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Abstract

We establish a linear proximity gap for linear codes within the one-and-a-half Johnson bound.
Specifically, we investigate the prozimity gap for linear codes, revealing that any affine subspace
is either entirely §-close to a linear code or nearly all its members are d-far from it. When § is
within the one-and-a-half Johnson bound, we prove an upper bound on the number of members
(in the affine subspace) that are d-close to the linear code for the latter case. Our bound is
linear in the length of codewords. In comparison, Ben-Sasson, Carmon, Ishai, Kopparty and
Saraf [FOCS 2020] work on Reed-Solomon codes and prove a linear bound when § is within the
unique decoding bound and a quadratic bound when § is within the Johnson bound. Note that
when the minimum relative distance of the linear code is bigger than 0.77, the one-and-a-half
Johnson bound is better than the unique decoding bound.

Proximity gaps for linear codes have implications in various code-based protocols. In many
cases, a stronger property than individual distance—known as correlated agreement—is required,
i.e., functions in the affine subspace are not only J-close to a linear code but also agree on the
same evaluation domain. Our results support this stronger property. Furthermore, mutual
correlated agreement, the further strengthening property, is also supported.

1 Introduction

Linear codes are a class of error-correcting codes. They are fundamental objects of study in al-
gebraic coding theory and theoretical computer science. A linear code is an error-correcting code
for which any linear combination of codewords is also a codeword. Linear codes have a wide range
of applications. For example, many protocols in areas such as blockchain, distributed storage,
and cryptography utilize different linear codes such as Reed-Solomon codes|RS60] and Reed-Muller
codes[Mul54] as essential building blocks. In some protocols, the soundness relies on the existence
of a series of vectors that are close to the linear code (in relative Hamming distance). Consequently,
it is critical to efficiently identify vectors that are far from the linear code.

The Proximity Testing problem of linear codes involves a verifier determining whether a given
codeword 7 € Fy is a member of a given linear code C' or is far from all the members of C. The
verifier has limited query access to 7, and an untrusted prover may assist the verifier. We consider
this problem under the interactive oracle proofs of proximity (IOPP) model [BCS16] (also called
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probabilistically checkable interactive proofs of proximity in [RRR16]). This model combines aspects
of probabilistically checkable proof (PCPs) and interactive proofs (IPs). The prover provides the
verifier with auxiliary proofs, and the verifier has oracle access to the messages from the prover.

For a batch of codewords u = {ug, ..., u} C [/, one can implement a protocol for the proximity
testing problem on each codeword to ensure that they are all close to C. However, this approach is
inefficient. [RVW13| provides an approach: randomly choose a vector «’ in the span of u (denoted
by span(u)) and check if «’ is close to C. The soundness proof of this method raises an important
question: If Ju; € u that is far from all the members of C, can we prove u’ is far from C with high
probability? Many previous works have explored this question and provided positive answers. This
property is referred to as the proximity gap for linear codes, as formally defined by Ben-Sasson,
Carmon, Ishai, Kopparty, and Saraf in [Ben+20b].

1.1 Our results

We present proximity gaps for linear codes within the one-and-a-half Johnson bound. Our result is
linear in the length of the codeword. We begin by considering a simplified case where u = {ug, u1 }.
Here, v/ = ug + au, a € Fy is over a line. We have the following result.

Theorem 1 (Informal). Let §,n > 0 satisfy § < 1 — /1 —Ac —n and n < %(1 - Ac)_%. Let
ug,u1 € Fyy be two codewords. If there exists i € {0,1} such that §(m;, C) > 6, then

2Acn
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Paer, (0(uo + aup, C) <6) < 9

We prove that if either ug or wy is d-far from the linear code, then in the probability that is
linear in the code length, v’ is d-far from the linear code. The formal statement of this theorem
is presented in Theorem 4, which describes the result in its contrapositive form. Furthermore, the
formal theorem is stronger. We utilize the concept of correlated agreement, as defined in [Ben+20b].
A series of functions uy, . . ., u; have §-correlated agreement with C if there exists a sufficiently large
subdomain D C {1,...,n} and vg,...,v; € C such that

|D| > (1 —0)n and w;[D] = ¢;[D],1 < i <1,

where u;[D](¢;[D]) denotes the sub-codeword of u;(¢;) on D. The definition of correlated agreement
is relevant in the context of real-world protocol applications. Notice that even if all of u; are d-close
to C, they may not have §-correlated agreement. Our formal theorem supports this stronger notion
of agreement; specifically, if ug and u; do not have d-correlated agreement, (1) holds. Furthermore,
we prove the result in an improved version of the correlated agreement, called mutual correlated
agreement in [Arn+24b|. This result can be found in Theorem 5.

We prove our result under the generalized case that u = {ug, -, u;}.

Theorem 2 (Informal). Let §,n > 0 satisfy § < 1 — /1 —Ac —n and n < %(1 - Ac)_%, Let
ug, -+ ,up € By be a batch of codewords. If Ju; such that 6(u;, C) > 6, then

2Acn > l
91— Ac)nd(Fql )

P<a1",.7al>eyé(6(uo +oagup + -+ au, C) <6) < <

This result also supports the (mutual) correlated agreement version. The formal theorem can
be found in Theorem 6.



1.2 Related work

Let C C [y be any linear code and A¢ € [0, 1] be its minimal relative distance. Suppose u; € u is
d-far from C' in relative Hamming distance, denoted by 6(u;, C') > §. In [Ame-+17|, Ames, Hazay,
Ishai, and Venkitasubramaniam proved that when 6 < A¢/4, with high probability v’ € span(u)
is d-far from C. When u' € span(u) is on a line, i.e., u = {ug,u;}, Ben-Sasson, Kopparty, and
Saraf [BKS18| demonstrated that when § < 1 — /1 — A¢ (the double Johnson bound), with high
probability (related to a small constant €) «’ € span(u) is (6 — €)-far from C. Later, Ben-Sasson,
Goldberg, Kopparty, and Saraf improved the bound to 1 — /1 — A¢ (the 1.5 Johnson bound) in
[Ben+20a|. Furthermore, they showed that their result is tight for certain Reed-Solomon (RS)
codes. Especially, when C' is an RS code, [Ben+20b] bounded the probability that v’ is §-close to
C for the unique decoding bound A /2 and the Johnson bound /1 — A¢ respectively.

d bound v’ distance Probability Code

[Ame+17] Ac/4 4] (0+1)/|F,| Linear code

[BKS18] Je(J(Ae)) d—e€ 2/(e3|F,]) Linear code
[Ben+20a] | 1 — Y1 —Ac+e d—e¢ 2/(e|F,)) Linear code
[Ben+20b] | 1 —v/1—Ac —¢ ) (1= Ac)?n?)/((26)7|F,]) RS
[Ben+-20b] Ac/2 4] n/|Fq| RS

[Zei24] J(J(A)) 5 (n + 2v/n)/(4F,]) Linear code
This work | 1 — ¢/1—Ac —¢ 5 2Acn/(9(1 — Ag)€el|F,|) | Linear code

Table 1: When u = {ug,u1} and ug(uy) is o-far from the code C, the provable probability that
randomly chosen «’ € span(u) is 6 (or § — €) close to C. § bound is the upper bound. A¢ is the
minimal relative distance of C. J.(A¢) =1— /1 — Ac(1 — ¢€) is the Johnson bound.

Table 1 compares our result with previous results. [Ben+20b| provides the linear proximity gap
for RS codes under the unique decoding bound A¢ /2 and the quadratic proximity gap under the
Johnson bound 1 — +/1— A¢c. When the one-and-a-half Johnson bound 1 — /1 — A¢ is better
than the unique decoding bound (related to A¢), we improve the provable proximity gap to linear.
Additionally, [Ben+20b] conjectures that we can prove the proximity gap when 6 < Ag. We
will briefly introduce this conjecture in Section 5.3. Figure 1 compares various bounds. When
Ac > 0.77, the one-and-a-half Johnson bound is better than the unique decoding bound. And we
make improvements in this case.

