore, they satisfy REF ¢ if and only
if only labels with the same costs are reduced and satisfy INDy if and only if they satisfy REFr.

Proof. The proofs for properties CONSg,1.+c+G> INDs:L+c+G and REF, and the necessary and sufficient condition of REF¢
are given in the classical theory. Since [X] = id we have (¢ [s-1 (s ind-(T'(s)) = ind, (s’) and so INDt and REF collapse
to a common statement.

For CONSy, let (s,¢,0) € ©(Q) F). By deﬁmtlon of ©(A) and the product there is some o such that § = 6,(&),; ;) and
(si, €, ;) € A;foralli € I. By deﬁnltlon of A2, we get (si, A(£), o 0 el) e A} forall i € I. By definition of the product
and ©(A), (s, A(£), 6x0)(R,craioe 1)) € ®(® F'). Tt is left to show that 55(@16[ ;) = 0x0)(Rucraioe ).



To this end, let s € @ F. We have

o(Qai)s) = Y. Dile)= > (Djoe)(e)

el e€Nyer @; ' (5) e€Nyer @; ' (5)
by definition of §, and D’. We now move ¢, to the range of the sum, so we get:
/ /
= Z Dy(€)
e'€er(MNier i '(s)
Note that ¢, is bijective. For injective functions, the function image commutes with intersections, so we obtain:
/ !/
= Z Dy(e')
e’€MN;er Eﬁ(ai_l(s))

Lastly, we apply the inverse on a function composition and finally use the definition of §, to conclude the claim.

- Z Dy(e') = 5,\(4)(@%‘ o€, t)(s).

e/eﬂz‘el(aioee_l)fl(s) i€l

Proof of Theorem 9
Theorem 9 covered exact label reduction.

Theorem 9 A label reduction of a FAPTS F that combines exactly two labels {1, s of F is exact if ¢({1) = ¢({3) and either

(A) {1 e-subsumes {5 in all A € F or vice versa,
(B) {1 and U5 are (A, €)-combinable for some A € F or
(C) ¢y and U5 are dead for some A € F.

We split the proof of Theorem 9 into two subtheorems, Theorem 9A and Theorem 9B, from which Theorem 9 follows as a
corollary.

Theorem 9A A label reduction for A : L — L' and € of an FAPTS F = (A;);c1 that combines exactly two labels {1,05 € L
satisfies
X U Tnc | XT.(4,0
ie[fe,\—l(é’) LeEX-1(L) el
Sorall ¢’ € L if one of the following conditions holds:
(A) £y e-subsumes {5 in all A € F or vice versa,
(B) {1 and U5 are (A, €)-combinable for some A € F or
(C) £y and {5 are dead for some A € F.

Proof. The inclusion is trivial for ¢/ # ¢15. For {15, the inclusion collapses to:
X (T(Ai 1) UT(As, £2)) € X Tl sy ) U X T (A o).
iel i€l i€l
We now prove this inclusion for every case.

Case (A) Assume ¢; e-subsumes /5 in all factors, the other case is symmetric. We have

X (Te(Ai,ﬁl) UTE(AZ"€2)) = X T(Ai, b1) € X Te(Ai, 6) U X Te(Aj, £2).

i€l iel i€l iel
Case (B) Choose k € I such that ¢; and {5 are (A, €)-combinable. Then:

To(Ay, 0 ifi =k
T.(As, 1) UT.(As 1)) = o(Ai, if 4
>E<I( (43,60 UL (As. ) ié{Te(AiJl)UTe(Ai,Zg) lfz;ék}

T.(A;, 01) ifi=k
= X T.(A;,¢ ’ e
xnux (L0 12
= X Te(Ai 01) U X Te(As, £a).

i€l iel



Case (C) Letk € I such that ¢4, /5 are dead in Ay, € F. Then T.(Ag, ¢1) = 0 = T.(A;, £2) and both sides are empty. O

Theorem 9B A label reduction for \ : L — L' and € of an FAPTS F = (A;);e1 with labels L that combines exactly two labels
01,05 € L satisfies INDy if forall ¢ € L':

€l gex-1(e) eex—1(e) €l

Proof. We prove the statement by contraposition. Assume INDy does not hold. By assumption, let (s, ¢',0) € O(Q) F’) be
a transition such that there exists no transition (s, ¢,8) € O(Q) F) with £ € A~(¢'). By definition of the product, F’ and
O(Q® F’), we can decompose § into § = 5p/(®);; i 0 €,,'). Now, if it were the case that (s,¢,®,.; ;) € @ F, for some
¢ € X71(¢'), then we would have 6;(Q),c; i) = do(®;c; i 0 €,'). We therefore have (s, , Ricr i) € QF for all
CeXT1().

Now, let p = ((s;,; o €,'))ics. We will show that p € LHS = X, ; Urea-1(e) Te(A 0), but p ¢ RHS :=
Urea—1(e) Xier Te(Ai, £), thereby showing that the inclusion in the assumption does not hold.

p € LHS We have (s,¢',®,.; ;0 €,") € @ F'. From the definition of the product, this means (s;, ', a; o €,,') € A}
for all i € I. From the definition of label reduction, this means that for all i € I, there exists a label £; € A~1(¢') such that
(8, 4;, ;) € A;, which means (s;, aioegl) € T.(4;,¢;). Hence, <si,aioez,1> € UZe/\*l(éf) T.(A;,¢) foralli € I. Ultimately,
P € Xier Uper—1(er) Te(Ai, £), by definition of p.

p ¢ RHS Consider alabel £ € A~ (¢'). We know that (s, ¢, @), ;) ¢ @ F. By definition of the product, there must be a
k € I such that (sy, £, o) ¢ Ay, and therefore (si, ax 0 €, ') ¢ T.(Ay, £). We obtain p ¢ X;; T(A;, €) by definition of p.

Since ¢ was arbitrary, this shows p & ey -1(pr) X Te(Ais ). O



