SUPPLEMENTARY MATERIALS: FISHER INFORMATION MATRIX
FOR SINGLE MOLECULES WITH STOCHASTIC TRAJECTORIES*

MILAD R. VAHID#Y, BERNARD HANZONS, AND RAIMUND J. OBER'YI

SM1. Proof of Theorem 2.2. 1. According to [SM6, SM7] and Lemma SM14.1
(see Section SM14.1), the probability P(D[t] =0,N(t) = O) is given by

t

P(D[t] = 0,N(t) = 0) = P(N(t) - o) = ¢ Jup MO,

Also, the probability density function py of Dy and N(t) is given by

(SM1.1)
P[] <dK,K> :pL{K\TK,N(t)(Tl"" STR|TL 7TK:K)pTK|N(t) (le" 7TK|K)P(N(t) = K>7

where d; € C! x Rl[t] and K = 1,2,---. According to Lemma SM14.1 (see Section
SM14.1),
1 ' K
(SM1.2) P(N(t) = K) = e Jig AT (/ A(T)dT) . K=0,1,,
! to

and

KT Ale)
(SM13) pTK\N(t)(Tla"'aTK|K> :ﬁv K:1a2a"'a

(fto A(’T)d’l’)
and using the assumption of Definition 2.1 (it is assumed that U;,l = 1,--- | K, is only
dependent of the previous and current time points 71, - - - , T;, and is independent of the
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future time points T;41, - - , Tk and the total number N (t) of the detected photons),
Puse e v (T sl i K)
= DU | Tk (le“ TR ITL, 7TK)

= PUk|Tk ,Dr-1 (TK|TK7 dK*1>pUK—1\TK—1,TK7’DK—2 (TKfllTKfl’ TK dK*Q)
X o X DUy | T <T‘1|T1,--- J’K)
=PUk|Tk D1 (TK|TK, dKfl)pUK,l\TK,l,DK,Q (TK71|TK71’ dK72)

X o X pyy Ty (7‘1\7'1>
K
(SM1.4) =[rvm.0 . (Tl|Tz,dl—1),
=1

where py, |, D, (71|71, d0> = puy T, (T1|7'1). By substituting Eqs. (SM1.2)-(SM1.4)
into Eq. (SM1.1), we have

ot aa E K
D) (dK,K) SR HA(Tk) HpUl\Tl,Dl,l('rﬂTl:dl—l) .
k=1 =1
2. The probability density function py, of Dy, is given by

pL(dL) = Puy |71 (7‘1,"' LT, 7TL)PTL (71,"' ,TL)

(SM1.5) = {ﬁpwm,pll (Tz|7'l, dz—1)} pTL, (n, .. ,TL),
1=1

where d; € C' x Rfoo] and whereby Lemma SM14.1 (see Section SM14.1),

L
(SM16) DT, (7-17 - ,TL) —e” ftOL A(T)dr H A(T]c)
k=1

By substituting Eq. (SM1.6) into Eq. (SM1.5), we have

L L
— [T A(T)dT
pL(dL) = ¢ Jig AT HA(Tk) |:HpUl|T,,DZ_1(7’lTladl1):| )
=1

k=1

and it completes the proof.

SM2. Proof of Corollary 2.4. The conditional probability density function
pu T, pr, in Egs. (2.1) and (2.2) of Theorem 2.2 can be written as, for z :=

(20, Y0, 20) € R?,
PULIT,, Dy 1 (Tz|7'z7d171)
= /3 Pu,, x (1) | T, D4 (lel"Thdlfl)dl'
R

= /3 DU |X(T}), Ty, Dy_4 (ml:v, ub dz—1)px<Tl)|Tl,D,,1 (wln, dz_l)dx
R

= / fa (1) Ppry (m\n, dlfl)df
JR3

1

= [t (3D)] Jos Gz (M‘lrz — (o, yO))pp'rl (af:\n,cll,l)dgy;7

(SM2.1)



SUPPLEMENTARY MATERIALS: FISHER INFORMATION FOR MOLECULES SM3

where d; € C x]th] for Gy (or d; € C! XRI[OO] for G1.), Ppr, = Px ()T D11s L = 1,2+,
denotes the distribution of the prediction of the object location, and py, (x|71, do) =

Dpry (:1c|7'1>7 in which we have used the assumption of Definition 2.3.

SM3. Proof of Theorem 3.2. Let G}y ( ()N(, H,W, Z) , (U[t]ﬂ'[t]) ,®.C. @) (or
QL( (f(, H,W, Z) , UL, TL) , d.C, @)) be an image detection process with expanded

state space X for a time interval [to,t] (or for a fixed number L of photons). Let
Dy := Uk, Tr), k=0,1,---, and

Dpry (Sf|Tl,dz—1> = DR ()| Di <f|Tz,dl—1), z € R”,

where d; € C! x th] (or d; € C' x R!_)), be the distribution of the prediction of the

[oo]
object location, and ppy, <f|ﬁ, do> = Ppry (;E|7'1).
1. If H = [I3x3 Osx(k—3)], then, for x = HZ,x := (z1,22,23)7 € R3,Z :=

(1, ,2,)T € R¥, we have T = (21,72, 23,24, -+ ,Zx)" and the probability density
function pyr, := px(1)|13,p,_, 1S given by
(SM3.1) Por (x|n,dl_1> = / o (:zm,dl_l)d@ - dzy,.

Rk—3

Next, we extend the results obtained in the previous part to more general matrices
H. Assume that there exists non—singular matrix H, € R3®*% and matrix Hy €
R3%(*=3) guch that H = [Hl Hg]. Let X (1) = SX(7),T > to, where

g [ H, H, ] c RFXE.
Ok—3)x3  L(k—3)x (k—3)

Hence, S is a non-singular matrix with determinant det (S) = det (H;) # 0 and S~!
exists. Then, for & = SZ,% := (Z1,--- ,71)T € RF & = (i1,--- ,21)T € R¥, we have

& =S5% = (H‘faj%"' afk)T = ($1,$2,$3,¢4,"' 7$k)T7

and, according to Eq. (SM3.1),

Dpry (x|n,dzfl> :/ Ppri ($.|Tl7dlfl>d$4"'ditk
Rk—3
:/ Dpry (S_lﬂﬂﬂadzq) \Hy | dzy - - diy,
RE—3
where ppr, = Px(1)\1y, D11 and S~ is given by

Sl[ Hi' —H{'H, ]
Ok—3)x3 Lk—3)x(k—-3)]

2. Then, p,y, can be calculated through the following steps:
Step 1. For I = 0, Eq. (3.5) becomes

X(Th) = o(to, T1) X (to) + W(to, T1).
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Then, by conditioning the both sides of the above equation on T} = 77, the conditional
probability density function p (T Ty is given by

P (31m) = (Patomx(t0) * P tom) (@)

where Z € R*, and * denotes the convolution operator. Then,
Ppr (ff|71) C=DPRr)m (f|ﬁ>
= /]RA Pg(to,m)X (to) (fo>pvv(to,r1) (f - EO)dfo

= W /R’“ PX (to) (ngl(to,ﬁ)ffo)pw(twl) (E - :fo) dZ,.

