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Geometry of Complex Monge-Ampere Equations

Abstract

The Kéahler-Ricci flow is studied on compact Kahler manifolds with positive first
Chern class, where it reduces to a parabolic complex Monge-Ampere equation. It is
shown that the flow converges to a Kéahler-Einstein metric if the curvature remains
bounded along the flow, and if the manifold is stable in an algebro-geometric sense.

On a compact Calabi-Yau manifold there is a unique Ricci-flat Kéhler metric in
each Kéhler cohomology class, produced by Yau solving a complex Monge-Ampere
equation. The behaviour of these metrics when the class degenerates to the bound-
ary of the Kéhler cone is studied. The problem splits into two cases, according to
whether the total volume goes to zero or not.

On a compact symplectic four-manifold Donaldson has proposed an analog of
the complex Monge-Ampere equation, the Calabi-Yau equation. If solved, it would
lead to new results in symplectic topology. We solve the equation when the manifold
is nonnegatively curved, and reduce the general case to bounding an integral of a
scalar function.
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Chapter 1

Introduction

We begin by summarizing the main results of the thesis. In section 1.2 we collect
some basic facts in Kéhler geometry, and in section 1.3 we prove Yau’s estimates
for complex Monge-Ampere equations.

1.1 Summary of results

This thesis consists of three main parts, all revolving around the theory of elliptic
and parabolic complex Monge-Ampeére equations and its geometric applications. We
will begin with the results on the Kahler-Ricci flow on Fano manifolds which form
the content of Chapter 2.

The Ricci flow is a nonlinear second order parabolic flow on Riemannian man-
ifolds introduced by Hamilton in [Hal]. On a compact complex manifold M if the
initial metric is Kéhler then the flow will preserve this property, and is thus called the
Kihler-Ricci flow. If the first Chern class ¢ (M) is definite and the initial metric lies
in the correct class, then the flow has a long time solution. When ¢; (M) is negative
or zero the flow always converges smoothly exponentially fast to a Kéahler-Einstein
metric (with negative or zero scalar curvature). Thus, we will restrict our attention
to compact Ké&hler manifolds with ¢; (M) positive, that is Fano manifolds. The
(normalized) Kéhler-Ricci flow equation then takes the form

0 .
(1.1) —wy = —Ric(wt) + wr,

ot
where w; is a family of Kéhler metrics cohomologous to ¢;(M). It can also be
rewritten as a parabolic complex Monge-Ampere equation. Our main result on the

Ké&hler-Ricci flow is as follows.
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Theorem 1.1.1. Let M be a compact complex manifold with c1(M) > 0. Assume
that along the Kdihler-Ricci flow (1.1) the sectional curvatures remain bounded

(1.2) IRmy| < C.

Assume moreover that (M, K]T/‘,l) 1s K-polystable and asymptotically Chow semistable.
Then the flow converges smoothly exponentially fast to a Kdahler-Einstein metric on
M.

This is in line with a long-standing conjecture of Yau [Y5] which says that a
Kaéhler-Einstein metric should exist precisely when the manifold, polarized by the
anticanonical bundle K 1\_/11: is stable in a suitable algebro-geometric sense. The pre-
cise notion of stability involved is K-polystability, as introduced by Donaldson [Do2].
Chow semistability is another algebraic GIT notion which is likely to be implied by
K-polystability (see [RT]). The assumption of bounded curvature is certainly very
strong, but there are currently no known examples of Fano manifolds where it fails.
Moreover it is known to hold on all Fano manifolds of complex dimension 2, and in
higher dimension if the initial metric has nonnegative bisectional curvature.

Next, we will briefly discuss the results of Chapter 3. The main objects of study
are Ricci-flat Kéahler metrics on a compact projective Calabi-Yau manifold X. The
solution of the Calabi conjecture given by Yau [Y1] guarantees the existence of a
unique such metric in each given ample class. The set of all ample classes is an open
convex cone inside the Néron-Severi space N'(X)g, the ample cone Kyg. As long
as the Kéahler class stays inside the cone, the corresponding Ricci-flat metrics vary
smoothly, but they will degenerate when the class approaches the boundary of the
cone. Several people have addressed the question of understanding this degeneration
process and seeing what the limiting space looks like [Y4, Y5, McM, Wi2]. The
problem splits naturally into two cases, according whether the limiting class « has
positive volume (we call o nef and big) or zero volume (and « is nef and not big).

Our first result deals with the nef and big case.

Theorem 1.1.2. Let X be a compact projective Calabi-Yau manifold, and let o €
NY(X)g be a big and nef class that is not ample. Then there exist a proper analytic
subvariety E C X, which is the null locus of o, and a smooth incomplete Ricci-flat
Kdhler metric w1 on X\E such that for any smooth path oy € Kng with ap = «,
the Ricci-flat metrics wy € o converge to wy in the C™ topology on compact sets of
X\E. Moreover wy extends to a closed positive current with continuous potentials
on the whole of X, that lies in «, and that is the pullback of a singular Ricci-flat
Kdhler metric on a Calabi- Yau model of X obtained from the contraction map of .

Incompleteness of the limit follows from a general diameter bound for Ricci-flat
Kahler metrics that might be of independent interest (Theorem 3.3.1). There are
many interesting concrete examples of our theorem, and we will examine a few of
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them in Chapter 3. This theorem generalizes classical results in dimension 2 of
Anderson [An], Bando-Kasue-Nakajima [BKN], Tian [Ti2] and Kobayashi-Todorov
[KT].

We will now discuss the case when the volume of « is zero. A natural example
of this is to consider an algebraic fiber space f : X — Y where Y is an algebraic
variety of lower dimension, and let « be the pullback of an ample divisor on Y. This
picture is conjecturally always true if « is a rational class. In this case we have the
following result.

Theorem 1.1.3. Let X be a compact projective Calabi-Yau manifold and let f :
X — Y be an algebraic fiber space with Y an irreducible normal algebraic variety of
lower dimension. Let wx be a Kdahler form on X and a be the pullback of an ample
divisor on' Y. Then there exist a proper analytic subvariety E C X and a smooth
Kihler metric w on Y\f(E), such that the the Ricci-flat metrics wy € a + twx,
0 <t <1, converge to f*w ast goes to zero in the Cllo’f topology of potentials on
compact sets of X\E, for any 0 < < 1. The metric w satisfies

Ric(w) = WwpP,

on Y\ f(E), where wy p is a Weil-Petersson metric measuring the change of complex
structures of the fibers. Moreover for anyy € Y\ f(E) if we restrict to X, = f~(y),
the metrics wy converge to zero in the C topology of metrics, uniformly as y varies
in a compact set of Y\ f(E).

What this theorem says is that the Ricci-flat metrics collapse to a metric on the
base of the fibration, and that the rescaled metrics on the fibers tend to be Ricci-
flat. The metric on the base is not Ricci-flat but somehow remembers the fibration
structure. This generalizes a result of Gross-Wilson [GW] where they proved this
for an elliptically fibered K3 surface.

Finally, in Chapter 4, we consider the analog of complex Monge-Ampére equa-
tions on symplectic four-manifolds, which are called Calabi-Yau equations. This is
part of a recent program of Donaldson [Do5|, which if carried out would lead to
many new and exciting results in symplectic geometry (see the survey [TW]). A
necessary element of this program is to obtain estimates for the Calabi-Yau equation
on symplectic four-manifolds with a compatible but non-integrable almost complex
structure.

In [Do5], Donaldson made the following conjecture.

Conjecture 1.1.4. Let (M, ) be a compact symplectic four-manifold equipped with
an almost complex structure J tamed by 2. Let o be a smooth volume form on M.
If © € [Q] is a symplectic form on M which is compatible with J and solves the
Calabi- Yau equation

(1.3) % =o,
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then there are C*° a priori bounds on & depending only on 2, J and o.
More precisely, we have the following. For each k = 0,1,2,..., there exists a
constant Ay depending smoothly on the data 2, J and o such that

(1.4) 1Ml gy < At

We now state our results, which hold for symplectic manifolds of any even di-
mension 2n. Let us define a smooth real-valued function ¢ by

1« TIAQ
(1.5) L Ap—1-oY N

, Su =0.
2n wn Mp v

Then we have the following result.

Theorem 1.1.5. Let o > 0 be given. Let (M,Q) be a compact symplectic 2n-
manifold equipped with an almost complex structure J tamed by 2. Let o be a smooth
volume form on M. If © € [Q] is a symplectic form on M which is compatible with
J and solves the Calabi-Yau equation

(1.6) 5" = o,

there are C'°° a priori bounds on © depending only on 2, J, o, a and

In(p) = /M v

for ¢ defined by (1.5).

The function ¢ is precisely the usual Kahler potential in the case that @ and
are Kéhler forms. In this case it is known (see [Til, H6]) that the quantity I,(y)
is always uniformly bounded as long as « is sufficiently small (where the bounds
depend only on M, Q, J).

Associated to the fixed data (2, J is a modified curvature tensor R(£2, J) which
reduces to the usual bisectional curvature in the Kéahler case. Our second result is
as follows.

Theorem 1.1.6. If R(g,J) > 0 in the sense of Griffiths, Conjecture 4.1.1 holds,
as well as its higher-dimensional analog.

This shows that Conjecture 1.1.4 holds for small perturbations (€2,.J) of the
standard Kihler structure of CP2.
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1.2 Basic Kahler geometry

Let (M, J) be a compact complex manifold of complex dimension n. A Riemannian
metric g is called Hermitian if it satisfies g(JX,JY) = ¢g(X,Y) for all tangent
vectors X, Y. In this case we then define a real 2-form w by the formula

w(X,Y) = g(JX,Y).

If w is closed, we call g a Kdhler metric. Since w and g are equivalent data, we will
often refer to w as the Kéhler metric, or Kahler form. It is of type (1,1), and if
locally we write

g = gﬁdzi ®d7,

then we have
w = —lgﬁdz’ A dZ,
where here and henceforth we are using the Einstein summation convention. The

Riemannian volume form of g is equal to %, and we will denote by V' the volume
of M

wn

V= —.
We will write A, for the Laplacian of g, which acts on a function F' as
= O°F
ALF =gY ————.

©8 T 9o

The Ricci curvature of w is the tensor locally defined by

d 0
57 557 108 det(9),

Rﬁ = —
and we associate to it the Ricci form
Ric(w) = V—1R;d2" A d7’.

It is a closed real (1, 1)-form that represents the cohomology class c1 (M) € H?(M, 27Z).
The scalar curvature of w is denoted by

R=g¢"R;.
Notice that R, the average of R, only depends on cohomological data, since
1 w1 ) wht ney (M) - [w]?1
R= g [, o = f e gy =

To the metric w we can associate its Ricci potential f,, which is the real function
defined by

(17) R—E:Awfwg
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(1.8) /M(efw — 1)“’1 = 0.

The space of Kahler potentials of the metric w is the set of all smooth real functions
@ such that w, = w++/—100¢ is a Kéhler metric. Then we can define a real-valued
functional F on the space of Kihler potentials by the formula

1 ! Opy W

0 _ =
o) =-3 o Juy Ot nl

where ¢, is any smooth path of Kéhler potentials with ¢y = 0 and ¢; = ¢ (for
example one can take ¢; = ty). It can be written also as

1 w”

(1.9) Fo(p) = Jule) = 5 e

where the functional J,, is defined by

LG

and integration by parts shows that J,(¢) > 0. Moreover F satisfies the following
cocycle condition

(1.10) F(p) = Fo() + By (v — ),

for all Kahler potentials ,1. Another useful functional is the Mabuchi energy
M., (¢), which is defined by

o W,
= _/ / t wtpt _E) 7;0, )

where ¢ is any smooth path of K&hler potentials with ¢ = 0 and ¢; = ¢. It
satisfies the same cocycle condition as FY, namely

(1'11) Mw((p) - Mw(w) + Mww (90 - 1/1)

We now assume that L is an ample line bundle over M, so that M is a projec-
tive algebraic manifold, and we assume that w is cohomologous to ¢;(L). We now
consider the space H°(M, L™) of holomorphic sections of the mth tensor power of
L, where m > 1. This is a vector space whose dimension N, can be computed from
the Riemann-Roch formula, when m is large

(1.12) Ny, = / ch(L™) A Todd(M) =~ Vm™ + %m’“ +O(m"?).
M
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Let us fix h a Hermitian metric along the fibers of L with curvature equal to w.
This induces metrics A" on the tensor powers L. For each given positive integer
m we also fix {S;} a basis of H°(M, L™) which is orthonormal with respect to the

n

L? inner product defined by A", w™:

wn

Then we can define the “density of states” function

Nm
(1.13) (@) = [Sif3n.
=1

It does not depend on the choice of orthonormal basis {S;} or on the choice of h,
and so it is canonically attached to w and J. Its name stems from the property that

n!

(1.14) /M (@) = N

The Tian-Yau-Zelditch-Catlin expansion is the following

Theorem 1.2.1 (Zelditch [Ze], Catlin [Cat]). When m is large we have an expansion
(1.15) pm(w) = m™ + ar(W)ym™ ™ + ag(w)m" 2 4 ...,

where a;(w) are smooth functions defined locally by w, and the expansion is valid
in any C*(w) norm. More precisely this means that given any k, N > 1 there is a
constant C that depends only on k, N,w such that

N

pm(w) —m™ — Z ai(w)m"™™

i=1

— )

CF(w)

for all m > 1.

Moreover Z. Lu [Lu] has computed that ai(w) = &. The expansion (1.15)

integrates term by term to the Riemann-Roch expansion (1.12).

1.3 Complex Monge-Ampere equations

In this section (M, w) will be a closed Kéhler manifold, with complex dimension n.
Any Kéhler metric @ cohomologous to w can be written as @ = w + v/—190¢ for
some real-valued Kahler potential ¢, that we can normalize so that

(1.16) /M o = 0.
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We now consider the equation
(1.17) o" = efwm,

where F' is a smooth function on M with
(1.18) / (ef = 1)w™ = 0.
M

If locally we write w = \/—lgijdzi A dz’, then (1.17) becomes

2

% F
(1.19) det <gij—i— Oziazj> = e’ det(g;3),

which is a compler Monge-Ampere equation. The celebrated solution of the Calabi
conjecture by Yau [Y2] says that we can always solve (1.17):

Theorem 1.3.1. Let (M,w) be a closed n-dimensional Kdahler manifold, and let F
be a smooth real function on M that satisfies (1.18). Then there is a unique Kdhler
form & on M which is cohomologous to w and which solves (1.17).

The uniqueness part was proved by Calabi in [Ca2]. To prove the existence of
a solution, Yau derived a priori C* estimates for @ and then applied the continuity
method. The precise statement of the estimates is as follows:

Theorem 1.3.2. Assume the setup of Theorem 1.3.1. Then there are constants Ay,
k=0,1,..., that depend only on k, F,w, such that

(1.20) @]y < Ak
Notice that (1.20) with & = 0 implies that
(1.21) o >C 1w,

for a uniform constant C' (here and in the following, a uniform constant is a constant
that depends only on F' and w). To see this, we first we choose local coordinates so
that at one point p € M the metric w is the identity and @ is diagonal with positive
entries A1, ..., A,. Then (1.20) with k£ = 0 gives

n
Z )\i < nAo.
i=1
For any fixed 7 we then have

n n H
DV D ¥ einfar F
Mo I

)‘i = = n = s
[Lisd — 2 At~ (ndo) !
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where in the last inequality we have used (1.17). This is precisely the estimate
(1.21).

We will now give the proof of Theorem 1.3.2, referring the reader to Chapter 4
for some of the computations. Recall that we are writing & = w + /—199p where
o has average zero with respect to the volume form w™. We will write g,g for
the Riemannian metrics associated to w,w, and A, A for their corresponding scalar
Laplace operators. It follows that the quantity n + Ay is equal to tryg. We clearly
have that [|0]co,) < trgg. Yau's estimates (1.20) are derived in four steps.

Step 1. The inequality

(1.22) tryg < CeAlemmbare)
holds for uniform constants A, C.

Step 2. The Kéhler potential ¢ satisfies

(1.23) supp —inf o < C,|
M M

for a uniform C.
Step 3. 1f ||&[| oy is uniformly bounded, we have [|&[|¢1(,) < C, for a uniform C.

Step 4. Given a Holder bound [|&]/¢s(,y < C for some 8 > 0, we have, for each
k=2,3,...,, the estimates ||@[|cx(,y < A, for uniform Ay.

It is clear that proving these four steps will prove Theorem 1.3.2. To prove step
1, one first computes
Alogtr,g > —Ctrgg — C,

for a uniform constant C'. This computation is performed in a more general setting
in Chapter 4 (see Lemma 4.3.2). On the other hand

A(p =n — trgg,
and so if we pick A larger than C + 1 we get

A(logtryg — Ap) > trzg — C.

At the point p € M where logtr,g — Ay achieves it maximum, we get trzg(p) < C.
Diagonalizing g and g as above, we can write this as

1
;Aisa
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We then apply the inequality
n n 1 n—1 n
Soe () I
which can be written intrinsically as

1det(9)

(1.24) trgg < (trgg)"~ det(g)’

This together with the Monge-Ampere equation (1.19) gives
trgg(p) < C.

The maximum principle then yields (1.22).
To prove step 2, one employs a Moser iteration argument. For any p > 1 we
compute

2
p=2 p _
/ V(lel T)Pw" = / P2V Pw™
M M

p? -
—_— / |<p|p_28<,0 A Op N\ Wt

/ lplP™ 28(,0/\8@/\<an 1= ’/\w)

=0

2 n—1 '
(1.25) :_np/ oleP200p A WA G
4p—1) —

nQ
:Al(ppil)/ el (w - ) (Zw”“/\ )

2
- 4(pli 1)/ elelP~ 2( —w")

< Cp / P twm,
M

where we used (1.17) in the last inequality. The Sobolev inequality for w gives us,
for § = "5 and any smooth function f,

1

() so(fmres f )
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Applying this to f = g0|<p|% we get

([ 1opar)" < ([ vetar= i+ [ 1orar)

<Cp [ folrtan 0 [ ol
M M
p—1
gcp( / |¢\pw"> "o [ Jeper
M M
< Cpmax (/ |g0]pw",1>.
M
1

Raising to the power 5 we get

@l

(1.27)

11
max(|[¢llps, 1) < Cpr max({le|lp, 1),

where || ||, denotes the LY norm with respect to w™. Successively replacing p by pf
and iterating we get

k—1 k=1 .

1 1 1 1

tog max([lgll 0. 1) < logmax(lel D+ (3 = | (g Ctlogp)+— (3= ) log .
P \iZo p P \i3 p

Setting p = 2 and letting k — oo we finally get

2
(1.28) lellpe < C </ cp2w"> + C.
M

Recall that the Poincaré inequality for w says that for any smooth function f with
Joy fw™ =0 we have

(1.29) /M frum < C/M IV f2w™.

We use this together with (1.25) with p = 2 and with the Holder inequality to get

1
(1.30) / QW™ < C'/ |Vp|?w™ < C’/ lplw™ < C (/ 902w”) ’ )
M M M M

which gives [;, ¢*w™ < C, and so with (1.28) this gives an L> bound |¢| < C.
Notice that since [  ew™ =0, it follows that ¢ must vanish somewhere, and so the
oscillation of ¢ is controlled by its L norm. For future use we record here the
estimate we have just proved, keeping track of the dependence of the constants.
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Theorem 1.3.3 (Yau’s L* estimate). Let (M,w) be an n-dimensional compact
Kihler manifold, and & = w++/—190¢ be another Kihler form on M with, [, w™ =
0. If © satisfies (1.17), then we have

sup || < C(sup el + 1) /2(Cgy, + 1) (Cpos + 1),
M M

where C' is a constant that depends only on n and the volume of w, and Csop, and
Cpoi are upper bounds for the Sobolev and Poincaré constants of w, as in (1.26) and
(1.29).

To prove step 3 one first defines the quantity S = ]V@]g, where V is the covariant
derivative associated to the metric g. Using ¢ we can write

o
S =g%9% 3" p51.0pqm

where again lower indices are covariant derivatives with respect to g. Since we
assume that g and § are uniformly equivalent in C°, we only need to prove an upper
bound for S. One computes

AS > -CS - C.

Again, this is done in a more general setting in Chapter 4 (Lemma 4.4.5). On the
other hand, again using that g and g are equivalent, we also have

~ 5 1
Atrgg > 55 - C,

see for example (4.56). One can then apply the maximum principle to S + Atr,g,
where A is sufficiently large, to get the required estimate S < C.

Finally, step 4 follows from a bootstrapping argument. The arguments are purely
local, so we can restrict to a small ball where w = /=199 for a local function ).
Then differentiating the logarithm of (1.19) with respect to z* we get

A (OW+e)\ _ \[(OV)  OF
A <8zz> =4 (82’) + 0zt

Since the operator A is uniformly elliptic, with coefficients uniformly bounded in
CP(w), Schauder’s estimates give a uniform C*%(w) bound on ¢. But this gives a
uniform C1# (w) bound on the coefficients of A, and so bootstrapping gives all the
higher order estimates. This completes the proof of Theorem 1.3.2.

The complex Monge-Ampere equation (1.17) can be thought as “nondegenerate”.
There are two ways to make the equation more degenerate. First, we can modify
the right-hand side to

(w+V=190p)" = l"~?um,

so that now the determinant of the complex Hessian of ¢ is not controlled a priori.
This is precisely the equation to construct Kahler-Einstein metrics with positive
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Ricci curvature on Fano manifolds, and its parabolic analog is the Kéher-Ricci flow.
This will be the topic studied in Chapter 2.

Second, we could move the cohomology class of w to approach the boundary
of the Kahler cone. Since the limit cohomology class is not Kéhler, it cannot be
represented by any Kéhler form. Thus the solutions of (1.17) must blow up when
we reach the boundary of the cone, and we will address this phenomenon in Chapter
3.

Finally, in Chapter 4, we consider the same equation (1.17) but we don’t insist
that the complex structure be integrable. Thus instead of a Kéhler manifold we are
considering a symplectic manifold. The equation is still nondegenerate, but it is now
a system of equation (rather than a scalar equation), and this makes the analysis
more complicated.



