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The hardness of Kolmogorov complexity is intricately connected to the existence of one-way
functions and derandomization. An important and elegant notion is Levin’s version of Kolmogorov
complexity, Kt, and its decisional variant, MKtP. The question whether MKtP can be computed
in polynomial time is particularly interesting because it is not subject to known technical barriers
such as algebrization or natural proofs that would explain the lack of a proof for MKtP ¢ P.

We take a major step towards proving MKtP ¢ P by developing a novel yet simple diagonalization
technique to show unconditionally that MKtP ¢ DTIME[O(n)], i.e., no deterministic linear-time
algorithm can solve MKtP on every instance. This allows us to affirm a conjecture by Ren and
Santhanam about a non-halting variant of Kt complexity.

Additionally, we give conditional lower bounds for MKtP that tolerate either more runtime or
one-sided error. If the underlying computational model has a linear-time universal simulation, e.g.
random-access machines, then we obtain a quadratic lower bound, i.e., MKtP ¢ DTIME[O(n?)].
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1 Introduction

The formal concept of “complexity” was spearheaded in the 1960’s by Solomonoff [Sol60} [Sol64al; [Sol64b],
Kolmogorov , and Chaitin . Ideas and techniques from meta-complexity—the
computational hardness of complexity—have diffused into adjacent subfields like learning theory, deran-
domization and cryptography (see Section [2| for related work). We refer to Trakhtenbrot for a
historical survey of complexity and to the more recent survey by Allender .

In this work we focus on Levin’s notion of Kolmogorov complexity Kt , which elegantly
incorporates a time bound and thus evades the undecidability of the original Kolmogorov complexity.
The Levin—Kolmogorov complexity of a given string z is the minimum over all programs that produce x of
the sum of the program’s length plus the logarithm of its runtime, i.e., Kt(x) = min., (|II| + [logy(¢)])
where IT computes the string x in time ¢. Its decisional problem is defined as MKtP := {(z, k) | Kt(z) <
k}. For an in-depth introduction to meta-complexity problems we refer the reader to .
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In fascinating works Liu and Pass |[LP20; [LP21b] uncover a surprising connection between deran-
domization and the existence of one-way functions (OWF) through Kt complexity. On the one hand,
they show that (weak) derandomization BPP # EXP is equivalent to the zero-sided average-case hard-
ness of MKtP, and on the other that the existence of OWFs is equivalent to the two-sided average-case
hardness of MKtP. One-way functions are central to modern cryptography: they characterize symmet-
ric cryptography, dubbed “Minicrypt” by Impagliazzo |[Imp95]. They are necessary and sufficient for:
digital signatures [Rom90|, (cryptographic) pseudorandom generators [BM82; HIL™99], pseudorandom
functions [GGM84], private-key encryption [GM84], commitment schemes [Nao91] and much more. More-
over, the existence of OWF's is itself equivalent to the hardness of many other meta-complexity problems
(see at the end of Section [2).

These cross connections add to the importance of understanding the hardness of Kolmogorov com-
plexity. While most variants of complexity have (reasonable) unconditional lower bounds (again see
Section [2] for related work) and despite the plausible conjecture MKtP ¢ NP, only a comparatively weak
unconditional lower bound for Kt complexity is known. Namely, Hirahara |[Hir20b] shows that the Kt-
random strings Rk = {z | Kt(x) > |z|} are immun to the circuit class P-uniform ACC® (constant
depth circuits with constant-modulo gates). Now, one might ask:

Why are there no stronger lower bounds for Kt complexity?

The reason that Hirahara’s approach fails for stronger classes is that it requires a satisfiability (SAT)
solver of the given class. In fact, Hirahara shows that immunity of Ry for class C result is indeed equiv-
alent to a SAT solver for C—which explains the lack of a stronger immunity lower bound. However, even
considering a weaker (compared to immunity) worst-case lower bound, the EXP-completeness of MKtP
under BPP reductions |[LP21b| explains why there is no worst-case lower bound against probabilistic
polynomial-time algorithms (BPP); because it would imply BPP # EXP which itself is subject to the
relativization barrier [BGS75]. In the face of this barrier we might ask about an even weaker worst-case
lower bound against a deterministic polynomial-time algorithms (P). Even proving the comparatively
weaker statement MKtP ¢ P (mentioned e.g. in [Olil9; |Hir20b|) is a longstanding open problem at least
since Allender, Buhrman, Koucky, van Melkebeek, and Ronneburger [ABKT02] posed it explicitly in
2002. This is particularly interesting because MKtP ¢ P is notE| subject to technical barriers like al-
gebrization |[AW08} TKK09; |AB18] or natural proofs [RR97]. Given the lack of barriers it is not clear
whether relativizing techniques suffice to prove MKtP ¢ P. That our lower bounds relativize can be taken
as a hint that relativizing techniques might in fact be strong enough to prove MKtP & P.

