Computers and Mathematics with Applications 62 (2011) 199-213

Contents lists available at ScienceDirect g;.;,,.;t“s

Computers and Mathematics with Applications =z

journal homepage: www.elsevier.com/locate/camwa

Vague soft hemirings

Yungiang Yin®P*, Young Bae Jun¢, Jianming Zhan¢

2 Key Laboratory of Radioactive Geology and Exploration Technology, Fundamental Science for National Defense, East China Institute of Technology, Fuzhou,
Jiangxi 344000, China

b School of Mathematics and Information Sciences, East China Institute of Technology, Fuzhou, Jiangxi 344000, China

¢ Department of Mathematics Education (and RINS), Gyeongsang National University, Chinju 660-701, Republic of Korea

d Department of Mathematics, Hubei University for Nationalities, Enshi, Hubei Province 445000, China

ARTICLE INFO ABSTRACT
Article history: Xu et al. introduced the concept of vague soft sets, which is an extension to the soft set and
Received 22 September 2010 the vague set. In this paper, we apply the concept of vague soft sets to hemiring theory. The

Received in revised form 17 April 2011

> notion of (€, € vq)-vague (soft) left h-ideals of a hemiring is introduced and some related
Accepted 26 April 2011

properties are investigated.

© 2011 Elsevier Ltd. All rights reserved.
Keywords:

Hemiring

Vague set

Vague soft set

(€, € vq)-vague (soft) left h-ideals

@-compatible (€, € vq)-vague (soft) left
h-ideals

1. Introduction

Uncertain or imprecise data are inherent and pervasive in many important applications in the areas such as economics,
engineering, environment, social science, medical science and business management. Uncertain data in those applications
could be caused by data randomness, information incompleteness, limitations of measuring instruments, delayed data
updates, etc. Due to the importance of these applications and the rapidly increasing amount of uncertain data collected
and accumulated, research on effective and efficient techniques that are dedicated to modeling uncertain data and tackling
uncertainties has attracted much interest in recent years and has yet remained challenging at large. There have been a great
amount of research and applications in the literature concerning some special tools like probability theory, (intuitionistic)
fuzzy set theory [1], rough set theory [2], vague set theory [3] and interval mathematics [4,5]. However, all of these have
their advantages as well as inherent limitations in dealing with uncertainties. One major problem shared by those theories is
their incompatibility with the parameterization tools. To overcome these difficulties, Molodtsov [6] introduced the concept
of soft sets as a new mathematical tool for dealing with uncertainties that is free from the difficulties that have troubled the
usual theoretical approaches. Molodtsov pointed out several directions for the applications of soft sets. This theory has been
proven useful in many different fields such as decision making [7-11], data analysis [12,13], forecasting [ 14] and so on.

Up to the present, research on soft sets has been very active and many important results have been achieved in the
theoretical aspect. Maji et al. [15] defined and studied several operations on soft sets. Ali et al. [ 16] further presented and
investigated some new algebraic operations for soft sets. Maji et al. [ 17] and Majumdar and Samanta [ 18] extended (classical)
soft sets to fuzzy soft sets, respectively. Irfan Ali and Shabir [ 19] investigated De Morgan'’s law in fuzzy soft sets. Maji et al. [20]
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extended (classical) soft sets to intuitionistic fuzzy soft sets. Xu et al. [21] introduced the notion of vague soft set which is
an extension to the soft set and vague set, and discussed the basic properties of vague soft sets. Aktas and Cagman [22]
compared soft sets to the related concepts of fuzzy sets and rough sets. They also defined the notion of soft groups, and
derived some related properties. Feng et al. [23] investigated soft semirings by using the soft set theory. Feng et al. [24,25]
investigated the connections among fuzzy sets, rough sets and soft sets. They introduced the concepts of soft rough sets
and soft rough fuzzy sets and studied some related properties. Jun [26] introduced and investigated the notion of soft BCK/
BCI-algebras. Jun and Park [27] and Jun et al. [28] discussed the applications of soft sets in ideal theory of BCK/BCI-algebras
and in d-algebras, respectively. Aygiinoglu and Aygiin [29] introduced and studied (normal) fuzzy soft groups. Zhan and
Jun [30] studied soft BL-algebras based on fuzzy sets.

The purpose of this paper is to deal with the algebraic structure of hemirings by applying vague (soft) set theory. The
concept of (€, € vq)-vague (soft) left h-ideals of a hemiring is introduced, their characterization and algebraic properties
are investigated. The notion of ¢-compatible (€, € Vg)-vague (soft) left h-ideals of a hemiring, and the homomorphism
properties of (€, € Vq)-vague (soft) left h-ideals are discussed.

The rest of this paper is organized as follows. Section 2 summarizes some basic concepts which will be used throughout
the paper. Sections 3 and 4 introduce the concept of (€, € Vvq)-vague (soft) left h-ideals of a hemiring and investigate some
related properties. Section 5 introduces the notion of ¢-compatible (€, € Vvq)-vague (soft) left h-ideals of a hemiring and
discuss the homomorphism properties of (€, € VvVq)-vague (soft) left h-ideals. Some conclusions are given in the last section.

2. Preliminaries

2.1. Hemirings

A semiring is an algebraic system (S, +, -) consisting of a non-empty set S together with two binary operations on S called
addition and multiplication (denoted in the usual manner) such that (S, +) and (S, -) are semigroups and the following
distributive laws

a-(b+c)y=a-b+b-c and (a+b)-c=a-c+b-c

are satisfied for alla, b, c € S.

By zero of a semiring (S, 4, -) we mean an element 0 € Ssuchthat0-x =x-0=0and0+x = x+ 0 = x forall
x € S. A semiring (S, +, -) with zero is called a hemiring if (S, +) is commutative. For the sake of simplicity, we shall omit
the symbol “-”, writing ab fora - b (a, b € S).

A subset A in a hemiring S is called a left ideal of S if A is closed under addition and SA C A. A left ideal A of S is called a
left h-ideal ifx,z € S,a,b € A,andx 4+ a+z = b + z implies x € A.

2.2. Vague sets

Let X be a non-empty set. A fuzzy subset u in X is defined as a mapping from X to [0, 1], where [0, 1] is the usual interval
of real numbers. We denote by .7 (X) the set of all fuzzy subsets in X. For any u € .#(X), the complement of i, denoted by
u®,is defined as € (x) = 1 — () for all x € X. For any non-empty subset P in S, the characteristic function of S is denoted
by xp. A fuzzy subset u in X of the form

L) = {6(?5 0 ify=x,

otherwise

is said to be a fuzzy point with support x and value r and is denoted by x,, where r € (0, 1]. For a fuzzy point x, and a fuzzy
subset w in X, we say that

(1) x, € wif u(x) >r.

2) X, quifux) +r > 1.

(3) xr e vqu ifx, € porx,qu.
(4) xr € Aquifx, € uandx, qu.

A vague set Ain X is characterized by a truth-membership function t4 and a false-membership function fj,
ty : X — [0, 1], fa: X —[0,1],

where for any x € X, t4(x) is a lower bound on the grade of membership of x derived from the evidence for x, f4(x) is a lower
bound on the negation of x derived from the evidence against x, and t4(x) + fa(x) < 1. The grade of membership of x in the
vague set is bounded to a subinterval [t4(x), 1 — fa(x)] of [0, 1]. The vague value [t4(x), 1 — fa(x)] indicates that the exact
grade of membership w4 (x) of x may be unknown, but it is bounded by t4(x) < ua(x) < 1 — fa(x), where ty(x) + fa(x) < 1.
Denote A = {(x, [ta(x), 1 — fa(x)])|x € X}. The set of all vague sets in X is denoted by ¥ (X).

Lemma 2.1. Let A = {(x, [ta(x), 1 —fa(x)])|x} and B = {(x, [tg(x), 1 —fz(x)])|x} be vague setsin X and let r, t € [0, 1]. Define

(1) DA = {(x, [ta(x), 1 = tz(X) D [x € X},
(2) 0A = {(x, [ff(®), 1 = fa@)DIx € X},
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(3) Pre(A) = {(x, [max{r, ta(x)}, 1 — min{¢t, LL()}])|x € X} forr +¢ <1,
(4) Q¢ (A) = {(x, [min{r, ta()}, 1 — max{t, fL(x)}Ix € X} forr +t < 1.
Then A, 0A, P, +(A) and Q, +(A) are vagues sets in X.