This is the third version of our work. Our first version provided a framework for this work
|GKL24]|. However, there was a mistake in the proof and we withdrew it. A month later, we
published the second version of this work, fixing the mistake. In the second version, we focused
on RS codes and proved the linear proximity gap for RS codes when § is under the 1.5 Johnson
bound. |Zei24| was published a week after the publication of our second version. [Zei24] also uses
similar combinatorial methods. Zeilberger’s work proves the linear proximity gap for linear codes
under the double Johnson bound and results in this work support the mutual correlated agreement
(strong correlated agreement in this work) as well. [Zei24] pointed out that our previous work can
be extended to general linear codes. Inspired by Zeilberger’s observation, we extend our result from
RS codes to any linear code using the same technique and have this latest version.
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Figure 1: Bounds for linear codes

1.3 Applications

Reed-Solomon (RS) codes [RS60] are a class of linear error-correcting codes. Proximity gaps for RS
codes provide provable soundness for a variety of protocols. For example, the Fast RS IOPP (known
as FRI) [Ben+18] is a widely used IOPP for RS codes due to its high efficiency. FRI can be used to
verify whether a given function belongs to an RS code or is far from it. It is implemented as a subpro-
tocol in many (zk)SNARKSs and real-world systems [Ben+19|[KPV22]|[Sta23|[Pol]|Zha-+20][Xie+22].
Our results fit the correlated agreement condition. The correlated agreement of FRI is used to prove
the (knowledge) soundness of protocols that use FRI as a sub-protocol [Sta23|, as well as to prove
the round-by-round soundness of FRI [Sta23|[Blo+23|. Furthermore, our results can also be applied
to generalizations of FRI|ZCF23|[Arn+24b|[Arn+24a| that use foldable codes defined in [ZCF23.
The previous best provable mutual correlated agreement for general foldable codes is under the
unique decoding bound|[Arn+24b].

We introduce the application of our results in FRI, which improves the soundness analysis.
Previously, Ben-Sasson, Carmon, Ishai, Kopparty, and Saraf established the best provable soundness
of FRI in [Ben+20b]|, utilizing elegant mathematical techniques. They proved the soundness error

bound of FRI is
. 2 2
€rRI < max {O ((1 ?C) . n> , (1 — 5)t} (2)
n |Fq|

when § < 1—+/1 — A.—n. Let t represent the iteration time during the QUERY phase in FRI. It is
important to note that the first term is a constant dependent on the parameters. For small values
of ¢, the second term dominates the inequality. Furthermore, this term decreases as t increases.
Consequently, when t becomes sufficiently large, the first term establishes a provable upper bound
on the soundness error of FRI. We will introduce the protocol in detail in Section 6. We provide an
alternative soundness error bound of FRI:

erns <m0 (3o iy ) 0 @)



when § <1— /1 — Ac —n. When t is large, the first term dominates the soundness error bound.
In practical applications, n is large and significantly influences the soundness error bound. Conse-
quently, our bound indicates that FRI can provide enhanced security. However, when ¢ is small,
the previous bound is more advantageous. In practical applications, we can select the minimum of
these two bounds.

2 Technical overview

In this section, we outline the overall idea behind our proof of the main result, Theorem 3. We take
a new approach to address this problem through combinatorial methods. This section introduces
the tools we employ and explains how this can be done.

2.1 Bad combining points

Let Fy be a finite field and C' C Fy be a linear code with generator matrix G € IF’; x Fy,ie Cis
a linear subspace and for every message m € F’;, there is a member ¢ € C such that ¢ = m - G.
Denote by A¢ the minimum relative distance of C. For any codeword 7 € Fy, let d(m,C) denote
the relative Hamming distance between 7 and C.

Let 71,7 be two codewords and 0 < § < 1 such that at least one of the codewords is §-
far from C in relative Hamming distance, i.e., §(m,C) > 0 or 6(me,C) > §. (Actually, we only
need 7,72 do not have 0 correlated agreement. See Section 3.2 for details.) Let a € Fy be a
randomly chosen combining point and m; + ame be the combining result. There are cases that
§(m1 + ame,C) < §. For example, let C' = {(x,x,2,z) | * € F17} C F{; be a linear code containing
codeword with the same value on all the locations. Let m = (1,1,1,2),m = (3,3,3,2). Then we
have 6(m1, C) = 6(m2, C) = +. However, when o = 1, we have m + ams = (4,4,4,4) € C. Then we
say a = 1 is a bad combining point. More precisely, define the bad combining set to be

Bad(my,m) £ {a € Fy: 6 (m + am, C) < 4)}.

Our goal is to prove that the number of bad combining points is linear in the codeword length, i.e.,
we prove that
|Bad(7r1, 7T2)| = OAc,ﬂ(n)

when ¢ is under the one-and-a-half Johnson bound, i.e., d <1 — /1 —Agc —n.

2.2 Partition the bad combining points into blocks

Many previous studies focus on combining results and use the list-decoding skill to restrict the
number of bad combining points. We provide a new approach to deal with this problem. Instead of
the combining result m; + ams, we focus on the origin codewords 71, m. We pay attention to some
sub-codewords of 71, mo and transform the problem into a combinatorics problem.

More precisely, let a € Bad(m1,72) be a bad folding point, and ¢, € C' is the closest codeword
of m + amy. The following sub-domain is related to « :

By={ie{l,....n} [ (m +am)j] = cali]}-

For two distinct bad combining points «, 5 € Bad(71, m2), we prove the following lemma:



Lemma 1. [Informal] For any distinct o, B € Bad(my, m2), there exists a pair of cordwords ¢y, co € C
such that

m (BN B3| = 1[BL N By and m[By N B = e[ B N B}).

This means the restrictions of 7y, w2 on the intersection agree with restrictions of some elements
in C respectively. Use the example m; = (1,1,1,2),m = (3,3,3,2) again. When a = 1, we have
T + amy = (4,4,4,4) € C. This implies B} = {1,2,3,4}. Let § = —1, we have 7 + fm =
(—2,—2,-2,0). The closest codeword of 7 + Bmy in C is (—2,—-2,—2,—2) and Bj = {1,2,3}.
Then, B, N Bj = {1,2,3} and we have ¢; = (1,1,1,1),c2 = (3, 3,3, 3).

Because of the use of Corradi’s lemma, which will be introduced later, we extract a series of
subsections of B, a € Bad(m,m2) such that these subsections have the same size. For a given
0 < 0 < 1, we define notice that |B%| > (1 — 0)n for a € Bad(m, m2). We define

By, : The set of first (1 — §)n elements of B}, i.e., |By| = (1 — 0)n.

Notice that B, N Bg C B N BE, Lemma 1 still holds on B, N Bg. Using these definitions, we can
partition Bad (71, 72) into blocks.

Our partition is based on some long codewords in C. More precisely, let 0 < ¢ < 1 and
D C{1,...,n} satistfying |D| > &n. If m[D], m2[D] agrees with some pair of codewords ¢, ¢ € C,
i.e., m[D] = ¢1[D], m2[D] = 3] D], then we say c¢1, co is a pair of long codewords contained in 71, 2.

There may be many such long pair of codewords (cgl), cgl)), ce (cgs), cgs)), denote by D;,;1 <i<s

the maximal agree domains of (cgi), cgi)), 1 <i < sandm,me, e, m[D;] = ng’) [D;], m2[D;] = cgi) [D;].
We partition the set of bad combining points Bad(m, m2) based on Algorithm 1.

Algorithm 1 Partition Bad Folding Points(Informal)
input: Bad(my,m2)
initialization: » =0
set X* = Bad(my, m2)
while X* £ () do
r=r+1
pick an arbitrary x € X* and let a; = x
let A; = {ﬁ € Bad(ﬂ'l,ﬂ'g) : |Bﬂ N Bai’ > fn}
X*=X*—A;
end while
return Aj,..., A, and aq,...,q,

Let {A,..., A} be the output blocks of the algorithm and {aq,...,a,} be the corresponding
represent elements. For a block A € {A1,..., A,} and its represent element «, we have |BgN B,| >
én. Lemma 1 implies a pair of long codewords ci,ce € C' are contained in 71,7y respectively on
both B, and Bg. On the other hand, for distinct represent elements o, ; € {a1, ..., o}, we have
|Ba; N Ba,| < én.

The number of blocks is limited. Let § < 1— ¥/p—nand £ = (1—6)*—n/, where ) = %,

we prove r < 1;,p . Focusing on the represent elements {aq,...,a,}, we have

o |By|=1—-0)n,1<i<r,



® |Ba,NBo;| <én=((1-06)~n)n1<i<j<r

Notice that |J;_; Ba, € {1,...,n}. Using the following lemma by Corradi, we can restrict the
number of blocks.

Lemma 2 (Corradi 1969 [Jukll]). Let By,...,B, be s-element sets. If |B; N B;| < k for any
distinct i,7 € {1,2,...,r}, then

" s2r
s
et s+ (r—1)k
Calculating directly, we have
1—p

The upper bound of the number of blocks is a constant and is independent of |L|, the length of the
code word.

2.3 Partition the blocks into equivalence classes

We further restrict the number of elements in each block. Let A € {A;,..., A,} be a block and
a be the corresponding represent element, i.e., for all 8 € A, we have |B, N Bg| > £|L|. Lemma
1 implies a pair of long codewords c1,co € C contained in 7, m on both B, and Bg. Denote by

(cgl), cgl)), el (cgs), cgs)) all the pairs of long codewords on B, i.e., 3D; C B, such that |D;| > £| L]
and m[D;] = ng‘) [D;], mo|D;] = c;i) [D;]. Furthermore, for all § € A\ {a}, we can find one and only
one codeword pair (c1,c2) € {(cgl), cél)), cee (0(15), cés))} such that m1[BoNBg| = ¢1[BaNBgl, m2[BaN
Bg] = ca[B, N Bg]. We define an equivalence relation R on A\ {a}:

(B1,P2) € R <= The codewords pairings in C' decided by B, N Bg, and B, N Bg, are the same.