2 Contributions & Related Work

Our main contribution is a new diagonalization technique tailored to Kt complexity. Using our technique
we give the first unconditional lower bound of Kt complexity against a uniform time class. This constitutes
a significant step towards proving MKtP ¢ P.

While our diagonalization strategy is fairly simple, its analysis is somewhat involved and simplifying it
would be interesting on its own. We stress that our approach differs strongly from all previous approaches
like the one of Hirahara [Hir20b| or for randomized complexity notions [Olil9; Hir22b]. A major technical
difficulty for Kt lower bounds based on diagonalization is that the diagonalization algorithm for Kt needs
to be deterministic, and thus no probabilistic tools from complexity theory are available. In Section
we explain why this leads to a black-box barrier for diagonalization-based proofs and how our technique
overcomes it. Also, note that derandomization is not useful here because a) we are interested in an
unconditional bound, and b) Liu and Pass [LP21b| already show that (weak) derandomization implies a
stronger zero-sided lower bound. Our main result is summarized as follows:

! No infinite subset of Rx; is in P-uniform ACCP.
2 Ren and Santhanam [RS22] show that the relativization barrier applies to the problem of approximating MKtP.



Theorem 1. The Levin—Kolmogorov complexity cannot be decided in deterministic linear time in the
worst-case, i.e., MKtP & DTIME[O(n)].

On the Kt notion of Ren and Santhanam. Because our lower bound relativizes we can partially affirm a
conjecture (Open Problem 4.7.) by Ren and Santhanam [RS22]. They introduce a “non-halting” variant
Kt of Levin—Kolmogorov complexity whose deﬁnitio is almost identical to the standard Kt complexity
except that the witness program producing a given string need not halt after writing the string on its
tape. Ren and Santhanam conjecture that—despite their close definitions—the two notions behave quite
differently in that infinitely many strings = have Kt(z) < Kt(z). By analyzing the proof of Theorem [1{ we
can give a concrete example affirming their conjecture. Concretely, infinitely many prefixes of Chaitin’s
constant {2 have Kt(21]...]|2¢) <io K(£21]]...||2¢) < Kt(§21]|...]|£2¢). To see this assume the opposite

(all-but-finitely many prefixes have Kt(£21]|...||£2¢) >apr Kt(£21]]...]|92¢)), then our proof of Theorem
allows us to prove the linear-time hardness of Kf:t relative to any oracle. However, Ren and Santhanam
[RS22] already give an oracle relative to which Kt is computable in linear time. Pushing the limits of our
technique we find If{vt((hHHQg) <io Kt(£21]]...]|92¢) — ©(In1n(¢)) falling short of the stronger conjecture
I,{vt(91|\...||(2g) <io Kt(£21]]...]|92¢)/ ©(1) as required by Ren and Santhanam.

In particular, relative to their oracle Kt can be approximated in linear time to within a multiplicative
factor of 2+e¢ for any € > 0. Our relativizing result is compatible with [RS22] because Ren and Santhanam
only show that proving hardness of Kt for small thresholds < n/(2 + €) requires a non-relativizing proof
but we show hardness of Kt for a large threshold 2 n. Consequently, showing (worst-case) hardness of
Kt for small thresholds seems qualitatively harder than for large thresholds. This should be contrasted
with recent developments [LP21aj |LP23b] where the worst-case hardness (of a conditioned version) of
K* for different thresholds between n® and n — 2 is equivalent (Thm 1.1. in [LP23b]).