Chapter 2

Kahler-Ricci low on Fano
manifolds

The Kahler-Ricci flow is a second order nonlinear parabolic flow of Kahler metrics.
In section 2.1 we describe this flow and state our main convergence result (Theorem
2.1.1). We then recall some recent fundamental estimates of Perelman [Pe] that
are used in the proof. In section 2.3 we define Chow semistability and, following
Donaldson [Do3] and Zhang [ZhS], we show that it is equivalent to a lower bound of
a suitable functional defined on the space of Kéhler potentials (Proposition 2.3.1).
Finally in section 2.4 we prove Theorem 2.1.1. The key new ideas are: first to use
K-polystability to show that if the flow does not converge then the Mabuchi energy
decays at least linearly at infinity. Second to show that the Mabuchi energy is well
approximated by the functionals controlling asymptotic Chow semistability, so that
their lower boundedness gives a contradiction. And third to prove the approxima-
tion result by showing that the so-called Tian-Yau-Zelditch-Catlin expansion holds
uniformly along the flow (Proposition 2.4.1), a result that uses boundedness of the
curvature.
The results of this chapter can be found in [To3].

2.1 Kahler-Ricci flow

In this section we introduce the Kéhler-Ricci flow, describe our main result, and
state some estimates of Perelman that will be used extensively.

In this chapter (M, J) denotes a compact complex manifold of complex dimen-

sion n and with positive first Chern class ¢;(M) > 0. We will often drop the
reference to the complex structure J. We fix a reference metric w cohomologous to

14
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c1(M). The (normalized) Kéhler-Ricci flow starting at w is the evolution equation

(2.1) gwt = —Ric(w) + wy,

ot
with wg = w. Since the right hand side of (2.1) is a closed real (1, 1)-form, it follows
that w; is Kéhler (as long as it exists) and cohomologous to ¢1(M). The fixed points
of the flow are Kéahler-Einstein metrics with positive scalar curvature, that is metrics
wi E that satisfy

(2.2) Ric(wxg) = wkE-

If such a metric exists then it is unique up to the action of Aut®(M), the connected
component of the identity of the biholomorphism group of M [BM]. In general
there are obstructions to the existence of Kahler-Einstein metrics, and these fall into
two categories: obstructions arising from Aut®(M), such as Matsushima’s Theorem
[Ma] or the Futaki invariant [Fu|, and obstructions arising from stability. A long-
standing conjecture of Yau [Y5] says that a Kéahler-Einstein metric should exist
precisely when the manifold, polarized by the anticanonical bundle K]Ql, is stable
in a suitable algebro-geometric sense. The precise notion of stability involved is
called K-polystability, has been introduced by Donaldson [Do2]. Yau’s conjecture
then states that the existence of a Kéhler-Einstein metric on a Fano manifold M
is equivalent to K-polystability of (M, K;j). There has been much progress on the
subject, see for example [Dol, Do4, Ti3] but the conjecture is still open in general.
A natural approach to this conjecture is to show that the Kéhler-Ricci flow (1.1)
converges to a Kéhler-Einstein metric. Since we know that the flow (1.1) exists
for all time the issue is to show that stability implies convergence of the flow at
infinity. Despite some recent powerful estimates of Perelman [Pe, ST], this seems to
be out of reach at present. On the other hand some progress has been done under the
assumption that the curvature remains bounded along the flow. In [PS2, PSSW2, Sz]
it is shown that if this holds and if the manifold is stable in some different analytic
ways, then the flow converges to a Kahler-Einstein metric. Our main result is the
following (the definitions of K-polystability and Chow semistability are in section
2.3):

Theorem 2.1.1. Let M be a compact complex manifold with c1(M) > 0. Assume
that along the Kdhler-Ricci flow (1.1) the sectional curvatures remain bounded

(2.3) IRmy| < C.

Assume moreover that (M, K]T;) is K-polystable and asymptotically Chow semistable.
Then the flow converges smoothly exponentially fast to a Kdhler-Einstein metric on

M.
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We are going to rewrite the Kéhler-Ricci flow (2.1) as a parabolic complex
Monge-Ampére equation as follows: since the metrics w; are all cohomologous to
c1(M), we can write wy = w + v/—=100¢;, where the normalization of the potentials
¢ will be specified presently. Then (1.1) is equivalent to the following parabolic
complex Monge-Ampere equation

(2.4) (w+ V=100¢;)" = efemertorym,

where ¢; denotes dy;/0t, f,, is the Ricci potential defined by (1.7), (1.8), and ¢o
is a constant. The choice of this constant matters: if ¢; is the solution of (2.4)
with initial value the constant g, then @; = ; + (Po — p)e’ also solves (2.4) and
has initial value the constant ¢g. This shows that there is at most one initial value
that guarantees convergence of the flow as t — co. Notice that taking 99 of the
logarithm of (2.4) shows that the Ricci potential f,, of w; is equal to —¢; plus a
time-dependent constant. We now need the following estimates of Perelman (we
refer to the exposition [ST] and to [Pe] for proofs).

Theorem 2.1.2 (Perelman). Independently of the choice of g, there is a constant
C' that depends only on w such that for all t > 0 we have

(2.5) [furl + |V furle + diam(M, w;) + | Re| < C,

where R; denotes the scalar curvature of wy. Moreover given any ro > 0 there is a
constant k > 0 that depends only on ro and w such that for allt >0, allp € M and
all 0 < r < rg we have

w'I’L
(2.6) / = > R,
Bt(pvr) n:
where Bi(p,r) is the geodesic ball in the metric wy centered at p of radius r.

We then set ¢g equal to the constant

2. — w— —t 222 ) dt.
@.7) o n!+/0 e (/ngomn!)

Perelman’s estimate (2.5) shows that this is finite, and the discussion above shows
that it is well-defined (since V¢, = V). An easy computation (see [PSS]) shows
that with this choice we get the uniform estimate

(2.8) loe| < C.

2.2 Stability of algebraic varieties

In this expository section we define several notions of stability for algebraic varieties.
We start by defining the general notion of Geometric Invariant Theory (GIT) sta-
bility, and then specialize to Chow stability and K-stability for algebraic manifolds.
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More details can be found in [Mu, MFK, Th, Wa].

Let V be an (n+1)-dimensional complex vector space, and let G = SL(N+1,C)
act on V through a linear representation SL(N +1,C) — GL(n+1,C). This action
induces an action of G on P" = P(V), and we will call 7 : V\{0} — P" the canonical
projection. Then a point z € P" is called GIT semistable if for some (and hence
for any) € V with m(Z) = =, the closure of the G-orbit of & doesn’t contain the
origin. The point x is called GIT polystable if the G-orbit of & is closed in V', and
it is called GIT stable if it is polystable and if its G-stabilizer is finite. Notice that
the stability of a point z depends only on its G-orbit.

We now fix || - || a U(IN + 1)-invariant metric on V, fix a lift & as above, and
consider the function on G given by

lg - 1

F:g—log HjHQ

Then we have the fundamental

Theorem 2.2.1 (Kempf-Ness [KeN]). The point x is GIT semistable if and only
if I is bounded below on G. It is GIT polystable if and only if F' achieves a global

minimum on G. And it is GIT stable if and only if F' is bounded below and proper
on G.

We now apply this general theory to a concrete situation. We assume that we
have a projective n-dimensional manifold M embedded in projective space PV as a
subvariety of degree d. We denote by G the Grassmanian Gr(N —n —1, N) of linear
(N —n — 1)-dimensional subspaces inside PV. The subset

Zy={AeG|ANM #0}

is a divisor in G of degree d. Since the Picard group of G is generated by the
hyperplane bundle Og(1), it follows that Zy; = {spr = 0} for a holomorphic section
sy € H°(G,O(d)). The section sy is unique up to multiplication by a nonzero
constant, and we get a well defined point

Chow(M) = [sy] € PH(G, O(d)) = P™.

The group G = SL(N + 1,C) acts naturally on P™, and we can then define Chow
(semi-, poly-)stability of M by requiring GIT (semi-, poly-)stability of Chow(M).
Let now M be a compact complex manifold equipped with an ample line bundle
L. For all m sufficiently large, holomorphic sections of L™ give projective embed-
dings in bigger and bigger projective spaces PN ~1. Here the number N,, can be
computed from the Riemann-Roch formula (1.12). To any such embedding there is
an associated Chow point Chow,,(M). For any fixed m all the possible embeddings
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into PN=~1 are parametrized by G = SL(N,,,C), and changing the embedding by
g € G just corresponds to letting ¢ act on Chow,,(M). We will then say that
(M, L™) is Chow (semi-, poly-)stable if Chow,, (M) is (semi-, poly-)stable. Finally,
we say that (M, L) is asymptotically Chow (semi-, poly-)stable if for all m sufficiently
large (M, L™) is (semi-, poly-)stable.

We now recall the Mumford numerical criterion for stability. Let’s go back to the
setup of the abstract GIT stability. Let p : C* — G be a 1-parameter subgroup (1-
PSG) of G, i.e. an algebraic group homomorphism. We will say that p is nontrivial
if it is nonconstant. For any = € P, we can take the limit xg = lim;_,o p(t)x and
get a point x¢ € P which is fixed by the action of the 1-PSG p. This means that
p acts on the tautological line Oy, (—1), and it thus has a weight y € Z. Then we
have

Theorem 2.2.2 (Mumford’s numerical criterion). The point x is GIT stable if and
only if p < 0 for all nontrivial 1-PSG p. The point x is GIT semistable if and only
if w <0 for all nontrivial 1-PSG p.

Let now (M, L) be a polarized manifold as above, fix m large so that L embeds
M in PMm=1 and let p be a 1-PSG of G = SL(N,,,C) as before. We can then
use the action of p to move M around inside PN»~! by projective transformations,
and we can take the flat limit My of p(¢t)(M) as ¢ — 0. We thus get a family
M — C with all fibers isomorphic to M except possibly the fiber My over 0, which
might be highly singular. Moreover the hyperplane bundle over P¥»~1 induces a
line bundle £ over M which restricts to L™ to the generic fiber. The 1-PSG then
induces a C* action on the pair (M, £) which makes the map M — C equivariant,
and which induces a C* action on the central fiber (Mo, L|n,), and the weight p
can be calculated from it. This motivated Donaldson to pose the following

Definition 2.2.3. A test configuration for (M, L) of order m is a C*-equivariant
flat family (M, L) over C, with L ample on all fibers, such that the generic fiber is
isomorphic to (M,L™). The test configuration is called a product configuration if
My = M, and a trivial configuration if moreover C* acts trivially on Mo = M.

We have just seen that a 1-PSG gives rise to a test configuration, and the converse
is true as well [RT]. One can then rephrase Chow stability for (M, L™) by saying
that for any nontrivial test configuration of order m, the numerical invariant pu is
negative. Donaldson then defined a different notion of stability, by replacing p with
the so-called Futaki invariant Fj. If the central fiber My is smooth then this is
just the classical Futaki invariant of the holomorphic vector field generating the C*
action on M.

Definition 2.2.4. A polarized manifold (M, L) is called K-semistable if for any
m large and for any nontrivial test configuration for (M, L) of order m the Futaki
invariant Yy is nonpositive. It is called K-stable if Fy is negative, and K-polystable
if F1 is nonpositive and zero only on product configurations.
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As an aside, we remark that changing the weight from p to Fi just amounts
to changing the linearized line bundle over the Hilbert scheme in the definition of
GIT stability. But unfortunately the line bundle that corresponds to K-stability is
not ample over the Hilbert scheme. This means that K-stability is not a bona fide
algebraic stability notion.

2.3 Chow semistability

In this section we link Chow semistability to a certain functional on the space of
Kahler potentials. The results in this section follow from work of Donaldson [Do3]
and S. Zhang [ZhS].

From now on M will be a Fano manifold, polarized by the anticanonical bundle
K;/}. For each m sufficiently large the line bundle K, is very ample, and so
choosing a basis {S;} of holomorphic sections in H°(M, K;;") gives an embedding
of M inside PNm~1 = PHO(M, K;/™)*. Associated to this embedding there is a
point Chow,,(M) in the Chow variety of cycles in PV ~! of dimension n and degree
d = Vm™n!. If we let G be the Grassmannian of N,, — n — 2-planes in PNm—1
and if we call W = H%(G, O(d)), then the Chow variety sits inside the projective
space P(W*). As we have seen, the Kempf-Ness theorem [KeN] says that Chow
semistability of (M, K,;™) is equivalent to the fact that the function

|7 - Chow,, (M)||?

|Chowy, (M)]|?
is bounded below on SL(N,,,C). Here || - || is any norm on the vector space W
which is invariant under SU(Np,).

We now fix h a metric on K]\_/[1 with curvature equal to w, and for each m we
also fix {S;} a basis of H(M, K;;™) which is orthonormal with respect to the L?
inner product defined by A™, w™. Given a matrix 7 € GL(N,,,C) we define the
corresponding “algebraic Kéhler potential” by

or = 1 log > 122 7ijSjlm
Toom > [Silhm

This has the following interpretation. We use the sections {S;} to embed the man-

ifold M inside PH(M, K,;") = PN¥=~1. This carries a natural Kéhler form wpg,

the Fubini-Study form associated to the L? inner product of h™,w™. If we let T act
on PV»—1 yia the natural action, then on M we have

(2.10) T*wps = wrs + MV —1900¢;,

so ¢, is a Kahler potential for “£2. On the other hand, we also have that

(2.9) T +— log

(2.11) w="75_ L /55108 pm(w),

m m
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and so the function
flogZIZmS [ = logpm( )

is a Kéhler potential for w. Now if we go back to (2.9) and we choose the norm || - ||
suitably (see [PS1]) then a theorem of Zhang [ZhS] (see also [Pa, PS1]) gives that

1 o |7 - Chow,, (M)||?
Vm(n+1) & |Chow,,,(M)||? ’

(2.12) Fles (p7) = -

for all 7 € SL(N,,,C). We now introduce a slight variant of F0, following Donaldson
[Do3]. Given a Kéhler potential ¢ we let hy, = he™*, which is a metric on K;; with
curvature equal to wy,. The L? inner product on H°(M, K ;") defined by hg', wg
can be represented as a positive definite Hermitian matrix, with respect to the fixed
basis {S;}. Explicitly, this means that we set

wn
)
(2.13) Hy = /M<S“ Sihhy 2

We then let

¢, = log|det H Hg 90|

Notice that changing the basis {S;} does not affect c,, which depends only on ¢ and
the choice of h. Also ¢, changes smoothly if ¢ does. We then define the functional

If ¢, is a smooth path of Kihler potentials then the variation of £,, can be computed
as follows: since ¢; = ¢y, is independent of the choice of S; we can pick them so that
for a fixed time t we have H, Gt = )\2613 where the numbers A; are real and nonzero.

Then the holomorphic sections T} = ’ are orthonormal with respect to h{*, wi*, and

we have
8
_gidy. m —mipr
o = gyt ZAQ/ Sil at< n!>
_Z)\Q/ |Siln ( m¢t+At¢t)—t'

(2.14) - Z /M ]Tiﬁgn(—mapt + AtSbt);t,

n

. W
:/ pn(we) (—mee + Aypr)
M n

W
|

= / Ct(Atpm(wi) — mpm(we)) nt
M
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So we get (cfr. Lemma 2 in [Do3))

0 1 ) mNpy \ wy
(2.15) &ﬁm(@t) =N, /M oy <Atpm(wt) — mpm(wi) + V> T

We then have the following

Proposition 2.3.1. The pair (M, K;;") is Chow semistable if and only if there
exists a constant C, that might depend on m, such that

(2.16) Lin(p) = =C,
for all Kahler potentials .

Proof. First we prove that Chow semistability implies the lower boundedness of £,,.
For each potential ¢ set h, = he™® and w, = w+v/—199¢. Choose {S;(¢)} a basis
of HY(M, K;;™) which is orthonormal with respect to the L? inner product defined
by hi, wg. Then we can write

J

for some matrix 7 = (7;;) € GL(Nyy,, C) that depends on ¢. From the definition we
get
¢, = —2log|det 7|,

and so

(2.17) Lon(p) = —Ni log | det 7| — mFJ(¢).

We now observe that from the cocycle formula (1.10) we have

F() = FJ(¥r) = —F)_(¢r — )

1 wy
(2.18) = _Jw(p(wT - 90) + V /M(% - ‘P)n*f
1 wy

where we have also used the fact that J,, > 0. On the other hand we have

[ 02 25 [ s % = N,

and so by Jensen’s inequality

% /M(¢T — w)% < log(Ny/V).
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Together with (2.18) this gives

(2.19) F(p) — o) < 28 m/ V)
Then the cocycle formula (1.10) gives
(2.20) Pl () = F(0) + Fls (=08 pm(e) )
and this together with (2.19) gives
(2.21) —mEy(p) = —mF,(;) = C = —mFops (¢r) = C.
This and (2.17) give
(2.22) Fo() > le log | det 7| — mFys (07) — C.
m ™

We now set )
7= (det ) Nm T,

so now 7 € SL(Ny,,C) and we notice that

2
Yz = QO — N log | det 7|,
and so
2
(2.23) 2 log | det| — mFPs (p7) = —mFys (97) > ~C,
m m m

by Chow semistability and (2.12). Combining (2.22) with (2.23) finally gives

(2.24) Lin(p) > —C.

To show the other implication we assume that (2.24) holds and we let 7 be any
matrix in SL(N,,,C). By (2.12) it is enough to prove that the function

_mFgﬁ (¢r)
has a uniform lower bound independently of 7. By (2.20) we have
_mF‘(‘)’LS (pr) = _mFB(@Z’T) - C,

and we have

Em(¢7’) = JCV% - mFg(wT)v



CHAPTER 2. KAHLER-RICCI FLOW ON FANO MANIFOLDS 23

so we are reduced to showing that ¢, is bounded above independently of 7. Notice
that in (2.13) if we use the basis S; =}, 73;5; instead of S; we get a different matrix

H G but its log determinant is the same. Using the definitions we have that

T*WFS

w¢7 = m )

and

T _ / <Si,Sj>hm ) (T*wpg)"
O S Y | o Sl minl
so using the arithmetic-geometric mean inequality we get

Gr < og L[ XSl (Trwps)”

and since the integral above is just the volume of M in the metric T*“’TFS, this is
bounded independent of 7. O

2.4 Convergence of the flow

In this section we prove Theorem 2.1.1 by relating the behavior of the functionals
Ly, to the Mabuchi energy.

Proof of Theorem 2.1.1. First of all we use Perelman’s estimate (2.6): this together
with (2.3), Perelman’s diameter bound (2.5) and Theorem 4.7 of [CGT] gives a
uniform lower bound for the injectivity radius of (M,w;) independent of ¢. Then
Hamilton’s compactness theorem [Ha2] gives that for any sequence ¢; — oo we can
find a subsequence (still denoted t;), a K&hler structure (weo, Joo) on the differen-
tiable manifold M and diffeomorphisms F; : M — M such that w; = F'wy;, — weo
and J; = Ffl* oJ o F;, — Jo smoothly. We will denote by 0; (resp. 0s) the
d-operators of J; (resp. Joo). An argument of Sesum-Tian (see [ST] or [PSSW2] p.
662) shows that (weo, Joo) is a Kéhler-Ricci soliton, and so it satisfies

for a smooth function 1 whose gradient is a Jeo-holomorphic vector field. Such a
function v is only defined up to addition of a constant, but we can choose it by
requiring that

Since along the flow we have that

Ric(wt) = Wt =+ v —185]‘},
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where f; is the Ricci potential of wy, it follows that the functions F}" f;, will converge
smoothly to 1. In fact F90f, = 8;0,F} fi, converges smoothly to 90001, and the
statement follows because of the normalizations we chose. Notice that f; is equal to
(¢ up to a constant.

We let M,,(¢¢) be the Mabuchi energy, normalized so that M,,(¢g) = 0. Recall
that the variation of the Mabuchi energy is

0 1 . wpt
GMule) == [ antRi—m L,

while the variation of £, was computed in (2.15) to be

0 5 1 mNp, \ wi
n!’

aﬁm@t) = N /M Pt (Atpm(wt) — mpm(we) + v

For a fixed metric w the Tian-Yau-Zelditch-Catlin expansion (1.15) says that as
m — oo we have

R
pm(w) = m™ + Em"_l + O(m"™?),
Recalling that by Riemann-Roch (1.12) we also have
v
Ny, = Vm" + %m"_l + O(m"?),

we get that for a fixed metric w

Nn, " _
App(w) — mpm(w) + mT ~ %(n — R)+O(m™™).

We claim that this still holds uniformly along the flow.

Proposition 2.4.1. Given any k, mg and € > 0 there exist an m > mg and atg > 0
such that for all t > ty we have

1

mn

R
pm(we) —m™ — ?tm

n—1

<e.
Ck (we)

-1

The proof of this proposition is postponed. As above applying this with k£ = 2
and mg, € to be specified later, we get

1 g ‘Ath‘
2.2 — | Aypim <= ,
(2:26) — | Aipm(wr)] < — + 5

while Riemann-Roch implies that

(2.27) ’VZZ‘_I - (m + ;‘)' < %
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Proposition 2.4.1 also gives that

Pm (W) Ry
2.2 oy Bl
(228) ontet Py
Putting together (2.26), (2.27) and (2.28) gives
1 mNy\ 1 Co . |AR
'mn (Atpm(wt) — mpm(wi) + V) - 5(” — Ry)| <2+ Tr(L) + | 2tmt|.

From the boundedness of curvature and Shi’s estimates [Shi], it follows that for all
t > 0 we have
|ARy| < Ch,

for a uniform constant C;.
Using now the fact that |¢:| < Cq, which is just (2.8), and Riemann-Roch, we

get
o[+ M,
FACEESIE

In particular given any €1 > 0 we can fix € and mg so that

1 L wit
§2(2€—|—C’3/m)v/ \got]—t' < (Cy(2e + C3/m).
M n:

02(28 + Cg/mo) <eq,

and moreover (M, K ;™) is Chow semistable for all m > mg. Then Proposition 2.4.1
with the above arguments gives an m > mg and a tg such that for all ¢t > tg

0 ( M,
—_ _ v < eq.
'815 (Em 2 ) (pe)] <&
Integrating this, we get that for all ¢t > ty we have
5 M
(2.29) Lo (pr) < “)2(%) +et+C.