The number of equivalence classes is limited. We restrict the number of long low-degree
polynomials p1, ..., ps contained in P,. We have

e |D;| >¢|L|,1 <i < s according to the definition of p;.

e |D;NDj| <(1-Ac)n,1<i<j< s because ¢;,c; are distinct codewords in C' and Ac is
the minimum relative distance of C.

o |D;| < (1—06)|L| since f is d-far from RS[Fy, L, p].

The first two conditions are similar to the condition of Corradi’s lemma(Lemma 2). But we have
|D;| > &|L| instead of |D;| = &|L| in this case. As a result, we use the third condition and follow
the proof of Corradi’s lemma to prove

1
s < —
3np3
2
when § < 1— ¥p—n&=(1-6)>*—n and 1 = 332‘"7 . The upper bound of the number of
equivalence classes is a constant and is independent of n, the length of the codeword.
The size of each equivalence class is bounded. For any equivalence class {51,...,[;}.

Suppose c1,co are the codewords related to the equivalence class and D is the maximal agree



domain of my,m and ¢y, ¢, ie., m[D] = ¢1[D],m2[D] = c2[D]. Since we have 6(71,C) > § or
d(me,C") > § (or 71, m2 do not have § correlated agreement), |D| < (1 —§)n. On the other hand, for
any (;,1 <i <t in the equivalence class, we have |Bg,| = (1 — 0)|L| according to the definition of
Ps,. As aresult, |Bg, \ D| > 1. We prove that

(B, \ D) N (Bg; \ D) =0, # j.
For any j € Bg, \ D, we have m[j] # ci1[j] or ma[j] # c2[j]. According to the definition of Bg,, we
have
(m + Bima)[j] = (e1 + Bica)[j]-
The above equation implies that ma[j] # c2[j], otherwise, we have m[j] = ¢1[j], a contradiction.
Thus, we can transform the equation into

_ mlj]—alj]
Bi - a1
c2[j] — malj]
Notice that once j is fixed, the right side of the above equation is fixed. Since 3;, 3; are distinct,
¢ Bg, \ D.
Thus,
t t
{1,...,n}\ D| > U(BBZ\D)‘ :Z|BBZ\D| > t.
i=1 i=1

The size of each equivalence class is bounded by |[B] \ D|.
Combining all these above, we finish our proof of the main theorem, i.e., the number of bad
combining points is linear in the length of the code word.

3 Preliminaries

Let F, denote the finite field with ¢ elements. Denote by Fy = F,\ {0} the cyclic multiplicative
group. Let n € Nt and 7 € [y be a codeword of length n. For j € {1,...,n}, denote by 7[j] the
element in 7 on the 5 location. Let D C {1,...,n} be a subdomain, denote by 7[D] the sub-vector
of m containing elements on these locations. When C' C F2, we let C[D] £ {¢[D] : ¢ € C}.

3.1 Linear codes

Definition 1 (Linear codes). A linear code with message length k and codeword length n if it is
a transformation from F’; to a linear subspace C' C Fy. The generator matriz G € F’; x Fy of the
linear code is a matriz whose rows form a basis for the code, i.e., for any codeword ¢ € C, there
erists a message m € IFI; such that c =m - G.

Definition 2 (Relative distance). Let m1,m2 € Fy be two codewords, where n € NT. Define the
relative Hamming distance between m and my to be
s Hiefl,... n} e mlj] # mli]}|

5(7‘(1,7‘1’2) n .

Let C C Fy be a set of codewords with length n and m € Fy be a codeword. Define the relative
Hamming distance between m and C' to be

§(m,C) = miél d(m, c).

ce

8



Definition 3 (Minimum relative distance). Let C C Fy be a set of codewords with length n, where
n € N*. The minimum relative distance of C is defined as

Acé min 5(61,02).
c1,c2€C

For c¢1,c € C, if 0(c1,c2) < Ag, then we have ¢; = ¢y according to the definition of minimum
relative distance. In other words, for two codewords ¢1,co € C, if we can find a set D C {1,...,n}
such that (1) |D| > (1 — A¢)n and (2) ¢1[D] = co[D], then ¢; = ca.

3.2 Correlated agreement

Let €' C F be a linear code. Let m,...,m € Fy be a series of codewords. If 7, ..., 7 are not only
close to C' individually but also share a common large agreement domain, then we say 7, ...,
have a correlated agreement.

Definition 4 (Correlated agreement [Ben+20b|). Let o, ..., € Fy be a sequence of codewords.
Let C C Fy be a set of codewords. Let 0 < 6 < 1. If there exists a subdomain D C {1,...,n} and
coy-- -, ¢t € C satisfying

e Density: |D| > (1 —96)n, and
o Agreement: for alli € {0,...,t}, the codewords m; and c; agree on D.
Then we say 7, . .., T have correlated agreement with C' of density > 1 — 4.

Definition 5 (Correlated distance). Let m,...,m € Fy be a sequence of codewords. Let C' C Fy
be a set of codewords. Define the correlated distance of mg, ..., m with respect to C to be

Scorr({m0, ..., m},C) = 1—max{|nD|:D C{1,...,n},m[D],...,m[D] € C'[D]}.

4 Main proof

Let ¢ C Fy be a linear code with minimum relative distance A¢. Let ¢ be a parameter under
the one-and-a-half Johnson bound 1 — /1 — A¢ and let n > 0 be the gap between ¢ and the 1.5
Johnson bound, i.e., § < 1—+/T — Ac—7. Suppose 71,2 € Fj are codewords do not have correlated
agreement with C' of density > 1 — 4, i.e., for every D C {1,...,n} such that |[D| > (1 — 0)n, we
have 71[D] ¢ C[D] or mo[D] ¢ C[D]. Our goal is to prove that with high probability, the combining
codeword 7y + am is still §-far from C.

Definition 6 (Bad combining points). Let Fy be a finite field. Let C C Fy be a linear code with

generator matriz G € F’;X", where n > k > 1. Denote by Ac the minimum relative distance of C.
Let 6 € (0,1 — Ag). Let m,m2 € Fy be codewords such that core({m1, T2}, C) > 6. Define the bad
combining points of (w1, m2) (with respect to the linear code C') to be

Bad(m,m) £ {a € Fy: 6 (m + am, C) < 4)}.

Our main theorem limits the number of bad combining points when ¢ is within the 1.5 Johnson

bound, i.e., § < 71— Ag.



Theorem 3. Let d,n > 0 satisfy 6 <1 — V1 —Ac —n. Let m,my € Fy be codewords such that
dcorr({m1,m2},C) > 5. Then,
21— Y1 - Ac)Acn 2A¢

Bad(m, m)| < +
[Bad ) 91— Ac)n? 3(1 — Ac)sn?

= Oncpy(n).

Corollary 1. Let §,n > 0 satisfy 6 <1 — /1 —Ac—n andn < %(1 — AC)_%. Let w1, mo € Fy be
codewords such that dcory ({71, m2},C) > . Then,

2Acn
Bad —
Pedim )< 51 a0y

Proof. Since n > 1, we have 2n > 2 > 6(1 — Ac)%n. As a result, we have
2(1 — /1= Ac)Ac 2A¢
=B 31— Ac)in?
Ac (20— (1= Ac)i(2n—6(1- Ac)in))
91— Ac)n?

|Bad (7, m2)| <

by Theorem 3

2Acn
< ———m————,
91— Ag)n?

To prove the main theorem, we first introduce a few definitions.

Definition 7. Let Fy be a finite field. Let C C Fy be a linear code with message length k, where
n>k>1. Let m,m € IF? be two codewords. Let oo € Fy.

e For a codeword T € Ty, let Closest(m,C') € C' denote the closest codeword to 7 (in terms of
Hamming distance). If there are more than one codewords with the same minimal distance,
choose the codeword with the smallest lexicographical order.

e B 2 {jc{l,....n}: (m + am)[j] = Closest(m; + ams, O)[j]}. That is, B, is the set of
locations where w1 + amo agrees with its closest codeword.

e [fa € Bad(my,m2), define By to be the set of first (1—08)n elements of By, i.e., |Bo| = (1=9)n.

Poof overview: The overall strategy is to partition the bad points Bad(m,m) C F, into r
blocks, denoted by Aq,..., A,, with representatives ay € Ay,...,q, € A,.

