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Abstract. Program logics are wildly used for software verification. Such logics
are based on formal program models and reflect main program properties.
Among various program logics, Floyd-Hoare logic and its variants take a spe-
cial place because of its naturalness and simplicity. But such logics are oriented
on total pre- and post-conditions, and in the case of partial conditions they be-
come unsound. Different methods to overcome this problem were proposed in
our previous works. One of the methods involves extension of program algebras
with the composition of predicate complement. This permits to modify rules of
the logic making them sound. Such modification requires introduction of unde-
finedness conditions into logic rules. In this paper we continue our research of
such logics. We investigate a special predicate logic called logic of renomina-
tive (quantifier-free) level with the composition of predicate complement. This
logic is a constituent part of the program logic. We introduce a special conse-
quence relation for this logic, construct a sequent calculus, and prove its sound-
ness and completeness.
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1 Introduction

The formalism of program logics is the main instrument for software verification [1].
To be effective, such logics should reflect main program properties. Therefore, ade-
quate formal program models should be constructed which will form a base for a
program logic. Among such logics we should point to Floyd-Hoare logic and its vari-
ants as quite natural and simple [2, 3]. But such logics are oriented on total pre- and
post-conditions, and in the case of partial conditions (predicates) they become un-
sound.

In our previous works [4, 5] we considered several methods to extend Floyd-Hoare
logic for partial predicates, in particular, we proposed two methods: 1) introduction of
special rule constraints; and 2) restriction of the class of program assertions (of Hoare
triples). Both methods make a logic sound but they are difficult for practical usage or
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are rather restrictive. Here we study one more method which proposes to extend pro-
gram algebras with the composition of predicate complement [6, 7]. Introduction of
this composition permits to modify rules in such a way that they become sound, but a
negative side of this proposal is that logic becomes more complicated. In this case,
undefinedness conditions for predicates should be taken into account.

In this paper we continue our research of logics with the composition of predicate
complement. We concentrate on a base logic which is a constituent part of program
logic. This logic is a special logic of partial quasiary predicates of renominative
(quantifier-free) level. We introduce a consequence relation with undefinedness con-
ditions, study its properties, and define a sequent calculus. We prove the soundness
and completeness theorems for this logic with the composition of predicate comple-
ment.

2 Program Algebras with the Composition of Predicate
Complement

According to the principles of composition-nominative approach [8, 9] we con-
struct program logics based on program algebras. Such algebras are defined in the
following way [9, 10]:

1) a set D of data processed by programs is defined;

2) the classes of partial predicates Pr=D—E—Bool and partial functions

Fn=D—2—D are defined;
3) operations (compositions) over Pr and Fn are specified.

This scheme leads to two-sorted program algebras. In our previous works we con-
sidered program algebras with traditional compositions. But the problem of defining
sound rules for program logics requires new compositions. Therefore, here we con-
sider a program algebra extended with the composition of predicate complement. This

unary predicate composition is defined in the following way (p € Pr, d e D):
_ | T, if p(d) is undefined,
O PN =1 ndefined, if p(d) is defined.
Specifying D as the class D.. (V, A) of hierarchical nominative data [7, 11] with

complex names and values built over the set of basic names V and the set of basic
values A, we can define a complemented program algebra as a two-sorted algebra [7]

CPAND; (V, A) = (Prec (V, A), Fee (V, A);

ASY,id, IF,WH,SZ, S5, = V,v=,,v,—,3X,L)
where Pre. (V,A)and Fn..(V,A) are classes of partial predicates and partial function
over D.c(V,A) respectively; ASY,id, IF,WH, S5, Sf are compositions of assign-
ment, identity, conditional, cycle, superposition into predicate, superposition into
function respectively;, =V and v=>, are naming and denaming functions;
v, —, X, [l are composition of disjunction, negation, existential quantification,

and predicate complement; v, u, XxeV* are complex names, T €U is a sequence of



complex names. This algebra is quite expressive to present formal semantics of rather
complex programs.