Step 2I. For [ =1,2,---, let
A= {X(Tl) = f}, B; := {Ul = ’I’l}, and Cp = {Tl = Tl} N {Dl—l = dl—l}-

Then, according to Bayes’ rule, we have the relation between the conditional proba-
bility densities of A;, By, and C as follows

p(Bl|Az,Cz)p(Al|Cz)
p<Bz\Cz)

p(l‘lz\Bz,Cz) =

ie.,

Py, | X (1), 1y, D11 (Tl|'fa us dl_l)pff(Tz)sz,Dz,_l (53|Tl, dl—l)

PU|T,, Di_s (7”1|Tz, dzq)

P%(1)|D, (ff\dl) =

B Py, X (1), 11,014 <Tl|x’7—l’dl—l)pX(TlﬂTl,szl (I|Tl; dl—l)

Jor Pu, (1)1 D1 (7“1, To|T, dz—l)dfo

Pu,|X (1), 1, D1 (“‘fa i dl*l)P)?mnTl,ml (f\Tb dH)

Jas Py, X (1), 11,014 (Tl|jo, Tis dl—1>pX(Tl)|Tl7Dl,1 (fo|Tl, dl—1)d:fo

(SM3.2) =

Since initial location of the object, observation noise, and process noise are mutually
independent, according to Eq. (3.6) and Theorem 2.7 of [SM3], we have

(SM3.3) Py, % (1), 11.00 (”'”E’Tl’dl‘l) :pUz|5<<n><”|f) = pz(uz) (1), TeR"

Therefore, by substituting Eq. (SM3.3) into Eq. (SM3.2) (note that we calculated
Dpr, in the previous step),

Dris (i‘|dl) C=PRm) D (fldl>

Pz(az) (1) Dpri (ﬂﬂy dlfl)

Jer Pz(Hz,) (T1) Dpr, (i’olm dz—1> dz,
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Step 2! + 1. By conditioning the both sides of Eq. (3.5) on Tjy; = 741 and
D; = d;, we have , for | =1,2,---,

PX(Ti11)|T141,Dy (i‘h—”l’ dl)

P(Ty, Ty 1) X(T)| Ty, (j|7—l+1’ dl) *PW(Ty,Tis1)| Tis 1, Dy <f|7—l+lv dl),
which, according to the independence of W(Tl, Ti+1) and Uy, Tj—1, becomes

PR (T4 1)I1Ti41, Dy (:E'TH'I’ dl)
= Pe(r,mn) X ()P (j|dl) *PW (r1,m141) (f)

= /Rk Pg(ry,mi41) X (1) Dy (fo|dl)1’v"vum+1)(“_7_‘fv)dfo
1 _— ) N
= g ) xod) 7 (z—xo)dxo,
det (6 )] /m R CRNCTL AR AT T,

(71, Ti41

or equivalently (note that we calculated ps;, in the previous step),

(SM3.4)
1

B ‘det (&(n,nﬂ))‘

3.1. See Theorem 7.2 of [SM3].
3.2. Setting C := M'H, Eq. (3.7) becomes

Ppriyq (f|7l+1’dl) / Dfiy ($_1(TL7T1+1)fo|dz)PW(n - )<3—3 - fo>dfo~
RK L

(SM3.5) Uy =2HX(1))=CX(n)+Zgy, 1=1,2,---,

where
1 1 74
pz,,(T) :exp(r b)) r>, recC.
o 27 [det(2,)]? 20 7

Since Z4,; is independent of D;_;, T; and X, then, according to Eq. (SM3.5),
Z(HX (7)) is the sum of two independent Gaussian random variables and its proba-
bility density function is given by

DPUTy, Dy (Tleudzq) = PZ(HX (m))|T1,Ds (Tz\Tl,dlq)
1 1
(SM3.6) = —exp| —=(m—?)TR(r —7) |,
27 [det (R)]"/? 2 :

where R, := CP/"'CT + 5y and 7, := Cd] "

SM4. Example of maximum likelihood estimation. Let the 3D (or 2D)
motion of an object be given by the following continuous-time stochastic differential
equation

(SM4.1) dX (1) = (V + FX(r))dr +V2DdB(1), T >t

where V € R3 (or R?), F € R3*3 (or R2%2) and D > 0 denote the zero order drift,
first order drift and diffusion coefficients, respectively, and {B(7),7 > to} is a 3 (or
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2)-vector Brownian motion process with
E{dB dB T} —ngg (OI‘ IQXQ)

As an example, next, for the case that the first order drift is a diagonal matrix, i.e.,
FIy.o, F € R, and there is no zero order drift, we derive expressions for the likelihood
function and its derivative with respect to the drift and diffusion coefficients for 2D
trajectories. Let X (ty) be Gaussian distributed with mean zq € R? and diagonal
covariance matrix Py := polax2,po > 0, which is assumed to be independent of
B(1). Assume that the photon detection rate A, the magnification matrix M =
mlyxo,m > 0, and the covariance matrix ¥, = vlax,v > 0, of the measurement
noise are independent of the parameter vector 8 € ©. Also, for the corresponding
discrete system at time points 79 (=t < 71 < 7o < -+ < T < ---, let the transition
matrix be given by ¢(r—1,7) = ¢°*(11—1, 7)) [2x2, ¢°(T1—1,71) € R, and the process
noise covariance matrix be given by Qq(m—1,7) = ¢°(1i—1, 71)I2x2,¢°* (-1, 1) > 0.
Then, the covariances of the states, which can be calculated through the Kalman
filter formulae recursively, are also scalar matrices, i.e., can be defined as Pé;l =

pl(;llfgxg,pifll >0,l=1,2,---. Also, let :fcifll denote the means of the states.

Then, the maximum likelihood estimate 10 Of 0 = (61, ,0,) is the solution
of the following equation, according to Eq. (SM11.6), for the acquired data denoted
by di € CK XR[K],K:LZ,~~,

Alog L (0|dk)

a0;
K 25 1—1,i ~l—1 ~l—1 T
1 m<dpg (T‘l —miy ) (rl —miy, )
:fotrace T Ioxo — > -1
= 2 mopg, tv mopg, tv
Jl—12
mdz, <rl mmle ll>
meZTZ1 + v

(SM4.2)

Z 1 deplefll’i HT mmel H mdzle ll st ('rl mzlg ll)

=N T8t ) [a- — =
=1 1= ;

=1 2 mzl)e,l tv Pe,l +v ﬂe,l +v

where i = 1,--- ,n, ||.]| denotes the Euclidean norm, and for [ = 1,2,---, Xéfl) =
. ;

S—1 a1
[Ie,z dl’a,z l

~l—1 1—1

Jl-14 . 0%y, (@) ._ |, 1-1 I—1, -1, ._ 9pg,

Ay = 50, s Poil = |pgy  dpy, ,and dpy, " = —5g— can be calculated

through the following recursive formulas, by combmmg the Kalman filtering equations
(Egs. (3.11) and (3.12)) and their derivatives, and using Lemma SM14.2 (see Section
SM14.2),

o (1) (1) (i ) (1) Al—1
Xe, Aa z+1X9 Ba 14+1 ( — My ) )
i, 149 (71 Ti4)
(SM4.3) P, l)+1 Cy z+1Pe(,z) + | 945 (rmi41) ]
o (i b0 (to, T1) To,0 } @ (98 (to.71))? po + g3 (to, 1)
where XV = - ’ , P’ s > g ,
0,1 3¢9§t9(;, 1)93670 + ¢9 (thTl) 389 0,1 — 6((;59(8152;71)) po + aqf,g;i,n)



SUPPLEMENTARY MATERIALS: FISHER INFORMATION FOR MOLECULES SM7

and
A0 -ge(n,ﬂ“) 022
0,0+1 " _¢>9(+:’1+1) ¢0(Tl,7'l+1) (12X2 _ KGJM) ,
[ O ¢%glsz+1a)Ko,z
O g (1, Tig1) gt + d)g(gé’;‘“)l{w ’
(SM4.4)
[ 2
oW . (1 - mk;,l) (#5(m1,T141)) 0
0,l+1 "~ (s , 2 ks 9 N
(1= mik3,) % —mgpt by me))? (1= mkg,) ($5(m )

where the Kalman gain and its derivative are given by

-1 [—1,i
m ok} mud, ’
(SM45) Koy = k) loxs, ki, o= —rot - O000 Po,
’ s ) m2 —1 ) 00 -1 2
Po,l ’ (m209,z +v)

1. If FF #0, then, for Il =1,2,---,

D
¢*(r-1,m) = "D g (g, m) = v (ezF(”_TH) — 1) :

(a}) If the only unknown parameter is the first order drift coefficient F', i.e., 0 = F,

then, for Amqq =141 — 7,
A [ efATI O2x2
0,l+1 — _ATZ+1€FATZ+112><2 eF AT (I2><2 _ mK@,l) )
B - e Ko
= K
0,141 P AT ( 83,1 +AT1+1K9,1)
[ (1= mkg, ) e2Fams 0
Coiv1 = s QI;AT, 1 Okg1 2FAT s\ 2FAT
i 1-— mke,z 2AT 1€ 1 —m—pg—e I+ 1-— mkgyl e +
and
(SM4.6)
X B eFATle P B eQFA‘rlpO + % (62FA7'1 _ 1)
0,1 = 0,1 =
5 ATl@FATliUO ) s 2AT1€2FATlpO+%€2FATl (—%+2A7_1)+%