First, by using a combinatorial lemma (i.e., Corradi’s lemma), we prove 7 = Oa, 5(1); then, we
prove the size of each set A; is bounded by Oa, »(n). Together, we can conclude the number of bad
points is at most Oa, n(n).

Within each block A; with representative «;, by defining an equivalence relation, we further
partition A; \ {a;} into s; classes, such that

1) the number of equivalence classes is Oa, (1), and
2) each equivalence class is of size O(n).

1) and 2) would imply that each block A; is of size Oa, ,(n).
We use a simple greedy algorithm to find the partition of Bad(m, m2) and the representatives.

10



Algorithm 2 Partition bad combining points

input: Bad(my,m2)

initialization: r =0

set X* = Bad(my, m2)

while X* # () do
r=r+1
pick an arbitrary x € X* and let o; = x
let A; = {8 € Bad(m,m2) : [BgN Ba,| > ((1 —6)* —n')n}
X*=X*—A;

end while

return Aq,..., A, and aq,...,q,

4.1 Upper bound on the number of blocks

In this subsection, we upper bound the number of blocks. When 6 < 1 — /1 — A¢ — 1, we prove
r < An,c , where ' = 2 - /T — Acn?.
Without loss of generality, we can set n < 1 since 0 < § <1 — /1 — Ag —n. Then we have

(1-6)> 1 > ((1 - Ac)S +n)? — W
—(1-Ac)% + (201 = Ag)sn — 3(1—§C)3772) o
>(1-Ac)s >1-Ac. "

Using Corradi’s lemma (Lemma 2), we can restrict the number of blocks.

Lemma 3. Let m,m € Fy be any two codewords. Let § < 1—+/1—Ac—n andn' = %-\3/1 —Acn?.
Let r denote the number of blocks given by Algorithm 2. We have

Ac

7"<7

Proof. We associate a set B, for each representative a;. From Algorithm 2, we know
® | By, N Bq,| < ((1—0)* —7') n for any distinct i, j.
o |By,| = (1 —6)n for any 1.
By Lemma 2, we have

" r(1 —6)%n?
UBal 2 505 -1 —or -

On the other hand, | J;_, Ba, is a subset of {1,...,n}. Thus,

. r(1—6)%*n
T A=0)+(r=1)((1=6)*—)

11



that is
(1=6)+(r—=1)((1=0)?*=7n") >r(1-0)?

which implies

< 1-0—(1=0)*-7)
T (=02 = ((1=0)2 =17
<1—(5—(1—Ac)

Ac

n

4.2 Upper bound on the size of each block

In this subsection, we bound the number of elements in each block A;. Combining with Lemma 3,
we can bound the size of Bad(my,m2) and finish the proof of our main theorem.

Lemma 4. For any distinct a1, o0 € Fy, there exist codewords c1,ca € C' such that
m (B, N B,,| = 1By, N By,] and ma[ By, N By, | = c2[ By, N B, ]. (5)
Moreover, if |B;, N By, | > (1 — Ac)n, codewords c1 and cz are uniquely determined.
Proof. By Definition 7, there exist messages mi, mg € IF]; such that
(m1 + arma) [B] = (my - G)[BS, ] and (m + agma)[B,) = (ms - G)[BL].

For any j € By N B}, solving two linear equations in 71 [j] and ma[j], we have

mlj] = (2 g )

a1 — Q9
. mp —mp .
MM:<‘G>M
a1 — Qe
When |B;, N B, | > (1 — A¢)n, codewords ¢; = “R2=228 - G and ¢ = T51=0% - G are uniquely
determined, since C' has minimum distance Ac. O

Proposition 1. Let a, 8 € Fy be different points such that |B;NBj| > (1—Ac)n. Let ci,co € C be
the codewords uniquely determined such that c1[ByNBj] = m[ByNBj| and co[ByNBj| = ma[B;NBj]
(by Lemma /). Then

Closest(m; + w2, C) = ¢1 + Pea. (6)

Proof. Since c¢1,co € C, we have ¢; + fcg € C, because C' is a linear code. Since both sides of (6)
are codewords in C'; whose minimum distance is A¢, it suffices to demonstrate (1 — Ag)n+1 points
on which both sides of (6) are equal.

12



Let j € B, N Bj. We have

(c1 + Be2)[j] = e1lj] + Beals]

= m1[j] + Bmaly] by our assumption
= (m + Am2)[J]
= Closest (71 + Bma, C)[4] by the definition of Bj.

Note that |B; N B[ > (1 — A¢)n. Thus, we have exhibited at least (1 — Ac)n + 1 points where
the evaluations of both sides of (6) are equal. O

Corollary 2. Let a, 3 € Fy be distinct and |B; N Bj| > (1 — Ac)n. Let c1,¢o € C be the uniquely
determined codewords such that m[By, N B = c1[By N Bj] and m2[By, N Bjl = 2By, N Bj) (by
Lemma 4). For any j € {1,...,n}, we have j € ByNBj if and only if m1[j] = e1[j] and m2[j] = eaj].

Proof. The “only if” direction is obvious, which follows from the definitions of ¢; and cs.

For the “if” direction, assuming 1 [j] = c1[j] and ma[j] = c2[j], our goal is to prove j € B; N Bj.
We prove j € B}, for j € BE is similar to prove.

By Proposition 1, we have

¢1 + acy = Closest(m; + amy, C). (7)

Since 1 [j] = e1[j] and m2[j] = e2[j], we have
(m1 + am)[j] = (e1 + acy)[j]. (8)
Combining (7) with (8), we have Closest(m; + ams, C)[j] = (m1 + ama)[j], which implies j € B:. O

The following lemma proves a crucial combinatorial property for B;,BEI,BEQ, where 1, B2
belongs to the same partition with the representative a. Whenever B;, N Bj #* Bf, N Bj,, the size
of the intersection of B, BEN BEQ is “small”.

Lemma 5. Let a, p1, B2 € Fy be different such that |B; N B | > (1 — Ac¢)n and |B;, N Bj,| >
(1 —Ac¢)n. Denote by c1,co € C the codewords uniquely determined by m1[By, N Bj, |, mo[By N B |;
denote by ¢, ¢y € C the codewords uniquely determined by m[By N By, ], ma[B, N By, ] (by Lemma
4). Then ezactly one of the followings holds:

e c1 =cj,co=cy and By N Bj = B, N B}, .
o There exists i € {1,2} such that ¢; # ¢}, and |B;, N B} N B[ < (1 - Ac)n.

Proof. Case 1: ¢; = ¢} and ¢3 = ¢,. We want to prove B} N BZH = BN BEQ. Let us prove
B,NBj C ByNBj, first. Let j € ByNBj . By Corollary 2, we have m1[j] = ¢1[j] and m2[j] = c2lj].
Since ¢1 = ¢}, ¢2 = ¢, we have m[j] = ¢} [j] and m3[j] = ¢, [j]. By Corollary 2, j € B; N Bj,. Thus,
we have shown that By, N Bj C B N Bp,. The other direction, that is, By N B, € By N B, is
similar to prove.

Case 2: ¢; # ¢} or co # ¢,. Without loss of generality, suppose ¢; # ¢}, we want to prove
|By,NB; NBE | < (1—Ac)n. Note that, for any j € By N Bj NBj , by Corollary 2, mi[j] = e1[j]
and 71[j] = ¢|[j], which implies ¢1[j] = }[j]. Since ¢1,¢] € C are different codewords and the
minimum distance of C'is A¢, we have |B; N Bj N Bj | < (1 —Ac)n. O

13



To bound the size of each block, we further partition each block into equivalences classes by
defining the following equivalence relation.

Definition 8 (Equivalence relation within a block). Let A C Bad(wy,m2) be a partition with repre-

sentative o produced by Algorithm 2. Let B, B2 € A\ {a}. We define an equivalence relation R 4 o
on A\ {a} as follows:

(B1,B2) € Raa <= c1 =<} and co = cy,

where c1,¢cy € C are the codewords uniquely determined by mi[By, N Bj |, mao[Bs N By | and and
ch, ¢y € C are the codewords determined by m By, N By, ], m2[B;, N By, ]. (Notice that for any B € A,
we have |B5 N By| > |Bg N Ba| > (1=0)*2—n')n>1— Ac, where the last step is by (4).)

Let s be the number of equivalence classes. For convenience, let
[Bi] = {Bis-- - Bii}s
denote the equivalence classes, where i € [s]. We have already shown

e (Lemma 5) Different equivalence classes correspond to different codeword pairs, denoted by

1 1 s s
(e, ), () ),
e (Proposition 1) For any i € {1,...,s}, and for any j € {1,...,¢;},

Closest(m + f;,jm2,C) = cgi) + &chi).

On the one hand, we can bound the number of equivalence classes by using the following gen-
eralization of Corradi’s lemma, whose proof is almost the same as Corradi’s.