We now claim that either M already admits a Kahler-Einstein metric, or there
is a constant v > 0 such that

d
(2.30) o Mele) = =,

for all ¢ sufficiently large. In fact, if the above estimate fails, then we can find a
sequence of times t; — oo such that

0 1
&MW(SDH) > e
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Since 5
wit
—Mu(pr) = —— n—,
5y Me(en) /I Dl
we get
1 wy
2.31 — [ |V, |2 = < =
(2.31) 7 | v

By passing to a subsequence, we may assume that there are diffeomorphisms F; :
M — M such that w; = Fw;, — ws a Kahler-Ricci soliton as above. Then we

have
* LL)
/ V(E R E / Vi, 22

CEUR M

so by (2.31) we see that the Ricci potential 1) of ws must be constant, and so
Woso 1s a Kéahler-Einstein metric on Jo, a complex structure on M of which J is a
small deformation. Notice that since wy, is Kahler-Einstein its cohomology class is
c1(M, Jx). Moreover we have that the Chern classes ¢1(M, J;) — ¢1(M, J) and
since they are integral classes, we must have c¢i(M, J;) = ¢1(M, J) for all i large.
So we can assume that the canonical bundles K ; are all isomorphic to Ky o as
complex line bundles, but with different holomorphic structures. So (M, J,,KA_[Z)

is a small deformation of (M, J, K, ). Then the fact that A is K-polystable
together with Theorem 2 of [Sz] shows that M admits a Kihler-Einstein metric.
The claim is proved.

Now we assume that M does not admit a Kahler-Einstein metric, so that (2.30)
holds. We now pick €1 < /2, and consequently get an m such that (2.29) holds. But
we are also assuming that m is large enough, so that (M, K;,™) is Chow semistable
and so by Proposition 2.3.1 we have that (2.16) holds. We can integrate (2.30),
which holds for all ¢ large, and get

(2.33) My (o) < —yt+ C.

and this together with (2.29), (2.16) gives

—~C < Lin(pr) < M“’;%) +et+C < —(y/2—e1)t+C,
for all t large, which is absurd. Hence M must admit a Kéahler-Einstein metric.
Once we know this, results of Perelman-Tian-Zhu [TiZhu| and Phong-Song-Sturm-
Weinkove [PSSW1] imply that the flow converges exponentially fast. In fact, we can
avoid the analysis of Perelman-Tian-Zhu in our case: the theorem in [Sz] that we
used constructs a Kéhler-Einstein metric gxg; on (M, J;) for i large as a small C*°
perturbation of a Kéhler-Einstein metric gx g oo on (M, J) (here we use the nota-
tion g instead of w to emphasize that we are considering the Riemannian metrics).
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In particular the Gromov-Hausdorff distance of gk £ ; to 9K E.co goes to zero as 7 goes
to infinity. But the metrics (F; !)*gx g are then Kéhler-Einstein on (M, J) and by
the Bando-Mabuchi uniqueness theorem [BM] they must be all isometric to a fixed
Kéhler-Einstein metric gxg on (M, J). Since their Gromov-Hausdorff distance to
JKE,so is arbitrarily small, it follows that the Gromov-Hausdorff distance between
gk E and gx i oo is zero, and so they are isometric. By Matsushima’s theorem [Ma]
the space of holomorphic vector fields of (M, J) is the complexification of the space
of Killing vector fields of gx g, but this is the same as the space of Killing vector
fields of gxp 0. It follows that (M,J) and (M, Js) have the same dimension of
holomorphic vector fields. By the argument in the proof of Theorem 5 in [Sz] this
implies that J must be biholomorphic to Js. So we have shown that there is a
sequence of times ¢; and diffeomorphisms F; such that the metrics F; w;, converge
smoothly to a Kahler-Einstein metric on (M, J). Then by a theorem of Bando-
Mabuchi [BM] the Mabuchi energy M, has a lower bound, and the arguments in

section 2 of [PS2] show that

0
aMu}«Ot) - Oa

as t — oco. This together with the above arguments imply that given any sequence
t; — oo we can find a subsequence, still denoted t;, and diffeomorphisms F; such that
F*wy, converges smoothly to a Kéhler-Einstein metric on (M, J). A contradiction
argument then implies that the flow converges modulo diffeomorphisms: there exists
Woeo a Kéhler-Einstein metric on (M, J) and diffeomorphisms F; : M — M such that
F}w; conveges smoothly to wso. Then [PSSWI1| shows that the original flow w;
converges to a Kahler-Einstein metric exponentially fast. O

Proof of Proposition 2.4.1. If the conclusion is not true, then there are a k, mg and
€g > 0 such that for all m > mg and i > 1 there is a ¢; > i such that

1

mnfl

Ry,
2

mnfl

> €p.

Ck (wti)

pm(wy;) —m" —

Up to a subsequence, we may assume that ¢; — oo and that there are diffeomor-
phisms F; : M — M such that w; = F'w, and J; = F{l*oJoFi* converge smoothly
to some limit we, and Jo, respectively. We remark that while the complex structures
J; are all biholomorphic to each other, they might not be biholomorphic to J. No-
tice also that the C* norms involved are invariant under diffeomorphisms, and that
F*Ry, = R;, F} pm(wy;) = pm(wi). The Tian-Yau-Zelditch-Catlin expansion applied
t0 weo gives that there exists a uniform constant C' such that for all m we have

1

mnfl

n ROO

Pm(Woo) — m™ — — m

n—1

<

¢
Chlwes) T

Moreover since w; converges smoothly to we, it follows that the C* norms they
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define are uniformly equivalent, so we will also have

1 R C
— Pm(Woo) — m™ — X mnl < —.
m 2 Chlwy) M
Then we get
1 R; 1
g0 < —— ||Pm(wi) —m" — —m"
m 2 C* ()

1 1 o
< §||Rz - RooHCk(wi) + Wﬂpm(wz) — pm(wOO)HCk(wi) + E

We now fix m > myg such that C'/m < €p/4. Since w; converges smoothly to weo,
when 1 is sufficiently large we will have

1 €0
EHRz‘ — Rosllorwy < I

We now claim that when ¢ is large we will also have

1 €0
Hpm{wi) - Pm(woo)HCk(wi) < Z,

mnfl

which will give a contradiction. In fact we will show that, for m fixed as above,
the function py,(w;) converges smoothly to p,(wso) as i goes to infinity. This can
be done in several ways, for example using the implicit function theorem, or the L?
estimates for the O operator. We choose the first way because it is easier, though the
second way gives more precise estimates. As remarked earlier we can assume that
the canonical bundles Ky ; are all isomorphic to K, as complex line bundles, but
with different holomorphic structures. Fix ho, a metric on K]\}%oo with curvature
Weo, and perturb it to a family of metrics h; on K ;/[11 with curvature w; that converge
smoothly to hoo. Given S a holomorphic section of KA_/[mOO we wish to perturb S to
a family S; of holomorphic sections of Kﬂ_fz that converge smoothly to S. Once this
is done, it is clear that p,,(w;) converges smoothly to pm,(we), and we are done.
Since m can be assumed to be large, by Riemann-Roch we can write the dimension
of HO(M, K,%,) as an integral over M of Chern forms of we:

dim HY(M, K,") = / ch(K ™) A Todd(M, weo, Joo),
’ M

and we can do the same for w;, J;. But since w; and J; converge smoothly to we
and J, it follows that the Riemann-Roch integrals are equal, and so the dimension
of HO(M, K]T/[t:‘)o) is the same as N,,. This means that we have a sequence of elliptic
operators, [y , acting on I'(M, K;,;™) (more precisely on Sobolev W2 sections of
this line bundle with » > n 4 k + 1 to make them C*) which converge smoothly to
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Oz, (which acts on the same space) and such that the dimension of their kernel is
the same as in the limit. Then Lemma 4.3 in [Ko|, which is a simple consequence
of the implicit function theorem, ensures that any element in the kernel of [  can
be smoothly deformed to a sequence of elements in the kernel of [ . O



Chapter 3

Degenerations of Calabi-Yau
metrics

In this chapter we study the way in which Ricci-flat Kéhler metrics degenerate
when the Kahler class approaches the boundary of the Kéahler cone. In section 3.1
we provide some background and state the main results, Theorems 3.1.1 and 3.1.2.
In section 3.2 we collect some facts from algebraic geometry. In section 3.3 we prove
a diameter bound for Calabi-Yau metrics (Theorem 3.3.1). In section 3.4 we prove
Theorem 3.1.1 and in section 3.5 we prove Theorem 3.1.2. The key points of the
proof of Theorem 3.1.1 are: first, algebraic geometry provides a smooth nonnegative
reference (1,1) form in the limit class. The diameter bound then gives a uniform
Sobolev inequality which can be used in a Moser-type iteration argument to prove
an L™ estimate. Then a trick of Tsuji can be used for the C? estimates, and higher
order estimates are standard. As for Theorem 3.1.2, the L* bound was proved
in [DP, EGZ2]. We then use the fibration structure and a Schwarz Lemma type
computation to prove a Laplacian bound. A modification of Calabi’s C® estimate
then gives the fiberwise collapse, and these estimates are then used to prove the
convergence results in Theorem 3.1.2. Finally in section 3.6 we give some explicit
examples where our theorems apply.

The esults of this chapter are contained in [To2], except for the results in section
3.5, which are new.

3.1 Degenerations of Calabi-Yau metrics

Einstein metrics, namely metrics with constant Ricci curvature, have been an impor-
tant subject of study in the field of differential geometry since the early days. The
solution of the Calabi Conjecture given by Yau [Y1] in 1976 provided a very powerful
existence theorem for Kéhler-Einstein metrics with negative or zero Ricci curvature
(the negative case was also done independently by Aubin [Au]). This produced a

30
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number of nonhomogeneous examples of Ricci-flat manifolds. These spaces have
been named Calabi-Yau manifolds by the physicists in the Eighties, and have been
throughly studied in several different areas of mathematics and physics. Prompted
by the physical intuition of mirror symmetry, mathematicians have studied the ways
in which Calabi-Yau manifolds can degenerate when they are moving in families. In
general both the complex and symplectic (Kéhler) structure are changing, and the
behaviour is not well understood. In this thesis we will consider the case when the
complex structure is fixed, and so we will be looking at a single compact projective
Calabi-Yau manifold. The Kahler class is then allowed to vary inside the ample
cone. As long as the class stays inside the cone, the corresponding Ricci-flat metrics
vary smoothly, but they will degenerate when the class approaches the boundary
of the cone. We will try to understand this degeneration process and see what the
limiting space looks like.

To introduce our results, let us fix some notation first. Let X be a compact
projective Calabi-Yau manifold, of complex dimension n. This is by definition a
projective manifold such that c1(X) = 0 in H?(X,R). The real Néron-Severi space
is by definition

NY X)) = (H*(X,Z) free N H"1 (X)) @ R = N (X)z ® R,

and we assume that
dim N} (X)g = p(X) > 1.

This cohomology space contains Kyg the ample cone, which is open. Its closure
Kns is the nef cone. Fix a nonzero class a € Kys\Kyg, which exists precisely
when p(X) > 1, and a smooth path ay : [0,1] — Kyg such that oy € Kyg for t < 1
and a; = . For any ¢t < 1 Yau’s Theorem [Y2] gives us a unique Ricci-flat Kéhler
metric wy € a¢. Fixing a smooth path of reference metrics in a4, it can be verified
that the Ricci-flat metrics w; vary smoothly, as long as t < 1. We have the following
very natural

Question 1: What is the behaviour of the metrics wy ast — 17

This question has a long history: it is a special case of a problem by Yau [Y4, Y5],
where the complex structure is also allowed to vary; it has been stated explicitly in
this form by McMullen [McM] and Wilson [Wi2]. Physicists have also looked at this
question, roughly predicting the behaviour that we will describe in Theorem 3.1.1
(see e.g., [HW]). One of the reasons that makes this question interesting is that the
Ricci-flat metrics are not known explicitly, except in very few cases.

A nef class a € N1(X)g is called big if o™ > 0. Our first main theorem addresses
Question 1 in this case (see section 3.2 for definitions).

Theorem 3.1.1. Let X be a compact projective Calabi-Yau manifold, and let o €
NY(X)r be a big and nef class that is not ample. Then there exist a proper analytic
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subvariety E C X, which is the null locus of o, and a smooth incomplete Ricci-flat
Kdhler metric w1 on X\E such that for any smooth path oy € Kng with aq = «,
the Ricci-flat metrics wy € ay converge to wy in the C° topology on compact sets of
X\E. Moreover wy extends to a closed positive current with continuous potentials
on the whole of X, which lies in a, and which is the pullback of a singular Ricci-flat
Kahler metric on a Calabi- Yau model of X obtained from the contraction map of «.

There are many interesting concrete examples of our theorem, and we will ex-
amine a few of them in section 3.6. Roughly speaking, the case when « is nef
and big corresponds to a “non-collapsing” sequence of metrics, meaning that the
Gromov-Hausdorff limit has the same dimension. We will now discuss Question 1
in the “collapsing” case, when the volume of « is zero. A natural example of this is
to consider an algebraic fiber space f : X — Y where Y is an algebraic variety of
lower dimension, and let « be the pullback of an ample divisor on Y. This picture is
conjecturally always true if « is a rational class. In this case we have the following
result, which is a combination of Theorems 3.5.2, 3.5.3 and 3.5.4.

Theorem 3.1.2. Let X be a compact projective Calabi-Yau manifold and let f :
X —Y be an algebraic fiber space with Y an irreducible normal algebraic variety of
lower dimension. Let wx be a Kahler form on X and o be the pullback of an ample
divisor on' Y. Then there exist a proper analytic subvariety E C X and a smooth
Kahler metric w on Y\f(E), such that the the Ricci-flat metrics w; € a + twx,
0 <t <1, converge to w as t goes to zero in the Cllo’f topology of potentials on
compact sets of X\E, for any 0 < 8 < 1. The metric w satisfies

Ric(w) = wwp,

on Y\ f(E), where wy p is a Weil-Petersson metric measuring the change of complex
structures of the fibers. Moreover for anyy € Y\ f(E) if we restrict to X, = f~(y),
the metrics wy converge to zero in the C' topology of metrics, uniformly as y varies
in a compact set of Y\ f(E).

3.2 Some facts from algebraic geometry

In this section we will review some definitions and results from algebraic geometry,
mainly from Mori’s Program, that will be used in the proof.

Let X be a compact Calabi-Yau n-fold, that is a compact Kéhler manifold of
dimension n and such that ¢;(X) = 0 in H?(X,R). We don’t insist that X be
simply connected. Notice that it follows that aKx =2 Ox for some integer a > O:
in fact by Theorem 1 in [Be| a finite unramified a : 1 cover of X, p : X > X , has
trivial canonical bundle. But we have that p*Kx = K; = O and then Lemma
16.2 in [BHPV] implies that a Ky = Ox. This can be rewritten as Ky ~gq 0 where
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~q indicates Q-linear equivalence of Cartier Q-divisors. For the rest of this section
we will assume that X is projective.

Definition 3.2.1. A projective variety X has canonical singularities if it is normal,
if rKx s Cartier for some r > 1 and if there exists a resolution f : Y — X such
that

rKy = f*(TKx) + Z a; F;,
7

where E; ranges over all exceptional prime divisors of f, and a; > 0.

Definition 3.2.2 (Wilson [Wil]). A Calabi-Yau model Y is a normal projective
variety with canonical singularities and such that Ky ~q 0.

Let L be a nef line bundle on X, and let x(X, L) be its litaka dimension, that is
k(X,L)=m <= h%X,kL) ~ k™ for all k large enough

and k(X, L) = —oo if kL has no sections for all & > 0. We call v(X, L) its numer-
ical dimension, that is the largest nonnegative integer m such that there exists an
m—cycle V such that (L™ - V) > 0. It is always true that

R(X,L)<v(X,L)<n.

Definition 3.2.3. Ifk(X, L) = v(X, L) we say that L is good (or abundant). If the
complete linear system |kL| is base-point-free for some k > 1 we say L is semiample.

When |k L] is base-point-free, we get a morphism @7 : X — PHO(X,kL)* that
satisfies kL = @rkL‘O(l). Notice that if L is big, that is (X, L) = n, then it is
automatically good. The following is an immediate consequence of the base-point-
free Theorem (Theorem 6.1.11 in [KMM]).

Theorem 3.2.4 (Kawamata). Assume X is a projective Calabi-Yau. If L is good
then it is semiample.

The next theorem is classical (see Theorem 2.1.27 in [La]).

Theorem 3.2.5 (Iitaka). Let L be semiample. Then there exists a surjective mor-
phism f : X — Y where Y is a normal irreducible variety of dimension x(X,L),
and we have f,Ox = Oy, and L = f*A for some ample line bundle A on'Y. In
fact [ =®p for all k sufficiently divisible.

We'll call f the contraction map of L. If dim(Y) = k(X,L) < n, we will also
call f: X — Y an algebraic fiber space. There is a version of the base-point-free
Theorem for Cartier R-divisors, essentially due to Shokurov [Sho]. If D is a Cartier
R-divisor on X we say that D is semiample if there exist Y a normal irreducible
projective variety, f : X — Y a surjective morphism with f,Ox = Oy, and A an
ample R-divisor on Y such that D ~r f*A. Again we will call f the contraction
map of D. Then the following holds (Theorem 7.1 in [HM]):
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Theorem 3.2.6. Assume X is a projective Calabi-Yau. If D is a Cartier R-divisor
which is nef and big, then it is semiample.

The contraction map of D is in fact also the contraction map of a suitable nef
and big line bundle L (see the proof of Proposition 3.4.1). We also have the following
theorem (Theorem 5.7 in [Kal] or Theorem 1.9 in [Ka2]).

Theorem 3.2.7 (Kawamata). Assume X is a projective Calabi-Yau. Then the
subcone of Kng given by nef and big classes is locally rational polyhedral.

If D is a nef and big R-divisor, then we can define its augmented base locus
B, (D) to be the intersection of the support of E, for all effective Cartier R-divisor
such that D = A 4 E for some ample R-divisor A (see [ELMNP]). Thanks to
Kodaira’s Lemma (Example 2.2.23 in [La]) there is always such a decomposition,
and so B, (D) is a proper subvariety of X. The key result that we need is Corollary
5.6 of [ELMNP2], which says that B (D) is equal to the null locus of D, that is the
union of all positive-dimensional subvarieties V' C X such that (DY™V . V) = 0.

Finally let us state a well-known conjecture (see 10.3 of Peternell’s lectures in
[MP]).

Conjecture 3.2.8. Assume X is a projective Calabi-Yau. If L is a nef line bundle,
then L is semiample.

If L is effective, this conjecture follows from the log abundance conjecture. In-
deed for any small rational ¢ > 0, the pair (X,eL) is klt, and the log abundance
conjecture would imply that Kx +eL ~q €L is semiample.

Notice that when X is a surface, Conjecture 3.2.8 holds: in fact if L is nef and
non trivial, then H?(X,L) = H*(X, Kx — L) = 0 and by Riemann-Roch

1
dim H*(X,L) > 2 + 5L -L>2,

thus L is effective. Then we can apply the log abundance theorem for surfaces (see
e.g., [FM]) and get the result.

3.3 Diameter bound for Calabi-Yau metrics

In this section we will prove a uniform diameter bound for Ricci-flat Kahler metrics.

Let X be a compact Calabi-Yau n-fold, that is a compact Kéhler manifold with
c1(X) =0 in H*(X,R). Thanks to Yau’s Theorem [Y?2] there is a unique Ricci-flat
Ké&hler metric in each Kéahler class. Let wy be one of these metrics, which will be
considered a reference metric. If w is another Ricci-flat Kéhler metric on X, we



CHAPTER 3. DEGENERATIONS OF CALABI-YAU METRICS 35

would like to get a uniform bound for its diameter diam(X, w). Without any further
assumption on w this is impossible: one can take X to be an elliptic curve and w
a flat metric with very large volume (and diameter). But if the cohomology class
of w lies in a fixed compact set in H?(X,R) then we can bound the diameter, and
the bound does not degenerate as the class approaches the boundary of the Kéhler
cone. The result is as follows.

Theorem 3.3.1. Let (X,wp) be a compact n-dimensional Ricci-flat Kdhler manifold
and let w be another Ricci-flat Kdhler metric such that

(3.1) / Wit Aw < Oy,
X

for some constant Cy. Then the diameter of (X,w) is bounded above by a constant
that depends only on n, Cy,wy.

To prove Theorem 3.3.1 we need a lemma, which appears as Lemma 1.3 in [DPS].

Lemma 3.3.2. In the above situation there exists a constant Cy that depends only
on n,Cy,wq, such that given any § > 0 there exists an open set Us C X such that
its volume with respect to wy s at least fX wi — 9, and any two points in Us can be
joined by a path in X with w-length less than C16~ /2.

Proof. First notice that (3.1) gives a uniform L! bound on w. Up to covering X by
finitely many charts, we may assume that X = K is a compact convex set in C",
and we will denote by gr the Euclidean metric on K. If z1,29 € K, we denote by
[x1,x2] the segment joining them in K, and we compute the average of the length
square of [z1,x2] with respect to w, when the endpoints vary. We will denote by ¢
the Riemannian metric associated to w. Using Fubini’s Theorem and the Cauchy-
Schwarz inequality we get

1 2
/ </ \/9(175)9;1%@ (2 — 1,22 — :1:1)d8> dxidwo
KxK 0

1
< ||5U2—$1||§E/0 /K K\w(1—s)$1+sw2\d$1d$2d3
X

(3.2) . ol [
< diam _(K)2? / / |wWy s | dydads
0 KxK

1
+// |w(1_s)$1+y|dydx1ds>
1 JrkxKk

< diam, (K)2"Voly, (K) || s sy < Ch,

where C is a uniform constant, we changed variable y = (1 — s)z; if s < % and

Yy = sro when s > % and integrated first with respect to y. Then the set S of pairs
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(x1,72) € K x K such that the length of [z, z2] with respect to w is more than
(C1/8)"/? has Euclidean measure less than or equal d: otherwise

1 2
/ (/ \/g(l—s)zl—l-smg (2 — 21,72 — zl)ds) dridzs
KxK 0

> / </ \/g(lfs):I:1+sa:2 (55'2 — T, X2 — $1)d8) dridxy > TV()]gE (S)
S 0

which is more than C7, and this contradicts (3.2). If z; € K we let S(x1) to be the
set of the x9 € K such that (z1,22) € S, and we let @ to be the set of the 1 € K
such that Volg, (S(z1)) > 4 Voly, (K) and R to be the set of (21,z2) € S such that
z1 € . Then by Fubini’s Theorem

o> VOlgE(R) = / drodx :/ / dzo | dxy > EVO]QE (K)VOIQE(Q),
R Q \/S(z1) 2

and so Voly, (Q) < v 125
E

Vol () We let Us = K\Q. Then Us is open and if z1,z9 € Us

then Voly, (S(z;)) < 3 Vol (K), for i = 1,2. Hence
Volg, (K\S (1)) N (K\S(22))) > 0,

and so this set is nonempty. If y belongs to it, then (z1,y) and (x2,y) are not in S,
which means that the lengths with respect to w of the segments [z1,y] and [y, z9]
are both less than (Cy/6)'/2. Concatenating these two segments we get a path from
1 to o with length less than 2(Cy/8)Y/2. We also have that

2056
< < —F—
Vol,, (Q) < C2Voly, (Q) < Vol,, (K)

Up to adjusting the constants, this is what we want. O

Proof of Theorem 3.3.1. Choose § < min(C?%,1/2 Jx wg), and pick any p € Us. If
we denote the metric ball of w centered at p and with radius r by B(p,r), then we
get that Us C B(p, Cy), where Cy = C16~/2 > 1. Then

1
/ WS‘Z/WE?E/WSL'
B(p,Ca) Us 2 /x

V—100log % = Ric(wg) — Ric(w) =0,
0

Moreover we have

which implies that w" = Bw{ where B is the constant

(3.3) Bl

- fxwg
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So we get that

(3.4) / w" > BCs,
B(p,C2)

for some constant C5 > 0 independent of w. Since Ric(w) = 0, the Bishop volume
comparison Theorem and (3.4) give that

wn
(3.5) / W' > f’g(”#j) > BCy > 0.
C n
B(p,1) 2
The following lemma is due to Yau (see e.g., Theorem 1.4.1 in [SY]).
Lemma 3.3.3. Let (M?",g) be a closed Riemannian manifold with Ric(g) > 0, let
p€ M and 1 < R < diam(X,g). Then

R-1 < Vol(B(p,2(R+1)))
dn  — Vol(B(p,1))

Proof. Choose zp € 0B(p, R), so that d(z¢,p) = R, and denote by p(z) = d(x, zg).
The Laplacian comparison theorem gives Ap? < 4n in the sense of distributions.