A special program logic of Floyd-Hoare type based on such algebras is presented
in [7]. Its distinctive feature is introduction of new rules which are sound for partial
predicates and which use preconditions constructed with the help of the composition
of predicate complement.

For example, a classical rule of Floyd-Hoare logic for sequential execution of op-
erators f and g has the form

R seq PrHa{del}
{p}f e o{r}
where f e g denotes sequential execution of f and g.

This rule is not sound in the case of partial predicates [4]. Therefore, a new sound

rule based on extended program algebra was introduced [7]:
R sseq (PHHB{De({ dlof
{p}f eo{r}

Obtained program logic can be an important instrument of program verification.
So, its thorough investigation is required. This is a rather complicated challenge;
therefore, we start with more simple logics. First, we identify a special predicate logic
as a constituent part of the program logic. Such predicate logic can be considered as a
logic defining constraints (program annotations). Second, we will consider here only
logic L2°® of renominative level which can be characterized as quantifier-free predi-
cate logic of partial quasiary predicates with the composition of predicate comple-
ment. The case of first-order logic with quantifiers and functions is planned to study
in the forthcoming papers.

3 Logic of Partial Quasiary Predicates of Renominative Level
with the Composition of Predicate Complement

To define a logic L°“R we should define [9, 10]

—its class of algebras;

— its language (based on logic signature);

—its class of interpretations;

— its consequence relation;

— its inference relation based on some calculus.

Formal definitions will be given in the next section. We will use the following no-
tations:
— S—2 53" (S—5S") is the class of partial (total) mappings from S to S*;
— p(d){ (p(d) T) means that p is defined (undefined) on d;
— p(d)I=T (p(d) I=F ) means that p is defined on d with value T (F). For this
case we also use simpler notation p(d)=T (p(d)=F).

The terms and notations, not defined here, are treated in the sense of [12].



3.1 Complemented Algebras of Partial Quasiary Predicates of Renominative
Level

Let V be a set of names (variables) and A be a set of values. The class ¥ A of nomina-
tive sets (partial assignments, partial data) is defined as the class of all partial map-

pings from V to A, thus, ¥ A=V —2 5 A
Nominative sets represent states of program variables.
The main operation for nominative sets is a total unary parametric renomination
reh VAL S YA where V.V, X, . X, are names, and V...V, are distinct
Lo n

[12]. Intuitively, given nominative set d this operation yields a new nominative set
changing the values of v,,...,v,to the values of X,..., X, respectively. We also use

simpler notation for this renomination: r; . We write X €V to denote that x is a vari-
able from V; we write VX to denote the set of variables that occur in the sequences
Vand X.

The set of assigned variables (names) in d is denoted asn(d).

Let Pry =" A—2—Bool be the set of all partial predicates over ¥ A. Such predi-

cates are called partial quasiary predicates. For a predicate p € PrX its truth, falsity,
and undefinedness domains are denoted T(p), F(p), and L (p) respectively. Please

note that these domains do not intersect pairwise and their union is equal to ¥ A; thus,
predicate p is defined by T(p) and F(p) only, because L (p)="A\(T(p)UF(p)).

Operations over PrX are called compositions. Basic compositions of renominative

level over quasiary predicates are disjunction v, negation —, and renomination R} .
We extend this set with the composition of predicate complement (] .
These compositions are defined by the following formulas ( p,q € Pry ):

— T(pva) = T(p)wT(a); F(pva) = F(p)NF(a);

— T(=p) = F(p); F(=p) = T(p);

~TRY(p))={de"A| r}(d) eT(p) }; F(R; (p))={de"A| r}(d) e F(p) };
-T(Up)=L(p); F(Up)>= 2.

Please note that definitions of disjunction and negation are similar to strong
Kleene’s connectives [13]. We consider [ as a composition of propositional level.
A tuple

ARV, A)=<Pr);— v, R}, U>
is called a complemented algebra of partial quasiary predicates of renominative level.
A class of such algebras (with different A) forms a semantic base for a logic L°F.

Now we describe the main properties of A ®% (V, A). We do not formulate tradi-
tional properties of propositional compositions of disjunction and negation [9, 14], but
concentrate on properties of compositions of renomination and complement.