Corollary 3 (A variant of the Corradi lemma). Let Py, ..., P, be r sets satisfying
s1 < |P| < s9,1<i <.

If |P; N Pj| < k for any distinct 1,5 € {1,2,...,r}, then

" s2r
Pl > ———— .
i:le 17 so 4 (r—1k

Proof. We closely follow the proof of Corradi’s Lemma. For any = € J;_, P;, denote by d(x) the
count of x, i.e., the number of P; containing x, we have

Y dl@)=) [PNP|=|R[+) |PNPF

TePR; j=1 jF#i
< 89 + (7“ — 1)k‘. (9)

14



Summing over all sets P;, we have

Y aw= Y dw
i=1 z€P; zelUi_, P;

2

1
> W Z d(x) by Cauchy—Schwarz inequality
=111

zelUi_, P,

vavs (ZP‘> >0 1Pr (o)

Combining (9) and (10), we have

2

|Uz 1P|

S%T

U 32+ (r—1k

r(se+ (r—1)k) >

O

Corollary 4. Let § <1 — Y1 —A¢c —n and n/ = 337”_2%’72 Let A € {A1,..., A} be a set of
combining points defined in Algorithm 2 and o € A be the corresponding representative. Let s be
the number of equivalence classes in Raq (as defined in Definition 8). We have

1

s<——
3n(1—Ac)s

Proof. Let
[/B’L] = {/Bi,la o 7/8i,ti}a

be the equivalence classes, where i € [s]. Notice that

e For any i € [s], |Ba N Bg, ,| < (1 —d)n. By Lemma 2, 71, 2 agree with a pair of codewords
simultaneously on By, N Bj ;. By our condition in Theorem 3, corr ({71, 72}, C) > dn. Thus,
B, N B | <(1—d)n. Also notice that By N Bg,, € By N Bj, .

e For any i € [s], |[Bo N Bg,,| > ((1—6)* — ') n according to Algorithm 2.
e For any distinct 4, j € [s], [Ba N Bg,, N Bg,,| < [ByN B}, | NBj, < (1—A¢)n by Lemma 5.
e [Uizi (Ba N Bg, 1) < |Bal = (1= d)n.

Applying a variant of the Corradi lemma, i.e., Corollary 3, we have

((1=0)*—1n) n)2s
(1=0)n> (1-¥6)n+(s—1)1—Ac)n

15



Thus,
(1-6-(1-Ag)(1-9)

S =) - (1- Ag)(1—0)
B (Ac —9)(1—9)
0P (1A (1-0) 271 o+ 1
(Ac —9)(1—0)

< .
(3121 = Ac)F +3n(1 = Ac)F +78) (1= 0) =20/ (1= 0 + 1

1
Notice that n’ = w, then
371 — Ac)3(1 - 8) — 2/ (1 — §)?
=37%(1— Ac)s(1—8) = 3(1 — Ac)sn?(1 - 8)? > 0.
Thus, we have
(Ac—68)(1—-68)  Ac—94 1

2 - 2 S 2"
3(l—Ac)5(1—0) 3y(l—Ac)s 39l —Ac)d

O

On the other hand, we can bound the number of elements in each equivalence class based on
the following lemma.

Lemma 6. Let o, (31,..., 5 € Bad(m,ma) be distinct such that
e BANBs =B NB;, =...=B,NBj, and
e |BXN B2§1| > (1—A¢)n.
Then BEI, e ,BEt form a sunflower with core B, ﬂBEf That is, for any distinct i, j € [t], we have
B NBs, = B, N Bj,.

Proof. Let i, j € [t] be any two distinct number. Let ¢1,co € C denote the unique pair of codewords
determined by m[Bj N Bj ], m2[B;, N By ] (by Lemma 4).

Observe that B}, ﬂBEi =B} ﬁBEi ﬁB;;j C Bz;i ﬁBEj. By Lemma 4, there are a pair of codewords
¢y, ¢y € C uniquely determined by m[Bj N Bj ], m[Bj, N B ]. Since m[By N By | = e1[B; N B |
and B N Bzgj] = [B; N BEj], where |B; N B [ > (1 — A¢)n and |Bj N Bzgj| > (1—-A¢)n, we
have ¢; = ¢|. Similarly, we can show ¢y = ¢.

For any k € Bj NBj , we have m [k] = i [k] and ma[k] = ¢, [k] by Corollary 2. Since m[k] = ¢1[k]
and ma[k] = co[k], using Corollary 2 again, we have k € B}, N B; =B, NBj N B;j. Thus,

B NBs, =B, N By NBs, =B, N B,

Since i, j are arbitrary, we have completed the proof. O
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Corollary 5. The number of elements in each equivalence class in R4 (as defined in Definition
8) is at most dn.

Proof. Let
[/82] = {/Bi,la ceey ﬁ’iﬂfi}
be an equivalence class. By our definition of the equivalence relation R, we have By N Bj | =
= B;HBEW. According to Algorithm 2, we have \BZQBEM\ > |BaNBg,,| > (1—=0)>—n)n >
(1 = Ac¢)n. Lemma 6 tells us
Bgi,j mBEi,k =B,NB; ., 1<j<k<t,

which implies

(Ba, \B:) N (Ba, \B:) =0, 1<j<k<t. (11)
Thus,

t;

t;
on > [{1,...,n}\ Bi > || (BEM \BZ) =y \BEM \ B,

Jj=1

(12)

For each f3;; € [B;], we have ]BE”\ > (1 — 0)n according to the definition of bad combining
points (Definition 6). On the other hand, Lemma 4 tells us there exist c¢1,co € C such that
mi[BEN Bgm] =c[B:iN BEM] and ma[BX N BZ%,]'] =c[BiN ng_]. Since deorr ({71, M2}, C) > 4§, we
must have |B} N BEM_| < (1 —=9)n. As a result, we have

B, \ B,

> 1. (13)

Plugging (13) into (12), we have t; < dn. O

4.3 Proof of Theorem 3

Algorithm 2 gives a partition of Bad(m, m2), denoted by Aj,..., A, C Bad(m,m2). By Lemma 3,
the number of blocks is at most r < 2¢. The size of each block A; is less than st 4+ 1, which is
bounded by Corollary 4 and Corollary 5. So

Bad(my, m)| = Y |Ai| <7 - (st+1)

=1

A 1
<=C | — 1 Corollary 4 and Corollary 5
T \3n(1 - Ac)

wn

Ac 1 1 n
<5 (s age (-0 s0t-n)e)

Ac (1—(1—AC)%) Ap
< n +
31— Ac)sR-3n(1—Ac)s  3(1— Ag)srp?
28¢ (1= (1-Ac)?) WA

n+
91— Ac)n? 3(1— Ag)in?

The following theorem is the contraposition of Theorem 3.
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Theorem 4 (Linear proximity gap for linear codes over lines). Let Fy be a finite field. Let C C Fy be
a linear code with minimum relative distance Ac € (0,1). Let 6,n > 0 satisfy § <1— /1 —Ac—n
and n < %(1 — Ac)_%. Let m, o € Ky be two codewords such that

2Acn
Pa A 9 S 6 Z .
E]Fq( (771 + amy C) ) 9(1 — AC)U?"FH

Then 71, are simultaneously §-close to C, i.e., Jc1,co € C such that

i e {1, n}:mlj] = e1lj] and ma[j] = efj]} = (1 = d)n.

5 Mutual correlated agreement for linear codes

This section provides stronger versions of Theorem 3. We first consider the list decoding of a given
codeword and bound the number of combining points that enlarge the agree domains. This is called
mutual correlated agreement in [Arn+24b| and strong correlated agreement in |Zei24|, which is
stronger than correlated agreement. After that, we further generalized the results to a batch of
codewords, which can be used in many real-world applications. This batched version also supports
the mutual correlated agreement.

5.1 Mutual correlated agreement for linear codes over lines

Instead of focusing on combining points that disclose the distance between the given codewords
71, mo and a linear code C', we consider the combining points that enlarge the agree domains. More
precisely, we consider the following domains:

Definition 9 (maximal J-correlated-agree domains). Let 0 < 6 < 1. Let C' C [Fy be a linear code.
Let my,...,m € Fy be a series of codewords with | > 1. Let D C {1,...,n} be a domain satisfying:

e Density: |D| > (1 —96)n;
e Correlated agreement: Foric {1,...,l}, 3¢; € C, such that m;|D] = ¢;[D];
e Mazimal: If D C D', then 3i € {1,...,1}, for all c € C, m;[D’] # ¢[D'].

We define such domain as a mazximal d-correlated-agree domain between {1, ..., m} and C. Denote
the set of all of the mazimal d-correlated-agree domains between {m1,...,m} and C as

A67{7r17“‘17rl}7c = {Dla s aDm}
Notice that As (x,,...my,c 5 unique and when Scorr({m1, ..., m},C) > 6, As (x,...m},c 15 empty.