Let ¢(x) = ¥ (p(x)) where

1 fO<t<R-1,
P(t)=4 3(R+1-t) fR—1<t<R+1,
0 ift >R+ 1.

Then ¢ is a nonnegative Lipschitz function supported in B(zg, R+ 1), and we have
that

/ pAp*dVy = —/ V- VprdVy = —2/ pIV oY (p(x))dVy
M B(zo,R+1) B(zo,R+1)

/ pdVy
B(:EQ,R—‘,-I)\B(&?(),R—I)

> (R — 1)Vol(B(zg, R + 1)\B(xo, R — 1)),

and also
/ PAp*dV, < 4n/ @dV, < 4nVol(B(xo, R + 1)).
M B(xo,R+1)

Notice that B(p,1) C B(zg, R+ 1)\B(zo, R — 1) and so the previous two equations
give

(R —1)Vol(B(p,1)) < 4nVol(B(zo, R + 1)).
The conclusion follows from the fact that B(zo, R+ 1) C B(p,2(R+ 1)). O
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Lemma 3.3.3 gives that for any 1 < R < diam(X,w) we have

R—1 _ Jopamen "
n. fB(p,l) wr

(3.6)

Choosing R = diam(X,w) — 1 and using (3.5), (3.3) we get

an an
diam (X, w §2—|—/ w":2—i—/ wg,
(%) BCy Jx CalJx ™
which is bounded independent of w. This completes the proof of Theorem 3.3.1 (a
somewhat similar argument can be found in [Pn]). O

3.4 Limits of Ricci-flat metrics: the noncollapsing case

In this section we will prove Theorem 3.1.1. The idea is to carefully set up a family of
complex Monge-Ampere equations that degenerate in the limit, and prove estimates
for the solutions that are uniform outside a subvariety.

We begin with the following result.

Proposition 3.4.1. Let X be a projective Calabi-Yau n-fold, and o € N'(X)r a
big and nef class that is not ample. Then there exists w € o a smooth real (1,1)
form that is pointwise nonnegative and which is Kdhler outside a proper analytic
subvariety of X. Moreover if ay : [0,1] — Kyg is a smooth path such that oy € Kyg
fort <1 and oy = «, then we can find a continuous family of Kdhler forms B: € ay,
t < 1, such that By — w in the C™ topology as t approaches 1.

Proof. Let’s assume first that that a = ¢;(L) for some line bundle L, which is
equivalent to requiring that & € N'(X)z. Now L is nef and big and so Theorem
3.2.4 implies that L is semiample, so there exists some k& > 1 such that kL is globally
generated. This gives a morphism f : X — PV such that f*O(1) = kL. If we let
wpg be the Fubini-Study metric on PV, then w = f*“’TFS is a pointwise nonnegative
smooth real (1,1) form in the class a. Moreover w is Kéhler outside the exceptional
set of f, which is a proper subvariety of X. If a € N!(X)g, then ka € N*(X)z for
some integer k£ > 1, and we can proceed as above. If finally o € N'(X)g then by
Theorem 3.2.7 we know that the subcone of nef and big classes is locally rational
polyhedral. Hence « lies on a face of this cone which is cut out by linear equations
with rational coefficients. It follows that rational points on this face are dense, and
it is then possible to write o as a linear combination of classes in N!(X)g which
are nef and big, with nonnegative coefficients. It is now clear that we can represent
«a by a smooth nonnegative form w. Notice that all of these classes give the same
contraction map f : X — Y, because they lie on the same face. This map is then
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also the contraction map of a, and w is again Kéhler outside the exceptional set of
f-

We choose a ball ¢/ in N'(X)g centered at «, such that Kyg NU is defined
by {®3 > 0}1<p< where the &3 are linear forms with rational coefficients. Since
the big cone is open, up to shrinking &/ we may also assume that all the classes in
OKns NU are big. We may add some more linear forms to the ®g, until they define
a strongly convex rational polyhedral cone C' which is contained in Kyg NU. We

can then write ,
C= {Zai%’ a; > 0},
i=1

where the v; are nef and big classes in &/. We claim that, when ¢ is bigger than some
to < 1, it is possible to write the path «; as ), a;(t)y; where the functions a;(t)
are continuous and nonnegative. Assume first that the cone C' is simplicial, which
means that the ~; are linearly independent. Then the path «a; enters and eventually
stays in C, and so it can be expressed uniquely as

¢
(3.7) a =Y ai(t)v,
=1

where the a;(t) are smooth and nonnegative, top < ¢ < 1. If on the other hand C' is
not simplicial, it can be written as a finite union of simplicial subcones that intersect
only along faces, and that are spanned by some linearly independent subsets of the
~;. On any time interval when a; belongs to the interior of a simplicial cone, the
coefficients a;(t) in (3.7) vary smoothly, and on a common face of two simplicial
cones the coefficients agree, hence the a;(t) vary continuously when ty < t < 1.
Moreover since we only have finitely many simplicial subcones, we see that as t — 1
the a;(t) converge to the coefficients of «v; in any of the simplicial cones that contain
it, and so the a;(t) are continuous on the whole interval to <t < 1.

By the first part of the proof we know that we can choose §; € 7; a smooth
nonnegative representative, for all i. Choose a smooth function £(¢) : [tg,1] — R
that is positive on [tp, 1) and €(1) = 0, and that is small enough so that the classes
& = o — e(t)ay, are ample for all ¢ < ¢t < 1. Then the new path &; is also
converging to a as ¢ — 1, and by the previous claim we can write

¢
& =Y ai(t)v,
=1

where @;(t) is a continuous nonnegative function, for all ¢. Then the smooth (1, 1)
forms
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are nonnegative representatives of a; that vary continuously in . When ¢ approaches
1, the forms f; converge in the C™ topology to a smooth nonnegative form @
representing o If x is a Kéhler form in ay,, then the forms 8; = ; 4 £(t)x defined
on [tg, 1) are Kéahler, represent «; and converge to @ as t — 1. Up to replacing w
by @, this gives the desired family of forms on [tg,1). It is very easy to extend the
family (; on the whole [0,1), and since we’re not going to use this, we leave the
proof to the reader. O

Of course, a similar statement holds if we are given a sequence of ample classes
«; converging to «, instead of a path.

Let us now recall some notation and facts from analytic geometry. If X is any
complex manifold and w is a Hermitian form on X, we’ll denote by PSH (X, w)
the set of all upper semicontinuous (usc) functions ¢ : X — [—00,400) such that
w++/—100¢ is a positive current. In the case when (X, w) is Kihler, then all Kihler
potentials for w belong to PSH (X, w). A fundamental result by Bedford-Taylor [BT]
says that the Monge-Ampere operator (w + /—199¢)" is well defined whenever
¢ € PSH(X,w) is locally bounded. Let’s also recall the definition of a singular
Kéhler metric [EGZ1] on a (possibly singular) algebraic variety X. This is given by
specifying its Kahler potentials on an open cover (U;) of X, that are usc functions
vi : U; — [—00, +00) with the following property: ¢; extends to a plurisubharmonic
function on an open set V; C C™ where U; C Vj is a local embedding. We refer the
reader to section 7 of [EGZ1] for the definition of a singular Ricci-flat Kéhler metric
and for a proof that they always exist on Calabi-Yau models. With these facts in
mind, we can now give the

Proof of Theorem 8.1.1. Proposition 3.4.1 gives us w € « a smooth nonnegative
representative, and (3; € ay continuously varying Kéhler forms, when ¢ < 1, such
that 6y — w ast — 1. As in the proof of Proposition 3.4.1, there is a contraction
map f : X — Y such that Y is a normal irreducible projective variety, f is birational
and f.Ox = Oy. Moreover w is the pullback of a (singular) K&hler metric on Y,
and it is Kéhler outside the exceptional set of f. Then setting Dy = 0 as Cartier
divisors on Y, we have aKx = f*Dy for some integer a > 0, so

filaKx) = Do =0

holds as Weil divisors, but since f is birational we also have fi(aKx) = aKy (as
Weil divisors), hence aKy is Cartier and is equal to zero. So we have f*Ky = Kx
as Q-divisors, which implies that Y has at most canonical singularities and is a
Calabi-Yau model (see also Corollary 1.5 of [Kal]).

Denote by €2 the smooth volume form on X given by

n

wa(T]l,
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which satisfies f 2 =1. We can write
Q= Fuw",

where F € L'(w"), F > 0. The following argument to show that actually F' €
LP(w™) for some p > 1 is similar to Lemma 3.2 in [EGZ1]. First of all 1/F is
smooth, nonnegative, and vanishes precisely on the exceptional set of f. Fixing
local coordinates (2*) on a polydisc D C X and a local embedding G : f(D) — C™,
we see that 1/F is comparable to

’8(} oG |?

iy N Nl
0z1 0z"

on D. But this is in turn comparable to
T

2

Z |gz‘ ’
i=1

where the g; are holomorphic functions on D, and so F¢ € L'(D, Q) for some small
€ > 0 that depends on the vanishing orders of the g;. Then

(3.8) / Flteym :/ F*Q < 0.
D D

The compactness of X gives F' € L'*¢(w"), and so we can apply Theorem 2.1 and
Proposition 3.1 of [EGZ1] or Theorem 1.1 in [Zh1] (which rely on the seminal work
of Kolodziej [Kol]) to get a unique bounded ¢ € PSH (X, w) such that

(3.9) (w+V—=190¢)" = a"Q,

and supy ¢ = 0. We then embed Y into projective space and extend w to a Kahler
form in a neighborhood of Y as in Proposition 3.3 of [DPa| or in Theorem 4 of [De].
Composing the embedding with f we get a morphism which is birational with the
image, with connected fibers, and we can then apply Theorem 1.1 in [Zh1] (see also
[Zh2] and Remark 5.2 in [DZ]) and get that ¢ is continuous. Moreover we can see
that ¢ descends to a function on Y: if V is a fiber of f, the restriction of ¢ to V'
is a plurisubharmonic function, because w|y = 0. Desingularizing V' and applying
the maximum principle we see that |y has to be constant, and so ¢ descends to
Y. Since w by construction is the pullback of a (singular) Kéhler form on Y, we see
that w ++/—109¢ is a singular Ricci-flat metric on Y, in the terminology of [EGZ1].
On X, the closed positive current w; = w + /—199¢ clearly lies in the class a and
has continuous potentials. Intuitively, our goal is to get estimates in the open set
where w is positive. This can be done rigorously in the following way, which was
first used by H. Tsuji [Ts]. Since « is nef and big, by Kodaira’s lemma (Example
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2.2.23 in [La]) there exists E an effective Cartier R-divisor such that for all ¢ > 0
small enough, o — e F = k. is Kéhler. We’ll show that ¢ is smooth on X'\ F, and so
w1 is a smooth Ricci-flat metric there, and that the Ricci-flat metrics w; converge to
w1 in the C* topology on compact sets of X'\ E. Notice that the metric w; on X\ E
cannot be complete, since its diameter is finite by Theorem 3.3.1. Our argument
is very similar to the proof of Theorem 3.5 in [EGZ1] (see also [Y2]). Once this
is proved, we can repeat the argument for any other E given by Kodaira’s lemma,
and by uniqueness we see that w is smooth off E’, the intersection of the supports
of all such F. But this is equal to the augmented base locus B4 («), just from its
definition, and we have already mentioned the fact that this is equal to the null
locus of a.

We now fix once and for all an € > 0 small enough so that Kodaira’s lemma
holds. First of all notice that the classes oy — eE = k! are all Kihler when ¢ is
close to 1. Choose a Kihler form y. € k., let 0 € H(X,Ox(E)) be the canonical
section, and fix a Hermitian metric |- | on E such that the following Poicaré-Lelong
equation holds

(3.10) w—¢e[E] = x. —ev/—100log |o],
where [E] denotes the current of integration on E. Then we have
B — el E] = Xe + (Bt — w) — eV —19dlog o],

and x! = x. + (8 — w) is Kéhler for ¢ close to 1. There are smooth functions ¢
solutions of

(3.11) wi = (Bt +V—199p)" = o},

where the positive constants af approach o™ as ¢ goes to 1, and supy ¢ = 0. We
now derive a uniform L° estimate for ;. Since the Ricci-flat metrics w; have a
uniform upper bound on the diameter by Theorem 3.3.1 and a uniform positive
lower bound for the volume [ w}, classical results of Croke [Cr|, Li [Li] and Li-Yau
[LY] give uniform upper bounds for the Sobolev and Poincaré constants of wy. We
temporarily modify the normalization of ¢; by requiring that [y ¢;wj* = 0 and we're
going to show that |p;| < C. This will then hold for the original ¢; as well, with
perhaps a bigger constant. We employ a Moser iteration argument in the following
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way, inspired by [Y2]. For any p > 1 we compute
(3.12)

2
p _
| Wetal e =5 [ el ek

P2 3 1
— / lpe|P 2001 A Doy A wi™

/ loe[P~2000 A Doy A (an - Z/\ﬁ;)
np2 p—2 - n—1—1
:—4(1)_1)/ pelpdP~200p A Zwt A By

=0

:7np2 / Qe P (B — we) A an A B
4p—1) Jx
2
np / p—2(n n
=T | Ptlet B —w
<Cp [ Jollar,
X
where we used (3.11) in the last inequality. Using the uniform Sobolev and Poincaré
inequalities for w; and iterating in the same way as in (1.25), (1.27), (1.28), (1.30)
we get the required L* bound |p:| < C. Notice that such a bound is also proved in
a more general setting in [EGZ1, Zh1], using sophisticated tools from pluripotential

theory.
Outside E we now have

By = xL — ev/—100log|a|,
so that the functions ¢y = ¢; — e log |o| solve
(3.13) O+ V=T009)" = af ) = e (x0)"

there, for some appropriate smooth functions F!, defined on the whole of X. As t
approaches 1, the Kéhler forms y% are uniformly bounded in the smooth topology
(with eigenvalues bounded away from 0 uniformly), and so are the functions F!.
Yau’s second order estimates [Y2] for the Monge-Ampere equation (3.13) give

(3.14) A (n 4 D)) 2 e M (=01 = Coln - Aiy) 4 (n+ Do) 7T ).

where A, C7 and Cy are uniform positive constants, A; is the Laplacian of Xt and
A} is the Laplacian of x! + /—1091;. Now notice that on X\ E we have

e~ AVt (n+ Awpy) = |J|A56_A‘pt (n+ Appr — eAylog o),
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and
|A¢log |o|| < C,

for some uniform constant C. Hence the function e=4%¢(n + Au);) goes to zero
when we approach F, and so its maximum will be attained. The maximum principle
applied to (3.14) then gives

n+ Aphy < CeAW—infx\p 1111&)7

on the whole of X\ E. But noticing that infy\g ¢t > infx ¢ — C for a uniform
constant C, and recalling that |p:| < Cp, we get

n —+ AtQDt § C+7’L+ At”l[)t S C(l + ’G'|_AE).

This gives uniform interior C? estimates of ¢; and 1; on compact sets of X\E.
Then the Harnack estimate of Evans-Krylov gives uniform C?"7 estimates, for some
0 < v < 1, and a standard bootstrapping argument gives uniform C*"7 estimates
for all £ > 2, on compact sets of X\ E, independent of ¢ < 1. Thus the family (¢;)
is precompact Ck”/(X \E) for any 0 < 7/ < 7, and any limit point ¢ belongs to
PSH(X\E,w), it satisfies

(w+ ﬁ@gw)" =a")

on X\FE, and is bounded near E. Hence ¢ extends to a bounded function in
PSH(X,w) and the above Monge-Ampeére equation holds on X because the Borel
measure (w++/—1009)" doesn’t charge the analytic set £. Then by the uniqueness
part of Theorem 2.1 of [EGZ1], we must have ¢ = ¢. This implies that ¢; — ¢ in
C* on compact sets of X\ E, and that ¢ is smooth there. O

Let us briefly compare this with some previous results. Using the diameter
bound (Theorem 3.3.1), we can apply the Bishop volume comparison Theorem and
get that for any point p € X and any r >0, ¢t < 1

Jx b
3.15 / Wt > JX T 07“2",
( ) Bi(pyr) ¢ diam(X, wy)?

where ¢ > 0 is a uniform constant. A well-known computation in Chern-Weil theory
gives

1 - J—
oy [ IRl = [ (X nep? =)<

where R, is the Riemann curvature tensor of w; and (X, w;) is the second Chern
form of wy. If n = 2 we can thus apply Theorem C of [An], Theorem 5.5 of [BKN]
or Proposition 3.2 of [Ti2] and get that a subsequence of (X,w;) converges to an
Einstein orbifold with isolated singularities in the Gromov-Hausdorff topology, and
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also in the C*° topology on compact sets outside the orbifold points. If n > 2 these
theorems require a uniform bound on

/ | Ry [
X

which in general can not be expressed in terms of topological data as above. Instead
when n > 2 we apply a general theorem of Gromov [Gr] that says that any se-
quence of compact Riemannian manifolds of dimension 2n with diameter bounded
above and Ricci curvature bounded below, has a subsequence that converges in
the Gromov-Hausdorff topology to a compact length space. Thus a subsequence of
(X,w;) converges to a compact metric space Y, and Theorem 1.15 in [CCT] says
that Y is a complex manifold outside a rectifiable set R C Y of real Hausdorff
codimension at least 4. Moreover their Theorem 9.1 gives supporting evidence that
R should in fact be a complex subvariety of Y.

On the other hand our Theorem 3.1.1 gives the convergence of the whole sequence
of metrics, and not just of a subsequence, and the limit metric is uniquely determined
by the class a. When n > 2 the convergence we get is stronger than Gromov-
Hausdorff convergence, but it only happens outside the singular set £. Also we see
precisely what the limit space Y is, namely the Calabi-Yau model of X obtained
from the contraction map of «. It has canonical singularities, so its singular set is a
subvariety of complex codimension at least 2, and when n = 2 canonical singularities
are precisely rational double points, that are of orbifold type. We will discuss the
case n = 2 with more details in section 3.6.

3.5 Limits of Ricci-flat metrics: the collapsing case

In this section we will prove Theorem 3.1.2.

Let X be a projective manifold with ¢;(X) = 0, that is a Calabi-Yau manifold,
and we will fix wx a Kahler form. We assume that we have a class a € IKng
which is nef but not big, and moreover that it is a rational class. This means that
a multiple of « is equal to ¢1(L) for some nef line bundle L over X, with Iitaka
dimension (X, L) = m < n. If Conjecture 3.2.8 holds, then L is semiample, and
so there is an algebraic fiber space f : X — Y, with Y an m-dimensional normal
variety, and o = f*A, for some ample divisor A, on Y. From now on we will
assume that L is semiample, and so we have an algebraic fiber space f : X — Y.
We can then find proper subvarieties S C X and f(S) C Y such that Y is smooth
away from f(S), and f: X\S — Y\ f(S) is a smooth submersion. Lemma 10.6 in
[I] shows that a generic fiber of f is also a Calabi-Yau manifold. We will denote
by wg the pullback of the Fubini-Study metric on X, and by wy the pullback to Y.
Then wyq is a smooth nonnegative form representing «, while wy is a smooth Kahler
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metric on the regular part of Y, and wyp = f*wy on X\S. Moreover on X we have
wh AR =0,

for m+ 1<k <n, and

(3.16) wy' ANwy "= Huw'y,

where the smooth non-negative function H vanishes precisely on S and is such that
H™" is in L' for some small v > 0. This is because H is locally comparable to
the modulus square of the Jacobian of f, which is locally given as the sum of the
modulus square of holomorphic functions that are not identically zero. In particular
it follows that

/ wy' Aw ™ > 0.
X

In this setting we look at the Kéhler forms wy = wg + twx for 0 < ¢t < 1, and
we call @; the unique Ricci-flat Kéhler metric cohomologous to wy for ¢t > 0, whose
existence is guaranteed by Yau’s theorem [Y2]. Explicitly, if we denote by x the
unique Ricci-flat Kahler metric cohomologous to w; then Yau’s theorem guarantees
the existence of smooth functions ¢; for 0 < t < 1 so that &, = w + ﬁ@gwt,
supy ¢ = 0 and

(3.17) (we +V—=180¢,)" = arx",
where .
ay = fX wz; .
fX w1

Notice that as t approaches zero, the constants a; behave like

n—m

A
(3.18) <’I’L) fX Wo (’:X n—m + O(tnfm+1).
m Jx i

We can define a smooth function E by the relation x"™ = e
write (3.17) as

(3.19) (wi + V=100 = ctt"_meEw},

Ew%, and then we can

where the constant ¢; is bounded away from zero and infinity as ¢ goes to zero.
Equation (3.19) has been studied for example in [KTi] where a uniform L* bound

on ¢ was conjectured. This was then proved independently by Demailly and Pali
[DP] and by Eyssidieux, Guedj and Zeriahi [EGZ2]:

Theorem 3.5.1 ([DP, EGZ2]). There is a constant C that depends only on X, E,wx,wy
such that for all 0 <t <1 we have

(3.20) el < C.
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Our goal is to show higher order estimates for ¢; which are uniform on compact
sets of X\S. Notice that since

0< ter(:Jt = trwxwt + wagoh

and since try,, wy is uniformly bounded, we always have a uniform lower bound for
Aux ot

The following are the main results of this section, and together they imply Theo-
rem 3.1.2. The estimates that follow contain the function |o|}. This is a nonnegative
function on Y, which will be defined later on, and whose zero set is a subvariety
that contains f(.5). Moreover, we will have freedom in choosing o, and the common
zero locus of all the possible choices is precisely f(S5).