(b) If the only unknown parameter is the diffusion coefficient D, i.e., § = D,
then,

A B eFATl+1 Iaxo O2x2 B _ eFAT1,+1 KG,Z
0,1+1 = 022 eFATI (Iox2 —mKg,)| 0,141 = | FAT afgg‘z )
(1= mky, ) e2Fame 0
Coi+1 = ok,
, —m az,z G2FAT (1 — mkg l) (2FAT |
and
FA 2FA D (2FA
(SM4.7) Xpi = |€Tao) g o g (€70 1)
s 02><1 ’ s 2AT182FATIPO + % (62FA7'1 _ 1)

2. If F =0, then, for [ =1,2,---,

o*(n-1,m) =1, ¢ (mn-1,m)=2D (1 —71-1).
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If the only unknown parameter is the diffusion coefficient D, i.e., 8 = D, then,

_ s
Aprar = Iox2 O2x2 } Bo 1ot — aKKe,z Conn = 1 Tg}ff’l 0
s - _ ’ s - 0,1 | > - 6,1 s
O2x2  Iax2 —mKg T -m—5 1 —mkj
and
5 xo po + 2DAT
SM4.8 Xp1 = Py1= .
( ) ) 02><1 9’ ) 2AT1
3 ]
25 ¢ 25 °
2 :"t ﬁ & X ﬁ ] “‘ 2 :“f_, 2 \J‘( I
4 L) | | [4 | i [ I il
Eux 2 \‘F h‘ Al o Il gu” (w1l I “\H‘w“\(, AN (i
X = | [ * 1 l1r1 5= 1| Tl 1 AR RVUIRTANY ]
s oA LT VL b A ] g8 o i i AT Y
I A AN T A - 14 1 L
g LT IRE YTV e v =g o |l Y L |
=g |00 Y ﬂ Myt =8 ‘1 | N
T IR HEEEEP |
£5 | £5
37 e
0 20 40 60 80 100 0 20 40 60 80 100
Data set Data set

Fi1a. SM1. Analysis of the error of the first order drift matriz estimates produced by the
maximum likelihood estimation method for the Gaussian measurement model. Differences between
the estimates of the first order drift coefficients in x and y directions and their true values for the
data sets of 2D trajectory of an in-focus molecule in the object space simulated using Eq. (SMJ.1)
where the time points are drawn from a Poisson process with mean 500 in the time interval [0,100]
ms with the first order drift matric F = [Fy],4,j = 1,2,F12 = Fo1 = 0,F11 = Fr = —10/s,
Fys = Fy = —5/s and the diffusion coefficient D =1 um? /s. Also, we assume that there is no zero
order drift and the initial location of the molecule is Gaussian distributed with mean xo = (4.4,4.4)T
pum and covariance Py = 1012x2 nm?2.

SM5. More estimation results for Gaussian measurements.

SM6. Sequential Monte Carlo method. Here, for the acquired data denoted
by d; € C' x Rfoo] (or d; € C x th]), l=1,2,---, we approximate the distribution

Dprisi (ml+1|n+1, dl) through the sequential Monte Carlo method provided in [SM5].
Note that

Dprigy (Il+1|71+1,dl) = DX (T111)|Ti41,D; ($l+1|71+1,dz)
= /\3 PX(Ty 1), X(T)|T141,D1 (thx‘THl’dl)dm
»
= /3PX<TZ+1>\X<T1),TH1,DZ ($l+1lfv’ﬂ+1adl)PX<TL>\Tz+1,Dz (x|ﬂ+1’dl)d-’ﬂ
R

(SM6.1) = /3 DX (Ty41)|X(Ty),Ti11,D; (Jiz+1|ai, Ti41, dz)pfil (x\dz)da:,
R

where pg;, (a:|dl) = DX (1) (x|dl> ,x € R3, and for the linear stochastic system with

state X(7) € R®,7 > tg, zero-mean Gaussian process noise with covariance matrix
Qy(11,1141) € R¥3,Qy(7,7141) > 0, and state-transition matrix ¢(r, 741) € R3*3,
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we have, for z; € R3,

DX (T4 )| X (1)), Tis1,Dy (:171+1 |21, Ti41, dl)

=Dx (101X (1) (T |zr)
1

(2m)3/2 [det (Qg (1, i1))]"/?

(SM6.2) X exp (_%(1‘[4»1 — ¢y 141) 1) T Qy (71, i) (wen — ¢(Tz,ﬂ+1)ml)> .

The distribution py;, of the filtered object location can be approximated as [SM5]

N
(SM6.3) Priy (Cl?z\dl) ~ szi(rl)‘s (21— ),
i=1

where § is the Dirac delta function, and the samples x; and their corresponding
weights wf (r1),i=1,--- N, are given through the following sequential Monte Carlo
algorithm. Finally, by substituting Eqs. (SM6.2) and (SM6.3) into Eq. (SM6.1), the
distribution pp,,, can be approximated as

Poriga (mlJrl |Tl+17 dl) ~

2

>

=1

N
w] (T)Px (T4 ) 1X(T) (sz |:r})
=1
N ,
wi(r1) 1 i
exp | — *(171-;-1 — ¢(T1,Tl+1):ﬂl)
= (2m)3/2 [det (Qg (1, Ti41))] ( 2

x Qg (11, Tig1) (mig1 — ¢(Tz77'z+1)50zi)>~

Sequential Monte Carlo (particle filter) algorithm: [SM5]
‘ 1. Draw initial samples {xf)}jvzl according to px (,)(zo), i.e.,
Ty ~ Px(t)(T0), i =1,--- N, and set | = 1.

N
i=1

2. Draw independent and identically distributed samples {x;} according to

PX (1) X (Ty-1) (fﬂzlfc?fl), Le., & ~ Px (1) X (T)_1) (:‘czle,l),z‘ =1,---,N.

3. Compute the weights sequence {wf(rl)}ilil as

. f:v‘ T
w}(rl):# ZZI,,N

ZZN:1 f:z:; (Tl) ’

N
i=1

4. Resample new particles x{,j =1,---,N, from the set {x}} according to

the importance weights w(r;), i.e., according to

P(gc{:x}) =wj(r), i=1,---,N,

where P (2] = i}) denotes the probability of ] = .

5. Increment [ — [ + 1 and return to step 2.
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(a) (b)
o 45 < 1000
S 2
g o £E
] 3 = 500
5 E35 5 @ *
c 3 c 5 k% *
s~ 3 28 o <
g 25 §a
> > 500

1.5 2 2.5 3 3.5 4 4.5 -400 -200 0 200 400 600 800

(C) X-location of molecule (1:m) (d) X-location of detected photons (:m)
c
] 1 2
B =~ . ¥ * £ ¥
] | \ \ il
R ol T*\m iy | s 5 4 T ¥
-« | I (4
T L ‘\ﬁé 2= 1 F‘ ‘ W |
sl bk el 22 ] ”ﬁ | "‘ i Tw‘\ A I
° [l I (| ‘H | * \\ | *H I I\
2= MWL s B ‘w *‘\ il 211 \ ‘ L/l 4
€ of Ml LT VA © & of|[F]| *‘1 MH TN 1 T |

+ | x e f l\ Il Tl \
T8 I (U LT * ISy (I -3 “*\M 1 i M
- 8 ;Hﬁ | ‘WM**\‘ | & \‘H‘ ‘ 1 H\‘ e \H‘ ‘\L \‘ \\ ‘l \‘ l MM‘ ﬂ\\ | M‘
o E | > \“U\“‘ | Hm”\\i\l *J S5 [+ ‘H i\ “*
5 8050 | P * LA It E o-lf i ‘\ L “ X
g3 1] wli L i £ 8 L;
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F1a. SM2. Analysis of the error of diffusion coefficient and first order drift coefficient estimates
produced by the mazimum likelihood estimation method for the Airy measurement model. (a) The
two-dimensional single molecule trajectory simulated in Fig. 3(a). (b) Detected locations of the
photons emitted from the molecule trajectory of part (a) in the image space which are simulated
using Eq. (3.6) with the Airy profile (Eq. (2.4)) and o := 27’% = 2.59. (c) Differences between
the diffusion coefficient estimates and the true diffusion coefficient value for 100 data sets, each
containing a trajectory of a molecule simulated using Eqs. (SM4.1) and (3.6) with the Airy profile,
and the parameters given in parts (a) and (b). (d) Differences between the first order drift coefficient
estimates and its true value for the data sets of part (c).