Proof. The proof is straightforward by the definition of vague sets. O

Definition 2.2 ([3]). Let A and B be two vague sets in X. If [t4(x), 1 — fa(x)] = [tg(x), 1 — fz(x)] for all x € X, then the vague
sets A and B are called equal, denoted as A = B.

Definition 2.3 (/3]). Let A and B be two vague sets in X. If t4(x) < tp(x), 1 — fa(x) < 1 — fg(x) for all x € X, then the vague
set A is said to be included by B, denoted as A C B.

Definition 2.4 (/3]). The union of two vague sets A and B is a vague set C, written as C = A U B, whose truth-membership
and false-membership functions are related to those of A and B defined by

te(x) = max{ta(x), tp(x)}
and

1—fe(x) =max{1—fa(x), 1 — fy()} = 1 — min{fa(x), fs(x)}
forall x € X, thatis, tc = t4 U tgand fc = f4 N f3.

Definition 2.5 (/3]). The intersection of two vague sets A and Bis a vague set C, written as C = ANB, whose truth-membership
and false-membership functions are related to those of A and B defined by

tc(x) = min{ta(x), tz(x)}
and

Je®) = min{(1 - fa(x)), (1 — f5(x))} = 1 — max{fz(x), fp(x)}
forallx € X, thatis, tc =ty Ntgand fc = fo U f3.

The notions of union and intersection of two vague sets can be extended to a family of vague sets in X. Let {A;}ic; be a
family of vague sets in X, where I is an index set. Define N;¢; A; and Uj¢ A; as follows:

tmieIAi (X) = lll;l’ftAl (X), 1 _fﬂfE’Ai (X) = lllglf(l _fA,' (X)) =1- squAi (X)

and
tUier 4 (X) = sup ty; (%), 1= fuig 4 () = sup(1 — f5,(x)) = 1 —inffy, (x).
iel iel iel
If I is a finite set, say I = {1, 2, ..., n}, we sometimes denote
thig A (X) = min{ta, (X), ..., ta, (0}, 1= fr a4 ®) =1—max{fy,(x), ..., fa, )}
and

tU,'E’ Ai (X) = max{tA1 (X)! L) tAn (X)}7 1 _fuieIAi (X) =1- min{fA] (X)v v afAn (X)}

For the sake of simplicity, we use A = [ts, 1 — fa] to denote the vague set A = {(x, [ta(x), 1 — fa(x)])|x € X}. For any
r,s € [0, 1], denote A™9 = {x € X|ta(x) > r and f4(x) < s}, which is called the (r, s)-strong level set of A.
It follows easily that for all A, B € ¥ (X),

(1) ACBandr,s € [0, 1] imply AT-9 < BT9,
(2) 1y <ryands; < s forry, 12,8152 € [0, 1] imply AC252) € AT1sD,
(3) A = Bifand only if A"V = A2 for all ry, 1y, 5155 € [0, 1].

Let us now introduce two new ordering relations on .# (X), denoted as “C Vvq” and “C Aq”, as follows: Vu, v € #(X)

(1) By u € vqgv we mean that x, € pu implies x, € vqv forallx € Xandr € (0, 1].
(2) By # € Aqv we mean that x, € Aq n impliesx, € vforallx € Xandr € (0, 1].

In what follows, unless otherwise stated, @ means « does not hold, where o € {€, q, € Vg, € Aq, C, C Vvq, C Aq}.

Lemma 2.6. Let u, v € .#(X). Then:

(1) u € vqvifand only if v(x) > min{u(x), 0.5} forall x € X.
(2) u € Aquifand only if u(x) < max{v(x), 0.5} forallx € X.
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Proof. We prove (2). (1) can be similarly proved. Assume that u € Aqv. Let x € X. If u(x) > max{v(x), 0.5}, then there
exists r such that u(x) > r > max{v(x), 0.5}. Hence x, € u and x.q u, that is, x, € Aqu, but x,€v, a contradiction.
Therefore, 1 (x) < max{v(x), 0.5}.

Conversely, assume that ©(x) < max{v(x), 0.5} for all x € S. If uC Aqv, then there exists x, € Aq u butx, € v, and so
ux) >r, ux) +r > 1and v(x) < r, which imply u(x) > 0.5. Hence u(x) > max{v(x), 0.5}, a contradiction. Therefore,
nw < Aqu. 0O
Lemma 2.7. Let u, v, w € Z(X).

(D) If u Cvqvandv C Vqo, then u C Vqw.
(2) If u € Aqvand v C Aqw, then u C Aqw.

Proof. It is straightforward by Lemma 2.6. O

Based on the ordering relations “C Vvq” and “C Ag” on .#(X), we introduce a new ordering relation “€” on ¥ (X) as
follows.
For any two vague sets A and B, by A € Bwe mean that {4 C Vvqtg and fz € Aqfa.

2.3. Vague soft sets

Let U be an initial universe, E a set of parameters, 22(U) the power set of U,and X C E. Molodtsov [6] defined the concept
a soft set, which is a mapping from a set of parameters into the power set of a universe set. However, the notion of soft set,
as given in its definition, cannot be used to represent the vagueness of the associated parameters. To overcome this, Xu
et al. [21] further introduced the concept of a vague soft set based on soft set theory and vague set theory as follows.

Definition 2.8 ([21]). A pair (F, X) is called a vague soft set over U, where Fisa mapping given by F: X 7).

In other words, a vague soft set over U is a parameterized family of vague sets of the universe U. For ¢ € X, I:"(g) is

regarded as the set of e-approximate elements of the vague soft set (F, X).
For a vague soft set, Xu et al. [21] have introduced the following definitions concerning its operations.

D~efinitio~n 2.9 ([21]). If (I?‘,X~) and (?, Y) are two vague soft sets over a universe U. “(F, X) AND (G, Y)”, denoted by
(F, X)A(G, Y), is defined by (F, X)A(G, Y) = (H, X x Y), where

L. py) (¥) = Min{tz ) (%), L) (X))
and

1= fi.py® = min{1 — fz ) (X), 1 = fz5) 0} = 1 — max{fz,, ), fz 5 ()}
forall (&, B) € (X, Y) andx € U.

D~efinitio~n 2.10 ([21)). If (ﬁ,g() and ~(&, Y) are two vague soft sets over a universe U. “(F,X) OR (G, Y)", denoted by
(F,X)V(G,Y), is defined by (F, X)V(G, Y) = (0, X x Y), where
to.py®) = Max{ty ) (X), tz 5 (%)}
and
1= fo@.py® = max{l — fr,, %), 1 — fz 50} = 1T — min{fi,, %), fz 5, (%)}
forall (o, B) € (X,Y)andx € U.

Dgfinition 2.11 ([21]). The union of two vague soft sets (1:', X) and (6, Y) over a universe U is a vague soft set denoted by
(H,Z),whereZ =X UY and

by ) ifeeX-Y,
iy ®) = e (%) ifaeY —X,
max{t;(a) *), t(“;(a)(X)} ifeeXNy,
and
1= frw®) ifeeX-Y,
1= fie® = 11— fe® ifaeY —X,

1-— min{fﬁ(a)(x),f&(a)(x)} ife e XNy,

forall @ € Z and x € U. This is denoted by (H, Z) = (F, X)U(G, Y).
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Definition 2.12 ([21]). The intersection of two vague soft sets (F ,X) and (6, Y) over a universe U is a vague soft set denoted
by (H,Z),whereZ = X UY and

ti'(o,)(x) foeX-Y,
ti:l(a)(x) = | & ®) feeY —X,
min{tz ,, (%), tze, ®)}  ife eXNY,
and
1 _ff?(a)(x) ifo e X —Y,
T~ fi@® = {1 = fo@® ifa ey —X,

1 —max{fz,,(®). fg oy ®} fxeXNY,

forall « € Z and x € U. This is denoted by (FI,Z) = (ﬁ,X)ﬁ(é‘, Y).