Compositions of disjunction and negation have traditional properties; in contrast
to these compositions, the composition of predicate complement is more complicated:
it does not have the monotonicity property and it does not have distributivity proper-
ties with respect to disjunction. For this composition we identify the following proper-
ties.

Lemma 1. Forany pePr) we have
O—p=0p; O00p=0p; OO00p=Tip.

Lemma 2. Forany p e Pr) we have
D) T(HIp)=L; F(p)=TOp); L(=Ip)=L([Op);
2) TRy (Up) =TURI(P)); FRI(Ip) =F; LRUP)=LOR:(P))-

The notion of unessential variable is important for the composition of renomina-
tion. A name (variable) z is unessential for predicate p e Pr) , if for any de'A the
value of p does not depends on the value of z [9, 12].

Lemma 3. The following properties of the compositions of renomination and predi-
cate complement hold for any p e Pr, :

Rv) Re(pva)=R;(p)v Ry (a);

R=) R{(=P)=—Rz(p);

RR) Ry (Ry(p)) =R; <5 (p);

RU) Ry (0p)=0R7(p);

R) R(p) = p;

RI) Rix(P)=Ri(p);

RU) Ryy(p) =Ry (p) if zeV is unessential for p.

3.2 Language (signature and formulas) of LR

Let Ps be a set of predicate symbols, V be an infinite set of names (variables). Usual-
ly, within V a subset U of unessential variables is identified but here we will not go
into detail [12]. A tuple

ZQCR = (\/IU;vi_‘i R¥1D1 PS)
is called the language signature.

For simplicity, we use the same notation for symbols of compositions and compo-
sitions themselves.

Given X% we define inductively the language of L%® — the set of formulas de-
noted Fr( L®®) or simply Fr:

— if P ePsthen PeFr. Formulas of such forms are called atomic;
— if ®, YeFrthen oV, —®, R1®, 1D e Fr.



3.3 L°R.interpretations

Let ARV, A) =<Pr); —, v, RY, U> be a complemented algebra of a signature
TR =(V,U;v,—~R};Ps), 155 =Ps——Pr) be an interpretation mapping of
predicate symbols. Then a tuple J(Z9F) = (AR (V, A), I15°) is called an L9%-
interpretation.

We simplify notation for L% -interpretation J( =% ) omitting L°® and TR,

In interpretation J, an algebra A °“® (V, A) defines interpretations of composition
symbols while IgS defines interpretations of predicate symbols.

For given interpretation J and formula ®, we can define by induction on the struc-
ture of @ its value in J. Obtained predicate is denoted @ ;.
Lemma 4. Let J be an interpretation and ®, ¥ eFr. Then

R) R(®); = @;;

RI) Rix (), =R (P);;

RU) Ry3(®), =Ry (®), if zeV is unessential for ®;

R-) R{(—®), =R (D), ;

Rv) R (@VvY), =R{ (D), VR (¥);;

RR) R; (R7 (D)), =Ry oy (@),

RU) Ry (@), = ORZ (D),

3.4  Logical Consequence Relation under Conditions of Undefinedness

Introduction of composition [] requires more complicated consequence relation be-
cause undefinedness domains should be taken into consideration. Here we introduce
new consequence relation between sets of formulas denoted |=,r- which generalizes
irrefutability relation |=r [7].

Let X < Fr and J be an interpretation.

We denote:

(IOZT(QDJ) asT(Z y), (DﬂEF(tbj) as F(Z ,), (sz_(CDJ) as 17(Z y).