Comparison to Hirahara’s lower bound. Hirahara [Hir20b] shows an incomparable unconditional lower
bound for Kt complexity, namely, that the Kt-random strings Rk are immune to P-uniform ACC®
(see |All21] for a nice description of Hirahara’s approach). Compared to Hirahara’s immunity lower
bound (no infinite subset can be decided), our result is weaker in that it only provides worst-case
hardness (no algorithm can decide correctly for every string). On the other hand, our lower bound holds
against deterministic linear time DTIME[O(n)] which—we argue—is closer to P than the rather weak
circuit class P-uniform ACC® for which Hirahara’s lower bound holds. The only case in which our result
would be subsumed by [Hir20b| is the implausible case that P = P-uniform ACC® which would already
imply MKtP ¢ P and in fact a nontrivial SAT solver for P.

We emphasize that our proof strategy differs conceptually from the one in [Hir20b|. The approach
of Hirahara is based on the “algorithmic method” of Williams [Wil13; Will4] where a nontrivial satisfia-
bility algorithm for a circuit class yields a lower bound against that class. Obtaining a stronger immunity
of Ry using the Hirahara—Williams approach is equivalent to satisfiability algorithms for stronger circuit
classes which may be subject to known barriers such as algebrization [AWO08; TKK09; ]AB18] or natural
proofs [RR97]. In comparison, our approach opens new avenues for improved lower bounds that possibly
evade these barriers. See Section [3] for a discussion of the limitations of our technique and possible ways
to overcome them.

Stronger conditional bounds. By analyzing our approach for the proof of Theorem [I| we are able to give
conditional lower bounds which either tolerate larger runtime or one-sided error.

Theorem 2. For each time bound t(n) > n at least one of the following is true:

3 Formally, Ren and Santhanam |[RS22| define their Kt notion not relative to any UTM but more informally “over
all machines”. We thus consider a Kt notion that is defined formally analogously to our notion Definition



1. MKtP ¢ DTIME[Y,
2. MKtP ¢ Heur,_ . DTIME[O(n)] with no false positive error vg(n) = 0 and false negative error
Yin(n) == Y2nt(2n) — 2/27,

More related work. In recent years there has been a flurry of meta-complexity results—too many to
discuss here ([Hir18; |01i19; |GIIT19; Tla20a; Hir20c; [[la20b; Hir20a; Hir20b; \[LOS21; [RS21; [HN22; [LO22;
LOZ22; [Hir22a; AHT23; [LP23c} LP23a; BLM™23; [MP24b; MP24a; [LP24] to name only a few). Here,
we restrict ourselves to some Kt-related notions and their resp. lower bounds to contextualize our lower
bound for MKtP.

The canonical time-bounded variant MK'P [Kol63; [Sip83; Har83; |Ko86] of Kolmogorov complexity
is parameterized over some time bound t and limits the witness program of a given string x to run in
time at most t(|z|). Limiting the witness program’s runtime makes this notion computable, opposed to
standard Kolmogorov complexity. For exponential time bounds t Hirahara [Hir20b| shows that MK'P is
EXP-complete under ZPP reductions and even that the set of K'-random strings is immune to P (no
infinitely large subset of K'-random strings is in P).

Allender, Buhrman, Koucky, van Melkebeek, and Ronneburger [ABK™T06] show that the Levin—
Kolmogorov complexity MKtP is EXP-complete under P/poly or NP reductions, i.e., MKtP € P/poly <—-
EXP C P/poly. Liu and Pass [LP21b] improve this to BPP reductions, i.e., MKtP € BPP <= EXP =
BPP. Thus, any nontrivial derandomization BPP # EXP is equivalent to a lower bound MKtP ¢ BPP
against bounded-error probabilistic TMs. In turn, this means that any barrier preventing us from proving
BPP # EXP also prevents us from proving the randomized lower bound MKtP ¢ BPP. In contrast,
our lower bound MKtP ¢ DTIME[O(n)] is much weaker both in the quantitative runtime (linear vs.
polynomial) as well as the computational model (deterministic vs. probabilistic)—and thus evades known
barriers.

Oliveira [Oli19] introduces rKt—a randomized version of Levin—Kolmogorov complexity—where the
witness program of a given string x must produce that string x on at least a 2/3-fraction of randomnesses.
This randomized complexity is BPE-complete (Lemma 12 in |Oli19]) and Oliveira shows hardness of his
notion against quasipolynomial time bounded-error TMs, i.e., MrKtP & BPTIME[nlOg(”)e(l)]. Later Hi-
rahara [Hir22b| improves that bound to GapMrKtP ¢ io-BPTIME[2¢"] for any € > 0. Oliveira |Olil9)
also gives a potential avenue toward proving MKtP ¢ P via the implication MrKtP € Promise-EXP —
MKtP & P.