Definition 10. Let m,m € Fg be two codewords. Function Agree(my,ms) returns the locations
where w1 agrees with ma, i.e.,

Agree(mi, m2) = {j € [L,n] [ m[j] = mo[j]} < [1,7].

Based on the above definitions, we can define the set of bad combining points that enlarge the
list-decoding agree domains.
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Definition 11. Let F, be a finite field. Let C' C Fy be a linear code with generator matriz G €
IE"(;X”, where n > k > 0. Denote by Ac the minimum relative distance of C. Let 6 € (0,1 —
Ac). Let m,...,m € Fy be codewords with mazximal §-correlated-agree domains As (r, . r).c =
{D1,...,Dp}, wherel > 2. Define the list-bad combining points of (71, ...,m) (with respect to the
linear code C') to be

Bady, (71, ...,m) £ {(ag,...,qp) € Ff;l |3c € C, such that §(m1 + aoma + ... + oymy,¢) < 0
and Agree(m; + agmy + ... + oy, ) # Diyi=1,...,m}.

W=

Theorem 5. Let 6,1 > 0 satisfy 6 <1 — Y1 —Ac —n andn < %(1 — A¢)75. Let mp,mg € Fy

be two codewords with mazimal &-correlated-agree domains As (x, r,y,c = {D1,- - D} Then we
have oA
on
’BadL(ﬂ'l,ﬂ'Q)’ < —F.
9pm?

Proof. We first modify the definition of some sets corresponding to Definition 7. For any o €
Bady,(m,m2), dc € C such that §(m + ame,c) < § and Agree(m; + amg,¢) # D;,i = 1,...,m. If
more than one codewords satisfy these conditions, choose the one with the smallest lexicographical
order. Define

B}, = Agree(m 4 am, ¢) C [1,n], (14)

and B C B} , is the of first (1 — 6)n elements of B} ,. For each Bj ,, we prove that there are
two possible cases:

1. |B} ,ND;| <(1—-A¢)n,ie{l,...,m}, or

2. dD; € ./45,{7”’#2}’0, such that Bia 2 D;.

=

This is because if 3D;,|B} , N Di| > (1 — A¢)n, denote by c1,c2 € C the codewords satisfying
c1[D;] = m1[D;], c2[D;] = ma[D;] according to the definition of D; € As {r1,m2},0- Thus,

(c1 4+ aca)[D;i] = (71 + am)[D;].
Notice that
(01 + OéCQ)[BZa N Dl] = C[Bz’a N Dz]
because of (14). Since |B} , N D;| > (1 — A¢)n, we have ¢; + acy = ¢. Then

(7T1 + Oé']TQ)[Di] = (01 + OéCQ)[DrL'] = C[DZ]

As a result, we have Bi,a = Agree(m; +ama, ¢) 2 D;. Definition 11 tells us Agree(m; +ame, ¢) # D;,
thus,
Bz,a 2 D;.

Run Algorithm 2 on Bady, (7, m2) and the corresponding agree sets By, o, € Bady (71, m2) to
give a partition on Badp, (71, 72). Denote the output as A},..., Al and «a1,...,q,. Lemma 3 still
holds because our partition strategy is unchanged and we have |Bp o| = (1 —d)n for any o € Badr..
Thus, we have r < A¢ If we can bound the size of each block A;, we finish our proof of the theorem.

For any a € {ay,...,a, }, denote by A the block « is in.
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For the first case that B} ,ND;| < (1-A¢)n,i=1,...,m, we claim that A = {a}. Otherwise, if
38 € A and B # «, we have 71, mo agree with a pair of codewords ¢1, ca € C on BzaﬂBzﬁ by Lemma,
4. Since |B} , N B} 5| > |Br,a N Brg| > (1 — A¢)n according to the partition in Algorithm 2 and
|Bz7a ND;| < (1—A¢)n,i=1,...,m according to our assumption, B] ,NB] 5 ¢ D;i=1,....m
A contradiction to Definition 9. So |A| = 1.

For the second case, if |A| = 1, we finish our proof of the theorem. Otherwise, we prove

|A] < ﬁ + 1 in this case. Since Lemma 5 holds in this case, we still have the equivalent
37] 1— C 3
relation on A \ {a}. Notice that the conditions of Corollary 4 hold in this case, we can bound the
number of equivalence classes, i.e., s < ﬁ. We slightly modified the proof of Corollary 5 to
3N(1-A¢)3
limit the number of elements in each equivalence class. Let
(8] ={B1, .-, Bi}

be an equivalence class. Based on Lemma 6, we have

t

U (Bis \ Bia)

=1

t

= > |Bis \ Bial- (15)

=1

on>[{1,...,n}\ B} o >

According to Lemma 4, 71,79 agree with a pair of codewords ¢1,co € C' on BLa N B} .6 dD €
Aj {m1,m0},05 such that By , N B} 5 C D. According to the definitions of BadL(ﬂ'l,ﬂ'Q) and B 4.
we have B} 5 ¢ D. Asa result

1BLg \ BLal = |BLs \ (BLa N BLg,)| = 1. (16)
Plugging (16) into (15), we have
on > t.
So we have |[A] < st+1 < (71@ + 1 in this case. Combining with Corollary 1, we have the
simplified expression in the theorem. O

5.2 Mutual correlated agreement over affine spaces

When there are a batch of codewords mg, m1,...,m with [ > 1. We prove our results still hold.

1

Theorem 6. Let 6,17 > 0 satisfyd < 1—/1 — Ac—n andn < (1 Ac)7 5. Let 770,7r1, cm € FY
be l + 1 codewords with maximal §-correlated-agree domains A(;’{ﬁoymm}yc {D1,...,Dp}. Then
we have

2Acn

93

Proof. We use induction to prove the result. When [ = 1, the problem is reduced to Theorem 5.
Suppose the result holds for [ —1 codewords. For convenience, denote As ;. r.y.c as A; and denote
(1,0 00) €Fpasz;, i =1,...,1. For 1 <4<, define

|Bady, (7o, ..., m)| <

Si 2 {{an,...,04) € Ffl |3c € C, such that §(mp + - - + aymi, ¢) < I
and Agree(mo + - -+ + a;mi, ¢) ¢ A; }.
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Then we have

Py eri (21 € 51)
:PZLGJFZ (Zl €5 | Z|—1 € 51_1) . PZ1_1€F271 (Zl—l S Sl—1)+

Poer (e €S| 211 & 511) - P, cpr(zi1 & Si1)

S]le,lelﬁ‘é_l(zlfl € Slfl) + ]P)zleIFf] (Zl €S | Z]_1 §é Slfl). (17)
According to our assumption, the first item satisfies
2Acn
ZlfleFé_l(zlfl S Slfl) < WM . (l — 1) (18)

For the second item, for any fixed z;_1 ¢ S;_1, define the set
SZz-1 £ {al S Fq : <Zl_1,Oél> S Sl}.
For convenience, use 7’ to denote mg + - -+ + ay_1m_1. Consider the set

Ss(n'.mt.c = {ou € Fy |3e € C, such that 6(n" + oymy,v) <6
and Agree(r’ + oy, v) ¢ As fr my,0 )

We want to prove

Sz C 55,{7F’,7Tl},0' (19)
Notice that S (7 1.0l < 29%)53” by Theorem 5. So if (19) holds, we have
2Acn
S, < - 20
| Z171| 9p773 ( )

Suppose As (' r,},c = {D1,---, D), }. Since z;_1 ¢ S;—1, {Dy,..., D), } are §-correlated-agree do-
b} 9 k) 1 1
mains of 7, - -+, M1 (may be not maximal). According to the definition of As (7 ~y.c5 {DY, ..., D)/ }
b b b 1

are d-correlated-agree domains of mg, - - - , 7. For any D) € As {x/,m1,05 3D € Ay, such that D, C D.
Since D is a correlated-agreement between 7', m; and C, we have D, = D. Thus,

As ('m0 © A (21)
Fix an o € Sy, ,, (zi—1, @) € S;. According to the definition of S}, 3¢ € C such that
Agree(n’ + amj,c) ¢ A; and |Agree(n’ + am,c)| > (1 — &)n.
(21) tells us Agree(n’ + am, ¢) ¢ As (r x,),c- Thus,

Q€ 557{71-/’7”}70

and we have proved (19).
Plugging (18) and (20) into (17), we have
2Acn

P €8 < —=—-1L
ZZGFé (Zl l) 9p"73|]Fq|
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Corollary 6 (Linear proximity gap for linear codes over affine spaces). Let Fy be a finite field. Let
C C Fy be a linear code with generator matriv G € IF’;X", where n > k > 0. Denote by Ac the

_1

minimum relative distance of C. Let §,n > 0 satisfy 6 <1 — /1 —Ac —n and n < %(1 —Ag)7 5.
Let mo, ..., m € Fy be l + 1 codewords, where I > 1. Suppose

2Acn
P(al,...,al>EFq(A(7r0 + ...+ o7, C) < 5) > 9(1 — Ac)1’]3‘Fq’ s L.