SMT7. Estimation results for Airy measurements. Here, we analyze the
error of the diffusion and first order drift coefficient estimates for simulated data sets
with the Airy measurement profile, with the same standard deviation as the Born and
Wolf and Gaussian data presented in Figs. 3-8, and obtain similar results (see Figs.
SM2 and SM3). We also show the differences between the means of the distributions
of the prediction of the molecule locations and the true locations of the molecule in
Fig. SM5 (see Section SM14.6).

SMS8. Proof of Theorem 5.2. Let Gy ( (U, Ty) €, @) and gL<(uL,TL) ,C,

@) be image detection processes for a time interval [to,t] and for a fixed number L
of photons, respectively. Let D) := (L{[t], T[t}) D := U, T) , k=0,1,---. Assume
that the conditional probability density functions pOUL‘Tl Dy JA=1,2,--- of Uy, given
T, and D;_4, satisfy the following regularity conditions, for § = (6y,--- ,0,) € O,

angTlx'Dl—l (""l|7'l7dl—1 . .
58 exists fori =1, --- ,n,

(a -
ap%l‘TbDl—l (Tln’dl*1> .
(b) dr<ocofori=1,---,nm,
c

a0,

where d; € C! x R%t] for Gy, d; € Cl x Rloo] for Gr,, and p’ (r1|7'1, do) =p? <r1|71).
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Fic. SM3. Predicted locations of the molecule for the Airy measurement model. (a) and (b)
Means of the distributions of the prediction of the molecule x- and y-locations and the true - and y-
locations of the molecule for the same data set as in Figs. SM2(a) and SM2(b). The measurements
transformed from the image space to the object space are also shown. (c) and (d) Means of the
distributions of the prediction of the molecule - and y-locations and the true x- and y-locations of
the molecule over the time interval [0,27.5] ms.

1.1. Then, the Fisher information matrix If;(0) of Gy is given by

(610g£(9|dK)>T (abgc(adx))] |

(SMS.1) I4(0)=E i -

where dig € CK x R[It(], K = 1,2,---, and £ denotes the likelihood function. By

substituting the expression of the likelihood function Ly of Gy (Eq. (4.1)) into Eq.
(SM8.1), according to [SM6, SM7], we have

dlog Py <N(t) = 0) " [ 910g Py (N(t) = 0)
14(0) = Py (N(t) :0) ( 5 ) ( 7 )
oo t T3 T2 dlogp?. (dr, K ’ dlogp?. (di, K
S /C.../Cp[eﬂ(dK,K)< (o )) ( (o )>
X dTl .. -d’r‘KdT1dT2 e dTK
. oy (N (1) = 0) 5 oy (N (1) = 0)
- Py (N(t) 0) ( o0 ) ( o0 )
N N 1 onfy (4. ) \ [ 0fy (45 )
L e L () (M5
(SM8.2)

X dry--- dTKdTldTQ B dTK,

where Py (N (t) = 0) is the probability of N(¢) = 0 and p[et] denotes the probability
density function of Dy and N (2).
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1.2. Assume that the photon detection rate A is independent of . By substituting
Egs. (SM1.1)-(SM1.3) into Eq. (SM8.2), we have

S t T3 T2 1
I[t](6)=ZP(N(t)=K)/.../ / {//
K=1 to to Jto ¢ CPZK\TK(“"" S TK T, 77'K)
T
oty (rireee el i)\ (90l (oo el )
X 3 dry---drg

00 [

X PTg |N(t) (n, s ,7—K|K)d7—1d7—2 o dTR
(SM8.3)

NG t T3 (T2 X
—e Jig A7) E {/ / / I.,—l’_,_y-,—K(e)HA(Tk)dTlde"'dTK},
K=1 to to “Yto k=1

where, for tg <7 <--- <7g <t, I ...+ is given by
Irp o ric (0)

T
810@172“(‘7—}( (Tl:K‘Tl:K> 810gp2{K|7—K <r1:K|7-1:K)
= Bug | Tk =m1.x 90 90

T
_ 0 BIngszITK (rl:K|TI:K> alngZGAK\TK (Tl:K‘Tl:K>
=) Pl Tic (T1;K\T1;K> 50 58

><d7"K-~~d’r‘1

B 1 3PZ,K‘TK (TLK\TLK) ’ 3PZK|TK (leKlleK)
_/C/ (T1;K\T1:K) 90 90

0
CPUK\TK

(SM8.4)
X drg «--dry,

where 1. = (11, ,rx), 1.k = (71, ,TK), K =1,2,---. Since

K . .
pZKITK (7“1:K|T1;1<) =11, p‘)UI"Tth_1 (rl\n, dl,l), according to Lemma 1 (chain rule

for the Fisher information matrix) of [SM8], we have

K
Iy o (0) = Zl:l Igll\Tl,,gl—1(0)’ tosm < <TK St
LK 0, otherwise,
where the Fisher information matrix I/}t of Ul = 1,--- , K, calculated with

Ui|T;,Di—1
respect to the conditional probability density function p%lez p,_, at fixed time points

Ti = 7.1, is given by

0 T 0
T (g =& {<810ngL|Tl,DZ_1(7’lTlvdl1)) (810nglTl,Dl_l(rl7—l7dl1))
= PUTi=T1a

UillTy, Dy 06 o6

P T
o [t i) (e m e, ()
c c U |7y 1:1171:1 90

810gp?/l‘Tl’Dl—1 (TllTh dl—l)
X d’l"l~-~d’l"1

a6

/ /0 (raal )/ 1
= P T1:0—1|T1:01—1
¢ ¢ U 11T -1

c po
Puy Ty, D14 (mln’dl’l)

T
81)?’1\7%731_1 (ﬂ\ﬂ, dlfl) apgf,\Tl,Dl_l (Tl\Th dl—l)
(SMSS) X - - dTl dr;,_l LR d’l‘l.

o6 o6
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2.1. Moreover, by substituting the expression for the likelihood function £ of
Gr, (Eq. (4.2)) into Eq. (SM8.1), the Fisher information matrix I,(#) of G, can be
obtained as

o T3 rTo ) 6logp9L(dL) g BlogpeL(dL>
= [ 7 o) () (LD

X dTldTQ s dTL

(SMS.6)

o0 T3 (T2 1 opf (dL) ! opY (dL)
L Ly () (o

where dy, € CF x R{j)o L and p% denotes the probability density function of Dy,.

2.2. Assume that the photon detection rate A is independent of §. By substituting
Eq. (2.2) into Eq. (SM8.6), we have, according to Eq. (SM1.6) and using the similar
procedure used in the previous part,

I15,(0) = /oo /73 /72 [/ / 1 8172&‘% (7’1:L|7'1:L)
(0) =
to to Jto c c ngl a0

T (Tl:L\TLL)

y <BPZL IT% (T1;L|71;L)

T

b ) drl---er:|p7—L (712 )dridrs -+ dr,

L
%) T3 T2 L dr
:/ / / Iy, (B)e Jegr M) | | A(7)dridre - - - d7r,.
to to to

k=1
SM9. Proof of Corollary 5.4. Let G (X, (U i) > 9,C, @) (or Gr, (X, (Us,

T.),4q,C, @)) be an image detection process driven by the stochastic trajectory X and

image function ¢ for a time interval [to,t] (or a fixed number L of photons). Assume
that the photon detection rate A is independent of 8. The Fisher information matrix
I ... 7 in Eq. (5.2) (or Eq. (5.6)) of Theorem 5.2 is given by