Here X, denotes set { @, | @ X }.
Set X can be empty. In this case

T°@)=T(Q)=F () =F (@)= 1"(2)=L"(@)="A.
Let ', U, A c Fr. Informally, the statement “A is irrefutable consequence of T" un-
der undefinedness conditions U in interpretation J ” means
“for any de"A if ¢;(d) T for any peU then it is not possible that (¢ ;(d) = T

for any EeI" and y; (d) = F for any weA)”.
This statement is equivalent to the following statement:



“for any de"A if de L"(U;) then it is not possible that de T (I'))"F (A ;) ™.
The former statement can be reformulated as follows:
“for any de"A it is not possible that (de_L"(U;) and deT"(I';))nF (A ,)) .
Finally, we obtain the following statement:
“LOUNNT )N F(A )= .
So, we come to the following formal definition: A is irrefutable consequence of T’
under undefinedness conditions U in interpretation J (denoted U/T ;|=g" A ) if
T(C) N L (U) nF (A 5) =D
In particular, for U = & we obtain irrefutability consequence relation T ; |=r A.
A is logical irrefutability consequence of I' under undefinedness conditions U
(denoted U/T |= g A), if U/ T, |=r" A for any interpretation J.
In particular, for U = &, we get traditional logical irrefutability relation T" |= g A.

Let us now describe the main properties of the consequence relation |=,z" for prop-
ositional level.

By definition of |:.RL, we obtain monotonicity:

M)LetTcA,UcW,andAcZ; thenU /T |=g" A=W/ A|5R" 2.

The following properties describe conditions under which |=,g* holds.
Theorem 1. Forany U, I', Ac Fr, ®eFr:

OU/D,T =" A, @;

Cu) U@/ ®,T 7" A;
Cwr) U,@/T I:IRL A, ©;
CHUIT =" A DDL

Proof. Property C holds because T(®;) N F(d;) = &.

For property Cy, we take into consideration that L(®;) N T(®;) = &.
For property Cyg We take into consideration that L(d;) N F(®;) = &.
Property C, holds because F(.®;) = &.

For |=,r" the following properties of formula decomposition hold.

Theorem 2. Forany U,I", Ac Fr, ®, ¥, SeFr:
ﬂL) U/ﬁ(D,FlaniA = U/F|:|RLA,(D;
—R) U/T A, —® < U/D,T|=Rr"A;
\/|_) U/CDV\P,F|:|RLA f— U/CD,F|:|RLA and U/\P,F|:|RLA;
VR)UIT =" A, OV < U/T =R A, @, ¥,
_|U) U,—|8/T|=|RLA = U,S/F|=|RLA;
Vo) U dVvS /T |FrA < U®,9/T|ERr"A and U@/T |59, A and
U,S/T|=r" @, A;
[ U) U,I]CD[/I"|=|RLA = U/<D,l"|=|RlA and U/F|=|RLA,CD;
) U/ILD T =r"A & U,@/T=R"A.

Proof. Property —y holds because L(—®;) = L(D;).



Property vy holds because
L@, v¥)) =(L(D)NL(¥;) (L (D) NF(Y,)) D (F(@;)NL(F,)).
Property L y holds because L (1 ®; )= T(D;) U F(D;).

Properties —, —g, Vi, Vg are similar to properties of |=z [9, 12, 13]. Properties —y,
vy, L', [y are special for LR,

Let us consider properties of relation |=r” of a renominative level. Their proofs are
based on Theorem 2. Each of properties R, RI, RU, RR, R—, Rv,RlJ of Lemma 4
induces three corresponding properties for |=,r”, depending on the position of a formu-
la (in the left side of |=,z”, in the right side of |=g", in the undefinedness conditions
of |=1rY). Such properties are formulated in a similar way, for example, the following
properties RU , RU g, RU y are induced by RU :

RU)U/RI (D), T =g A < UIORY (D), T |=r"A;
RUR) U/T =" AR (ID) < UIT|=g" A TR (D) ;
RUy) U R (OD)/T |mr"A < UOR(D)/ T |=r"A.

4 Sequent Calculus for LR

Usually, inference relations are defined by some axiomatic systems (calculi). We
present here a system that formalizes logical consequence relation between two sets
of formulas. Such systems are called sequent calculi.

We construct a sequent calculus C?* for relation |=5".

The main objects of this calculus are sequents. Here we consider only the case with
finite sequents. We construct calculus in the style of semantic tableau, so, we will
treat sequents as finite sets of formulas signed (marked, indexed) by symbols |, ,
and | .