In contrast with the above definition of vague soft set intersections, we may sometimes adopt a different definition of
intersection given as follows.

Definition 2.13. Let (I:‘ ,X) and (6, Y) be two vague soft sets over a universe U such that X N'Y # (. The bi-intersection of
(F,X) and (G, Y) is defined to be the soft set (H, Z), where C = ANBand H(«) = F(a) NG(x) for all @ € Z. This is denoted
by (H,Z) = (F,X)N1(G, Y).

The notions of AND, OR and bi-intersection operations of vague soft sets can be extended to a family of vague soft sets
over U. Let {(F;, X;)}ic; be a non-empty family of vague soft sets over a common universe U, where [ is an index set. The
AND-vague soft set /\lel(F,, X;) of these soft sets is defined to be the soft set (G Y)suchthatY = Hlel X; and G(a) = Nier F (o)
forall @ = (o;)ie; € Y. Similarly, the OR-vague soft set Vi, (Fl, X;) of these soft sets is defined to be the soft set (G, Y) such
thatY = [, Xi and C.‘(a) = Ui Fi (@) for all @ = (aj)ie; € Y. The bi-intersection vague soft set Mier (Fi, X;) of these soft sets

is defined to be the soft set (&, Y) such that Y = N X; and &(a) = Nier ﬁi(a) foralla € Y.
Next, we introduce some new relations based on the ordering relation “ €” on 7 (U).

Definition 2.14. For two vague soft sets (F, X) and (G, Y) over a universe U, we say that (I:", X) is a vague soft subset in (F,Y),
if

XCY and F(e) e G(e)
for all ¢ € X. This relationship is denoted by (I?, X)Q(a, Y). Similarly, (Ij', X) is said to be a vague soft superset in (a, Y), if
(G, Y) is a vague soft subset in (F, X). We denote it by (F, X)2(G, Y).

Definition 2.15. Two vague soft sets (I?", X) and (6’, Y) over a universe U are said to vague soft equal if (I?, X)é(é, Y) and
(G, Y)C(F, X).

3. (€, € vq)-vague left h-ideals of a hemiring

In this section, we introduce the concept of (€, € Vvq)-vague soft left h-ideals over a hemiring and investigate some of
their basic properties. Let us first provide the following definitions.

Definition 3.1. Let A and B be two vague sets in a hemiring S. Define the h-sum of Aand Bby A+, B = [tA—ﬁtg, 1 —fA—T—\th],
where

(tatnts) (x) = sup min{ta(a1), ta(az), ta(by), t(b2)}
x+ay+by+z=ay+by+z

and
(fatafa) (x) = inf max{fa(ar), fa(az), fz(b1), f(b2)}
x+a1+by+z=ay+by+z
forallx € S.

Definition 3.2. Let A and B be two vague sets in a hemiring S. Define the h-intrinsic product of A and B by AGyB =
[taOntp, 1 — faOrfp], where
(t4Ontp) (x) = sup min{ta(ay), ta(a), ta(by), ts(b))}

m n
X+ ajbi+z=)" a]fbj/-+z
i=1 =1
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and

(fAOnfp) (¥) = . inf max{fa(a), fa(a;), fa(bi), f(b))}
x+Y aibi+z=)" aj’.bj’-+z
i=1 j=1
foralli=1,...,m;j=1,...,nand (tA@tB)(x) =0and (anlfB)(X) = 1if x cannot be expressed as x + ZL aibi+z =
27:1 ab; 4z forall a;, by, aj, b}, z € S.
By the direct calculation we obtain immediately the following results.

Proposition 3.3. Let A and B be two vague sets in a hemiring S. Then both A+, B and A ®p, B are vague sets in S.

Lemma 3.4. Let S be a hemiring and A1, A, By, B, € 7(S) such that A, € A, and By € B,. Then

(1) A1 +r By € Ay +4 By.
(2) A1 OnBy € A; Op By
(3) A] ﬂBl (S Az mBz

Definition 3.5. A vague set A in a hemiring S is called an (&€, € vq)-vague left h-ideal if it satisfies:

(V1a) A+, A € 4

(V2a) x, OnA € A;

(V3a) a;, bs € ta = Xminir,s) € Vq taand Xmax(rsy € AGfa — a; € faorbs € fyforalla,b,x,z € Sandr, s € (0, 1] such that
X+a+z=b+z

Note thatif Ais an (€, € \Vq)-vague left h-ideal of S, then t4(0) > min{t4(x), 0.5} and f4(0) < max{fy(x), 0.5}. In fact, for
anyx € S,since04+x+0 =x+40,ift4(0) < r = min{t4(x), 0.5}, thenx; € tyand t4(0) +r < r+r < 1,thatis, 0,€ Vqt,,
which contradicts to (V3a). Hence t4(0) > min{t4(x), 0.5}. Similarly, f4(0) < max{fx(x), 0.5}.

Example 3.6. Let S be as in Example 2.4 in [31]. Define a vague set A in S by

. 0 0
0.6 1fxe<0 0),

b =104 if (g ?) (@.beP,ceN),

0 otherwise,

. 0 0
0.7 1fxe<0 0),

1—fax) = 04 if (a g) (a,b € P,c e N),

and

b
0 otherwise.

Then Ais an (€, € vVq)-vague left h-ideal of S.

In what follows, we provide some characterizations of (&€, € Vvq)-vague left h-ideals of a hemiring S.

Theorem 3.7. A vague set A in a hemiring S is an (€, € Vvq)-vague left h-ideal of S if and only if it satisfies the following
conditions: VYa, b, x,y,z € S

(V1b) ta(x +y) = min{t4(x), ta(¥), 0.5} and fa(x +y) < max{fa(x), fa(¥), 0.5};
(V2b) ta(xy) > min{ta(y), 0.5} and fa(xy) < max{fa(y), 0.5},
(V3b) t4(x) > min{ts(a), ta(b), 0.5} and fy(x) < max{fs(a), fa(b),0.5}if x+a+z=b+z

Proof. Assume that A is an (€, € Vvq)-vague left h-ideal of S. Now, if there exist x,y € S such that 4(x +y) >

max{fs(x), fa(y), 0.5}. Choose r such that fy(x + y) > r > max{fa(x), fa(y), 0.5}. Then fuy(x +y) > rand fa(x +y) +r >
r+r > 1,and so (x + y); € Aqfa. On the other hand, we have f;(0) < max{f3(x), 0.5} and so

Fataf) X +y) inf max{fa(a), fa(az), fa(b1), fa(b2)}

X+y+aj;+by+z=ay+by+z
max{fa(0), fa(x), fa)} < max{fa(x), fa(y), 0.5} <r.

Hence (x + y); & fa¥nfa, which contradicts fy € Aq fatnfa. Therefore f(x + y) < max{fa(x), fa(y), 0.5}. Similarly,
ta(x+y) > min{ts(x), ta(¥), 0.5}. Hence, condition (V1b) is satisfied. Condition (V2b) can be similarly proved. For condition
(V3Db), if there exist a, b, x,z € Swithx+a+z = b+ zands € (0, 1] such that f4(x) > s > max{fa(a), fa(b), 0.5}, then
fa(x) > s, fa(x) +s > 2s > 1and s > max{fy(a), fa(b)}, and so x; € Aqfa, butas & fs and bs ¢ f,, a contradiction. Hence
fa(x) < max{fa(a), fa(b), 0.5}. Similarly, t4(x) > min{ts(a), ta(b), 0.5}. Hence, condition (V3b) is valid.