K TR
2= f&‘TL,EH(G), to<T1 < <7k <t

0, otherwise,

Iy o2y (0) = {

Wher67 for T1:0 = (rla"' 77nl)77—1:l = (T17"' 7Tl)7l:17"' 7Ka

1
iyl (6) :/ "'/Pe (7‘1;1—1|71:l—1) /
UillTy, Py c o Hi—1lTi—a ¢

0
rylT, di—
PU”leplil( e, di 1)

T
317?1”7%13171 (Tz\ﬂ, dl—l) 31)?]”'17,13171 (TL\TI, dl—l)
(SM9.1) X dry|dri—1---drq,

a0 a0

T1
and I 0|

tional probability density functions ngl DT in terms of the image profile f,,z € R3,
as

1, 1s given by Eq. (5.5). According to Eq. (SM2.1), we can express the condi-

(SM92) p%llTl7DL—1 (T1|Tl, dlfl) = \/3 fgo (Tl)pgm ($O|Tl, dl,l)dxo,
RE

where pg” = p&(Tl)lTth_l denotes the distribution of the prediction of the object

location, pfm ([L'O|T1,d()> = wal (mo|ﬁ), and z, € R? denotes a running variable
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in the object space. By substituting Eq. (SM9.2) into Eq. (SM9.1), we have, for
dpgn = app’l and dfe )

T1 5T,
IULITz Dz 1(9)

:/"'/p{i{lil‘Tlil(Tl:l—ll"'l:l—l){/ !
¢ ¢ ¢ P?]”leplil (Tl‘Tl»dl,—l)
dar Tyl d 0 dp? d "l
“\ L | (e (r1))" Ppr, (@117, dier ) + fo, () (dppy, (21l iy T
-0 0 0 0
X </]RS |:de2 (T‘l)pprl (I2|Tl,dl,1> —+ fT'z (’I’L) dpprl (I2|T17d171>:| dmg) d’r‘l}drl71 ceedry
S ARTAC ) L L Lo
= Pu |77 7“1 d—1[T1:1—1
ot &3 JRr3 p . (""ll"'ladl—l)

U | Ty, D

o (@1l die o (sl )] afe_ (r)
el o)t ))) [ G ) PG ] g )]
X dwldwzdn}dn,l ceedr

0 T
F, 1, d,) [F, (zg,dl>]
—/ /Pu |73 Tll 1|T1:-1 / / / dr; | deidas
A ey w3 Jrs | Je pU”TL . (Tll'rhdl—l)

(SM9.3)
X d’l"l_l B dTl,

where for [ =1,2,---,

F (e.t) o= | (@2 00)" (bl (o)) [pf?n (Jﬂzl;ﬁl)] reR,

Pl s (7”1|Tz,dzf1) = /R3 £2(r) vy, <$o|ﬂ»d171)d$oa

-1
Pl o175 (T1:l—1|7'1:l—1) = 1_[/]RS 12 (ri) Pl (Jfo|7'i7di—1>d9€m
i=1

with I LTflﬂTl given by

I, (0 / /}R \ / \ In) [, )" (dpf, (xllﬂ)ﬂ {pgT}g(f(ﬂ)T 1)}

y [p (x2|n)]T[ df?, (r) )] dovdad.

#oy ) "] | (saln
SM10. Proof of Corollary 5.6. Fortg <7 < - < 7, let G, ... 1y ( Uk, Tk),C, @)
be an image detection process at fixed time points 71, --- , 7x. Assume that

PUTy, Dy (Tl\Tl,dzq) = put, (Tlel), deC xR, =12,

1. According to Eq. (2.8), we have, for , € R?,1 =1,2,---,

(SM10.1) Dux | Tk (T1, C TR |T aTK) = Hp%lm (rl|7'l)~
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By substituting Eq. (SM10.1) into Eq. (5.4), we have

Z£1IITJIZ|TL(9)7 lo<m <. <7k,
I‘f'u' yTK (0) = .
0, otherwise,

where for [ =1,--- | K,

T 0 0
IUZL\TZ (9) = /]R2 (/Rz pUllTl (7‘1|7‘1)d’r1) e (/Rz pszﬂTL—l (’r‘l_1|7‘l_1)d7“l_1)
T
1 Opl i, (Tl|ﬂ) ol i, (7“1|Tl>
x 90 0 ary
p9U1|Tl (Tl|7'l)
T
1 aPGU,\T, (T|Tl) GP?JHT, (T‘Tl)
(SM10.2) :/ 5 5 dr.
R2 ngl\Tz (T|Tz)

2.1. For an object with deterministic trajectory X, (6) := (x,(0),y-(0)) € R?,7 >
to, assume that there exists an image function ¢: R? — R, which is assumed to be
independent of the parameter vector @, such that for r = (z,y) € R%,ty < 7 < t, and
a magnification factor M > 1,

(SM10.3) p&m (r|7’) = fx, 0 (r) = ]\{1[2(](]\:2 —x.(0), % - ?JT(@))-

Then, by substituting Eq. (SM10.3) into Eq. (SM10.2), I, = IlTleITz is obtained as,
for = (61, - ,0,) €O,

T
1 1 oa( i = @ @),y — vr @)
1@ = — [,
MR (= ey @) — ury () 20

M M
oa( 5 = or 0. 5 —vr (9)
X dxdy

a6

(SM10.4)
2 ; 1 T
0a({ —wry (0), 5 —vry ()] [0a( 3~ (0), Ff —ur, ()
50, 90,

1

_ L/
S M2 IR2 g (G - er(0), F — ur, (9)

dzdy.

oa( & —wry (0), % —ur () | | 0a(F —2ry (6), 5 —ur, (9))
80, 90n,

For each (z,y) € R?, let hy, , = (hy, hy): R? — R?, such that, for 6 € O, (z,(0), y-,(0))
€ R?,

=2 (0), (@ (0),5m (9)) = L — 3, (6).

Then, for d;, = (z+,,yr,): © — R?, the composite function (q o hy , o d,,)(0) is given
by

hﬂﬂ(xﬂ (0)3 Yn (0)) -

€z Y
(40 ey 0 d5)(60) = alhay (0 (0)) = 4 (17 = 27,(0), 22 = 4 (6))
and therefore, using the formal definition of partial derivatives, we can rewrite Eq.
(SM10.4) as

1

(D1(a0 hay 0dr))B1, - ,0n)] [(D1(a0 hay odr)(01, -, 60)]T
1
Ir,(0) = — - : :
1(0) M2 /1R2 (a0 ha,y odr)(0)

(D (a0 ha,y 0 dr))(O1, -, 0m)] |(Dn(aohayodry))(01, - 6n)

(SM10.5) x dady.
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Assume that d, is continuously differentiable on all of ©, and h, , is differentiable
at d-, (8). Also, suppose that ¢ is differentiable at h; , (d-,(6)) . Then, according to
Theorem SM14.3 (see Section SM14.3), for ¢ =,1--- ,n,

(Di(g 0 ha,y 0 dr,))(0) = (D1q)
h,c "

(
(hay
(

(hay(
(D1Q)
+ (D29)

)

)
(
(
+ (D29) (ha,y(d-,
= (D19)(ha y(dr, (0)))(Dizr, )(0) — (D

(SM10.6) —— [(Dian)®) (D)) [P

V]
ey
=
>
8
@
—
IS8
5
—
>
=
=
=
=
>
<
]
\_/
=
>
=

By substituting Eq. (SM10.6) into Eq. (SM10.5), we have, for § = (01,--- ,0,) € ©,
R 1 (D1a)(ha,y (dry ()))] [(D1)(ha,y(dry (O))]T
IO =3V (”>M2 a(hm o (dey (0))) {(quxmﬂdrﬁ <0>>>] [<D2q><hI,Z<de <o>>>] d“ly] ve(n)

L vrm) Jr2 m [(D19)(ha,y (dr) (6)))]? dady
M2 J2 m(qu)( 2,y (dr, (0)))(D2q)(ha,y(d- (0)))dzdy

(SM10.7)
i 0oy (1) () (D30) (g (O]
fez gty [(D20) (e (A, (0)))] dady o(m
where
(Dle)(Q) (Dnmf)(ﬂ)] 2xn
Vo(m) := ! ! € R=*™,
o(m) [(Dlyn)(e) <o (Dayn)(0)
Let wy: R? — R, such that
wi(,0) = —— [(Drg)(w,0)]%,  (u,v) € R2
1 5 q(u,v) 1 ) ) ) )

be an integrable function. Also, for each 8 = (61,---,60,) € O, (z,,(0),y-(0)) € R?,
let go.r, = (gé,n,ggm): R? — R2, such that

907 (2.9) = (95 7, (2.9), 83, @) = (57 =20 (0), 25 =y (8)) = (u,0).