Theorem 3.5.2 (Laplacian bound). There are constants A, B,C that depend only
on the fived data, so that on X\S and for any 0 <t <1 we have

¢
(3.21) — wy <@ < Cefte

CeAeBlgl’j

In particular the Laplacian Ayt is bounded uniformly on compact sets of X\S,
independent of t.

-
B‘U‘h

Theorem 3.5.3 (Fiberwise collapse). Given any y € Y\f(S) denote by X, the
fiber f~(y), by wy the Kdhler form wx|x, and by &, the restriction of the Ricci-flat
metric O x,. Then there are constants A, B,C' that only depend on the fired data,
so that on the fiber Xy and any 0 <t <1 we have

t

CeAeB'”(”'EA

Blo(y)l,;
wy,

(3.22) wy < @y < tCee

-9 1/2 AeBle@I;
(3.23) Vayls, <t/°Ce ,

where V is the covariant derivative of wy. In particular the metrics &, converge
to zero in Cl(wy) as t approaches zero, uniformly as y varies in a compact set of

YAS(S)-

Theorem 3.5.4. Ast — 0 the Ricci-flat metrics @y on X\S converge to a smooth
Kahler metric w on Y\ f(S), in the Cllo’cﬁ topology of Kdhler potentials for any 0 <
B < 1. The metric w satisfies

Ric(w) = wwp,

on Y\ f(S), where wy p is the pullback of the Weil-Petersson metric from the moduli
space of the Calabi-Yau fibers, and it measures the change of complex structures of
the fibers.
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To prove Theorems 3.5.2, 3.5.3 and 3.5.4 we need a few lemmas.
Lemma 3.5.5. There is a uniform constant C so that for all 0 <t <1 we have
(3.24) tro,wo < C.

Proof. Recall that we are assuming that wg = c¢f*wpg where f : X — PV is a
holomorphic map. We can then use the Chern-Lu formula that appears in Yau’s
Schwarz lemma computation ([Y3], [Tol]) and get

Ag, log trg,wy > —Atrg,wo,
for a uniform constant A. Noticing that
Az, = n — trg,wp < n — trg,wo,
we see that
(3.25) Ag, (logtrg,wo — (A4 1)¢r) > trg,wo — n(A+1).

Then the maximum principle applied to (3.25), together with the estimate (3.20),
gives (3.24). O

The next lemma, which gives a Sobolev constant bound, is essentially due to
Michael and Simon [MS].

Lemma 3.5.6. There is a uniform constant C so that for any 0 <t < 1, for any
y € Y\f(S) and for any u € C*°(Xy) we have

n—m-—1

2(n—m) n-m
(3.26) / | <o | (Vul, + P
Xy Xy Y

Proof. For any y € Y\ f(S) the fiber X, is a smooth (n — m)-dimensional complex
submanifold of X. Since X is Kéhler, it follows that X, is a minimal submanifold,
and so it has vanishing mean curvature vector. We then use the Nash embedding
theorem to isometrically embed (X,wyx) into Euclidean space, and so we have an
isometric embedding X — RY. The length of the mean curvature vector of the
composite isometric embedding X, — X — RY is then uniformly bounded inde-
pendent of y, since it depends only on the second fundamental form of X — RY.
Then (3.26) follows from the uniform Sobolev inequality of [MS]. Notice that they
prove an L' Sobolev inequality, but this implies the stated L? Sobolev inequality
thanks to the Holder inequality. O

One can easily avoid the Nash embedding theorem by using a partition of unity
to reduce directly to the Euclidean case, but the above proof is perhaps cleaner.

We note here that the volume of X, with respect to wy, [ X, wy ™, is a homo-

logical constant independent of y € Y\ f(S), up to scaling wx we may assume that
it is equal to 1. The next step is to prove a diameter bound for w,:
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Lemma 3.5.7. There is a uniform constant C so that for any 0 <t < 1, for any
y € Y\f(S) we have

(3.27) diam(X,,w,) < C.

Proof. As above we embed (X, wy) isometrically into RY and we get that the length
of the mean curvature vector of the composite isometric embedding X, — X — RN
is then uniformly bounded independent of y. We can then apply Theorem 1.1 of
[Tp] and get the required diameter bound.

Alternatively, first one observes that (3.26) implies that there are uniform con-
stants 79, < so that that geodesic balls in X, of radius r» < r¢ have volume at least
kr2(=m) (Lemma 3.2 in [He]). Since the total volume of X, is constant equal to 1,
an elementary argument gives the required diameter bound. O

The next step is to prove a Poincaré inequality for the restricted metric wy,.
This time the constant will not be uniformly bounded, but it will blow up like a
power of % To this end, we first estimate the Ricci curvature of w,. Fix a point
y € Y\ f(S) and choose local coordinates 2!, ..., 2"~ on the fiber X, which extend
locally to coordinates in a ball in X. Then pick local coordinates w™ ™+, ... w"
near y € Y\f(9), so that z',... 277" 2n=mHl = fr(yn=mHl) e = ()
give local holomorphic coordinates on X. We can also assume that at the point y
the metric wy is the identity. At any fixed point of X, we then have

(3.28)
B wn—m . WA M
ic(w,) = —v/—1991 v = —V/=109log — X —0—
Ric(wy) R NV =TT 00log x A
_ _ w V—100H )
= —v—100log H — v/—100 log AN de > — i + Ric(wx)|x,

C C
> — E+C wyZ—Ewy.

Now if we fix an ample line bundle Ly cohomologous to A,, some high power of
it has a holomorphic section o whose zero set contains the subvariety f(S5). Up to
changing wy with a multiple of it, we will assume that o is a section of Ly. We
then fix A a Hermitian metric on Ly with curvature wy, and consider the function
on Y given by |o|2. Then on Y we have the inequality

(3.29) lo(y)|x < Cinf H,
Xy

where A\, C' are constants depending only on the fixed data. This is because the
function H is locally a sum of squares of holomorphic functions (the minors of the
Jacobian of f) which have well-defined vanishing orders on S, and f*(|o|?) also
vanishes on S by construction. Combining (3.28) and (3.29) we see that the Ricci
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curvature of w, is bounded below by —C' |a],7)‘. Since the diameter of w, is bounded
by Lemma 3.5.7, a theorem of Li-Yau [LY] then shows that the Poincaré constant
Blol;*

of wy is bounded above by Ce . This proves the following

Lemma 3.5.8. There are uniform constants A\, B,C so that for any 0 <t <1, for

any y € Y\f(S) and for any u € C*(X,) with ny uwy~™ = 0 we have

(3.30) / |u]2wgm§C’eB|”;A/ \Vuﬁyw;hm.
Yy Xy

We now let @, be the restriction @] x,- We have the following estimate for the
volume form of @, on X:

n—m n—m m ~n
Wy wy AWy w; HuwY

" cttnfmeE Ccn—m
H = ol

~n—m ~n—m m ~n—m m ~n ~n—1 m . in—-m_E
T AN S AN S S (wt A w()) et e
- H

~n
W

(3.31)

— (tr@tWO)
Notice that when we restrict to X, we have

Oy = (wo + twyx + \/—185g0t)|Xy = twy + (\/—185g0t)\xy.

It is convenient to define a function ¢; on Y\ f(S) by

pi(y) = / Prwy "

Yy

This is just the “integration along the fibers” of ¢, and we will also denote by ¢¢
its pullback to X'\ S via f. We also define a function on X'\S by

1
Y= ; (()Ot - ﬁ) ;
so that we have ny Ywy, ™ =0 and

(3.32) (wy +V—=100y)" ™ = Yy iw”—m

tn—m — |0.|2 Y

We can then apply Yau’s L™ estimate Theorem 1.3.3 to the inequality (3.32). Since
the volume of X, is constant equal to 1, the Sobolev constant of w, is uniformly
bounded (Lemma 3.5.6) and the Poincaré constant is controlled by Lemma 3.5.8,
we get

(3.33) sup ‘gpt — Sot‘ = tsup W]‘ < tCeBIG(yN;A.
Xy 7 Xy

Recall that from (3.20) we have a uniform bound for the oscillation of .
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Proof of Theorem 3.5.2. First we will show the right-hand side inequality in (3.21).
We will apply the maximum principle to the quantity

Y B A
K = e—B\U|h <10gt1"wXWt - ?(Cpt - %)) y

where A is a suitably chosen uniform large constant. The maximum of K on X\S
is obviously achieved, and we will show that in fact K < C' for a uniform constant
C'. This together with (3.33) will show that on X\S we have

(3.34) Ayt =ty O — try wo — nt < try, wp < CeceBw;A,
which is half of (3.21) To do this, we first compute as in Lemma 4.3.2
Ag, logtr, oy > —Ctrg,wx — C,
for a uniform constant C. On the other hand
Ag,pr <n—t-trgwx,

and so if A is large enough we get

- A C
Ag, | logtry,, @ — ?got > tro,wx — 7

Since f is locally a submersion on X'\S, the fiber integration formula
0o = [ (00¢p NW™)
holds. So we can compute that

Ag,pr = trp, fo(V=100p; AWK™) = trg, fu((0r — wi) AWY™)
(3.35) > —trg, fe(w AWy ™) = —trg, fo (ffwy AWT™) — ttrg, fs (w;‘(_mﬂ)

= —trg,wo — ttrg, fu (W ™).

On Y\ f(S) the Kahler form f, (w}_mﬂ) can be estimated by

B wm—l A f*(wn—m—i—l) f*(wm—l /\wn—m—i-l)
f*(w} m+1) S Y wy X wy = 0 w$ X wy
; n " H—lwm A™m
(3.36) < CL(’;X)W _ o/ T )
Y Y

aSrlwgt Aw™)

< Clo|, " wy :C|0\}:>‘wy.
Y
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and so using (3.24) we get
Agp8 > —C — tC’|J\,;)‘.
It follows that
(3.37) Ag, <logtrwxu?t — é(% —got)> > trg,wx — % — C\a|,:)‘.
Next we compute on Y\ f(.5)

Az lofi = (A/2)%o 5V log o3 |2, + A/2]olhtra, V=100 log |o|;

(3.38) "
= (\/2)loly Vo133, = A/2lolhtra,wo = —Cloly,
Vlol4l3, = lol3IVoliz, < Clolitrz,wy < Cloli,
(3.39) VIolal2, = (A/2)%10 4 VIolzl3, < Clol 2,
(3.40) Az loly = (V/2)%|oly VI3, = A/2loftra,w

< Clop 2

Using (3.37) we then compute
- C
AdjtK > e_B‘O|h)\ (trtbth - ? N C’U|h)\>
. A _Blo|~>
+ (log trwxwt - ?(‘pt - %)) AL:Jt (6 B|U|h )
+ 2¢BIoln Re(V K, Ve Blol ),

~ A o —A —B|o —A
2 (logtrwxwt - ?(th —%)) eB‘ g |V6 Bl |t%t

(3.41)

Using (3.38), (3.39) and |o|} < C, the second term in (3.41) can be estimated as
follows

—Blo[;* Be~Bloli” A B2 Bloli” A2
Ag, (e h ) = WA@’UM + W\Wa\h O
2B€7B|o-|;)\ A2
W’vb'h":’t
3.42
( ) e_B‘o_‘;)\ e_B|o_|;>\
e_B‘U‘};A
= A2

|U|h
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At the maximum of K we may assume that K > 0, otherwise we have nothing to
prove. Hence we can use (3.33) to estimate

(3.43)

-
A ~Blo|;; e~k ; <

The fourth term in (3.41) can be estimated using (3.39)

2, —2B|o|; Ce—2Blol;,?
_Blo|- B<e h A € h
(3.44) Ve Bloln™|12 = lelalhlfat < TP
h

-~ A o =A —Blo —A
- <1°gtrwxwt— t(cpt—wt)) Ploln e Pl 2
(3.45) —B\U\h C

log tl"wX (L‘t

| ‘2)\—&—2 | ‘2)\—&—2

Plugging (3.43) and (3.45) in (3.41), at the maximum point of K we get

c C eBloli?

0>trgwxy — — — —~ — logtry,wy — C—57—-.
t t ‘O.m ’ ’2)\—4-2 X ‘O’ i)\+2

From (1.24) we see that
try, W < Ct”_m(tr@th)”_1 < C(tr@th)"_l,

and using this and the inequalities 2ab < ea® + b?/¢ and (log 2™ 1)? < x + C we get

C C eBlolt 1
o = o7 ! ol ' o[+ PR

whence o
Y
tro,wx < 7 + C’CC‘U"L .

At the same point we then get
tre,wp = trg + twx + Cloly”
owt = tre, (Wo + twy) < C +tCe™1Ih .

and using (1.24) we get

~n

(3.46) tr, @ < (tro,w)” 13} g(c+t060|o—|?>

n—1 @?
wit’

We now use (3.16), (3.19) and (3.29) to get

(3.47) < =
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Combining (3.46) and (3.47) we get
trwtajt S Cec‘a‘;A7

for some uniform constant C'. But we also have w; = wg + twx < Cwx and so we
get,
try o < C Clol,*
wxWt > L€ .

Using (3.33) again, this implies that at the maximum of K we have
K<C+ e‘BM;A log(CeC“";X) < C.

We now show the left-hand side inequality in (3.21). To this extent we apply
the maximum principle to the quantity

_» A
K, = e~ Blol, <log(t Strg,wx) — ?(SOt - ‘Pt)> ’

where A is a suitably chosen uniform large constant. The maximum of K; on X\S
is obviously achieved, and we will show that in fact K1 < C for a uniform constant
C'. This together with (3.33) will show that on X\S we have

C o1,
(3.48) trop,wx < ?eceB "

)

which is the other half of (3.21). To prove that K; < C we use the maximum
principle and, as in (3.41), we compute

A C
Ag, Ky > e Blol <tf@th 3 C\"’?)

A —A
n <log(t tro,wy) — ?((Pt — %)) Ag, <€_B|O'|h )
+2eB17h Re(V K, Ve Bl

A Y B Y
2 (log(t- rzox) = 1~ 1)) 5O W

(3.49)

We estimate this in the same way as before and get

Y C
A@tKl > eiB‘U‘h <tr@th - 7 — C‘O’,:A)

—Blo|;?
(3.50) e 1% ) ¢
O pre o8l trawx) = ang
h h

+ 2eB‘U|;ARe<VK1, VefB‘algkﬁt-
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At the maximum of K; we get

-
0 2 tr(:}th - ? - 7)\ - 2)\+2 10g(t . tr@th) — Cec|o.‘h ,
lolz ol

and using the inequalities 2ab < ea® + b?/c and (logz)? < x + C we get

C C

tro,wx < — +
t ‘U‘h | ’4)\+4

-2 1
+ C€C|U|h + Qtra}thv

whence N ﬂ
t-trpwx < C+tCeClolh™ < cefloln”,

and so at that point
Ky < C+ e Bl log(cefl7h ™y < ¢,
and we are done. O

Proof of Theorem 3.5.8. We will first show (3.22), which is an easy consequence of
(3.21). The left-hand side follows immediately from (3.21), which implies

C lo 1y,
(3.51) trg, wy < —¢ Ce’ v .
Then (1.24) and (3.31) give
Y
om0l ol
(3.52) try,, 0y < (trg, wy) L <y c X < tCeCe” ,
Wy lolh

which proves (3.22).
Next, we show (3.23). Recall from (3.34) and (3.48) that on X\ S we have

lol;
(3.53) 1o, & < CeCoe” 7

C o Bl
(3.54) trg,wx < ?ecoe "
for uniform constants B, C, Cy. We apply the maximum principle to the quantity

—A
B‘U‘h
B ‘h>\ 63006

Ko = e A€ o S+0Ttrwxdt ,

for suitable constants A, C, where the quantity S is the same quantity as in section
1.3:
|th|

Wi
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where V is the covariant derivative associated to the metric wx. Using ¢; we can

write _
Tk
S= g;pggjgtT@ijk@ﬁq?7
where again lower indices are covariant derivatives with respect to wx. We are going
to show that Ky < 755%, and using (3.53) this implies that

Y
CeAeB‘Ulh
(3.55) S < TER

We now use (3.52), which says that on X, we have

Blo|;
(3.56) try, @y < tCeX0 "
At any given point of X, we can assume that wy is the identity and &, is diagonal
with positive entries \;, 1 < i < n, so that the first n — m directions are tangent to
the fiber X,. Then (3.56) gives that
N < t0eCoe”

{— b

for 1 <i <mn—m. Then using (3.55) we see that

—A
n— Blo|,

3

1 5 v 1 5 CeAe
- 12 < — o P =< ————,

I
_

i

and using (3.56) we get

iy Blol; >
|V@y’a2uy = Z ‘%'jk‘Q < tl2ge?Ae
i=1
provided we choose A > 4C), and this is (3.23).
C

We now prove that Ko < 573 To simplify the computation, we will use the

notation
—A
xeB‘UIh

F(z)=e ,

where x is a real number, and we note here that F' is increasing. The starting point
is the formula for A, S which is done in a more general setting in Chapter 4 (Lemma
4.4.5). With the notation there, we can write

S = Z |a§-k|2.

i7j7k
We then choose local unitary frames {6!,...,0"} for wx and {51, .. ,0~”} for @y,

and write
91 = Z a;-@],
J
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-y
J

for some local matrices of functions aé, b; Notice that at any given point we can
choose the frames and arrange that

(3.57) al = \/\id,

(3.58) b, =
Then in our case (4.63) reads

Ay, S > 2Re(a§d<bmbqbsR] al a” —aj; Lpdps R agpby’

LYpTtmgs T TpTy £7p~tmqgs

P~ "mgs 7P p~tmgs,u

albrbs RY, cal be + albibibsbl R ))

- represents the curvature of wyx and

where we are summing over all indices, qus

anq <. 1ts covariant derivative (with respect to wy). Since these are fixed tensors,

we can use the Cauchy-Schwarz inequality and (3.57), (3.58) to estimate the first
term on the right hand side of (3.59) by

Ar

<C Z ‘akéarp’ e )\)\
i,kL,rp ¢

2Re (b bT R sty

LYptmgsTrpTy

3 3 i 3
<oy (Zj) 3 (Z\azeP) (Z\am)
J q q kJlrp i %

N
[

- 1 3 ;
= Cltnag )bz [ Yolafel | [ X0 1ai,
ikl 7P
= CS(tro, @) (tro,wx) 2.
The second and third term in (3.59) are estimated similarly, while the fourth term
can be bounded by

R
i,k l,p

2
) S
q

ik0

2Re (a@a; b R, )| <

£7p7p " 'mgs,u
\/»

<C terwt)%(trwth) .
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Overall we can estimate
(3.59) ANg,S > —CO8(trg,wx ) (try, &) 2 — CVS (trg,wx ) (tru @) /2.
On the other hand from (4.56) we see that

Ag try, 0 = a}‘;gaTﬂa?a? + a?-aib?b??R’f

7qs
, i
2Dl - 035
i

1,5,0
(3.60) 1\ s 1
> ka D lalP = O Do Zrk
k .70 k k
S

= T — C(tr@th)(ter&)t).

We now insert (3.53), (3.54) in (3.59), (3.60) and get

_CF(2C) ;  CF(C0/2) rg

— F
Maitray 2 FEC) g OPOC),
We then compute
(3.62)
F(3Cy) . F(2CYy) CF(5Cy) 2 .
A@t <t5/2terWt> Z Ct3/2 S — t7/2 + MRG(VF(:gCQ), Vtrwxwt>@t
1

+ M(ter@t)A@tF(:iCQ),

and estimate
Re(VF(3Cy), Viry,@t)e, = —|VF(3C0)|a: | Vire Ot o, -
Using (4.57) we see that
[V tTy Dty < VS (g Or)-

On the other hand a direct computation using (3.38), (3.39) and (3.40) shows that
there is a constant C' such that for any real number x we have

|\VF(z)|s, < CF(x+ 1),

|Ag, F(z)| < CF(x+ 1),
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and so we have

F(3Cy) . F(2C)y) CF(5Cy) CF(5Cy)
' CF(5Cy)
-~ m
This and (3.61) give
CF(3C)) - F(2C)) CF(5Cy/2)
Atbt (S + t5/2terWt> > t3/2 S — t2 \/§
(3.64) _ CF(Cy) C’F(5Co)\ﬁ_ CF(5Cy)
t7/2 $5/2 $5/2
F(2C)) CF(5Cy) CF(5C))
= 43/2 S - £7/2 45/2 Vs,
and
F(2C)) CF(5Cy) CF(5Cy)
Ap Ky > F(—A)< Bz 0T Tz o VS
CF(4Cy+1
(3.65) — CF(1)S — (t5/g)> + 2F(A)Re(VKy, VF(—A))a,
F(2C)) CF(5Cy) CF(5Cy)
ZF(_A)( C3/2 8- 1772 45)2 Vs

+2F(A)Re(VKy, VF(—A))z,.
At the maximum of Ky we then get

< CF(tgco) Vo4 CFSCQ)7

which implies that

5 CFBC)
< 2 ,
and so
CF(3Cy), . CF(4Cy) _ C
K2 - F(_A) <S + Wterwt) S F(—A)T S W’
because we chose A > 4C). 0

We now explain the meaning of the Weil-Petersson metric, following the discus-
sion in [SoT2]. Fix a Ricci-flat Kéhler metric x on X cohomologous to w; = wp+wx
and call 2 = x" its volume form. The generic fiber X, of f is an (n—m)-dimensional
Calabi-Yau manifold, and it is naturally equipped with the Kahler form w, = wx/|x, .
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Recall that the volume of X, is a homological constant independent of y, and
that we assume that it is equal to 1. Since ¢ (X,) = 0, there is a smooth function F,
such that Ric(w,) = v/—100F, and ny (efv — Lwy ™™ = 0. The functions F), vary
smoothly in y, since so do the Kahler forms w,. By Yau’s theorem there is a unique
Ricci-flat Kéhler metric wgr, on X, cohomologous to wy, given by the solution of
(3.66) Wepy = erwLL*m.