IA
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Conversely, assume that the given conditions hold. For any fuzzy points x, in S, if x, € Aqfa, then fa(x) > r and
fax) +r > 1,and so f(x) > 0.5. Let aq, az, by, by, x,z € S be such that x + a; + by +z = a, + b, + z, then by
conditions (V1b) and (V3b), we have

0.5 < fa(x) < max{fs(as + b1), fa(az + bs), 0.5}
max{max{fs(a), fa(b1), 0.5}, max{fs(az), fa(b2), 0.5}, 0.5}
max{fa(a1), fa(b1), fa(az), fa(b2), 0.5},

which implies fs(x) < max{fs(ai), fa(b1), fa(az), fa(b;)}. Hence we have

IA

(fatrf) () = x+a1+b1j_lefa2+b2 max{fa(a), fa(b1), fa(az), fa(bz)}
> inf fa) =falx) > 1.

x+ai+bi+z=ay+by+z

Hence x, € fA—f—Ath and so fy C /\qfﬁ’—\hf/\. Similarly, tA—ﬁtA C vq t4, and so A+, A € A, that is, condition (V1a) is
satisfied. Condition (V2a) can be similarly proved. For condition (V3a), if there exist a,b,x,z € Sand r,s € (0, 1] with
X+a+z =Db+zand xmars) € Aqfasuchthata, & fy and bs & fa, then fy(x) > max({r, s} > max{fa(a), fa(b)} and
2fa(x) > fa(x) + max{r,s} > 1, which imply f4(x) > 0.5 and so fy(x) > max{fs(a), fa(b), 0.5}, a contradiction. Thus
Xmaxir.s} € AQfaimplies a, € fa or b € f,. Similarly, we may show that a,, bs € t, implies Xminr sy € Vq ta forr,s € (0, 1]
andx, z, a, b € S such thatx + a4z = b + z. Hence, condition (V3a) is valid. Therefore, A is an (€, € Vq)-vague left h-ideal
ofS. O

Theorem 3.8. A vague set Ain a hemiring S is an (€, € Vvq)-vague left h-ideal of S if and only if it satisfies condition (V3a) and
Vx,yeSandr,s € [0, 1]

(VlC) X, Ys € ta = (X +y)min[r,s} € VQta and (X +y)max[r,s} € /\qu — Xr efA orys € fA;
(V2¢) yr € ta — (xy)r € Vqtaand (xy); € AQfa — X € fa.

Proof. The proof is similar to that of Theorem 3.7. O

For anyr e [0, 1] and fuzzy subset w in S, denote ur = {x € S|u(x) > r}, (), = {x € Slx,qu}, [u], = {x € S|x; €
vau}, iy = {x € S|u(x) < r}and [u], = {x € S|x, € v qu}. Clearly, A" = ty; N fy, forallr, s e [0, 1].

The next theorem presents the relationships between (€, € Vq)-vague left h-ideals and crisp left h-ideals of a hemi-
ring S.

Theorem 3.9. Let S be a hemiring and A a vague set in S. Then:

(1) Aisan (€, € vq)-vague left h-ideal of S if and only if non-empty subsets ts; andﬁ\s are left h-ideals of S for allr € [0, 0.5)

(2) Zr:g;ne(cfos \/1c]1) -vague left h-ideal of S if and only if non-empty subsets t,; and [fA are left h-ideals of S forallr € [0, 0.5)

(3) Zniisas Egle] vq)-vague left h-ideal of S if and only if non-empty subsets (t4), and f;s are left h-ideals of S for all

(4) ;\’iz aen (((;?761\]/‘q)-vague left h-ideal of S if and only if non-empty subsets (t,), and [7/\\]S are left h-ideals of S forallr € (0.5, 1]

(5) Zr;g;ne(g,)’el]\'/q)-vague left h-ideal of S if and only if non-empty subsets [t4]; andj?,\?S are left h-ideals of S forallr € (0, 1]

(6) f\nicsi Sarez ((g;sé ]]\'/q)-vague left h-ideal of S if and only if non-empty subsets [ta], and [f;]s are left h-ideals of S for all
r,s e (0, 1]

Proof. We only show (1) and (2). The other properties can be similarly proved.

(1) LetAbean (g, € Vql—vague left h-ideal of S and assume that t4; # ¢ andf,;s %+ () forsomer € [(,)\, 0.5)and s € (0.5, 1].
We only show that fy, is a left h-ideal of S. The case for t4; can be similarly proved. Let x,y € fa,. Then f4(x) < s and
fa(y) < s.SinceAisan (€, € vq)-vague left h- 1deal of S, we havefA(x+y) < max{fy(x), fa(y), 0.5} < s.Hencex+y efAs
Ina 51mllar way, we may show that [ Xy, ¥X € fAs forall x € fAS andy € Sandthatx+a+z =b+zforx,z € S and
a, b efAs implies x € fAs Therefore, fAs is a left h-ideal of S.

Conversely, assume that the given conditions hold. We only show that f, satisfies conditions (V1b)-(V3b). The case
for t4 can be similarly proved. Now, let x, y € S. Choose s = max{fa(x), fa(y), 0.5} + &, where ¢ > 0.Thens € (0.5, 1]
and x,y € fa,. Since faq is a left h-ideal of S, we have x + y € fa;, and so fa(x +y) < s = max{fa(x), fa(¥), 0.5} + €.
Hence fy(x +y) < max{fs(x), fa(y), 0.5} since ¢ is arbitrary. Similarly, we may show that f4(xy) < max{fs(y), 0.5} for
all x,y € S and that fy(x) < max{fa(a), fa(b), 0.5} forall x,z,a,b € S such that x + a +z = b + z. It follows from
Theorem 3.7 that A is an (€, € vq)-vague left h-ideal of S.
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(2) LetAbean (€, € vq)-vague left h-ideal of S and assume that t4; = ¢ and [fA]S # () for somer € [0,0.5) and s € (0, 1].
By (1), is suffices to show that [fA]S is a left h-ideal of S, letx, y € [fA]s Then x;€ V qfs and ys€ V qfy, that is, fa(x) < sor
fa®) +s < 1,and fo(y) < sorfa(y) +s < 1. We consider the following cases.

Case 1.s € (0,0.5]. Then1 —s > 0.5 > s.

(1) If fa(x) < sand f4(y) < s, then fa(x +y) < max{fa(x), fa(y), 0.5} = 0.5 < 1 — s, thatis, (X + y);  fa-
(2) Iffax) +s < Torfa(y) +s < 1, then fa(x +y) < max{fu(x), fa(¥), 0.5} < 1 —s, thatis, (x + y)s G fa.

Case2.s € (0.5, 1]. Thens > 0.5 > 1 —s.

(1) If fa(x) < sorfa(y) <s,thenfy(x +y) < max{fy(x), fa(y), 0.5} < s, thatis, (x + ¥)s€ fa.
(2) ffa(x)+s < Tandfy(y)+s < 1,thenfy(x+y) < max{fa(x), fa(¥), 0.5} < max{1—s, 1—s, 0.5} < s, thatis, (x+y)sE fa.

Thus, in any case, (x +y)s€ V qfa, thatis,x +y € [fA] Slmllarly we can show that Xy, yx € [?A\] forallx e [7‘,4\]S andy € S
andthatx4+a+z=b+zforx,ze Sanda,b € [fA imply x € [fA]s Therefore, [fA]S is a left h-ideal of S.

Conversely, assume that the given conditions hold. By( ), conditions (V1b)-(V3b) hold for t4. Now, if there existx, y € S
and s eA(O, 1] such that fy(x +y) > s > max{fa(x), fa(y), 0.5}. Then x,, ys€fs but (x + y); € Aqfa, thatis, x,y € [fA ]; but
X,y ¢ [fal,, a contradiction. Hence f4 (x +y) < max{fa(x), fa(y), 0.5}. Similarly, we may show that fy(xy) < max{fa(y), 0.5}
for all x,y € S and that fy(x) < max{fs(a), fa(b), 0.5} for all x,z,a, b € S such thatx + a + z = b + z. It follows from
Theorem 3.7 that A is an (€, € Vq)-vague left h-ideal of S. O

Next let us consider the (€, € Vq)-vague left h-ideals of S induced by an (&, € Vvq)-vague left h-ideal of S.
Proposition 3.10. If Ais an (€, € Vq)-vague left h-ideal of a hemiring S, then so are (1) TA, (2) 0A, (3) P;+(A), (4) Qr(A),
wherer,t € [0, 1]andr +t < 1.
Proof. It is straightforward. O

In view of Proposition 3.10, it is easy to verify that the following theorem is valid.