Then, we have for the Jacobian J(gg ) of g -,

896, (x.y)  gp ., (z,y) |
J( ) — ox 0y | 0
96,7, 995 - (x.y) g5 . (x,y) 0 ﬁ )
ox oy
and the modulus of its determinant is given by
1
= 0 1 1
w(f 3)|-bl- i
0 M M2 M2

Then, according to Theorem SM14.4 (see Section SM14.4),
[ ot vddudo = 55 [ wor (g0 o) dody

-1 z Y _
(SM10.8) =+ /R Jw ( = (0), 2 yn(Q)) dady.
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Also, let wy, ws3: R? — R, such that

W) = s (D)) (Do) ,v), - (,0) € B,
and
1 2 2
’LU3(U,U) - q(u7 1)) [(DQQ)(uvv)] ) (U7U) eRrR 5

be integrable functions. Similarly, according to Theorem SM14.4 (see Section SM14.4),
(SM10.9)
/ w;(u, v)dudv = L/ wj (i —z,(0) Y (9)) dxd i=2,3
R2 3 l) - M2 Rz K3 M Tl k) M yn y’ - 9.

Then, by substituting Egs. (SM10.8) and (SM10.9) into Eq. (SM10.7),

Juz 35 (Dra) (. 0) (Dag)(w,v)dudy  Jyo gt (Do), v)] dudw | V2TV

_ L [(Dia)(u,v)] [(D1g)(u,v)] "
=V (m) |:/na2 2w v) [(D;g)(u,v)] [(D;Z)(u,v)] dudv] Ve (T1)-
2.2. The results follow by using the similar procedure used in the previous part.

SM11. Proof of Corollary 5.7. According to Theorem 5.2, the Fisher infor-
mation matrix I, ... -, in Eq. (5.2) (or Eq. (5. 6)% can be calculated as

L, ) = VgT(Tl) |: ng m [(D1g)(u, v)]2 dudv f]RQ ﬁ(qu)(u7 v)(D2q)(u, v)dudv

Zl 1 Ul\TMT)ll 1(9)7 to<T < - <TR <t

0, otherwise,

Ly e (6) = {

where

0
UL|TZ Dl 1 / /p“z 11T Tll 17— 1)[/CpUz\Tl’Dz—l(Tlln’dl’l)
GIOgP%l‘Tlle—l (""ll'rladl—l) 810%1’8[]”7-[,1;[71 (7‘1|Tz,dz—1>
X dry|dri—1---dry,

o0 90

with d € C' € Ry (or dy € C' € R{ ), and ryy = (11, 1) 71 = (11,000, 7)1 =
1,2,-+-. Under the certain regularity conditions, for 8 = (61, ---,0,) € 0,i,j =

- -th T1, 03Tl T1, Tl )
1,---,n, the ¢, 7" entry {IU”TZ Dy 1} of IUL‘Tl p,_, can be calculated as
[IUili"z Dy 1(9)} _/ /pul 1T T1l lTa—- 1)

9° log pf , rilT, di—a
(SM11.1) X |:_/cp?]l|Tlle_1(”|Tl’dl*1) U1y gé—el( )drl:| Ay - dry.
iV

According to Eq. (SM3.6),

1 1 .
(SM11.2) peU T D (Tl|7'l,dl—1) =—— ——exp| — 7631R9 eo,l |,
11T, D1 o [det (RQ,L)]1/2 2% N

where e | =1 — C’j‘zéjﬂ R = C’Pé;lCT + Xy, and for [ =0,1,---,

ffle,z+1 = ¢~>9(Tl,7'l+1)5?l9,z + ao (7, Ti41),

(SM11.3) Pj i1 = o(m, m41) Po g (11, m141) + Qo (11, Ti41),
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and for [ =1,2,---,
Al ~1—1 ~l—1
To1 = T, + Koi(ri — O%,z )s
! -1
Py, =Py, — Ko, CP, 9; ;
—1
(SM11.4) Koy = Pi'C” (CP;;ICT + 2g) ,
where 29, := Zg0, Py := Pp0. In order to calculate [I(;lm P, 1} Ji,j=1,---.,m,
; ; Di-1]g
in Eq. (SM11.1), we first calculate, for 6 = (61,---,0,) € © and i = 1,--- ,n, the
. . 9 . X
derivative of log PUT, Dy with respect to 6; as below
8log Pl 17,0y, (Tl‘Tlvdl—l) 1 Ry,
= — —trace <R9 1 : )
1 (def, ORg,1 Oeq 1
(SM11.5) -3 ( 5. Ryjeon — ey Ryt 2. Ryieor+ep Ry 20 |-
. . . . . 3 1 Oe
Since the covariance matrix Rg; is symmetric, then, Relef)l = eQZR(, 599 St

and therefore, according to Eq. (SM11.5),(note that trace (ee,lRa_ll B8R, Re L€6 l) =

90;
3Rel
eezRez Rezeel)

dlogply iy p (Tlehdl—l) 1 OR 1 AR
11T71,Dy 1 —1 6,1 —1 6,1 ,—1
20, = ——trace (Re 1 20, ) + Etrace <e€ IRG f 36, R0,169J>
3891 _10eq,
-5 ( 30, Rgieou+eg Ry, 30,
1 10Rg 1 _19Re,1 1 T de
= ——trace (Re 1 20, Re,l T&Re’les’les’l — 0, Re leg 1

(SM11.6)

1 190Re, —1 T degy
—Etracc |:(R9l 90, ) (I — RS,lee«lCG,Z) — 90, RG Leg 1y

where I denotes the identity matrix with the corresponding size. Differentiating Eq.
(SM11.6) with respect to 6;, gives [SM2]

o? Ing?]HTlle—l (Tl""ly dl—l)
06;00;

—19Rg 1
1 Ry | —5g, 1 T 1 _10Rg1 _10Rg,
— 5tmce |:<89J (I - RQ,Leeslee,l) - Etrace [Rg ' 20, —,— R, 20, — Ry Lee 1eq. l]

-1
1 19Rg,1 Oeg T dej, %eq 1 dey, OR,
+ gtrace [Rel 50, Re ! < ; eg + €01 o — 26,0, nglee,z - 26, o0, €01

8691 _10eg,1
“06; 0t e,
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Therefore, the inner integral in Eq. (SM11.1) can be calculated as

2 0
. 9% logpyy, 11,,p,_, (T1|Tz,dz—1)
Py, T, D (Tl‘Tlvdl—l) dr =
PUlT D

90:0;
_10Rg,
1 ORg \ —a;- 1 0 T
_ 5trace o8, I - Ry, CpUl‘Tlv’Dl—l (Tll’l'l,dl—l)eﬂ,leg)ldrl
Termq
1 _19Re;1 _10Re,; 1 0 T
,itrace[Re,l 29, Re,l 26, Revl/chl\Tlle—l (7‘1|T1,dl_1>eg,lee’ldrl
p , T
1 _19Re1 1 ) Oeq,1 T dey
+§trace[R9$l780i RQ,L/CPU,\T,,’D,_l (rl|‘n,dl,1) 7&9]' eg1 teo 26, dr;
Termo
el del, ORy
0 0,0 ,—1 0 0.1 911
_ . 7dﬁ)iv}:{ dr / ( ,d,)%i’ dr
APUZ‘TZ’DZ—I (Tzln =1) Bg,0, 010t rt | PUiTL Tl dioy 26, “ga, coLan
Terms Termy

(SM11.7)

oel de
0 ( 0,1 ,—19€0,1
— U 1T . D ri|m, di— R dry.
./cp TPy thres dioa 00, 9t a0 !