If we write wsry = wy ++/—199¢y, the functions ¢, vary smoothly in y and so they
define a smooth function ¢ on X'\ S. We then define a real closed (1, 1)-form wsr on
X\S by wsr = wx ++/—199¢, and call it the semi-flat form. Notice that wgr is not
necessarily nonnegative (it is Kéhler only in the fiber directions), but on X\S the
(n,n)-form w¢z™ A wl® is strictly positive, and so we can define a smooth positive
function F' on X\S by

Q

3.67 F=——.

0 B

We claim that F' is actually constant on each fiber X, and so it is the pullback
of a function on Y\ f(S). To see this, fix a point y € Y\ f(S) and choose local
coordinates z',..., 2" ™ on the fiber Xy, which extend locally to coordinates in
a ball in X. Then take local coordinates w™ ™*! ... w" near y € Y\f(S), so
that zl,... 207 gn=mtl — pr(gn-mtl)  2n = f*(w™) give local holomorphic

coordinates on X. In these coordinates write

n
wo=+v—1 Z g%dzi A dZ,

i,J=n—m+1

n—m
wsFy = V-1 Z g%Fdzi AdZ,
ij=1
Q=GW-1)"dz" A NdZ".
Then locally
G

 det(g) det(g5")’

and so on the fiber X, we have
V—1801log F = —Ric(x) + Ric(wsry) = 0,

because wy is the pullback of a metric from Y, and so [’ is indeed constant on X,.
Moreover, it is easy to check [SoT2, Lemma 3.3] that on Y'\ f(S) we have

m
Wy

F

)
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/Fw@‘:/Q:/w?
Y X b'e

is finite. In fact there is a positive € so that [,, F1T¢wi* [SoT2, Proposition 3.2].
Then we apply [SoT2, Theorem 3.2], which relies on the seminal work of Kotodziej
[Kol], to solve (uniquely) the complex Monge-Ampere equation

and so

o Jxwg' Awx ™

(3.68) (wy + V-100y)" = =X —— 2 Fuwi

Jxwl?
with ¢ € L*°(Y) and moreover 1 is smooth on Y\ f(S) (the proof of this follows
the arguments of Yau in [Y2]). We will call w = wy + /—199% the Kihler metric
on Y\ f(S) that we've just constructed. Its Ricci curvature is the Weil-Petersson
metric that we are about to define. Recall that the fibers X, have torsion canonical
bundle, so that there is a number k such that K® is tr1v1al for all y € Y\ f(5).
The Weil-Petersson metric is a smooth nonnegatlve (1,1)-form on Y\ f(S) defined
as the curvature form of a Hermitian pseudometric on the relative canonical line
bundle f*(Q?&?)@k if ¥, is a local nonzero holomorphic section of f*(Q;Z?})@k,
which means that ¥, is a nonzero holomorphic k-pluricanonical form on X, that
varies holomorphically in ¥y, then we let its length be

==

w2 = /X (W, A Ty)E.

Y

For £ > 1 this is not a Hermitian metric, but just a norm. The Weil-Petersson
metric wyyp on Y\ f(.S) is just formally the curvature of hy p, that is locally we set

wwp = —V —18510g |\I’y|}21WP,

and this is well-defined because the bundle Kg?f is trivial. It is a classical fact (see
g., [FS]) that wyy p is pointwise nonnegative.

Proposition 3.5.9 (cfr. [SoT2]). On Y\ f(S) we have
(3.69) Ric(w) = wwp.
Proof. Differentiating (3.68) we see that

Ric(w) = Ric(wy) —v/~1901og F.

If we fix y € Y\ f(S) and choose ¥ a local never vanishing holomorphic section of

Jo (V5 /$)®k then we can define a local function u = (\PWATLL,)WW on X\S, which is
SF

constant on each fiber X,. Since [ X, wep " =1, we see that

—v/—100logu = wyp.
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Then

uf)
(WAD)E Awl

(3.70) Ric(w) = Ric(wy) — vV—1801og

Picking local coordinates z* as above, and writing

U = K[(vV=1)" ™dz! A - A de" ™8k,

wp =+v—1 Z g%dzi A d7,
i,0=n—m+1
Q=GH-1)"dz" A--- NdZ",

we see that
uf) uG

(TAT)E AWl |K]|F det(g%)’

and since K is holomorphic and € is Ricci-flat we see that

—v/—1030 log QU7G = wyp — Ric(wy),
K1 det(g?)

which together with (3.70) gives (3.69). O

With these preparations, we can now show Theorem 3.5.4, which can be recast
as follows

Theorem 3.5.10. Consider the Ricci-flat metrics w; on X, which can be written as
W =wo+twx +V—100p;. Ast — 0 we have that ¢ — 1 in the C’llo’f topology on

X\S, for any 0 < B < 1, and so @ converges in this topology to w, which satisfies
(3.69).

Proof. We first prove that @, converges to w in the weak topology of currents. Since
the cohomology class of &; is bounded, weak compactness of currents implies that
from any sequence t; — 0 we can extract a subsequence so that @;, converges weakly
to a limit closed positive (1, 1)-current w, which a priori depends on the sequence.
If we write © = wp + +/—109, it follows that oy, — ¢ in L', and from the bound
(3.20) we infer that ¢ is in L°°. Moreover restricting @ to any smooth fiber X, we
see that
V=100¢|x, > 0,

and the maximum principle implies that ¢ is constant on each fiber, and so descends
to a bounded function ¢ on Y\ f(.5). We will show that ¢ satisfies the same equation
(3.68) as 1, and so by uniqueness ¢ = 1. To this end we first fix a compact set
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K Cc Y\f(S), and we will show that ¢ satisfies (3.68) on K. Since K is arbitrary,
this will prove the Theorem.

We then fix 1 a smooth function with support contained in K, and we will also
denote by 7 its pullback to X via f. Recall that we have called x the Ricci-flat
metric in the class [w;], and 2 = x". Then from the Monge-Ampere equation (3.17)
we have

1 _
(3.71) / nl=— N(wo + twx + v —100p4)",
X at Jx

where the constants a; are equal to

fxw?
fxw?’

and behave like (3.18). We can also write

(3.72) /nQ:/ nFwspy™ A wy'.
X X

We are now going to estimate a% Jx n(wo + twx + V/—=100¢;)"™. We have

1 _ 1 _ _ .
— | n(wo + twx +V—190¢;)" = / 1 ((wo + V=100¢p:) + (twx + V—190(pr — ¢t))
X

ay Jx a

= ;t/ 772 <Z> (UJO + \/jaéﬁ)k A (th + \/jlag(SOt - ﬁ))nflc

X k=0

First of all observe that the form wq + v/ —199¢; is the pullback of a form on Y, and
it can be wedged with itself at most m times, so all terms in the sum with & > m
are zero. Next, we claim that all the terms with & < m go to zero as t — 0. To
see this, start by observing that on the compact set K the estimate (3.53) gives a
constant C' (that depends on K) such that

(3.73) —Cwx < V—=100p; < Cwx.
Moreover from the equation

D0py = [o(00pr AWS™)
together with (3.73), (3.36), we see that on f(K) we have
(3.74) —Cuwy < \/flaéﬁ < Cwy.
We also need to use (3.33) which on K gives

(3.75) s%p los — i < Ct.
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Then any term with £ < m is equal to

o /X n(wo + V=10900)* A (twx +V=100( — ¢0))" ",

at

and it can be expanded into

n\ n—k
W > <n B k) /X N(wo +vV=189p0)" A (twx)" "~ A (V=100(¢r — p1))"-

a 1
t =0

On K the (1,1)-form wy + /=189y is bounded by (3.74). Since a; = O(t"~™) from
(3.18), we see that the term in this sum with ¢ = 0 goes to zero. Any term with
1 > 0 is comparable to

(3.76)
1

tn—m

/X(got — ﬁ)ﬁ@gn A (wo + \/—Taéﬁ)k A (th)”*k*i A (ﬁ@g(wt — ﬁ))iil.

Notice that all the (1, 1)-forms appearing inside the integral are bounded by (3.73),
(3.74), and that the function ¢; — ¢y is O(t) by (3.75). On K the estimate (3.22)
gives

(3.77) —Ctwy < (V=100¢4)|x, = (V=100(¢: — ¢1))|x, < Ctwy,.

The form +/—109n A (wg + \/—185ﬁ)k is the pullback of a form from Y, and so we
can use (3.77) to estimate

‘ V=100 A (wo + V=1090)" A (twx )" F 7 A (V=100 — 1))

n—m
— <o,
X

and so the term (3.76) goes to zero. This proves our claim.
We are then left with only the term with k& = m, which is

L 8 n(i) (wo + V—=100p)™ A (twx + v —100(¢r — ¢1))" ™,

ag
and if we expand the term (twx + v/—189(pr — ¢1))"™, we get

1 — 1 _ _
— 17(21) (wo+vV =100 )" Atwx )" ™ +— [ V—=190nA(wo+V—=100¢)"A. . .,
X X

Qg at

and the second term is zero because 007 is the pullback of a form from the base.
We are then left with the term

(3.78) = n<”> (wo + V=199p)™ A (twx)™ ™™,
X m

a
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which we need to further estimate. Using (3.73) we see that, up to taking a further
subsequence, the functions ¢;, converge to ¢ in the C1#(K) topology, and (3.75)
implies that the functions ¢y, also converge to ¢ uniformly. We can then rewrite
(3.78) as o

tn—m(n

77”) / n(wo + \/—lﬁgﬁ)m AWM.
X

at
()
at

Using (3.18) we see that as ¢t goes to zero the coefficient

fX wy
fX wh' A w?(_m.

converges to

On the other hand we have

m

/X n(wo + v—=190p)™ AWy = Z (7;) /X nwr =k A (\/—1(‘95@)1C AW,
k=0

The term with k& = 0 is independent of ¢, while any term with £ > 0 can be written
as

(3.79) / otV —100n AWl F A (V=100 A W™,
b's
The (n,n)-form /=199 A wi"™* A (vV=180¢,)F 1 A w% ™ is supported in K and

is uniformly bounded by (3.74), and the functions 1, converge uniformly to ¢, and
so along the sequence t; the term (3.79) has the same limit as

/ GV =100 A wiF A (V=100 F Tt AW,
. hdd
But this is equal to
/ iV —100n AwT ™ A (V=100p1)* 2 AV =100p A wE™,
. pd2

and repeating the same argument k — 1 times we see that along the sequence t; the
term (3.79) converges to

/ etk A (VEI098)F AW,
X
It follows that along the sequence ¢; the term (3.78) converges to

fX “1 / n(wo + m@&b)m AW ™,

m n—m
[x Wit Aw b'e
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and using (3.71), (3.72) we get

f wr _
Fw"_m/\wm:Xl/ wo + vV —=1009)™ A W™,

We then integrate first along the fibers and get

- Jxof / = _
Fuy / wep | = —=—— wy + vV —=100¢)™ / wr ™
/Yn ’ ( Xy SF7y> Jx Wit AW Yn( ' g x,

and since w, is cohomologous to wsr,,, we get

/ nFwy' = fxwln_m/ n(wy +V—100p)™,
% %

wag"” ANwy

which is just the weak form of (3.68). This shows that any weak limit & of &,
as t — 0 satisfies (3.68) weakly, and we have already remarked that we can write
O = wy +/—100¢ with ¢ in L>®. By Kolodziej’s uniqueness of L> weak solutions
of (3.68) (see [SoT2, Theorem 3.2]), we must have ¢ = 9, and so the whole sequence
@; converges weakly to w as t — 0. Then the bound (3.21) implies that ¢; actually
converges to 1) in the cLP topology on X\S. 0

loc

3.6 Examples

In this section we will give some examples where Theorems 3.1.1 and 3.1.2 apply.
The constructions are well-known and come from algebraic geometry.

Let’s look at the case n = 2 first, the case n = 1 being trivial. The only projective
Calabi-Yau surfaces are tori, bi-elliptic, Enriques and K3 surfaces. If X is a torus
and L is a nef and big line bundle on X, then L is ample, and so Theorem 3.1.1
is vacuous in this case. Similarly if X is bi-elliptic, then X is a finite unramified
quotient of a torus, so a nef and big line bundle on X pulls back to a nef and big line
bundle on a torus. But this must be ample, and so the original line bundle is ample
too (Corollary 1.2.28 in [La]) and Theorem 3.1.1 is again empty. If X is an Enriques
surface, then X is an unramified 2 : 1 quotient of a K3 surface, so the study of
Ricci-flat metrics on X is reduced to the case of a K3 surface. Finally let’s see that
there exist projective K3s that admit a nef and big line bundle that is not ample, to
which Theorem 3.1.1 applies. For example let Y be the quotient surface T'/i where
T is the standard torus C?/Z* and i is induced by the involution i(z,w) = (—z, —w)
of C2. The surface Y has 16 singular points, that are rational double points, and is a
Calabi-Yau model. Blowing up these 16 points gives a smooth projective K3 surface
X (called a Kummer surface), and we can take L to be the pullback of any ample
divisor on Y. The set E, being equal to the null locus of L, is readily seen to be
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the union of the 16 exceptional divisors, that are (—2)-curves. Then Theorem 3.1.1
applies, and the limit of smooth Ricci-flat metrics on X with classes approaching
c1(L) is the pullback of the unique Ricci-flat (actually flat) orbifold Kéahler metric
on Y in the given class. This originally appeared as Theorem 8 in [KT]. Now we
show that conversely all examples of Theorem 3.1.1 on K3 surfaces with ov = ¢ (L)
are of the form f: X — Y where Y is an orbifold K3 surface, kL = f*A, for some
k > 1 and some A ample divisor on Y. Let X be a projective K3 surface and L a
nef and big line bundle on X. By Theorem 3.2.4 we know that some power kL is
globally generated, and we might as well assume that k¥ = 1. Then the contraction
map f of L contracts an irreducible curve C' to a point if and only if C'- L = 0. But
since L - L > 0, the Hodge Index theorem implies that C'- C' < 0. The long exact
sequence in cohomology associated to the sequence

0— Ox(—C)— Ox — O¢c — 0,

gives that H'(X,O(—C)) = 0. Serre duality on the other hand gives H?(X, O(C)) =
H(X,0(-0)) =0, and H'(X,0(C)) = H'(X,0(-C)) = 0. Riemann-Roch then

gives

dim HO(X, O(C)) = 2 + %c C,

which implies that C'- C' must be even. But since 7(C) = % + 1, the virtual genus
of C, is nonnegative, we see that C - C' = —2. This implies that 7(C) = 0 and
so C' is a smooth rational curve with self-intersection —2. Then the point f(C) is
a rational double point, and so Y = f(X) is an orbifold K3 surface. Notice that
Ricci-flat orbifold metrics on Y exist by [Y2, KoR].

Now we turn to examples in dimension 3. The first one is known as conifold in
the physics literature [GMS], and is described in detail in section 1.2 of [Ro], for
example. Roughly speaking, it is a 3 dimensional Calabi-Yau model Y that sits in
P* as a nodal quintic. It has 16 singular points, that are nodes and not of orbifold
type. Moreover there exists a small resolution f : X — Y, that is a birational
morphism with X a smooth Calabi-Yau threefold, that is an isomorphism outside
the preimages of the nodes, which are 16 rational curves. If L is the pullback of any
ample divisor on Y, then L is nef and big on X, and the limit of smooth Ricci-flat
metrics on X with classes approaching c;(L) is the pullback of the unique singular
Ricci-flat metric on Y, which exists by [EGZ1]. The convergence is smooth on
compact sets outside the union of the 16 exceptional curves (which is clearly equal
to the null locus of L). There are also other 3 dimensional examples where the
singularities of Y are not isolated: one of these is described in Example 4.6 in [Wil],
and Y has a curve C' of singularities. Blowing up C' gives a Calabi-Yau threefold
X; if L is the pullback of any ample divisor on Y, then the null locus of L is the
exceptional divisor S which is a smooth surface ruled over C. Again our Theorem
3.1.1 applies, and the convergence is smooth off S.
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We now discuss examples of Theorem 3.1.2. The easiest example is a complex
torus X fibering over another torus Y of lower dimension. The fibers are also tori
and they are all biholomorphic. In this case Ricci-flat metrics are just flat, and if
the volume of the fibers is shrunk to zero the flat metrics on X obviously converge
to the flat metric on Y. This is of course compatible with Theorem 3.1.2, because
in this case the Weil-Petersson metric is identically zero.

To see a more interesting example, let X be an elliptically fibered K3 surface, so
X comes equipped with a morphism f : X — P! with generic fibers elliptic curves.
Then the pullback of an ample line bundle on P! gives a nef line bundle L on X
with litaka dimension 1. In the case when all the singular fibers of f are of Kodaira
type I, Gross-Wilson have shown in [GW] that sequences of Ricci-flat metrics on
X whose class approaches c¢; (L) converge in C* on compact sets of the complement
of the singular fibers to the pullback of a Kihler metric on P! (minus the 24 points
which correspond to the singular fibers). Their argument relies on explicit model
metrics that are almost Ricci-flat, and so it is not well-suited to generalization to
higher dimensions. More recently Song-Tian [SoT1] gave a more direct proof of the
result of Gross-Wilson (with a weaker convergence) and they noticed that the limit
metric has Ricci curvature equal to the Weil-Petersson metric. Our Theorem 3.1.2
applies in this example, as well as in higher dimensions, although the convergence
that we prove is weaker than C*°. We conjecture that C'*° convergence always holds.

If we go back to the example of the torus, we can now choose a class on the
boundary of the Kéhler cone of X which is not rational (i.e. it is not ¢;(L) for any
line bundle L over X). In this case there won’t be a fibration structure, but rather
a foliation : the limit cohomology class can be represented by a Hermitian matrix
which is nonnegative definite, and its kernel gives an irrational foliation of the torus.
In this case the Ricci-flat metrics converge to a smooth nonnegative form, which is
positive definite in the directions transversal to the foliation. Theorem 3.1.2 does
not apply here, and it would be very interesting to prove that a similar behaviour
occurs in general. We still expect the Ricci-flat metrics to converge smoothly on
compact sets outside a subvariety E to a limit nonnegative form w, whose determi-
nant vanishes identically. The kernel of w would then define a complex foliation with
singularities on X\ E, whose leaves might be dense in X. The leaves of the foliation
are always complex submanifolds, but they might not vary holomorphically and the
rank of the foliation might change on different open sets: an example of McMullen
[McM] on a nonalgebraic K3 surface shows that the Ricci-flat metrics can converge
smoothly to zero on an open set of X.

Notice that if the curvature is uniformly bounded, then a result of Ruan [Rua]
implies that this picture is basically true and moreover that the foliation is holo-
morphic, so that its rank is constant on a Zariski open set. In McMullen’s example
the curvature blows up, and the resulting foliation is not holomorphic, thus showing
that Ruan’s result doesn’t hold if the curvature is unbounded.



Chapter 4

Symplectic Calabi-Yau equation

In this chapter we prove some estimates for the Calabi-Yau equation on a symplectic
manifold. In section 4.1 we provide the necessary background and state our main
results Theorems 4.1.3 and 4.1.4. In section 4.2 we explain the formalism of moving
frames and the canonical connection on almost-Hermitian manifolds. In section 4.3
we estimate a metric solving the Calabi-Yau equation in terms of a scalar function.
In section 4.4 we estimate the first derivatives of the metric in terms of the metric
itself. Theorems 4.1.3 and 4.1.4 are proved in section 4.5 and 4.6 respectively.
The key new ideas are: to use the canonical connection instead of the Levi-Civita
connection, and to use moving frames instead of normal coordinates, to perform
the computations needed to apply the maximum principle. And to use two new
Moser-iteration type arguments to prove the main theorems.

The results of this chapter are joint work with B. Weinkove and S.-T. Yau and
can be found in [TWY]. A survey of these and related topics is [TW].

4.1 Symplectic Calabi-Yau equation

Calabi’s conjecture [Cal], proved thirty years ago by Yau [Y2], states that any
representative of the first Chern class of a compact Kéhler manifold (M,w) can be
uniquely represented as the Ricci curvature of a Kéhler metric in a fixed cohomology
class. This can be restated in terms of volume forms as follows. For any volume
form o satisfying [,, 0 = [, w", there exists a unique Kéhler form @ in [w] solving

(4.1) " =0,

where n is the complex dimension of the manifold. We call (4.1) the Calabi-Yau
equation.

Recently, Donaldson [Do5] has described how the Calabi-Yau theory could be
generalized in a natural way in the setting of two-forms on four-manifolds. His
program, if carried out, would lead to many new and exciting results in symplectic
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geometry. A necessary element of this program is to obtain estimates for the Calabi-
Yau equation on symplectic four-manifolds with a compatible but non-integrable
almost complex structure. In this chapter we will make some progress towards
Donaldson’s program by showing that the estimates for (4.1) can be reduced to
an integral bound of the potential function, and that all the estimates indeed hold
under a curvature assumption.

Before stating the results precisely, we will recall some basic terminology. An
almost-Ké&hler manifold is a symplectic manifold (M, w) together with a compatible
almost complex structure J, meaning that w and J satisfy the two conditions

(4.2) w(X,JX) > 0, foral X #0
(4.3) w(JX,JY) = w(X,Y), forall X,Y.

Associated to this data is a Riemannian metric g given by ¢(X,Y) = w(X, JY). We
call w an almost-Kéahler form, and g an almost-Kéahler metric. On the other hand,
if the first condition (4.2) holds, but not necessarily the second (4.3), then we say
that w tames J. In this case, we can still define a Riemannian metric g by

9(X,Y) = = (WX, JY) +w(Y, JX)).

N |

Observe that g is an almost-Hermitian metric, meaning that g(JX,JY) = g(X,Y)
for all vectors X and Y.
In [Do5], Donaldson made the following conjecture.

Conjecture 4.1.1. Let (M, ) be a compact symplectic four-manifold equipped with
an almost complex structure J tamed by 2. Let o be a smooth volume form on M.
If © € [Q] is a symplectic form on M which is compatible with J and solves the
Calabi- Yau equation

(4.4) % =o,

then there are C'*° a priori bounds on © depending only on 2, J and o.
More precisely, we have the following. For each k = 0,1,2,..., there exists a
constant Ay depending smoothly on the data 2, J and o such that

(4.5) 1@l ot gn < At

If this conjecture were to hold, it would imply, by the arguments of [Do5] (see
also the description in [TW]), the following result.