For a nondeterministic NEXP-complete complexity notion KNt Allender, Koucky, Ronneburger, and
Roy |[AKR™ 11| show unconditionally that the set of KNt-random strings is not in NP N co-NP.

The canonical problem for circuit complexity is nowadays called the minimum circuit size problem
(MCSP) [KCO00]. It has been previously considered by Trakhtenbrot [Tra84] (Task 4), and Levin report-
edly delayed the publication of his work on NP-completeness to include MCSP. Since MCSP € NP an
unconditional lower bound seems unlikely; the question is rather whether MCSP is NP-complete which is
related to major open questions in theoretical computer science. We refer the interested reader to [All21}
ATV21] and references therein for more details about the NP-completeness of MCSP.

Oliveira, Pich, and Santhanam |[OPS19| give “hardness magnification” results for gap versions of MKtP
and MCSP. They establish that slightly improved lower bounds for these problems can be “magnified” to
strong lower bounds. The reason why we cannot use their result to magnify our linear-time lower bound
is a difference in the parameter regime (similar to [RS22]). They consider the hardness of distinguishing
strings of low complexity from string of even lower complexity (e.g. n€ + ©(logn) vs. n¢). On the other
hand, we crucially use the fact (as our counter assumption) that we are able to exactly compute the
complexity of a given string « € {0,1}" even when Kt(z) = n.

Huang, Ilango, and Ren [HIR23| show unconditional hardness of an oracle variant of the minimum
circuit size problem (MOCSP) using a cryptographic tool called witness encryption [GGS™13].



Connection to one-way functions. In recent years there has emerged a research effort to characterize
one-way functions (OWF) by the hardness of meta-complexity problems. As an incomplete list: OWFs
are equivalent to the mild two-sided hardness of MK'P [LP20], the two-sided hardness of MKtP [LP21b,
the two-sided hardnessﬁ of an (NP-complete) conditional variant McKTP [ACM™21| of Allender’s KT
complexity [All01], the mild two-sided hardness of (parameterized versions of) MK'P against sublinear
time over a smooth range of parameters [LP21al, the mild average-case hardness of the probabilistic
MpK'P (introduced in [GKL*22]) for polynomial t [LP23c|, the worst-case hardness of a promise ver-
sion of MK'P (with small computational depth) [LP23b|, the hardness of a distributional variant of
Kolmogorov complexity under the assumption NP ¢ io-P/poly [Hir23].

3 Technical Overview

To simplify this overview, we assume that the UTM U simulates any given program Il without any
overhead. In the formal proof we will account for the logarithmic overhead of the UTM.

A natural approach to proving lower bounds for a given meta-complexity problem is to assume that
the problem is easy and then leverage an efficient solver for that problem to quickly construct a highly
complex string (w.r.t. to the given complexity measure). The historical proof of the undecidability of
standard Kolmogorov complexity as well as Hirahara’s much more sophisticated lower bound for Kt
complexity [Hir20b] are instantiations of this approach.

To directly apply this approach to Kt complexity it is useful to define what we call the “critical
threshold” 07, == |II| + [log,(t)] of a given TM IT after ¢ steps of its execution. We will assume that
the decision problem MKtP can be worst-case decided by a TM Ikt in linear time. Then we construct
a TM II, (using ITkt as a subroutine) that quickly outputs a Kt-random string z (i.e., Kt(z) > |z|). To
reach a formal contradiction, our TM I1, must in ¢ steps produce a Kt-random string z that is strictly
longer than the critical threshold 0, ;, i.e., 07, + > Kt(z) > || > 011, + where the first inequality is
by the definition of Kt complexity and the fact that Il outputs z in t steps, the second inequality is
the Kt-randomness of z, and the last inequality is by assumption. (In this overview, we gloss over some
minor definitional details that are rigorously taken care of in the formal proof.)