Theorem 3.11. Avague fuzzy set AinSisan (€, € VvVq)-vague left h-ideal of a hemiring S if and only if DA and A are (€, € Vq)-
vague left h-ideals of S.

Corollary 3.12. A =[x, 1— XSC] is an (€, € vvq)-vague left h-ideal of a hemiring S.

Theorem 3.13. A non-empty set P in a hemiring S is a left h-ideal of S ifand only if A = [x,, 1 — XPC] isan (€, € vVq)-vague
left h-ideal of S.

Proof. It is straightforward. O

Theorem 3.14. Let A and Bl be (e, € Vvq)-vague left h-ideals of a hemiring S. Then soare AN B = [ty Ntg, 1 — (fy U fz)] and
A+1 B = [tatnts, 1 — (fatnfa)]:

Proof. We show that A+, Bis an (€, € Vvq)-vague left h-ideal of a hemiring S. The proof for A N B is straightforward.

(1) Foranyx,y € S, we have

(tatnts)x +y) = sup min{ta(a1), ta(az), ta(by), t(h2)}
x+y+ay+by+z=ay+by+z

v

min { sup min{ta(c1), ta(ca), tp(d1), tg(da)},
x+c1+di+z1=c+dy+21

sup min{ts(e1), talez), tg(f1), tsg(f2)}, 0-5}
yt+er+fit+z=ex+fr+z;
= min{(taFntp) (%), (4 Tnts)(¥), 0.5}.
Similarly, (fa+rfs) (x +¥) < max{(fatafs) ®), (atnfs)(¥), 0.5}.
(2) Foranyx,y € S, we have

min{(ts+nts) (¥). 0.5} = min { sup min{ts(a1), ta(az), tg(bs), tg(b2)}, 0.5}
y+ay+bi+z=ay+by+z

A

< sup min{ta(xa1), ta(xaz), tg(xby), ts(xb2)}
Xy-+xaq+xbq+xz=xay+xby+xz

< sup min{t4(c1), ta(c2), ta(dr), ta(da)}
xy+c1+di+z1=c2+dr+21

(taFnts) ().
Similarly, (fa+afs) (xv) < max{(fatnfz)(¥), 0.5}.
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(3) Leta, b, x and z; be any elements of S such that x + a+z; = b+ z, and let ¢y, ¢3, dy, da, €1, €3, f1, f2, 22, z3 € S be such
that

a+c+di+z=c+d+2z and b+e+fi+tzz=e+f+z.
Thenwe havex +c; +dy + ey +fi +2z4 = c1 +dy +ex + f> + z4, Wwhere z4 = z; 4+ z, + z3, and so

(tatnts) (x) = sup min{ts(a1), ta(az), tg(by), tp(ba)}

Xx+ay+by1+z=ay+by+z

min{t4(c2 + 1), ta(cq + €2), ts(da + f1), ta(d1 + f2)}

min{min{t4(cy), ta(e1), 0.5}, min{ta(cy), ta(e,), 0.5},

min{tz(dy), tg(f1), 0.5}, min{tz(dy), tp(f2), 0.5}}

min{min{ta(c1), ta(c2), ta(d1), ts(d2)}, min{ta(er), ta(e2), ts(f1), ta(f2)}, 0.5},

IV IV

this gives

(tatnts) (%)

v

min { sup min{ta(c1), ta(c2), tg(dy), tp(d2)},
a+c1+dy+za=cy+dy+2)

sup min{ts(e1), talez), ts(f1), tsg(f2)}. 0-5}
b+e1+f1+zz3=ex+fr+z3
= min{(ta+nts)(a), (tatnts)(b), 0.5}.

Similarly, (faF1fs) (%) < max{(fatufa) (@), fatnfs)(b), 0.5).
Summing up the above statements, A+ B is an (€, € Vq)-vague left h-ideal of a hemiringS. 0O

In what follows, we denote by GVLI(S) the set of all (€, € vq)-vague left h-ideals of a hemiring S with the same tip, that
is, ta(0) = tz(0) and f4(0) = fz(0) for all A, B € GVLI(S). Theorem 3.14 gives that (GVLI(S), +) is a semigroup.

Theorem 3.15. Let S be a hemiring. Then (GVLIT (S), 4+, N) is a complete lattice with minimal element [ x¢, 1— x<] and maximal
element [xs, 1 — xs] under the ordering relation “e”.

Proof. Let A, B € GVLIT(S). It follows from Theorem 3.14 that AN B € GVLIT(S) and A+, B € GVLIT(S). It is clear that AN B
is the greatest lower bound of A and B. We now show that A 4+, B is the least upper bound of A and B. Since t4(0) = t3(0),
for any x € S, we have

(tatnts)(x) = sup min{ts(a,), ta(az), tg(b1), ta(b2)}
x+ay+b1+z=ay+by+z
> min{t4(0), ta(x), t(0), ts(0)} = min{ta(0), ta(x)}
= min{tA(X), 05}5

hence t; C Vg taFnts. Similarly, fA‘T'\th C Agfa. Thus A € A+, B. In a similar way, we have B € A+pB. Now, let
C € GVLIT(S) be such that A, B € C.Then, we haveA+,B € C+,C e C.Hence A vV B = A+, B. There is no difficulty in
replacing the {A, B} with an arbitrary family of GVLIT (S) and so (GVLIT(S), +p, N) is a complete lattice under the relation
“e”. Itis easy to see that [x$, 1 — x¢]and [xs, 1 — xs] are the minimal element and maximal element in (GVLIT(S), +4, N),
respectively. 0O

Theorem 3.16. Given any chain of left h-ideals Sy C S C --- C S, = S of a hemiring S, there exists an (€, € Vq)-vague left
h-ideal of S whose non-empty strong level sets are precisely the members of the chain with A®>05) = s,

Proof. Let {r;|r; € (0,0.5),i = 1,2,...,n}and {t|t; € (0,0.5),i = 1,2,...,n}besuchthatr; > rp, > --- > 1,

t1<thy<---<tyandr;+t; < 1foralli=1,..., n. Lett, and f, be fuzzy subsets in S such that
ro > 0.5 ifx e So, tp < 0.5 ifx e So,
r ifxeS; — S, t ifx e Sy — So,
) =" . P h=1"" b
n ifxe S, —Sn_1, ty ifx €S, —Su_1,

for all x € S. Then it is easy to see that A = [t4, 1 — f4] is an vague set in S, and

50 ifr e [rl, T'()), S() ift e (to, t1],
Sy ifr e[rn,n), =~ S, ift e (ty, t2],

fAr =
S, ifr e[0,r,), S, ift e (t,;, 1].

tAr -
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Hence, for any r € [0, o) and t € (to, 1], there existi,j € {1, 2, - - -, n} such thatr € [r;, ri_1) and t € (t;, tj+1]. Without
loss of generality, we may assume that i < j, then tg5 = S,-_l,f;t = Sjand ATD = e ﬂﬁt = Si-1 NS; = Si_y. Thus,
our assumption and Theorem 3.9 give that A is an (€, € Vvq)-vague left h-ideal of S whose non-empty strong level sets are
precisely the members of the chain. Clearly, A®>0%> =5,. O

4. (e, € vq)-vague soft left h-ideals over a hemiring

In this section, we consider (€, € \Vq)-vague soft left h-ideals over a hemiring. Let us first introduce the following
definition.

Definition 4.1. Let (13, X) be a vague soft set over a hemiring S. Then (13, X) is called an (€, € vq)-vague soft left h-ideal over
Sif F(a) is an (€, € \vq)-vague left h-ideal of S for all ¢ € X.

Example 4.2. The set Ny of all non-negative integers with usual addition and multiplication is a hemiring. Define a vague
soft set (F, X) over Ny, where X = Ny, by

1 ifx=0, 1 ifx=0,
1 . 1

Lo () = o ifx € (o) — {0}, 1= frw®) = o ifx € () — {0},
0 otherwise, 0 otherwise,

for all o, x € Ny. Then (IE, X) is an (€, € vq)-vague soft left h-ideal over Ny.

Proposition 4.3. Let (F,X) bea vague soft set over a hemiring S and let Y C X. If (F,X)isan (e, € Vvq)-vague soft left h-ideal
over S, then so is (F, Y) whenever it is non-null.