Conjecture 4.1.2. Let M be a compact 4-manifold with b* (M) = 1 and let J be
an almost complex structure on M. If there exists a symplectic form on M taming
J then there exists a symplectic form compatible with J.
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Moreover, Conjecture 4.1.1 would also imply a Calabi-Yau theorem on almost-
Kéhler 4-manifolds (M,w) with bt (M) = 1: given a normalized volume form o
there would exist a unique almost-Kihler form @ € [w] satisfying ©? = o. For other
applications of Conjecture 4.1.1, and to see how it relates to Donaldson’s broader
program, see [Do5| and [TW].

We now state our results. Our first result says that, in any dimension, all the a
priori bounds for Conjecture 4.1.1 can be reduced to an integral bound of a scalar
potential function. Namely, given any symplectic form  and almost-Kéhler form

@ with [@] =[], define a smooth real-valued function ¢ by
1« I AQ

(4.6) S Ap=1-2 2 e,
2n wn M

where A is the usual Laplacian on functions associated to the almost-Kihler metric
g. Then we have the following result.

Theorem 4.1.3. Let o > 0 be given. Let M be a compact 2n-manifold equipped
with an almost complex structure J and a taming symplectic form ). Let o be a
smooth volume form on M with [,, o = [,,Q". Then if © is an almost-Kdihler form
with [©] = [QY] and solving the Calabi- Yau equation

(4.7) " =0,

there are C'*° a priori bounds on & depending only on 2, J, o, o and
() = [ e,
M

for ¢ defined by (4.6).

We make a few remarks. The function ¢ is precisely the usual Kahler potential
in the case that @ and 2 are Ké&hler forms, and it coincides with the ‘almost-
Kéhler potential’ ¢1 in the terminology of [We2] if they are both almost-Kéhler.
A general result in Kéhler geometry [H6, Til], which is independent of the Calabi-
Yau equation, says the quantity I,(y) is always uniformly bounded if 2 and @ are
Kaéhler, as long as « is sufficiently small (where the bounds depend only on M, Q,
J and «). Indeed, the supremum of all such « so that this quantity can be bounded
independent of @ € [(?] is known as the alpha-invariant and has been much studied
[Til, TiY]. In particular this gives a different proof of the C? estimate of Yau’s
theorem in the Kahler case.

As remarked in [Do5], Conjecture 4.1.2 is false in dimensions six or higher. The
deformation argument used to infer it from the first conjecture crucially uses four
dimensions. It is still possible, as far as we know, for Conjecture 4.1.1 to hold in all
dimensions. However it is also quite possible that a four dimensional argument will
be needed to remove the dependence on I, () in Theorem 4.1.3.
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Now let g be the almost-Hermitian metric associated to 2 and J. There exists
a canonical connection V associated to (M, J, g). This differs from the Levi-Civita
connection, and it is described in section 4.2. Under a positivity condition on the
curvature of this connection, we can solve Donaldson’s conjecture. More precisely,
define a tensor

i -
Rigel9, J) = B g+ AN7 N,

where ngz is the (1,1) part of the curvature of V and N represents the Nijenhuis
tensor (for precise definitions, see section 4.2). We write R > 0 if the tensor R,z7

is nonnegative in the Griffiths sense: R;z7X IXiYkY? > 0 for all (1,0) vectors X
and Y.

Theorem 4.1.4. If R(g,J) > 0, Conjecture 4.1.1 holds.

In fact under this condition we can prove Conjecture 4.1.1 in any dimension 2n.
Note that if g were Kéahler and the bisectional curvature of g positive, then we would
have R > 0. Hence the condition holds on CP" if the pair (2, J) is not too far from
the Fubini-Study symplectic form paired with the standard complex structure.

It will be convenient to reformulate Donaldson’s conjecture as follows. Let g be
an almost-Kihler metric with Kéhler form & satisfying (4.1). Write o/n! = ef'dV
where dVj is the volume form associated to g and F' is a smooth function on M.
Then (4.1) can be written locally as

(4.8) det § = *F' det g,
Finding bounds on g depending only on g, J and F' is equivalent to solving the

conjecture.

4.2 Almost-Hermitian manifolds and the canonical con-
nection

In this section, we give some background on almost-Hermitian manifolds, almost-
and quasi-K&hler manifolds, the canonical connection and its torsion and curvature.
4.2.1 Almost-Hermitian metrics and connections

Let M be a manifold of dimension 2n with an almost complex structure J and a
Riemannian metric g satisfying

9(J X, JY) = g(X,Y),

for all tangent vectors X and Y. We say that (M, J, g) is an almost-Hermitian
manifold.
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Write T, pRM for the (real) tangent space of M at a point p. In the following we will
drop the subscript p. Denote the complexified tangent space by TCM = T®M @ C.
Extending g and J linearly to T¢M, we see that the complexified tangent space can
be decomposed as

T°M =T'M & T"M,
where T'M and T" M are the eigenspaces of J corresponding to eigenvalues y/—1
and —v/—1 respectively. Extending J to forms, we can uniquely decompose m-forms
into (p, q)-forms for each p, ¢ with p + ¢ = m.

Choose a local unitary frame {eq, ..., e, } for T'M with respect to the Hermitian
inner product induced from g, and let {',...,0"} be a dual coframe. The metric g
can be written as

g=0"Q60 + 0 0.

Remark 4.2.1 Here and henceforth, we sum over pairs of repeated indices. Such
pairs of indices can appear either as one raised and one lowered or, otherwise, one
barred and one unbarred.

Let V be an affine connection on T® M, which we extend linearly to TCM. We
say that V is an almost-Hermitian connection if

VJ=Vg=0.

This is equivalent to a connection on the principal U(n)-bundle of unitary frames
over M. Since every principal bundle has a connection (see e.g., [KN]), we see that:

Lemma 4.2.1. Almost-Hermitian connections always exist on almost-Hermitian
manifolds.

From now on, assume that V is almost-Hermitian. Observe that fori =1,...,n,
J(V@Z) =V —1V€i,

and hence Ve; € T'"M ® (T®(M))*. Then locally there exists a matrix of complex
valued 1-forms {6}, called the connection 1-forms, such that

Vei = Qgej.
Applying V to g(e;,€;) and using the condition Vg = 0 we see that {Of } satisfies
the skew-Hermitian property S

0] + 0% = 0.
Now define the torsion © = (©1,...,0") of V by

(4.9) do' = —05 A 07+ ©",  fori=1,....,n.
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Notice that the ©% are 2-forms. Equation (4.9) is known as the first structure
equation. Define the curvature ¥ = {¥%} of V by

(4.10) o = —6, A0} + V.

Note that {\II;} is a skew-Hermitian matrix of 2-forms. Equation (4.10) is known as
the second structure equation.

4.2.2 The canonical connection

We have the following lemma (see e.g., [Ga, KoS]).

Lemma 4.2.2. There exists a unique almost-Hermitian connection V on (M, J, g)
whose torsion © has everywhere vanishing (1,1) part.

Such a connection is known as the second canonical connection and was first
introduced by Ehresmann and Libermann in [EL]. It is also sometimes referred to
as the Chern connection, since when J is integrable it coincides with the connection
defined in [Ch]. We will call it simply the canonical connection.

Define functions lek and NE’:E by

CRISREE NI
(0,2)  _ i 97 A gk
(e = N;EGJ A OF,
with T]’k = —T,ij and NEZ:E = —N%j.
Lemma 4.2.3. The (0,2) part of the torsion is independent of the choice of metric.

Indeed (@i)(O’Q) can be regarded as the Nijenhuis tensor of J. For a proof of this
lemma, see section 4.3.
Let’s consider now the real (1,1) form

w=+v—16" A 67
We say that (M, J, g) is almost-Kdihler if dw = 0, and that it is quasi-Kdhler if
(dw)?) = 0. An almost-Kéhler or quasi-Kéhler manifold with .J integrable is a
Kéahler manifold. Observe from the first structure equation,
do = =1(0' NG — 6" A OF)
= \/—1(N3?E@ ABGI N GF — Nﬁei NN

+ 560 A 67 NOF —T5 6" NG AGF).

Thus we have the following alternative definitions using the torsion of the canonical
connection.
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Lemma 4.2.4. An almost-Hermitian manifold (M, J,g) is almost-Kdhler if and
only if .
k=0

(4.11) Nyzz + N5

i ]kz + Ny

kij — 0’

where Ng;* = N;E’ and is quasi-Kdhler if and only if

(-
gk —

In particular on a quasi-Kéahler manifold the torsion of the canonical connection
has only a (0,2) component o
O = N2 07 A 6F.

4.2.3 Curvature identities

Let (M, J, g) be an almost-Hermitian manifold and let V be the canonical connection

with torsion © and curvature ¥. Define R’ P K ke and K by

(w)™D = RI 6 A6
(THE0 = K08 A6

i1(0,2)  __ i pk A Ol
(O = K05 N 6",

with KJZ:M = —K;ek and K;EZ = —Kt? o We define the Ricci curvature and scalar

curvature of the canonical connection to be the tensors R,; = R;kz and R = R,z
respectively.

We will now derive some curvature identities. Applying the exterior derivative
to the first and second structure equations, we obtain the first Bianchi identity,

(4.12) 4O = Wi A GT — 0% N O,

and second Bianchi identity,

o k . k
(4.13) dV = Wi ANO7 — 0 AT

Let us rewrite these. First, define T;k o - 5 by
(4.14) AT, + 0,5, — Ty — T3,00 = Ty, 07 + Thy, 567,

7 7
and NEE,p and NEE,TJ by

o o -
(4.15) AN + O, NP — Ni 67 — NLOF = Nip 07+ Nip _ov.
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Then the first Bianchi identity can be written as
AT, N7 NO" —ThH6) A6 NO* +T5H67 AG*+T).0° NGy A GP
—Tj,0° A OF + dN2p A 6T NG — Ny A\ 6P A\ OF
+NL_Gi NGk NGP + NE_©QF AGF — NZ_gi A OF
ik p ik ik
=KL, 0" NO“NGT + R 08 N OCN G +Ki.—797k/\ﬁ/\9j
Jkt §1.74
i pi k Y4
—T0,05 NO" NG — N%ZH; NN

After substituting from (4.14) and (4.15), and comparing bidegrees, we arrive at the
following four identities:

(Tho +2T5TE, — K )0? AOPAOE = 0
(Tj+ 2NZLNL, — R0/ AP AGE =0
2Ty N2, + Ny = K )0/ NOF A GE = 0
kej
(Nigz+2N; T,fg)w AOF NG = 0,
which are equivalent to:
(4.16) Th o+ Tioj + Tip + 2T, Ty + 2T 1) + 2T Th = Kipy + Ky + Kij
— o
(4.17) 2T) ;+ANENG, = Rl —Ri,
, -
(4.18) 2TZ N+ N = K
(4203 7 + Nigs + Njs g+ 2N2-TE, + 2N2 . T7 + 2N£ T = 0.

By a similar reasoning, we obtain the following from the second Bianchi identity:

(Kigpp + 217, K}y — Rigg Z? NI A0 NP = 0
(K;kfﬁ o Ri'kﬁf + qukaqé + 2K;qp 5 )9k NOEABP = 0
(Riygpt Kigpp + 2K N = Riyg TR )0  AOFAGP = 0
(Kjk&ﬁ + R;qk:Ne?* ™ ZK;quIgz)gk NOENGP = 0,

where K Sktp K;ke,ﬁ etc. are defined in the obvious way. The above four identities
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can be rewritten as

Ki'k&p + Kjl'ép,k + KJZ'pk,Z + 2T13€Ki‘ + 2Té1p j

J Jjap Jjak
(4.20 TS~ RigNT — RipgNT — R NT =0
(4.21) 2K 0 p — Rl + Rigp o + 2Rbp T, + 4K N = 0
(4.22) Rl — R +2K5  + 4K;iqugﬁ — 2R} TE =0
Ky + Kieng + Kipr + Riees + BN + Fio iz
(4.23) + 2K T, + 2K T) + 2K T = 0.

Now assume that (M, J, g) is quasi-Ké&hler, so that the (2,0) part of the torsion
vanishes. Then (4.17), (4.18) and (4.21) above simplify to

.
(4.24) AN Ny = Ry — R

(4.25) NI, =K

(4.26) 2K+ ARG = Rt — Bipe

Recall that the curvature matrix {¥%} is skew-Hermitian, hence

i 1] i _ Pl
(4.27) jke*Kizp Rij*RwE'

From this we compute

i _  pi i NP

Rjk? = szﬂ + 4NﬂN§E
_ k i D
= Ri@ + 4NTJZN3E

= RF. 4+ 4N NI +4NP N
v Pl Gk

il DjJ
_ Y4 i P P nTk
(4.28) = Rkﬁ + 4NﬂNﬁ + 4N€ZN53’

giving us the following formula for the Ricci curvature

_pi _ pl i NP P ATk
(4.29) R, = R;kz = RM + 4N%ZN€E + 4Ngszz'
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4.2.4 The canonical Laplacian

Suppose that (M, J, g) is almost-Hermitian and let V be its canonical connection.
Let f be a function on M. We define the canonical Laplacian A of f by

Af=§:«VVﬂ@mm+%VVﬁ®;a»-

This expression is independent of the choice of unitary frame.
Define f; and f; by

(4.30) df = fi0" + f:0°.

Writing 0f and Of for the (1,0) and (0,1) parts of df respectively we see that
Of = f;6" and Of = f;0°. Applying the exterior derivative to (4.30) and using the
first structure equation we obtain

0 = dfi A0 — fii AO7 + £,0' +df; AO' — fr00 NOT + f;01
(4.31) = (dfi — [;67) N0+ (dfs — [67) N O + f:07 + f;00.
Define fi, fiz, fir, and f;7 by
dfi = ;0] = fxt" + f70*
df; = f30] = f" + fi50".
Taking the (1,1) part of (4.31) we see that
F0F N O+ [0 A0 =0,
and hence
fiw = Tar
Now calculate
VVf = V(' + f0)
= df; @0 — [;0i @07 + df; @ 01 — [0 @ 0
= (fit + f507) @ 0" + (f;0° + f307) @ 0.
Hence

(4-32) Af = fﬁ + fii = zfﬁ'

There are other ways of writing Af.
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Lemma 4.2.5.

(4.33) Af = =2 (df)V e, )
(4.34) = 2) (dof)" (e, @)

(4.35) = V=1 (d(7df)) I (e, 7)),

where J acts on a 1-form a by (Ja)(X) = a(J(X)) for a vector X.
Proof. Calculate

dof = d(f:0)
= (fub* + f50F + f;00) N O — f;00 N0 + [0

(4.36) = fub" NO A+ fO0F N0+ f,0
Hence
(4.37) (dof)BD = — f..0° A OF,

and (4.33) follows from (4.32). For (4.34), just observe that & = d — @ and d? = 0.
For (4.35), recall that J§' = —/—16%. Then

d(Jdf) = d(J(f:6' + f;67))
= —V=1d(fi0" - f;07)
= —V/=1d(0f - 9f)
= —2vV/—-1dof,

and this completes the proof. O
Finally we have the following lemma.

Lemma 4.2.6. If the metric g is quasi-Kdhler then the canonical Laplacian is equal
to the usual Laplacian of the Levi-Civita connection of g.

Proof. In fact, the Laplacian of the Levi-Civita connection applied to a function f
is given by the trace of the map F' : TM — T'M defined by

F(X) = Vx(grad, f) + 7(grad, f, X),

where V is the canonical connection and 7 is its torsion (see for example [KN] p.282).
But if g is quasi-Kahler 7 is just the Nijenhuis tensor, which maps T"M @ T" M —
T'M and so the second term above has trace zero.

O
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4.3 Estimate of the metric

In this section we will prove an estimate on an almost-K&hler metric g solving (4.8),
in terms of the potential function . Recall that ¢ is defined by (4.6), which can be
rewritten as

(4.38) Ap = 2n — tryg,
since

o AQ
(4.39) trgg = 2nT

To see (4.39), observe that

(Qik,}j’f + ijJZ-’“> ,

DN |

9ij =
and so we have
trgg = 37 gij = J"
where Jik = gilJl k. Working in a coordinate system in which & = 2(da' A da? +
o+ dz? 1t A da®) and gij = 0;; at a fixed point p in M we see that

~n71 /\ Q

on

J@k‘QZk —

as required.
The estimate we wish to prove in this section is:

Theorem 4.3.1. Let g be an almost-Kdhler metric solving the Calabi- Yau equation
(4.8), where g is an almost-Hermitian metric. Then there exist constants C' and A
depending only on J, R, the lower bound of Ri}ki’ sup |F| and the lower bound of
AF such that

tryg < CeAlp—infar @)

We introduce some notation. Let (M, J) be an almost complex manifold with
two almost-Hermitian metrics g and §. Let 6% and 6" be local unitary coframes for
g and g respectively. Denote by V and V the associated canonical connections. We
will use @ T etc. to denote the torsion, curvature and so on with respect to V.

Define local matrices (aé) and (b;) by

(4.40) 0 = a?@f
(4.41) 6 = b,
so that aébf’ = 5}“. Define a function u by
u=atal 1tlr g.
a;a; 279

We will prove Theorem 4.3.1 using the maximum principle. The key result which
we need for this is the following lemma.
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Lemma 4.3.2. Suppose that g is almost-Hermitian and g is quasi-Kdahler and solves
the Calabi-Yau equation (4.8). Then

(4.42) Alogu > - (AF ~ 2R+ 8NLNT + 240 al bR 51t ),

where ngz = Rsz + 4NZZ"3N;E.

To prove this lemma, we use some general identities (Lemmas 4.3.3 and 4.3.4
below) which are independent of the Calabi-Yau equation.
First, differentiating (4.40) and using the first structure equations we obtain

—OLNOF+ 6" = dal AT — a0 AOY +alel.
Using (4.41) and rearranging, we have
(4.43) (bida? - aébﬁﬁg +0)AF = 6 - aé-@j.

Taking the (0,2) part of this equation, we see that

Y IT 7 ATt
(4.44) N A

TS

which shows that the (0,2) part of the torsion is independent of the choice of the
metric (thus giving the proof of Lemma 4.2.3).

By the definition of the canonical connection, the right hand side of (4.43) has
no (1,1)-part. Hence there exist functions at, such that
(4.45) bida} - a;:bieg + 6% = al,b"
which can be rewritten as

(4.46) dal, — aéﬂfﬁ +ak 0l = al,ak 6"

Note that aﬁdéiékﬁw can be interpreted as the difference of the two connections
V — V. Also, if g and § are quasi-Kahler, from (4.43) we see that we have aj, = aj,.
We will now calculate a formula for Auwu.

Lemma 4.3.3. For g and g almost-Hermitian metrics, and aj-, afcg, bé- as defined

above, we have

1
- kP k % d7,s pr
2Au = alal, 00y O — Rka albjb s

Proof. Applying the exterior derivative to (4.46), using the first and second structure
equations and simplifying, we have
— ai~\I/j + aﬁgaj 0 N é’ + ak \T/i = ak da}'d AB*

—at,al, Hk NG+ akea]paﬁnﬁp A" — at,ak 9 NG+ atak ©F
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Multiplying by b;" and rearranging, we obtain
(dare + akea 0 —+ areek — akeek a;.jé%) A ée
(4.47) = —b"0),a} + Wl — al,©".

i i
Define Uy and Urip by

(4.48) da’, + akga 07 + ak 0t — at ,0F — afajég = aigpép + ai@éip.
Then taking the (1,1) part of (4.47) we see that

(4.49) alos00 NG = (— Rl + a0OIbS R, )P A6,

where we recall that by definition

(B)OD = —Rigp A6
VLD _ _pi ps
(\Dgn)( ) - qu59 A6
Note that
(4.50) du = adlda}+ adal.
Then we see that from (4.46),
du = a?-(a};@akHK +ap, 07" — af0y) + af(af a0 + 07 — ak6}).

(4.51) = a?a};gaé?ﬁ +aja}€ea§05.
Hence Ju = Eafceafée. Applying the exterior derivative to this and substituting
from (4.46), (4.48) and (4.49) we have,

k n¢ n¢
dou = akgazapqafe NG+ akga a;,q ?9‘1 NGO
+ aja (aj, 0 + akrep apyaj,0°) NG + alafag,©°

= akga] a;q peq A 94 + CL a; akepﬂp A\ 0

+diaf(—Ryp +a bbb Ry )0P A 6+ ai aiakaj,©".
Hence

(dou)HY) = akga] a;,q ?0‘1 N a a; *Ri ﬁﬁp NGt a] Tbgb;,quSHP N

Then from the definition of the canonical Laplacian, we have proved the lemma. [J

Now let v = det(ag ) and set v = |v|?> = vp, which is the ratio of the volume
forms of g and g. We have the following lemma.
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Lemma 4.3.4. For g and § almost-Hermitian metrics, and v as above, the following
identities hold.

(i) (ddlogv)Y) = —R, Hk AGE+ Rkeaka@’ N

(ii) Alogv =2R — 2szafa7

Proof. This proof is essentially contained in [GH], but we include it here for the
reader’s convenience. Write v for the (i,7)th cofactor of the matrix (af), so that
v; = vbj. Then o

dv = vida].
From (4.46) we have

da’ — aéﬂ%l +ak 0L = al,ak alor.

Hence
dv = J(aif,qaZ alo® + ai@k kéfg)
(4.52) = ub* +v(0; - 0)),

for v, = V;ag,qaf aj. Now

dv = vdv+vdyo B
= D(pb" + (0] — 0))) + v(TE0F + (0] — 6))
= 0" + viRok.

Hence 0v = Tv,60%. Define vy, and v by dv = vROF + UEGIC. Then v, = Drg. Applying
the exterior derivative to (4.52) and using the second structure equation we have

0 = d(wb%) +dv A (6 — 68 + vd(6: — 6Y)
= d(v0") + V0" A (07 — ) + v (Wi — U,
Multiplying by 7 and using (4.52) again we have
0 = wdwpd*) + vp6* A (70 — dv) + (V) — T
= d(Tpb*) + v A OF 4+ o(U — T,
Consider the (1,1) part

(dov)IV) = —p0F A O — (W — W)
(4.53) = ”’Z}”’Zek NG — vR, 6" NG+ vR zalalbol A G,

We also have o
do Ov A0
ddlogv = aov 4 gungy 5 U,
v v
which combines with (4.53) to give (i). From the definition of the canonical Lapla-

cian we immediately obtain (ii). O
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Using Lemmas 4.3.3 and 4.3.4 we can now prove Lemma 4.3.2.
Proof of Lemma 4.3.2. Recall that the Calabi-Yau equation (4.8) is
(4.54) det § = e*F' det g,

for smooth F', where g is almost-Hermitian and g is almost-Kéhler. Note that this
equation can be rewritten in terms of v as

(4.55) logv = F.
First we prove the following equality, which will also be useful in its own right later:

(4.56) Au = 2a},al Eakap +AF —-2R+ SNE Np + Zafafbﬁbé%kg

From Lemma 4.3.3, Lemma 4.3.4 and the identity (4.29),

Au = 2((1,%@ k p gainbeR;qs)

+ AF — 2R + 8ala’ (Nf NP+ NENE, Z)

Using (4.44), we have
ok (nl Np AP ok ) ATl NP k k1T17 ATD
a;a; (NﬁNZE + NZE”%Z) = NﬂNZ{ + aga;byby N NS

pr

giving (4.56).
To obtain (4.42), we compute,

- - du|?
Alogu = 1 <Au— "g)

u u

1 KD ¢ k7
= = <2akgap£a ap + 8N Np +2afa§bqbf;726kz
|dul?
+ AF — 2R — .
u
To complete the proof of Lemma 4.3.2, it remains to prove the inequality
— 15
(4.57) |dul} < 2uaj,al,afal.