Then T, ..., are simultaneously d-close to C, i.e., dcg, ..., c; € C' such that
1{j € [1,n] : molj] = coljl, .. mlj] = a1} = (1 = 0)n.

5.3 Conjectured correlated agreement

Besides the provable correlated agreement for linear codes, conjectures are used in practice. [Ben+20b]
provided a conjecture on the correlated agreement of Reed-Solomon codes. Later, [Arn+24b| gave
a stronger version of the conjecture on mutual correlated agreement.

Conjecture 1 (Conjecture 8.4 in |[Ben+20b]). There exist universal constants c1,co > 0 such that
the following holds. Let ug,u1 : L — F,. Let 6,1 >0 and 6 <1 — p —n, and suppose

1 |L[*
(np)er [Fy|

Then ug,uy are simultaneously 0-close to RS[Fy, L, p|, i.e. vy, v1 € RS[Fy, L, p| such that

PZGJF,J(A(UO + zu, RS[quLnO]) <4)>

{z € L: (uo(x), ua(2)) = (vo(x), vi(2))} = (1 = 9)[L].

[Ben+20b] proved the conjecture when ¢a = 2 and § is under the Johnson bound, i.e., § <
1—/p—mn. They state that “To the best of our knowledge, nothing contradicts setting ¢y = ¢y = 2”
and “When limiting the scope to fields of characteristic greater than k (degree of the RS code), we
are not aware of anything contradicting ¢; = co =17

Theorem 6 provides proof for a part of the conjecture when setting co = 1. Furthermore, our
results hold for all linear codes and support the mutual correlated agreement, which is stronger than
the standard correlated agreement. The parameter § needs to be under the 1.5 Johnson bound in
our setting, i.e., d <1 — p—n.

The proof of the remaining part of the conjecture is still open.

6 Soundness of batched FRI

The proximity gap for linear codes is widely used in many code-based protocols. In this section, we
applied our results to a widely used low-degree test protocol, called FRI[Ben+18|. FRI is used to
verify whether a given codeword is close to an RS code or is far from it. We improve the soundness
analysis of FRI. Our result can also be directly used to prove the round-by-round soundness of FRI.
Furthermore, our results can be applied in a series of generalizations of FRI. In particular,
we provide the corresponding result in the version of foldable codes, which is formally defined in
BaseFold|ZCF23|. BaseFold is field-agnostic while FRI only works for “smooth” domains.

22



6.1 Bad folding points

Folding is a crucial operation in FRI. The protocol applies this operation repeatedly to finish the
verification. We first analyze the performance of one folding. We introduce the generalization
definition of folding provided in [ZCF23|, which can be operated on the foldable codes. Foldable
codes are a subset of linear codes and RS codes are special cases.

Suppose 7 € Fg” is a codeword with length 2n,n € N* and C' C Fg” is a given linear code. The
folding result of 7w at «, denoted as Fold, (), is a codeword with length n.

Definition 12 (Message folding [ZCF23|). Let ¢,k € N,d € N* and let F, be a finite field. Let
q
Gy € F’;02d71XCk02d71 be an arbitrary matriz and Cq_q : F];O'Qd& — F§k0'2d71 be the corresponding

.2d . . . .
code. Let Cy : F’;O'Qd — szo 2" be a linear code with generator matriz Gg € IF];OQdXCkOQd with structure

Gd:( Gyt Gyt >
Gi1 Tio1 Gag1-T) )’

where Ty_1,T)_| € ngO'Qd”Xcko'Qdfl are arbitrary diagonal matrices such that Tq_1[j] # Ty_,[J] for
jE [1,Ck0 . Qd].

For allmy € IF’;O'TZ, denote by Encg(my) € ngO'Qd the encoding of my, i.e., Encg(my) = my-Gg.
a € Fy is a folding point, then the folding result of Encq(mg) at point o is defined as:

CodeFold, (Encg(my)) £ (mg)+omgy) - Gg_i.
By definition, the folding result of an element in Cy at any point is an element in Cy_1.

Definition 13 (Codeword folding [ZCF23|). Let ¢,ko € N,d € Nt and let Fy be a finite field. Let
Gy_1 € F’;02d71”k02d71,Td_l,Téfl € ng0'2d71XCk0'2d71 and Gy € ]F";(’dec’“ﬂd be matrices defined as
above. Let mg € ngon be any vector (may not be an element of Cyq). o € Fy is a folding point, then
the folding result of mq at point o, denoted by Fold,(mq) € ]ng.on—l is defined as:

o diag(Ty—1)[jlmals + cko2™"] — diag(Tj_,)[jlmals] | walj] = malj + cko2¢77]
Folda(ma)lj] = ding(Ty_1)j] — ding(T}_, )l T Sag(Tu 1)) — dine(Th )]’

where j € [1, cko2971].
Proposition 2 ([ZCF23|). When mq € Cy, for any a € Fy, we have
CodeFold, (7q) = Foldy(myg).

The proof can be found in Lemma 5 in [ZCF23].

The above proposition implies that when we do the codeword folding operation on a codeword
in Cy, the folding result is an element in Cy_1. As a result, we can do folding operations repeatedly
and check whether the final folding result is a member of Cy. Notice that the final folding result
has a short code length, making verification easy.

However, there exist “unlucky” cases (over the choice of folding point) that fold a codeword
m ¢ Cg4 into a member of Cy_1. The following result limits the possibility of such cases. More
precisely, we limit the possibility over the choice of folding point that discloses the distance between
7 and Cy.
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Definition 14 (bad folding points). Let ¢,ky € N,d € Nt and let F, be a finite field. Let 2n = cko2?
and p = % be the rate. Let Cg—y C Ty be a linear code with generator matriz Gq—1 € Fo .
Ta-1, Ty € F™ are two arbitrary diagonal matriz such that diag(Tyq—1)[j] # diag(T;_,)[j] for

every j € [1,n]. Define
G, = < Gy Gy )
Gg1-Ta—r Gg1-T)_,

and Cy : JFZ(%) — ]Fg” 1s the corresponding linear code.
Let 0 < 6 < 1. Let m € F2" be a codeword such that 6(w,Cq) > 6(2n). Define the bad folding
points to be
Bad(m) = {a € Fy : § (Foldn(m),Cq—1) < 0)}.

Denote by Agz_1 the minimum relative distance of Cy_1. Using Corollary 1, we can limit the
number of bad folding points when ¢ is within the 1.5 Johnson bound.

Theorem 7. Let 6,1 > 0 satisfy d <1 — Y1 —Ag_1—n andn < %(1 — Ad_l)fé. Let 7 € Fg” be
a codeword such that §(m,Cy) > 6. Then,

Ad_ 1 (277,)

Bad _ .

Proof. We use 7 to construct the following codewords with length n:

oy = STl + n) - diag(T_y [l
= diag(Ty—1)[j] — diag(T;_,)[j]
_ alil-ali+n)

diag(Ty—1)[j] — diag(T}_,)[7]

m2[J]

where j € {1,...,n}.

We claim that m; and mo do not have §-correlated agreement. Otherwise, suppose there exist
a subdomain D C {1,...,n} and two codewords ci,ca € Cy—1 such that |[D| > (1 — d)n and
m[D] = c1[D],m2[D] = ¢2[D]. Let my,my € F{" be the corresponding messages of ¢y, ca, i.e.,
c1 =m; -G and ¢; = my - G. Combining with (22), we have

)

m[j] = m[j] + diag(Ty—1)[j]m2[j] = (m1 - Ga-1)[5] + diag(Ty-1)[j](m2 - Ga-1)J]
7lj +n] = m[j] + diag(Tg_)[j]m2[j] = (m1 - Ga-1)[j] + diag(T5_,)[j](m2 - Ga—1)[j]
for j € D. Let m = (m;|lmy) € F2" be the concatenation of m; and my. Let D' = {j € [2n] | j €

D or j —n € D}. Then we have
7D’ =m - G[D'].

This is a contradiction to é(m, Cy) > d. Thus, we have proved 71 and 79 do not have J-correlated
agreement.

Next, we prove that Bad(m) C Bad(m,m2). Va € Bad(w), notice that m + amy = Fold,(7)
according to Definition 13 and (22). Then we have

(5(71’1 -+ Oé7T2,Cd,1) = 5(Folda(7r),Cd,1) <4,

which implies Bad(7) C Bad (7, m2).
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Ag_1(2n) <. As a result,

We have proved dcorr ({71, ™2}, Cq) > 0. By Theorem 3, |Bad (1, m2)| < Tty 7

Ad,1(2n)
Bad < |Bad —_— .
[Bad(m)] < [Bad(m, m)| < gt X~

O

Remark 1. [ZCF23] provides an analysis of the minimum relative distance of foldable codes. When
applied to RS codes, the minimum relative distance is fized, i.e., we have Ag_1 = Ag.