Proof. It is straightforward by Definition 4.1. O

Theorem 4.4. Let (F, X) and (E;, Y) be two (€, € Vvq)-vague soft left h-ideals over a hemiring S. Then (I:",X)/N\(é, Y) is an
(€, € vq)-vague soft left h-ideal over S.

Proof. By Definition 2.9, we can write (ﬁ, X)7\(E;, Y) = (I:I, Z),where Z = X x Y and I:I(cx, B) = ﬁ(oz) N 5(/3) for all
(¢, B) € Z.Now for any («, B8) € Z, since (Ij', X) and (6, Y) are (€, € vq)-vague soft left h-ideals over S, we have both
I?(a) and 6(/3) are (€, € vq)-vague left h-ideals of S. Thus it follows from Theorem 3.14 that I:I(oz, B) = I?(a) N a(ﬂ) isan
(€, € vq)-vague left h-ideal of S. Therefore, (F, X)A(G, Y) is an (€, € vq)-vague soft left h-ideal over S. O

TheoreNm 4.5. Eet (13, X~) and ((~2~, Y) be two~(e, € \/Nq)-vague soft left h-ideals over a hemiring S. If foranya € X and B € Y,
either F(a) € G(B) or G(B) C F(a), then (F,X)V(G, Y) is an (€, € \vq)-vague soft left h-ideal over S.

Proof. By Definition 2.10, we can write (I?, X)\7(6, Y) = (6, Z)L where { =X X Y and (:)(oz, B) = F‘(a) Uf?(,B) for all
(a, B) € Z. Now for any («, B8) € Z, by the assumption, either F(a) € G(B) or G(8) C F(w), say F(a) € G(B), that is,
i@ S tep and fep) € frq)- Now, forany x, y € S, we have
t@.py X +Y) = (i) Ulgp) (X +y) = max{ty,, (x +¥), tg ) (X + 1)}
= tzp (X +y) = min{tz ) (%), tz 4 1), 0.5}
= min{(t;) U teg) (X, (L) U te) ), 0.5}
min{t, ) (X), tyq. 5 ), 0.5}

and

Fotapy®+¥) = (g N fap) X +¥) = min{fe g, (X + ). fr ) X + 1)

= fep ® +¥) = max{fz 4, (X), fo 5 (), 0.5}

= max{(fp) Nfep) @), (i) N fep) ), 0.5}

= max{fg 5 *), foq 5 @), 0.5}
Similarly, we may show that t()(ayﬁ)(xy) > min{té(ayﬁ)(y), 0.5} and fé(ayﬁ)(xy) < max{fé(a,ﬁ) (¥),0.5} forallx,y € S, and
that t5, 4, (%) = min{ty, 4,(), ty g)(b), 0.5} and fo, g (X) < max{fp, 4)(a), fo 4)(b), 0.5} forallx, z, a, b € S such that

x+a+z=b+z
Therefore, (F, X)V(G, Y) is an (€, € Vvq)-vague soft left h-ideal over S. 0O

If there exist « € X and 8 € Y such that ﬁ(a)i&(ﬁ) and C(ﬂ)iﬁ(a) in Theorem 4.5, then Theorem 4.5 is not true in
general as seen in the following example.
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Example 4.6. Let Ng /5 = {[0], [1], ..., [5]} be the hemiring of non-negative integers module 6 with usual addition and
multiplication. Let X = Ny /) and Y = {[2]}. Define vague soft sets (I:", X) and (G, Y) over Ny /@ by
1 ifx =1[0], 1 ifx =10],
1 . 1
@ = 5 ifx € ([o]) — {[O1}, 1= fig® =1 - ifx e ([a]) — {[0]},
0 otherwise, 0 otherwise,
and
L €3] " € [(3)]
- ifx , - if x ,
fEren® =13 1= fga® =13
0 otherwise, 0 otherwise,

foralla € Ny and x € Ng /(. Then both (ﬁ,X) and (E;, Y) are (€, € Vq)-vague soft left h-ideals over Ny /g, and
F[(2)]SG[(2)] and G[(2)]CF[(2)]. However, (0, Z) = (F, X)¥(G, Y) is not an (€, € Vq)-vague soft left h-ideal over Ny /)
since

t()([z]x[z])([z] +[3) = max{tﬁ[(z)]([z] +[3D), t&[(z)]([z] +[3D} =0,

while

min{ty 1.2 [ )], tagayxp2p [(3)], 0.5} = min{max({ty; 5, [(2)], tz2) [}, max{ti ) [(3)], tg) (3]}, 0.5}

. 1 1 1
=minymax4{—,0¢,max40,-;,05¢ = —,
{rex 3 of moc{o5 05} =
that is, £ (5« 2)) (121 + [3D) < min{tg ()12 (D], to(gayxq2) [(3)], 0.5}
Theorem 4.7. Let (IE, X) and (5, Y) be two (&, € vq)-vague soft left h-ideals over a hemiring S. If XNY # @, then (f, X)ﬁ(&, Y)

is an (€, € Vq)-vague soft left h-ideal over S.

Proof. By Definition 2.13, we can write (I:" X)ﬁ(f; Y) = (H Z),whereZ = X NY and H(oc) = F(oc) N G(a) foralla € Z.
Now for any @ € Z, since (F,X) and (G Y) are (€, € Vvq)-vague soft left h-ideals over S, we have both F(a) and G(«) are
(€, € vq)-vague left h-ideals of S. Thus it follows from Theorem 3.14 that H(a) = F(oe) N G(a) is an (€, € vq)-vague left
h-ideal of S. Therefore, (F, X)F(G, Y) is an (€, € Vvq)-vague soft left h-ideal over S. O

As a generalization of Theorems 4.4-4.5 and 4.7, we have the following result.

Theorem 4.8. Let (F;, X;)ic; be a family of (€, € vq)-vague soft left h-ideals over a hemiring S, where I is an index set. Then

(1) /\,E,(Fl, Xi) is an (€, € vq)-vague soft left h-ideal over S.

(2) If either Fi(a) C Fj(aj) or Fj(aj) C Fi(w ) for all (a)ier € [];
left h-ideal over S.

(3) If Nigy Xi # O, then |:|,-61(I:",-, X;) is an (€, € vq)-vague soft left h-ideal over S.

Proof. The proof is similar to that of Theorems 4.4-4.5and 4.7. O

i Xiand i, j € I, then Vier(Fi, X;) is an (€, € Vv q)-vague soft

Theorem 4.9. Let (Ij', X) and (6, Y) be two (€, € Vvq)-vague soft left h-ideals over a hemiring S. Then (I?,X)ﬁ(é, Y) is an
(€, € vq)-vague soft left h-ideal over S.

Proof. By Definition 2.12, we can write (I-', X)ﬁ(@, Y) = (I:I, Z),whereZ =X UY and

) F() ifoeX—vY,
H(x) = 1 G(a) ifoeeY —X,
Fl@)NG(a) ifaeXNY.

foralla € Z.
Now for any o € Z, we consider the following cases.

Case 1. € X — Y. Then I:I(oz) = F(a)isan (€, € v(q)-vague left h-ideal of S since (F,X)isan (€, € Vq)-vague soft left

h-ideal over S.

Case 2.« € Y — X. Then I:I(a) = 6(04) is an (€, € vq)-vague left h-ideal of S since (C, Y) is an (€, € Vvq)-vague soft left

h-ideal over S.

Case 3. € X NY. Then I:I(oz) = I:"(oz) N f;(a) isan (€, € vq)-vague left h-ideal of S I~Jy~the assumption and Theorem 4.13.
Thus, in any case, H(«) is an (€, € Vvq)-vague left h-ideal of S. Therefore, (F, X)N(G, Y) is an (€, € Vvq)-vague soft left

h-ideal over S. O
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Theorem 4.10. Let (ﬁ, X) and (@, Y) be two (€, € Vvq)-vague soft left h-ideals over a hemiring S. If X and Y are disjoint, then
(F, X)U(G, Y) is an (e, € vq)-vague soft left h-ideal over S.
Proof. It is straightforward by the proof of Theorem 4.9. O

Note that Example 4.6 also shows that Theorem 4.10 is not true in general if X and Y are not disjoint.