Note that for j =1,--- ,n,

T
0 J 86971(1
CpUl‘Tl,D171 7’l|7'l7 -1 ee,lTOj Tl
T
~1—1
:/pe (7“1|Tl d; 1) (rlfCilfl)MCTdrl
c U|Ty, Dy -1 = 0,1 a0,

0 G a(%?)T )
N {/ch"Tl’lel(mn’dl‘1> (” —Cig, )d”} T%C

o (21 T
- 0 R P G el d_1)d ot] ot
= | L. rPome rlr,di—y)dry — Ciyg PO D r|Ty, di—1 )dry —
J

g_1\T
= eyt - iy i) %éj) o =o.

. o
Similarly, fc peUl‘Tl’Dl_l(m|Tl,dl,1);Tejilegildrl = 0, and therefore, Termsy, Terms,

and Termy in Eq. (SM11.7) are equal to zero. Then, noting that
/pglm,pl,l (Tl|7'z,dl—1>€9,l€g,ld7“l = Ry,
c
we have Termy = 0, and Eq. (SM11.7) becomes

2 0
/p9 (’"Z|Tz d 1)8 longllTthﬂ (”lTlvdl—l) dry
c UllTy, D1 (e 00,0

1 OR, OR,
= ——trace |:R;ll g_’l ;ll 9_’1}
2 90; 00
T
) (@f;ll) 93i—1
0 > T p—1 0,1
- [/RQ Puy 1y, D_1 (Tl‘Tl’dFl)drl] 96, c RG,ZC 00,

(SM11.8)

1 R OR o ()" oy !
— —trace R;ll g’le_ll oL _ . cTr- 1200
2 ’ 891' ’ BGJ- i
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By substituting the above equation in Eq. (SM11.1), we have

T T 1 18R0L 13R91
[IutlTl,Dllfl(e)Lj = gtrace [R‘” 26, 0l 5,
~l— 1

( )T Bm
+/ /Pul T 7"1l 1710 — 1) c’ Rg]C

1 oR oR 3(56’971)T 8“ !
:7trace[R71 Ol gyl N}—&-E — 5O Ry 1O 0.1

d'f‘l 1" dT1

5 01 "0, 0! o0, 00,
1 1O0Re1 _10Rg —1 aié’l T
= Etrace |:R6 ' 9, Ry, 20, :| +trace ¢ Ry E |C 90, 39,; ——C
L1 s1-1)"
1 ORg,1 ORg 1 92y, 9 <m9’l ) T
(SM11.9) = Etracc [Re 11 20, Ry, } 90, :| + trace {Rs CE |: 90, a0 C .

According to Egs. (SM11.3) and (SM11.4),
(SM11.10) & 11 = Go(m41) (aegjf + Koy(r — czgjﬁ)) L l=1,2,---.

Then, according to Lemma SM14.2 (see Section SM14.2), by differentiating Eq.

(SM11.10) with respect to 6;,i = 1,--- ,n, after some straightforward calculations,
Alf

for Xézl) = l 021~ ot 1] , we have the following recursive formulation:
Bé‘i

(SM11.11) X\, =AY XS + By eon, 0= (01, ,0,) €0, i=1,-n,

and
no b0 (71, T141) Ok xk B0 bo(T1,m141)Ko,1
o TL,T] = = =10 TYsT] K .
oilt1 7@(3’91. ) g, (11, Ti41) (Ikxk - Ko,zC> 0,1+1 %fl)“)

According to Lemma SM14.5 (see Section SM14.5) and using Eq. (SM11.11), we have,

forl=1,2
e X, (40,)")
=E {Aé{l)+1xtg?l> (Xéfl)) (A((J %4—1) + A((;Jl)+1X(])69 1 (Bé 2+1>T
+Bé]l)+1e<9,l (Xéfl))T (Ag;ﬂ)T + Bé{l)+169,le£l (Bé{l)+1)T}

= {8 ()T} (4500) A {x<ﬂ>eel}<3gz+lf

+ Bé{l)+1 E {69,1 (Xégfg)T} <A§Z)l+1) + BG l+1E {69 1€g l} <B(gjl)+1)T
—_—
0
= Al {x9) ()"} (4600)”
+ Bé]z)ﬂ <CE [(XG(TZ) - ﬁle,_ll)(X9 (m) —2g,") ] ot + Eg) (Bé{z)+1>T

sy =0, {x0 ()} (18) "+ 5o (80,)



SUPPLEMENTARY MATERIALS: FISHER INFORMATION FOR MOLECULES SM21

Finally, by rewriting the Fisher information expression (Eq. (SM11.9)) as (let C' :=
[ngk C], where 0oy denotes the 2 x k zero matrix)

(SM11.13)

T1,0 T 18R9,l
I:IUt‘TLaD’lfl(e)]

L9,

~ . N\NT| -~
- %trace {R; R;}aaig’l] + trace {R;}CE [Xéf} (Xglf) } CT},
] : :

irj
and substituting Eq. (SM11.12) into Eq. (SM11.13), we have

1T 1 ~10Re,; ,-10Rs —1 4 qlGi) AT
[IUthlelfl(e)} = §trace [RG,ZT&RN 20, }—i—trace{Rg’lCSgl)C },

4,J

) . NT
where Séjll) =F {Xéjl) (Xé?) }, 1=1,2,---, can be calculated recursively as

5 . y . T ) , T

SP = AGLSEY (A) = BYlRea (BYL) o 1=2.3,,
_ T

(¢9(7'077'1)1_30,0 + &9(7'0,7'1))

(9(039(7077'1)7?9,0+&9(7'0le))> )

o (70,71)To,0 + o (70, 71)
9(90(70,71)@g,0+d0 (10,71))
90,

(SM11.14) 8§ =

20;

and it completes the proof.

SM12. Example for Fisher information calculation. For the data model
described in the example provided in Section SM4, the Fisher information matrix is
given by Egs. (5.13) and (5.14), where Sg;,l = 1,2,---, is given recursively by, for
0=(61, - ,0,) €Oandi,j=1,--- n,

.. . .. N\ T . N\ T
S§P = AGISEL (AS)) = BE Reaoa (BEY) L =23,
and

i (]39(7’0,7’1)179,0 o TO,T1)T T
Sé{l) = |:8(¢6(7'0,7'1):t9,0) |:(¢6(TO,7'1)170,0)T ( (¢6( 03191.” LD)) :| ,
30,
with coefficient matrices given through Eqs. (SM4.3)-(SM4.5). In Section SM4, we
calculated these coefficient matrices for the first order drift and diffusion coefficients
estimation problem in different scenarios.

SM13. Computation of general Fisher information matrix. We calculate
the Fisher information matrix numerically, for the case that we have one photon,
through the following algorithm (here, it is assumed that § = D, where D is the
diffusion coefficient).

1. For a,b € R,a < b, let x; :=a+ih,y; :=a+ih,i=0,--- ,n, and h := b*T“.
Approximate px (-, as

Px(r)(T1) = /}R2 DX ()| X (to) (T1]T) Px (1) () d

~ b’ Z ZpX(nﬂX(tU) (@1](zi,Y5)) Px (t0) (®iy ), @1 € R?.
i=0 j=0

Opx (1)
9D as

2. Approximate dpx () 1=
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de(n)(l"l) = /]R2 dpx(n)\x(to) (x1]x) PX(to) (z)dz

n n

(SM13.1) = h*> > dpx(r)x (o) @112 ) Dx (1) (i,95) @1 € R,
i=0 j=0

3. Approximate py, |1, as

Puy Ty (r|m) = /}R2 Px(m) () PU, X (1) (r|z) dx
— [ pxen @ £ () do
R2
1 _
- W/ Px(r) () q (M Ly — x) dz

~ a0 |ZZPX<71> zy5)a (M7 = (zi,y5), 7 €C.

=0 j=0

3PU1 | T
—5D as

4. Approximate dpy, |1, :=

dpuy iz, (rlm1) = / dpx (o) (&) f (1) da
R2
1
— W / dPX(n) (x) q (Mflr — x) dx

Zdex(ﬁ) (zi,y;) ¢ (M~ 'r — (24,y;)), reC.