Formulas from I" (they are signed by ) are called T-formulas, formulas from A
(they are signed by _) are called F-formulas, and formulas from U (they are signed
by ) are called L -formulas.

Sequents are denoted | .I", U_A, in abbreviated form X.

The derivation in a sequent calculus has the form of a tree whose vertices are se-
quents. Such trees are called sequent trees.

The rules of sequent calculus are called sequent forms. They are syntactical ana-
logs of the semantic properties of the corresponding relations of logical consequence.
Details of the definition of sequent tree can be found in [12].

Closed sequents are axioms of the sequent calculus.

A closed sequent is specified in such a way that the following condition should
hold:

if sequent . ", UA is closed then U/T |=rEA.

Sequent calculus is defined by basic sequent forms and closure conditions of se-
quents.

For C°°R we take the following closure conditions:



sequent | ", U_A is closed if condition Cv Cy_ v Cyr Vv C; holds.
Here C, Cyi, Cur, C, are the following basic closure conditions:
C) exists @: el and DeA;
CyL) exists ®; ®el and ®eU;
Cur) exists @: deA and ®eU;
C ) exists @: D eA.

Theorem 3. If sequent | .I", U_A is closed then U/T" |:.RL A.
Proof. The theorem statement follows directly from Theorem 1.

The sequent forms of decomposition of compositions v, —, [ are induced by the
corresponding properties of formulas decomposition, in particular, basic sequent
forms of C?® calculus are induced by the formula decomposition properties —, —g,
VL, VRy Uy VUs [ Us L L.

4P 2 BB P
SN e R
0z %I 0 %I D 9% &,8% @ 93
Y ove s Y ove s Y e !
0T @3 @3
* o, Do,z

For the composition of renomination we use the following forms of equivalent
transformations:

LR (D)2 _aR(@)x R L R(D).E

[Eas 7 ’ —|R v ’ 1R v !
- R; (—@),Z N R; (—@),Z Ry (—®),Z
R (®)VRI(¥),Z LRI@VRI(E).E RU®)VRI(),E
Rv - ; 4Rv S 7 1Rv = :
|7R¥((I)\/‘~I’),Z 7|RX((I)V‘~P),Z LRy (®VvY),2
LR (@),2 IR (@),2 LOR(®),2
- BT 4RU = ———= < L —r o
I Ry (0D),2 N R; (0D),2 M EO»
RY o¥ (D), = RY o% (D), = RY o (D),>
L |—xy() . _|R 7|xy() . J_RR ny()

FRURY(@),2 SRR (@)2 RIRF@)=

Here Ry o‘g(d)) represents application of two successive renominations

Ry (R (@) [12].
Forms of simplification:

R R R 192 D2
|—R((I))1Z _|R((I))52 lR(CD),Z



 LR@.F | AR (@ R(@)2

- v ’ v ’ 1 v ’
|- Rz,’X ((D)’ X - Rz,vx ((D), ) 1 RZ,VX (CD), X
Y (D), X Y (D), X v
RU “R;#; JRU ﬁ;#; JRU w
|- Rz,ﬁ (q))v ) - Rz,ﬁ (®)v ) s Ry:i ((D)’ X

The names of the sequent forms are consistent with the names of the properties of
the decomposition of the formulas. Introduction of undefinedness formulas addition-
ally leads to new sequent forms with three premises (rule ,v).

For basic rules of C2“% we have the following main properties.
Theorem 4.
LAWK _
1. Let ————— be basic sequent form. Then
RS
a) u/r |:|RJ_A = W/A |:|Rl K;
b) U/T ™A & W/A [#r-K.

be basic sequent form. Then
LrLuUA

A U/T|=r"A & W/A|ERK and V/X =R Z;

b) U/F|¢|RJ_A = W/A|¢|RJ_K or V/X|¢|RLZ.

AWK X \VZ MYN
T.UA

a) U/F|=|RLA = W/A|=|RJ_K and V/X|=|RLZ and Y/M|:|RLN;

b) U/F|¢|RJ_A = W/A|¢|RJ_K or V/X|¢|RLZ or Y/M|¢|RLN.