Next let us introduce the h-sum of two vague soft sets over a hemiring S.

Definition 4.11. Let (13, X) and ((3, Y) be two vague soft sets over a hemiring S. The h-sum of (f, X) and ((3, Y) is defined to
be the vague soft set (H, Z), whereZ = X U Y and

ti (o) () ifo e X -,
Ly @) = 1 Lo ®). ifa e Y —X,
(o thlee)®  ifa eXNY,
and
= fry® ifeeX—-Y,
1= fr® = 1 —fé(a)(x) ifa e Y —X,

1= (i tifow)® ifaexny,
foralla € Z and x € S, that is,
F(a) ifaeX—vY,
H(x) = 1 G(a) ifeeY—X,
F()+,G(a) ifaeXNY.
for all o € Z. This is denoted by (H, Z) = (F, X) +4(G, Y).
By Theorem 3.14, we can obtain the following result.
Theorem 4.12. Let (F, X) and (6, Y) be two (€, € Vq)-vague soft left h-ideals over a hemiring S. Then (I:‘, X) +h(5, Y) is an
(€, € vq)-vague soft left h-ideal over S.
Proof. The proof is similar to that of Theorem 4.9. O
Denote by GVSLIT (S) the set of all (€, € Vvq)-vague soft left h-ideals with the same tip t, that is, i) 0) = ) (0) and
feay(0) = fz ) (0) for all (F, X), (G, Y) € GVSLIT(S) and & € X, B € Y. Then we have the following result.

Theorem 4.13. Let S be a hemiring. Then (GVSLIT(S), 4+, 1) is lattice under the ordering relation “Cr,
Proof. The proof is similar to that Theorem 3.15. O

5. The homomorphism properties of (e, € vq)-vague (soft) left h-ideals of a hemiring

Definition 5.1. Let (S, +, -) and (S', +/, -) be hemirings and ¢ : S — S’ a homomorphism of hemirings. A left h-ideal L of
S is called ¢-compatible if, for allx,z, € Sand a,b € A, ¢(x + a+ z) = ¢(b + z) implies x € A. An (&, € Vvq)-vague left
h-ideal A of S is called ¢g-compatible if, for all x, z, a,b € S, p(x + a + z) = ¢(b + z) implies

ta(x) = min{ta(a), ta(b), 0.5} and fa(x) < max{fs(a),fa(b), 0.5}.

The next theorem presents the relationships between ¢-compatible (€, € vq)-vague left h-ideals and ¢-compatible left
h-ideals of a hemiring.

Example 5.2. Denote by Ng and Ny /40, the hemiring of non-negative integers and the hemiring of non-negative integers
module 10, respectively. Define a mapping ¢ : No — N /(19) by ¢(x) = [x]. Then ¢ is an epimorphism of Ng onto Ny /(4g).
Now define a vague set A in Ny by

_ [06 ifx=[(10)], _ [0 ifx=[(10)],
fa®) = {0.2 otherwise, 1—falx) = {0.2 otherwise,

for all x € Ny. Then A is an g-compatible (&, € Vq)-vague left h-ideal of Ny.

Theorem 5.3. Let (S, +, -) and (S, 4/, -') be hemirings, ¢ : S — S’ a homomorphism of hemirings and A an (€, € Vq)-vague
left h-ideal of S. Then

(1) Ais ¢-compatible if and only if non-empty subsets t4; andf;iare @-compatible for allr € [0,0.5) and s € (0.5, 1].

(2) Ais p-compatible if and only if non-empty subsets tx; and [fa], are ¢-compatible for allr € [0, 0.5) and s € (0, 1].

(3) Ais p-compatible if and only if non-empty subsets (ta), and f; are p-compatible for allr,s € (0.5, 1].
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(4) A'is p-compatible if and only if non-empty subsets (t,), and EA\]S are ¢-compatible for allr € (0.5, 1], s € (0, 1].
(5) Ais p-compatible if and only if non-empty subsets [t4]; and fy, are p-compatible for allr € (0, 1] and s € (0.5, 1].
(6) Ais p-compatible if and only if non-empty subsets [t4], and [fa]s are ¢-compatible for allr, s € (0, 1].

Proof. The proof is similar to that of Theorem 3.9. O

Proposition 5.4. Let (S, +, -) and (S', +/, -) be hemirings and ¢ : S — S’ a mapping from S into S’. Let A and B be vague sets
in S and S, respectively. Then the image ¢(A) = [¢(ta), 1 — ¢(fa)] of Ais a vague set in S’ defined by

) sup ta(x) if o' (X) £ 9,
pta)(x) = Bew*’(X’)

otherwise,
and

1— inf fi(0) if o ') #0,
1—p ) =1  xeotoy” vz
1 otherwise,
forallx' € S'. And the inverse image ¢~ ' (B) = [¢~'(tg), 1 — ¢~ '(f3)] of Bis a vague setin S defined by ¢~ (t5) (x) = tg(@(x)),
and 1 — @ 'l () = 1 — fz(p(x)), forallx € S.

Proof. It is straightforward. O

Theorem 5.5. Let (S, +, -) and (S’, +', ") be hemirings and ¢ : S — S’ an epimorphism of hemirings. If A is an ¢-compatible
(€, € vq)-vague left h-ideal of S, then ¢(A) is an (€, € vq)-vague left h-ideal of S'.

Proof. Let A be an ¢-compatible (€, € Vq)-vague left h-ideal of S.

(1) Letx’,y’ € S’.Then

et)X +'y) = sup ta@= sup  t(x+y)>=  sup  min{ta(x), ta(y), 0.5}
pl@=x"+"y =X 0(y)=y’ eX)=x",0y)=y’

= min{ sup ta(x), sup tA(y),O.S} = min{g(ta)(X), ¢(ta)(¥), 0.5}.
px)=x =y
Similarly, ¢ (fa) (¥’ +'y') < max{p(fa) (), ¢(fa)(¥"), 0.5}.
(2) Letx',y’ € S’. Analogous to (1), we have ¢(t,)(xX'y") > min{p(ts)(y'), 0.5} and ¢ (f) (x'y’) < max{p(fa) ('), 0.5}.
(3) Letx,a,b,z € Sand x',ad',b',Z/ € S'besuchthatX +'a+'z = bV+'2, p(x) = x',9(a) = d,p(b) = b’ and
¢(z) = 7. Then p(x+ a+z) = ¢(b+ z). Since A is p-compatible, we have ¢(t4)(x) > min{p(t4)(a), ¢(ta)(b), 0.5} and
@(fa) (%) < max{p(fa)(a), ¢(fa)(b), 0.5}. Thus we have ¢(ta)(X') = Sup,—y ta(x) > min{ta(a), ta(b), 0.5}, and so

P(t) () > sup  min{ts(a), ta(h), 0.5} = min y sup tx(a), sup tx(b), 0.5
p(a)=d",¢(b)=b' p(a)=d ta(b)=b’

min{e(ta)(a), (ta) (1), 0.5}.

Similarly, p(fa) (x') < max{@(fa)(a@), p(fa)(b'), 0.5}.
Summing up the above arguments, ¢ (A) is an (€, € VvVq)-vague left h-ideal of S’. O

Theorem 5.6. Let (S, +, -) and (S’, +/, ') be hemirings and ¢ : S — S’ a homomorphism of hemirings. If A’ is an (€, € Vq)-
vague left h-ideal of S, then ¢~ 1(A") is an p-compatible (€, € Vq)-vague left h-ideal of S.

Proof. The proof is similar to that Theorem 5.5. O
Combining Theorems 5.5 and 5.6, we have the following result.

Theorem 5.7. Let (S, +,-) and (S, 4/, -') be hemirings and ¢ : S — S’ an epimorphism of hemirings. Then the mapping
Y 1 A — @(A) defines a one-to-one correspondence between the set of all p-compatible (€, € vq)-vague left h-ideals of S and
the set of all (e, € vq)-vague left h-ideals of S'.