6.2 The batched FRI protocol

FRI|Ben+18]| is an IOPP for testing proximity to the RS codes. It is used to help the verifier check
whether a given function f : L(®) — [F, belongs to a given RS code or is far from it. In particular,
FRI works for smooth evaluation sets. We say a set is smooth if it is a coset of a multiplicative
group whose order is a power of 2. We apply our results to prove the soundness of FRI.

Let L(® be a smooth domain, 0 < p < 1. Let RS[F,, L,p] : IFZ‘H — ]FLL| denote the Reed-
Solomon code of degree strictly less than p|L| evaluated on L, where RS[Fy, L, p] maps (co, ¢1, . .., ¢q) €

F&H to (Zf:o ci:ni> L€ IF‘qu, and d = [p|L|] — 1. Notice that RS codes are linear codes. For a
ze

given function f(© : LOO) — F_ the verifier wants to know whether it is a member of RS[F,, L), p].
An untrusted prover may help the verifier while the verifier has query accesses to f(?). The verifier
and the prover agree on a series of smooth evaluation domains LO LMW ... L) where n, is the
number of interactive rounds. For convenience, we will focus on a specific case of folding where
L+ = (L,))2 At this time, the matrices Gy, T, T in Definition 12 are of a specific structure.
And we fold a member of RS[Fy, L), p] into a member of RS[F,, L1, p|. For general cases, the
definition of folding can be found in [Ben+18|, and we will not discuss those details here.

The FRI protocol has two phases, called COMMIT and QUERY.

In the COMMIT phase, the prover and the verifier work together round by round to fold the
target function f(©) into a field element (or a short vector). Thus, the verifier can check the element
casily. In the k™ round, the prover sends the oracle of a function f*) to the verifier. The verifier
randomly selects a folding parameter o®) F, and sends it to the prover. In this context, we
assume that the folding parameter cannot be zero. Upon receiving a*), the prover folds f*) using
this parameter to obtain a new function f*+1) : L=+ — T If the prover is honest, the folding
result is supposed to be

FEFD = Fold ) (f)).

If ) is a member of RS[F,, L®) pl, then the degree of f*+1) is expected to be halved. Conse-
quently, any member of RS[F,, L), p] will be folded into a single element after log(p|L(?)]) rounds.

In the QUERY phase, the verifier queries some random locations in L(?), and the prover responds
with the queried elements as well as those involved in the folding path. The verifier then calculates
the folding results to verify the correctness of the folding process.

Batching Batched FRI is a generalization of the FRI protocol. Instead of checking only
one function f(© is near RSIF,, Lo, p|, the prover is now required to prove a series of functions
féo), cee fl(o) L0 F, are near RS[F,, LO) p]. A trivial strategy is checking each function indi-
vidually; however, this approach becomes inefficient when the number of functions is large. Batched
FRI provides a way to do the verifications at one time.
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Suppose the prover has a series of functions féo), ceey fl(o) € FqL(m, and the verifier has or-
acle access to these functions. Before executing the FRI protocol, the verifier randomly selects
21, ,2 € [Fy and sends them to the prover. The prover and the verifier then run the FRI protocol

on the combined function defined as f(©) £ féo) + 21 fl(o) + -4z fl(o). The COMMIT phase of
the batched FRI protocol is the same as the basic FRI protocol, while the QUERY phase includes
additional checks to verify that the combination is correct. More precisely, the batched FRI protocol
works as follows:

BATCH Phase:
1. The verifier picks uniformly random 21, ..., 2 € F.
2. Set fO 2 0 4o fO 4O

COMMIT Phase:
1. For each k € [0,n, — 1] :

(a) The verifier picks a uniformly random o(¥) € Fy.

(b) The prover writes down a function

f(k—l-l) :L(k—i-l) — Fq

and sends the oracle of f**1) to the verifier. For an honest prover, we have f#+1) =

FOlda(k)(f( ))
2. The prover writes down a value C' € .
QUERY Phase: Repeat ¢ times:

1. The verifier picks a uniformly random s(©) ¢ L(®),

Do

I FO(O) £ f0(5O) + 21 [17(5©) + -+ 2/ (), REJECT.
3. For each i € [0,n, — 1] :

( ) Define s(k+1) c I(k+1) by g(k+1) — (s(k))Q
(b) Compute Fold ) (f®))(s+1)) by making queries to f*)(s()) and f*)(—sk)),
(c) If Fold, g (f()(sk+D)) £ f+1)(s(k+1)) REJECT.,

IS

If f0n) (s(vr))y £ ©) REJECT.
5. ACCEPT.
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6.3 Soundness of batched FRI

The soundness error of batched FRI consists of bad batching, bad folding, and prover’s cheating.

The bad batching is restricted by Theorem 6 directly. We propose an analysis of the possibility
of bad folding based on Theorem 7. Let f© : L(O) — [F, be the initial function. The prover and
the verifier have agreed on a series of “smooth” evaluation domains, L(®, L) ... Suppose there
are n, rounds in the FRI protocol. Let

3®) 2 5(f®) RS[F,, L™, p])
be the relative distance.

Let B%®) = min{s*) — m, 1—Yp—mn} Letn < %pfé. Define the k" Bad Event E®) 0 <
k <n, — 1 as the event:

E® = {a® e F, : §(Fold,um (f*), RS[F,, L*V o)) < BW}

where a®) is the random folding point chosen by the verifier in the ™ round. According to Corollary
1, we have
(1= p)IL®)|

P(E®)) <
(B 9pm3|F,|

. (k) R .
Notice that |L*+1)| = % Then the possibility that in all of the n, rounds, the bad events do
not happen satisfies:

ny—1 ny—1
P( /\ Ry > — Z P(E®)
k=0 k=0
2(1 — p)|L©
Ly 201
9pi|Fq|

Suppose bad batching and bad folding do not happen in all the n, rounds. A dishonest prover
may modify some locations of the codeword to pass the verification. However, modifications will be
checked during the QUERY phase and can not increase the possibility of passing. As a result, we
have the following soundness error bound of batched FRI.

Suppose that bad batching and bad folding do not occur in any of the n, rounds. A dishonest
prover may alter some positions of the codeword to pass verification; however, these modifications
will be scrutinized during the QUERY phase and cannot increase the likelihood of passing. Conse-
quently, we derive the following soundness error bound for batched FRI. Further details regarding
the soundness of FRI can be found in [Ben+18|, which offers a comprehensive soundness analysis.

Theorem 8 (Batched FRI soundness). Let Fy be a finite field. Let L0 ¢ Fy be a smooth evaluation
domain.

Let féo), e ,fl(o) . L) — Fy,1 <1 be a sequence of functions and let v = RS[Fq,L<O)7p] and
p satisfies p = 271 for a positive integer R. Let 8,1 > 0 satisfy 6 < 1 — Jp—mnandn < 3p73.
Furthermore, let t denote the number of invocations of the FRI QUERY step.

Suppose there exists a batched FRI prover P* that interacts with the batched FRI verifier and

causes it to output “accept” with a probability greater than

=

2(1 - p)|IL]

S F] ) S(l+1)+(1-0) (23)

€Batched-FRI = (
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Then féo), e ,fl(o) have correlated agreement with VO on a domain D C L9 of density at least
1-6.

Remark 2. For general cases that ¢(X) = sz,k € N*, this error bound also holds. One folding
in this case can be seen as k foldings of the special case with the same folding parameter.

6.4 Numerical Example

We provide a numerical example to show the improvement in the provable soundness of FRI. Set
q = |Fq| > 283 (the extension field used in [Sta23]), p = 1, m =3, n =275, |ILO)| = 2%* and | = 28.
n, = logy(|L(9|) = 24 is the number of rounds. t is the number of QUERY times.

Let
o (AT ILOP  @mt 1) (LO[+1) Figti®

€c = )
‘ 20%/%q VP q

; (%) .
where () = | L'%iﬂ')‘ = 2 in our example. And we have

27122 ¢ < 27121

The soundness error bound provided in [Ben+20b] is

1 t
€Batched-FRI = €c + (\/ﬁ(l + 277Z)> . (24)

This can reach 121 bits of security when ¢ > 97, and can not reach 128 bits of security. For higher
security levels, we can apply the FRI protocol in a bigger extension field. However, this will increase
the cost of operations. Our soundness error bound is provided in (23). And we have

_ 2(1 — p)|LO] -
9136 [ 2 TP L) 4 1) < 27135,
9pm3|Fy| (+1)

We prove FRI can reach 128 bits of security in the current field when ¢ > 134.
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