\det ==

5. Let ry, = Mwxy,ry, = My;,t = 0,--- ,n, and h, = Mh. Approximate the
Fisher information matrix I(D) of diffusion coefficient D as

1
I(D :/7d 2 rlm) dr
( ) pU1|T1( |7_1) pUl\Tl( | 1)

Nh“‘zz

i=0 j= OpU1|T1 ((TINTZUJNT

) dp12]1|T1 ((Tﬂcz ) Tyj)|7-1) .

SM14. Appendix.

SM14.1. Joint probability distribution of arrival time points for a Pois-
son process.

LEMMA SM14.1. Forty € R, let {N(7),7 > to} be a Poisson process with inten-
sity function A(7),7 > tg. Let T, := (T1,- - ,Tl)T,l =1,--- ,N(7),7 > to, where the
1D random variable Ty describes the I arrival time points of {N(T),T > to}.

1. Then, N(7), 7 > to, is Poisson distributed with mean ftTO A()dy, i.e., for

L=0,1,---, the probability P(N(T) = L) is given by

L[ Yo A
PV =) = g5 ([ Awyw) O
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2. Fortg <11 <---<7,L=1,2,---, the probability density function p1; of Tr,
is given by

L
PTL (7'1, - ,TL) = (HA(Tl)> e~ Jia" AT,
=1

3. Fortg <m <---<7 <t,L=1,2,---, the conditional probability density
Junction pr N s given by

PN (T, T L) =

Proof. See Section 2 of [SM6]. O

SM14.2. Derivative of state estimates.

LEMMA SM14.2. Let © denote a parameter space that is an open subset of R™,
and let 1 € R. For 0= (61, -+ ,0,)€0,r,€C,l=1,2,---, and 1y <10 < -+, let

(SM14.1) 101 = do(m1,mii1) (;@ﬁ;ﬁ + Kou(r — C:@lgjll)) . by €RF
where QEQ(TZ, T41) € RFXF C € RQX’“,KN € R¥*2 | and their derivatives with respect
A1—1
0;,i=1 st Let X0) = | 0 degy =1 —Cis;'. Th
to0;,1=1,---, n, exsst. Let 01 = Bilg]l and eg =1 — CZp " en,
90,

i i) i i
XG(,l)-H = Aé,H—lXé,l) + Bé,;+1e9,lv 1=1,2--,

where
) @0 (71, T141) Ok xk
Ag 1+1 = | 99 (rimit1) 7 ,
’ = gr e o(m, i) (Texk — Ko M)
(3) .
= oK 8 ,
9,41 [¢0(Tz,7'l+1) ,9991_” + %(glg:l“)Ke,z

Proof. By differentiating Eq. (SM14.1) (Kalman state estimate update formula)
with respect to 6;,i=1,--- ,n, we have, for [ =1,2,---,

b0 (11, m141) Ko, }

~1 .
8$9’l+1 — [8¢9(szn+1)

~ a’}lgjll
90; Go(r1, 1) ik — Ko.0)] | ost:

20,

9o (1, Tis1)
0, + 90 Ko, | eo,,

0;

- oK
(SM14.2) + (qﬁg(n,nH) 5 2L

L1
. z
Then, by combining Egs. (SM14.1) and (SM14.2), for Xe(vfl) = [3;&1], we have the

90,

following recursive formulation

Xegfl>+1 = Aél,)ulXéfl) + Béngrle@,lv

where
(i) ¢o (11, T141) Orxk
Ay I+1 = | 090(T1,m141) 1 ;
’ 80, S0 (11, T1+1) (Ixk — Ko,1C)

) bo(1,7111)Ko,1 .
= K a , .
9,141 b9 (11, T141) 39i’L + d)e(glgzl“)Ke,z
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SM14.3. Chain rule.

THEOREM SM14.3. Let S be an open set in RE and let ¢ be a point of S. Let
d=(dy,--- ,dy) be a function mapping S into an open set H in RM  i.e., d: S+ H,
that is differentiable at c¢. Let h = (hy,--- ,hy) be a function mapping H into an
open set Q in RN i.e., h: H v Q, that is differentiable at d(c). Let q be a real-valued
function defined on Q that is differentiable at h(d(c)). Then,

N M
(Dilgohod)(c) = 3 3 (Dig) (h(d(e))(D;h)(d(e) (Dady)(e),  k=1,--- K.
i=1 j=1

Proof. See the proof of Corollary 8.4.3 of [SM1]. O

SM14.4. Integral transformation theorem.

THEOREM SM14.4. Let g = (91,92, ,gn): B C R™ — R™ be an injective and
continuously differentiable function. Let w: R™ — R be an integral function and
A CR", then the integral transformation theorem is given by

/ w(y1, Y2, Yn)dyrdyz - - - dyn =/ w(g(w, 2, -+ ,xn))
g(A) A

X |det('](g)(xl,x27 e 7$n))| dridzs - - - d.’Bn,

where the Jacobian matrix is given by

091 (z1,22,,@n)  091(®1,T2,,T0) . Og1(®1,T2, ,Tn)

. 8.21 . 63:2 . an
092(x1,22,,®n)  0g2(x1,%2,+,%n) . Og2(®1,%2, ,Tn)

. oz Oxo oz,

J(9) = : : , :

Ogn(z1,%2, ,@n)  Ogn(T1,@2,,Tn) . Ogn(z1,%2, ,Tn)

oxq Oxo oz,

Proof. See Section 10.3 of [SM1]. O

SM14.5. Innovation representation of the state space model.

(t]
Qi( (X,H, Wg,Zg> ,(Z/{L,'ﬁ;),é,M’,C,@>) be an image detection process with ez-

Levia SM14.5. Let Gy ( (X, H,W,, 2, ), Uy, Tia) , &, M',C, ©) (or

panded state space X and Gaussian process and measurement noise models for a time
interval [to,t] (or for a fized number L of photons). Let C := M'H. Assume that

C and Z, are independent of the parameter vector € ©. For § = (61,---,6,) and
Li-1

-1 . o @ ._ | Yol L

Ty, =F Xo(m)|riz1,--+,r1|, let Xgy == |aalt|,i=1,--,n, be the extended
90,

state vector and eg =1 — Ciéﬁl be the prediction error. Then, E {eg,lXéﬂ =0,i=

1’ DY 77’7/'

Proof. Since the measurement noise Z,, the process noise an and the initial
condition of the state vector X are independent, the prediction error ey; and the

extended state vector X éil),i =1,---,n, are independent (see the proof of Theorem 5
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of [SM4]), and we have
E [X;fl)eg,l] —E [X;f}] Eleo.]

=E [Xéll)} {C(E [f(o(n)} -F [E [XG(TL)|TL—17~-- ,Tl” > + E[Zg,] }

According to the law of total expectation, E [E {Xg (m)|ri=1, - ,r1H =F {Xg (Tl)],

and therefore, we have

s [xiend] = £[x2] { e [fotm] - £ [om] ) 0} =0 0

= B[X§)] E[0(Ro(m) — a51) + 2]

N
o
o
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N
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Fic. SM4. Analysis of the error of the predicted locations of the molecule for the Born and
Wolf measurement model. Shown in the left and right plots are the differences between the means of
the distributions of the prediction of the molecule x-locations and the true x-values, and the means
of the distributions of the prediction of the molecule y-locations and the true y-values, respectively,
for the data sets of Fig. 5.
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Fic. SMb5. Analysis of the error of the predicted locations of the molecule for the Airy mea-
surement model. Shown in the left and right plots are the differences between the means of the
distributions of the prediction of the molecule x-locations and the true x-values, and the means of
the distributions of the prediction of the molecule y-locations and the true y-values, respectively, for
the data sets of Fig. SMS3.

SM14.6. Analysis of the error of the predicted locations of the molecule.
In this section, the errors between the means of the distributions of the prediction of
the molecule locations and the true locations of the molecule for Born and Wolf, Airy
and Gaussian measurements are shown in Figs. SM4, SM5 and SM6, respectively.
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Fiac. SM6. Analysis of the error of the predicted locations of the molecule for the Gaussian
measurement noise case. Shown in the left and right plots are the differences between the means of
the distributions of the prediction of the molecule x-locations and the true x-values, and the means
of the distributions of the prediction of the molecule y-locations and the true y-values, respectively,
for the data sets of Fig. 8.
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