From (4.51) we have
|du\§ = uly,
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where u; = a’ akza =a* Béj, where Bg = akea Then using the Cauchy-Schwarz
inequality,
gty = Z at Bg]apo
,3,4,p,q

IN

S <Z!a]! w )

/Z:7j

- (Zw (zw

< Z a5 Z | Bi;|®
Y]

i’j’e

<l

= ua};gaTﬂafa
which gives (4.57). O
Finally, we can give the proof of Theorem 4.3.1.

Proof of Theorem 4.3.1. Note that from the Calabi-Yau equation and the arithmetic-
geometric means inequality, u = %trg g is bounded below away from zero by a positive

constant depending only on inf F. Hence there exists a constant C’ depending only
on J, inf F', AF and R such that

(4.58)

1 (AF — 2R+ 8NLNT) ‘ <c.

u
Choose A’ sufficiently large such that
Ri}kz + A’éij(skg >0,

where the nonnegativity is in the Griffiths sense (as in the paragraph immediately
before the statement of Theorem 4.1.4). Then

(4.59) = 2% alalbEbiR 1 > ——2A’ Pabblvk = —A'trgg.
Combining (4.58) and (4.59) with Lemma 4.3.2 we obtain

Alogu > —C" — A'trgg,
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We apply the maximum principle to (logu —2A’p). Suppose that the maximum of
this quantity is achieved at a point . Then at this point, using (4.38),

0> A(logu — 24'p) > —C" 4 A'trzg — 4A'n.
Hence A o
n+
(t139)(x0) <~
Using the inequality

Z?: >\z_ & 1 n—
H?:ll)\z_z)\l)/\;)\n_ n—l (Z)\) )

=1

which holds for any set of real numbers A; > 0, we see that

tr,g [detg 1 trag\" !
4. 2 < g :
(4.60) 2 detg—(n—1)1< 2

Hence, using the Calabi-Yau equation again, u can be bounded from above in terms
of trzg and sup F', and so we obtain an estimate

u(zg) < C”.
It follows that for any = € M,

logu(z) — 24" p(x) <log C" — 24’ i]I\l/[f(p,
and, after exponentiating, this proves the theorem. ]

Remark 4.3.2 Notice that if we assume R(g,J) > 0 in Theorem 4.3.1 then we
easily obtain a uniform bound v < C. To see this, note that by assumption there
exists a positive constant A so that

1 —

- Qafafb];bgR”M > 2Aa fb’;b’; > fltrgg.

Combining this inequality with Lemma 4.3.2 and (4.58) we obtain
Alogu > —C' + Atrgg.

Applying the maximum principle to logu, we see that at the maximum of logu,
the quantity trzg is bounded from above and hence so is logu. Thus we obtain a
uniform bound u < C.



CHAPTER 4. SYMPLECTIC CALABI-YAU EQUATION 87

4.4 First derivative estimate of g

In this section we give an estimate on the derivative of an almost-Kéahler metric ¢
solving the Calabi-Yau equation (4.8). This is a generalization of the third order
estimate of [Y2] (see also [PSS] for a succinct proof of the parabolic version of this
estimate). Define

Lo

where V is the canonical connection associated to g, J. Then we have the following
theorem.

Theorem 4.4.1. Let g be a solution of (4.8) and suppose that there exists a constant
K such that

sup(tryg) < K.

M

Then there exists a constant Cy depending only on g, J, F and K such that
S < Cy.
Before we prove this theorem, we will need a number of lemmas.
Lemma 4.4.2. S can be written as
(4.61) S = djap,
where a}'d 1s defined by
(4.62) dal, — aéﬁfﬁ +ak 01 = al,ak 6"

Proof. To see (4.61) we calculate as follows:

v(@®§)=:v@w®®§+&®vmwﬂ
— (dd)b] @ 0" @0 — alolbf © 0' @ i
+ (daé)b{C @0 @ Hk — aébf@i ® 6" @ 6

= (daf — af05)b] ® 0% @ 0 + (dak — ak6r)b) 0% @ §¢
= (a,a%0° — agéf)bi ® 08 © 6°

rS$™)

- (alﬁsagés — agéff)b% ® 0" @ 6

= d 0" 26F 200 +af 650" @ 6.
Then since § = 0 ® 0+ 6%, (4.61) follows immediately. O

The following lemma gives a general formula for the Laplacian of S.
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Lemma 4.4.3. We have
~ . . 2 . 2 _ .~ _ . ~ . _— r i
FAS = |ahy, — areay; + lakepls + @i R + iy Ripp — Gip@ierp
+ 2Re <aM <b?b§b8Rﬁnqs al,af — albibs R af b
— albby RY ap bl + albbibsbiRY  — Ry,
+4N£’ Nq + 4N7’ Nq s+ 4N£’ NE_ 4 4Np NE
40" pk .60 Pq pal

i Nq k
(4.63) +4NG (N + QNKWP>> .

Proof. First, recall from (4.47) and (4.48) that af«ep and ai@ are defined by

(4.64) dal, + aklga 07 + ak, 0t — al ,0F — aijég = ailpép + ai@%,
and that
(4.65) (alep0” +a fep) ANOY = = ol + UL — al, O

Define functions a’ and afnf@ by the formulas

rlp,q’ rfp q’ Mp q’

(466) daifp + arépe’llg - qup akfpg - r]pej Mp qa + arép qﬁ )

(4.67) dal s+ af bl — al 08 — ajm08 — T]pﬁj = alys 07 +

Applying the exterior derivative to (4.64), using the last two definitions, and can-
celing many terms we get
Al 07 N OP + by, 00 NP+ alyy O NOP + aly 07 A GP
+ arng)p + argﬁ@p
= — affpaiéaztét AGP + afpa};&és AGP + afpa};r; A 6P

— ajpal,ai0' N O + ajgar,0' A GP + ajal NN

(4.68) + ajal,OP — aj, Ok — al WY + a0y,

which will be useful later. To calculate the canonical Laplacian of S with respect to
g, first compute

08 = aj,0ay, + aydaj,

— (qi gt Y R N Y
= (%z%eﬁr%z%zp a1y ) OF.
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Then compute

(e T Tt dh T i A G ’
d(0S) = (ahephy 07 + Ayl — alpal a}, 09 + ayaigy o0

_ na
+akéakep66 +ak akzqe +ak akfaq ak@ Tzakqe

nq [ i T 7 i T Nq
‘HW% 9q+ akzakr 7’ _akzqareakp‘gq_%zaarz%p@

'Lri]_iri~f1_i7"'iT

+ Gy, 07 — Qg Ay 01 — ajpa, ar g0

R A Bt S AR S . 1, B R S

(4.69) + akgakpajzarqe akearﬁakpqg a’kfaT‘eakpqeq

[P N )t/ OP PR i g T i T \QP
+ agparea;,a,0 YA+ (akgakgp + Qg Qlpp — aj ,aypap,) O,

and hence
(d@9)MY = (aheplpy — Thep@igtly + Chyhepg + Ui
+ a’;ffa’ligfﬁ,q - %aifa%) + aiZaZPG’;"éa{:q
(4.70) - aT@azpai@ - @aigazﬁ)@ AGP.

Then taking the (1,1) part of (4.68) we see that

i g A AP i i or i
gp g0 NP = (Gl + Qrgly + Gnelyg

(4.71) + af,gfz};pa + a%jﬁgpq ar,R! )0‘1 AGP.

TPq

Multiplying (4.71) by aT,'cg, substituting into (4.70) and using the formula for the
Laplacian, we obtain

YAQ i i i or o i i ior
2AS = QepQpgy — QtplyppOpy + sy — GrpQpplyg,

“ T 4 .8 _ 1 T 4 4 1 T
+ar€akpas€akp akzak Argp — Qg lrgQpp

i 4T
+ Ay + Ty O ngp + Al Ok

i i DJ i T Pt i
+ akeaMRkpﬁ + auaijepp — Qg pOp R + gl

= akepakep +ak ak 2Re(akep Makp)
i s q I3 DJ
+ areakpaszakp + akZaMRkpﬁ + akz%jRgpp a ah R

+ 2Re(a7@a2@’p).

TPp

Completing the square, we obtain

~ . . 2 . _ .~ _ . o~

_ 7 N 7 2 7 T 7 J
iAS = ‘akgp — arzakp‘~ + ‘akep’g + azgaMRkpﬁ + a}cgaijfpﬁ
(4.72) aMaMR

TP + 2Re(a’k£ak’f )
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To calculate the last term, take the (1,1) part of (4.65) to obtain
(4.73) gy = ASOPVIOSRY < — Rigp.

Now recall from (4.46) that

(4.74) da’, — aéﬂfﬁ +af 0l = al,ak 6"
Similarly we have

(4.75) db], + b0 — b10% = —blai,0".

Taking the exterior derivative of (4.73), using (4.66), (4.67), (4.74) and (4.75) we
get

Ghapl0' + Q0 = QDI R, s 0" + BV RY s 0"
~ Rigp0' — Ry 0" + bpbibyasal, R, 0"
— bbb al GZtanqgét — bbby aj aZthanét
(4.76) — 0B a, R, 0,
whose (1,0) part gives
gy = b?bﬁ%q@aﬁt% — a bZ@Rina’thT - g b}f@anqgaZbg
(4.77) + aé-bZLb?@b?Rilqg,u — Ry

Now from (4.25),(4.26) and (4.29)

R}%mp - Ripw - QKIipf,ﬁ - 4Kli§ﬁN§Z
— D _ANP vd _ ANP nd _ANP vk
= By = ANG Nop — AN NGRz — 4Nz Vpg
(4.78) —ANP Nk — 2K — ANL N

and using (4.25) again we see that

i _ Nk
(4.79) Ky = NE .
Combining (4.72), (4.77), (4.78) and (4.79) gives (4.63). O

To deal with the terms involving derivatives of ]\73’:% in (4.63) we need another

lemma.
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Lemma 4.4.4. We have

(i) Nﬁ = bib; by, ai Nk o + bTbs ag Niaj

m

(i1) Nig . = bibibhaiNL_ o — bjbiaj Nial,, — Uibjaj Nisal,
i 2

(i) ‘akz pinl; <C(S+1) ’akgp g Qe &

for a constant C' depending only on g, J, sup,,tryg and sup,; trzg.

Proof. Recall from (4.44) that we have

Applying the exterior derivative to this and using (4.74), (4.75) and (4.15) we obtain

Nip 0™ 4 Nig g
= DR, Al Nt 0™ + r b bl N 0 + af, Bibfaf N2 0™

TSs,p T S,p

(4.80) - agmbgb;atN;gem - akmbgbga;Nggem.

Equating the (1,0) and (0,1) parts of (4.80) gives (i) and (ii). For (iii), apply the
exterior derivative to (i) and substitute from (4.64) to get

NE?EW = BibbiblagNEs 4, + Uibpblagay,, N5 , — Bibpbhajal, Ni
(4.81) + Uibg by, afal, Nis o + 0rbgag Nisag,,-

The only term that is not comparable to v/S is the last one. To deal with this we
first compute, using (4.24), (4.28) and (4.11)

934 NP p k
Rl = Ry + 4N NP 4 AN N

R +4N‘ Np +4NZ Np +4Nszf

ilp' 'pkj pil*'pkj pil~'jp

:R€4+4N7;N =+ 4AN;3 N 7=+ AN 3N 7=+ 4N_-7N-_+
+
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and use this, (4.25), (4.26) and (4.27) to compute

2NE = 2Kj,p

_ Tk nNd )
- qupN + Rkpp ¢ tlipp

— 4KF NT Nq + R’ . —RP . 44N Nk 44NN

gp kpi ¢ kli,p ip,l- 4P ip ﬁﬁz
—ANY Nk _4NZ Nk
tp,p qfl tp qlp
= 2N1< +4NL,§Nq —4N” Nq +4N? Nl‘L+4N7,Nf:
P pL 4P ip qpl
(4.82) — 4Nﬁ, Nk’ 4N‘1 Nk
ip,p qtp

This means that, up to an error comparable to /S, we can interchange the last two
covariant derivatives on N. Finally recall from (4.43) that

aj0° A O% = ' TJ BPDI0° A 0",
and so
(4.83) ajy = ap, + 2a560b1T7,
From (4.82), (4.81), (4.44) and (4.83),

am;m\g < C(S+1) + |af Ny |
<C(SH+1)+ aklNz?f i,
<C(S+1)+ aMNq (ak; —akal,) i ajpay,ap; N7 ‘g
<CS+1)+ B ‘algpi - affpa;i % + ‘aZZanaquq ‘g

aka

SC(S+1>+§‘a§pz_ rp qz

+ ’a,darpaquZ
where the constant C' differs from line to line, and where we have used the inequality
1
2ab < ea® + —b2,

for any € > 0 and any real numbers a and b. Finally, using (4.11) we can see that
the term akga a’ N, vanishes:

rp%iqt g Lp
. - 1 . R
i kT ik k k
Ao rpPig*Vgrp = g(akfaﬂn iq + akparan + akq réazp) qlp
1 . ~ -~ .
_ i kT B B 2 .
30kerpaig(Ngzp + Npgz + Nypg) =0,

and this completes the proof. O
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We can now prove the following lemma.

Lemma 4.4.5. Let g be an almost-Kdhler metric solving the Calabi-Yau equation
(4.8) and suppose that there exists a constant K such that

sup(trgg) < K.
M

Then there exist constants C, Cy depending only on g, J, F' and K such that
(4.84) AS > —C1S — Cs.

Proof. By assumption, the aé» and b; are uniformly bounded. From (4.55) and (4.37)

we have o
(ddlogv) V) = —F,q6P A 64

Then from Lemma 4.3.4, we have
RIJ =1 pébgbiz + Rpﬁbibiz‘
It follows that |Rk2|§ < C and |Rk2p|§ < C(S+1), for a constant C' depending only

on g, J, F and K. Then the inequality (4.84) follows from Lemma 4.4.3 and Lemma
4.4.4. O

Finally, we complete the proof of Theorem 4.4.1.

Proof of Theorem 4.4.1. Following [Y2] we apply the maximum principle to S +
C'u, for a constant C’ to be determined later. Note that from (4.56), we have

Au>C5'S - Cy,

for positive constants C3 and Cy4 depending only on ¢, J, F' and K. Choose C' =
C3(Cy + 1) then from Lemma 4.4.5 we see that

A(S+Clu) > S — Cy — C'Cy,

and then by the maximum principle S is bounded from above by Cy = Co + C'Cy +
C'K. O

4.5 Proof of Theorem 4.1.3

Let g solve the Calabi-Yau equation (4.8). We will write dV; for the volume form
associated to the metric g. We have the following lemma.

Lemma 4.5.1. For every a > 0 there exists a constant C' depending only on
(M, J,g), F and « such that

1/a
—infp < C +log </ e_a‘PdVg> .
M M
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Proof. Let § > 0 be a small constant. In the following C' will denote a uniform
constant, depending only on § and the fixed data, which may change from line to
line. Define w = e B% for B = ﬁA, where A is the constant in Theorem 4.3.1.
Write v =1 — § > 0. Notice that for any smooth function f we have that

(4.85) df 1% < trggldf 2.

For p > 1, from Theorem 4.3.1 and the Calabi-Yau equation,
/ AP 2dV, < —C’/ (trgg)de™ 55 A Jde™ 55 A !
M M
< —Cple~Byintu “0/ e Be=M9dp A Jdo A"t
M

p?

= o2 ful / d (e7P0=9) A g p !
- M

< C’prHgo/ WP A o™

M
< Cpllulg [ way,

using (4.85) and the fact that Ay < 2n from (4.38). The Sobolev inequality gives
us, for § = "5, and any f € C*(M),

1/8
283 2 2
(/ f dvg> gc(/ ydf\gdvg+/ f dvg>.

Applying this to f = wP/2, we obtain

1/8
< / wpﬁdvg) c( / |dwP/?|2dV, + / wpdvg>
M M M

CpllwlLe /M w1V,

IN

IN

Raising to the power 1/p we have
(4.86) lwllos < CHPp Pl ol 2,

where || ||; denotes the L¢ norm with respect to dVj (we also allow 0 < ¢ < 1,
defined in the obvious way). By the same iteration as in [Wel] we replace p with
pf + v in (4.86) to obtain for k =1,2,...,

1—a(k a(k
(4.87) [wllpes < COR)|w] ™™ |Jw]| 25,
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where

e = pB 1+ B8+87+ 8

Ck) = C(1+ﬂ+‘~'+ﬁk)/pkp€k/l7k pzla’ffl/pk - _pllg/pk
_ k

a(k) = M
Dk

Set p = 1. There exists ¢ = £(n) > 0 such that 5% < p, < p*. Then a(k) — a €
(0,1) as k — oo. Moreover,

C(k) < COHBH-+84)/5" g gU+1)/B . g(e+R)/6"

and so
k

log C(k) < KylogC +log 8 g; !
=0

for some uniform constants K; = K1(n) and Ko = Ks(n,C). Hence, letting k — oo
in (4.87) and recalling that p = 1, we have

S K27

1=

[wlco < Cllwlls.
Choosing § sufficiently small completes the proof of the lemma. O
We can now give the proof of Theorem 4.1.3.

Proof of Theorem 4.1.3. From this lemma, Theorem 4.3.1 and Theorem 4.4.1 we
have the estimate
19llcr < C,

where C' depends on Q,J,0,« and I,(p). It remains to prove the higher order
estimates. Following [We2], define a 1-form a by the equations

1
&= Q= Jd(Jdp) + da,

and dja = 0, where d7 is the formal adjoint of d associated to g. Note that a is
defined only up to the addition of a harmonic 1-form. From the definition of ¢ it
follows that da A @™~ ! = 0. Let’s call P : A2(M) — A?(M) the map that associates
to a 2-form ~ its (2,0) 4 (0,2) part, so that

PY(X,¥) = (X, Y) = (TX, V).

Since @ is compatible with J we have P& = 0, but in general PQ) # 0. Now set
f =¢ in (4.31) and take the (2,0) part to get

it N0+ GENEG NG+ o THE N6 = 0.
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Applying P to (4.36),
Pd(Jdp) = 2v—1Pddy
= 2v/—-1 (tpijej N0+ op )67 A6+ gokz\%’?ﬁ A @)
kD7 Al A Nk A D
— 2y 1 (gpkNﬁGJ NG — GpNEDT N0 ) ,

which involves only one derivative of ¢. Now the 1-form a satisfies the following
System

da ™' = 0
(4.88) Pda = —PQ++/—1 (gokN]lfﬁ NG — gpNEGI 1 ei)
dga = 0,

which is elliptic (its symbol is injective, although not invertible if n > 2).

Note that the kernel of (4.88) consists of the harmonic 1-forms. Indeed, da A
"1 =0 and Pda = 0 together imply that *da = —c,@" 2 A da for some universal
constant ¢,. Then if a is in the kernel of (4.88), we have Hda||%2@ = 0 after
integrating by parts. Since dga = 0, we see that a is harmonic with respect to g.

Fix any 0 < 3 < 1. Since § is uniformly bounded in C?, we can apply the elliptic
Schauder estimates to (4.38) to get a bound

lpllcz+s < CllAglles < C.

Here there should be a term like ||¢||os on the right hand side, but since (4.38) and
(4.88) depend only on the gradient of ¢, we are free to add a constant to ¢ so that it
is perpendicular to the kernel of A. Hence ||¢||c2+s < C and so the right hand side
of (4.88) is bounded in C'*4, and the coefficients of the system have a C® bound, so
assuming that a is orthogonal to the harmonic 1-forms, the elliptic estimates applied
to (4.88) give C?8 bounds on a. By differentiating the Calabi-Yau equation in a
direction 9/0x" we obtain

(4.89) A(0;) + {lower order terms} = 20;F + ¢g*10;gpq,

where the lower order terms may contain up to two derivatives of ¢ or a, and so are
bounded in C?. Applying the Schauder estimates again we get ||¢||gs+s < C, and
using (4.88) again we get ||al/o3+s < C. Now a bootstrapping argument using (4.89)
and (4.88) gives the required higher order estimates. This completes the proof of
Theorem 4.1.3. O

4.6 Proof of Theorem 4.1.4

As before, let § be an almost-Kéhler metric solving (4.8). Let g be an almost-
Hermitian metric with the property that R(g,.JJ) > 0.



CHAPTER 4. SYMPLECTIC CALABI-YAU EQUATION 97

Proof of Theorem 4.1.4. By the argument of the last section, it suffices to prove a
uniform upper bound for u = %trgg. From Lemma 4.3.2, we have

Au> —C,

for a constant C' depending only on the fixed data. We claim that this is enough to
bound w uniformly from above. Indeed, for p > 0,

/ |duP/?|2dV, < —c/ uduP’? A JduP!? A "
M M
= —Cp2/ uP~rdu A Jdu A o™t
M
= —Cp/ d(uP) A Jdu A" !
M
= Cp/ uPd(Jdu) A"t
M
= —C'p/ uP (Au)o™
M

Cp/ uPdVj,.
M

IN

Hence
/M |duP/?|2dV, < Cp /M uPdV,.
Then from the Sobolev inequality, we obtain
ull s < CYPpP|[ul| o,

for 8 = 5. Replacing p with pg3, iterating, and then setting p = ﬁ we obtain
lulleo < Cllull_s.
Using (4.60) and the Calabi-Yau equation (4.1) we can bound
lull, s, < Clltxggll.

But this last quantity is bounded, because from (4.39) and the Calabi-Yau equation
(4.1),

(;JTL

~n—1 0
/ tragdV, < C/ ALYV 0/ A = o).
M M M

This completes the proof of Theorem 4.1.4. O
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