Let (S, +, -) and (§’, +, ') be hemirings, ¢ : S — S’ a mapping from S into S’ Let (F, X) and (G, Y) be vague soft
sets over S and S’, respectively. Then we can define a vague soft set (¢(F), X) over S’, where ¢(F) : X — 7(§') is given
by (p(~F)(oz) = <p(F~(a)) for all @ € X, and a vague soft set (¢ ~'(G), Y) over S, where ¢~ '(G) : Y — ¥(S) is given by
9 (G)(B) =9 (G(B)) forall B € Y.

Definition 5.8. Let (S, +, -) and (S', 4+, ') be hemirings, ¢ : S — S’ a homomorphism of hemirings and (F, X) a vague soft

set over S. Then (F, X) is called an @-compatible (€, € vq)-vague soft left h-ideal of S if F(a) is an @-compatible (g, € vq)-
vague left h-ideal of S for all @« € X.
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The next theorem presents the relationships between ¢-compatible (€, € Vq)-vague soft left h-ideals and ¢-compatible
left h-ideals of a hemiring.

Theorem 5.9. Let (S, +, ) and (S, +', /) be hemirings, ¢ : S — S’ a homomorphism of hemirings and (F, X) an (€, € Vq)-

vague soft left h-ideal over S. Then

1. (1:‘, X) is p-compatible if and only if non-empty subsets (@) andfﬁ(/;)S are p-compatible for allr € [0, 0.5), s € (0.5, 1] and
o e X. —

2. (F, X) is p-compatible if and only if non-empty subsets t; ., and [fﬁ(a)]s are p-compatible for allr € [0, 0.5), s € (0, 1] and
ae X. —

3. (F, X) is g-compatible if and only if non-empty subsets (tz,)r andfﬁ(a)s are p-compatible forallr,s € (0.5, 1] and o € X.

4. (F,X) is @-compatible if and only if non-empty subsets (tz,,)r and [f/ﬁ(a\)]s are g-compatible for allr € (0.5, 1], s € (0, 1]
anda € X. -

5. (F, X) is p-compatible if and only if non-empty subsets [tﬁax)]r andfﬁ(a)s are ¢-compatible for allr € (0, 1], s € (0.5, 1] and
o€ X. —

6. (F, X) is g-compatible if and only if non-empty subsets [tz 1 and [fz,Is are p-compatible for allr, s € (0, 1] and o € X.

Proof. It is straightforward by Theorem 5.3. O

Theorem 5.10. Let (S, +,-) and (S', +', ') be hemirings and ¢ : S — S’ an epimorphism of hemirings. If (F, X) is an
@-compatible (€, € vq)-vague soft left h-ideal over S, then (¢(F), X) is an (€, € vq)-vague soft left h-ideal over S'.

Proof. For any @ € X, since (f, X) is an p-compatible (€, € Vvq)-vague soft left h-ideal over S, ﬁ(a) is an p-compatible
(€, € vq)-vague left h-ideal of S. Hence ¢ (F)(«) = ¢(F(@)) is an (€, € Vq)-vague left h-ideal of S’ by Theorem 5.5, and so
(¢(F), X) is an (&, € vq)-vague soft left h-ideal over S’. O

Theorem 5.11. Let (S, +,-) and (S', +', ') be hemirings and ¢ : S — S’ a homomorphism of hemirings. If (G, Y) is an
(e, € vq)-vague soft left h-ideal over S, then (¢~ '(G), Y) is an ¢-compatible (€, € Vvq)-vague soft left h-ideal over S.

Proof. The proof is similar to that Theorem 5.10. O

Combining Theorems 5.10 and 5.11, we have the following result.

Theorem 5.12. Let (S, +, ) and (S, +', ') be hemirings and ¢ : S — S’ an epimorphism of hemirings. Then the mapping
Y i (F,X) — (p(F), X) defines a one-to-one correspondence between the set of all p-compatible (€, € Vvq)-vague soft left
h-ideals over S and the set of all (€, € Vv q)-vague soft left h-ideals over S'.

Definition 5.13. Let (F, X) and (G, Y) be two vague soft sets over S and S’, respectively. Let ¢ : S — S"and ¢/ : X — Y be
two mappings. Then the pair (¢, ¥) is called a vague soft hemiring homomorphism if it satisfies the following conditions:
(1) ¢ is an epimorphism of hemirings.
(2) ¢ is a surjective mapping.
(3) p(F(a)) = G(¢¥()) forall ¢ € X.

If there existsNa vague soft hemiring horr1~omorphisg1 between (13 ,X) and (6, Y), we say that (I:“ ,X) is vague soft
homomorphic to (G, Y), which is denoted by (F, X) ~ (G, Y). Moreover, if ¢ is an isomorphism of hemirings and ¢ is a

bijective mapping, then (¢, 1) is called a vague soft hemiring isomorphism. In this case, we say that (I:‘ , X) is vague soft
isomorphic to (G, Y), which is denoted by (F, X) = (G, Y).

Example 5.14. Denote by Ny and Ny /4, the hemiring of non-negative integers and the hemiring of non-negative integers
module 4, respectively. Let X = Np and Y = Ny /4. Define vague soft sets (I:" , X) over Ny and (6‘, Y) over Ny /4 by

1 ifx=0, 1 ifx=0,
1 . 1

@ ={o fxe@—{0}, 1-f,®={_ ifxe( —{0}
0 otherwise, 0 otherwise,

and

! ify € (B) ! ify € (B)
— i , | ,

o W) =1 4 Y 1—foe®) =14 Y
0 otherwise, 0 otherwise,

respectively, forall &, x € No, 8,y € Ng /(4. Let ¢ : Ng — Ng /4y be the natural mapping defined by ¢ (x) = [x] for all
x € Np. Evi~dent1y, @ is an epimorphism of hemirings. Now, it is easy to check that (¢, ¢) is a vague soft homomorphic from
(F,X)to (G, Y).
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Theorem 5.15. Let (S, +, -)and (S', 4+, ) be hemirings, (F, X) and (G, Y) vague soft sets over S and ', respectively, and (¢, ¥r)
avague soft homomorphic from (F, X) to (G, Y). If (F, X) is an ¢-compatible (€, € \Vq)-vague soft left h-ideal over S, then (G, Y)
is an (€, € vq)-vague soft left h-ideal over S'.

Proof. Since (¢, ¥) is a vague soft homomorphic from (ﬁ, X) to (6, Y), by Definition 5.13, ¢ is a surjective mapping from
X onto Y and ¢ is an epimorphism of from S onto S’. Now, for any 8 € Y, since v is surjective, there exists @ € X such that
Y (o) = B.From Theorem 5.5, since ¢ is an epimorphism, f;(ﬁ) = é(w(a)) = (p(I:‘(oz)) isan (€, € vq)-vague left h-ideal of
§’,and so (G, Y) is an (€, € vq)-vague soft left h-ideal over S’. O

Theorem 5.16. Let (S, +, -)and (S', 4/, ) be hemirings, (F, X) and (G, Y) vague soft sets over S and ', respectively, and (¢, ¥r)
a vague soft homomorphic from (F, X) to (G, Y). If (G, Y) isan (&, € \vq)-vague soft left h-ideal over S and ¢ is an isomorphism
of hemirings, then (F, X) is an ¢-compatible (€, € Vq)-vague soft left h-ideal over S.

Proof. Let ((~3, Y) be an (€, € Vvq)-vague soft left h-ideal over S. Then, for any o €X, é(w(a))js an (g, € \/q);vague left
h-ideal of S’. Now, since ¢ is an isomorphism, it follows from Theorem 5.6 that F(«) = ¢~ (¢(F(a))) = ¢~ (G(¥ ())) is

an g-compatible (€, € Vvq)-vague left h-ideal of S. Therefore, (F,X) is an @-compatible (€, € Vvq)-vague soft left h-ideal
overS. O

6. Conclusions

In this paper, our aim is to promote research and the development of vague (soft) technology by studying the vague (soft)
hemirings. The goal is to explain new methodological development in hemirings which will also be of growing importance
in the future. The obtained results can be applied the other algebraic structures. Our future work on this topic will focus on
studying the relationships among hemirings, BL-algebras and IS-algebras.
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