Proof. The proof of the theorem is obtained by set-theoretic methods using a for-
mula specifying relation |=z".

3. Let =

be basic sequent form. Then

5  Soundness and Completeness of CoR

Now we prove soundness and completeness theorems for C“%.

Theorem 5 (soundness). Let sequent T ,U A be derivable in C°". Then
u/r |=|RL A.

Proof. If .T",U_A is derivable then a finite closed tree was constructed. From this
follows that for any leaf of this tree its sequent LA, W_K is closed. Thus, by Theorem
4, W/Al|=g"K holds. Therefore, for the root of the tree (sequent (I U A) we have
that U/T |=r- A holds.

The completeness is traditionally proved on the basis of theorems of the existence
of a counter-model for the set of formulas of a non-closed path in the sequent tree. In
this case a method of model sets is used.

We apply this method to the C“® calculus.

Set H of signed formulas is a model set (Hintikka’s set) for L°® if the following
conditions hold:



Decomposition conditions:
HCy) For any ®<Fr at most one of | @, ;®, |, ® can belong to A,

HC.) For any ®<Fr it is not possible that _;JdeH ;

H—||_) If |,—|CD EH, then ,‘(D EH,

H—|R) If ,|—|(D€H, then |,(DEH,

Hv\) If LOv¥eH, then PeH or Y eH,
Hvg) If ([ @vY¥eH, then deH and |YeH,
H-U) If | —® eH, then @ eH,

HvU) If  ®v3eH then ®eHand 3 eH
or ®eHand ;9€H or . deHand 3 €eH,

HU ) If LdleH, then @ eH;

HU y) If ,0®LeH, then deHor [DeH.

Conditions for the composition of renomination are formulated in a similar way,
for example, sequent forms Rl and RLU induce the following conditions:

HRI)  RI{(@)eH = R{(®)eH;

HRIg) R (®)eH = Ri(P)eH;

HRIly) RiF(@®)eH = R (®)eH;

HRJ))  RI(0®)eH = OR{(®P)eH;

HRUg) Ri(I®)eH = OR{(®)eH;

HRUy) RI(®)eH = [R/(®)eH .

In the same way conditions HR, HRg, HRy, HRU_, HRUg, HRUy, HRR,, HRRg,
HRRy, HR—, HR—g, HR—y, HRv, HRvg, HRV can be formulated.

A set H c— Fr is called satisfiable if there exist a set A, an interpretation J, and a
nominative set & e " Asuch that

— [ DeH = D)L =T;
— DeH= 0@V =F;
- ®eH=0,0)7T.

A set H of signed formulas for which the above-written conditions hold is called
H-model.

Theorem 6. Let H be H%®®-model for LR, Then H is satisfiable.

Proof. Given H*“®-model H, we should construct a set A, an interpretation J, and a
nominative set &< A that demonstrate satisfiability of H. These constructions are
rather complicated due to undefinedness conditions therefore here we do not present
the proof in all details but demonstrate only its main parts.

Let W = nm(H) be a set of subject names (variables) that occur in H. Let a set 4
duplicates W and 8<"A be a nominative set such that asn(8) = W.



Let us prescribe values of basic predicates on hominative set 6 and nominative sets
of the form r} (8) . To do this, we use notations Pa(8) = T, Pa(8) = F, and PAG) T) to

prescribe the value of P on d in algebra A % (V, A) equal to T, equal to F, and to be
undefined respectively:

— LPeH=P,®)=T;

— PeH=PA®)=F;

~ PeH=P,®)T;

- LRI(P)eH = R(r(®) =T;

- JRI(P)eH = R (r;(8)=F;

- RI(P)eH = P,(r@®) T.

— Formulas of the form |_RY (P) are called primitive.

-

For a predicate symbol PePs that does not occur in H, its value can be chosen in
arbitrary way. Also, we should treat variables from U as unessential.

For atomic and primitive formulas the satisfiability statements follow from their
definitions.

Now the proof goes on by induction on the formula structure.

Let us prove the theorem for conditions HRI_, HR[ g, HRL y, H—, H—g, H—y,
HV|_, H\/R, H\/U, HUJ Us HUJ L-

Let _R7(®)eH. By HRI_ we have | Ry(®)eH . By induction hypothesis
R} (@) ,(8) =T, therefore RZY (D), (8)=T.

X

Let RY(J®)eH.By HRUg we have |[JRY(®)eH . By induction hypothesis
OR} (@) ,(8) =F , therefore R} (0®),(8)=F .

Let R} (J®)eH.By HRL  we have (IR} (®)eH . By induction hypothesis
ORY(®),(8) T, therefore RY (U®),(8) T.

Let | ~®eH. By H—_ we have _®eH. By induction hypothesis ®x(S) = F, there-
fore —®,(8) =T.

Let . ~®eH. By H-r we have | ®cH. By induction hypothesis ®A(8) =T, there-
fore —®A(8) = F.

Let .®vW¥eH. By Hv, we have . ®eH or WeH. By induction hypothesis
DA(8) =T and Wa(d) =T, therefore (OVP)a(3) =T.

Let \®v¥eH. By Hvg we have .®eH and |¥eH. By induction hypothesis
DA(B) =F and Wa(8) = F, therefore (dvW)a(8) = F.

Let ,—® eH. By H—y we have , @ eH. By induction hypothesis ®(8) T , there-
fore —@A(8) T.

Let ®&v3eH ByHvy PeHand  3eH or , ®deHand SeH or (@eH
and | 9 eH. By induction hypothesis (I)A(S)T and SA(S)T or @A(S)T and 9.(0) =F
or ®x(8) = F and 95(8) T . Therefore (dv3,)(8) T .



Let ,0®leH. By Hlly we have [ ®cH or ®<H. By induction hypothesis
DAB) =T or Mx(8) = F, this gives Dx(5) 4 , therefore [1d,(d) T.

Let | J®leH. By HUJ we have | ® eH. By induction hypothesis DA8) T, there-
fore J@(d)=T.

Theorem 7. Let ¢ be unclosed path in a sequent tree for .I", U_A and H be the set of
all formulasin @. Then H is a model set.

Proof. We should check that H satisfies all requirements that specify a model set.
Details can be found in [12] but additionally undefinedness conditions should be tak-
en into account.

The completeness theorem follows from Theorems 6 and 7.

Theorem 8 (completeness). Let U/T"|=,z" A hold. Then sequent 1T U_A is derivable
in Co°R,

Proof. Assume that U/F|:.RLA and .I",U_A is not derivable. In this case a se-
quent tree for .I"; U_A is not closed. Thus, an unclosed path g exists in this tree. Let
H be the set of all formulas of this path. By Theorem 7, H is a model set. By theorem
6 this means that a counter-model for I, U_A was constructed. But this contradicts to
u/r |:|RL A.

5. Conclusion

The efficiency of program verification heavily depends on program logics supporting
corresponding verification methods. Traditional Floyd-Hoare logic and its variants are
oriented on total pre- and post-conditions (total predicates) and do not support partial
predicates. In this paper we have studied a new method for constructing sound pro-
gram logics. This method is based on extending program logics with the composition
of predicate complement. The method permits to construct a sound calculus for pro-
gram logic but it makes the calculus more complicated because undefinedness condi-
tions should be taking into consideration.

Also, introduction of partial predicates required extension of a base predicate logic
to a logic of partial quasiary predicate. For this logic we have defined and investigat-
ed a special consequence relation called irrefutability consequence relation with unde-
finedness conditions. For a case of quantifier-free predicate logic of partial quasiary
predicates (renominative level) we have constructed a calculus of sequent type and
proved its soundness and completeness.

In the future we plan to construct a sequent calculus for predicate logic over hier-
archical nominative data and prove its soundness and completeness. Also, we plan to
develop a prototype of theorem prover oriented on such logics. Initial steps were
made in [15].
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