Black-box barrier. A conceptual problem to the algorithmic approach for a lower bound for MKtP is that
we know little about the structure of the Kt-random strings Rkt = {z | Kt(z) > |z|}. We say a TM
IIgg yields a contradiction in a black-box way, if given access to any set of potentially Kt-random strings
R #{0,1}* it produces a string z € R in ¢ steps such that 07, ¢ < |2|. Intuitively, a potential TM ITgg
ignores the structure of the set R since it works for any arbitrary R. Such a IIgg cannot exist because
we can define Ry, = {0,1}* \ {z | IIgg queries z to its oracle or outputs z in ¢ steps and Oz, + < |2]}
that breaks Ilgg. This black-box barrier explains why a lower bound for deterministic Kt is so hard to
obtain (as opposed to randomized thE[). So, for our algorithmic approach to succeed we need to exploit
some property exhibited by the actual set of Kt-random strings Rk but not by any set Ry, . Before we
explain how, let us first present our rather simple strategy for a TM I1,.

Our search strategy. As a first step we use the length-monotonic depth-first-search described in Fig.
The high-level idea is to traverse the binary tree of finite strings starting with the string 0.|E| Whenever
the i-th string z; is visited our search algorithm TRAVERSE queries z; to its oracle Ry and if z; € Rkg
descends to the next length with z;41 = 2|0 (the left child of z;), otherwise it continues with the
lexicographically next string of the same length z; 11 := next(z;) (the right neighbor of z;). See Fig. [2[ for

4 Here, the error probabilities are not equal for both directions.
5 It is not even clear how Rz, would be defined for probabilistic I7gg.
6 We choose to start with 0 instead of € because it simplifies some edge cases.



TRAVERSE
1: 2z1:=0€{0,1}"
2: fori € NZI
3: if Kt(z:) > |z
4: zig1 = 2|0
5 else
6: Zit+1 = next(z;)
Fig.1: Our (simplified) Fig. 2: Exemplary run of TRAVERSE: white strings are Kt-random.

traversal algorithm.

an exemplary run of TRAVERSE. Crucially, the length of the visited strings is non-decreasing. We note
that our TRAVERSE algorithm doesn’t terminate and hence does not suffice for a proper contradiction
(even if it visits a Kt-random string quickly enough). To actually reach a contradiction we have to a)
construct a TM ITtra implementing TRAVERSE that at some point visits a string # within ¢ steps s.t.
0 i S |Z], and b) implement a mechanism s.t. IITra also recognizes this fact—so that it can terminate
and output Z.

As a stepping stone it will be useful to see that TRAVERSE visits infinitely many different strings (z;);en.
This follows from the existence of at least one Kt-random string of each length on which TRAVERSE
descends to the next length. Moreover, we observe that TRAVERSE never “wraps around”. That is
TRAVERSE never reaches an all 1s string at the right border of the binary tree. Assuming an infinite (1-
random) string s whose every prefix is Kt-random, this is also easy to see. Whenever TRAVERSE visits a
prefix z; = s1]]...||s¢ it descends to the next string z;11 = s1]|...||s¢||0—thus always staying “to the left”
of the infinite string s in the binary tree. Glossing over a minor technical issue, we can take Chaitin’s
constant (2 (encoded in binary) to be such an infinite 1-random string. In fact, the 1-randomness of (2
is the crucial information about the actual set of Kt-random strings Rk that allows our TRAVERSE
algorithm to sidestep the aforementioned black-box barrier.

Analysis. Next, we analyze the behavior of TRAVERSE to prove that after some ¢ steps TRAVERSE
visits some Kt-random string 2; s.t. 07 7 < |27|. Let Z = {z; | i € N} be the set of visited strings.
Let ig == |Z N {0,1}=¢| be the number of strings visited of length at most £. Let Z, := Z N {0,1}¢ =
{2,110, ..., z;,} be the set of visited strings of length exactly £. Let S, = {2z € {0,1}¢ | int(z) >
int(z;,)} € {0,1}¢ be the lexicographical successors of Z, (the right neighbors of Z;). Now, note that
because TRAVERSE doesn’t wrap around, it holds that Zp4q1 WU Sey1 = ({25, U S)[|[{0,1} and thus
| Zos1| + |Ses1]| = 2|Se| + 2. Let vy := 1Zel/|z,us,| be the fraction of strings of length ¢ that TRAVERSE
actually visits to the strings that it could potentially visit. By recursion the number of visited strings of
length ¢ can be expressed as | Z;| = vy Zf;:l 2K Hf:e—n+1(1 — 7). For our approach we’d like iy and thus
|Z¢| to be asymptotically small. An informal argument for this is that the formula for |Z,| expresses a
“self-limiting” behavior that emerges from our TRAVERSE algorithm. Namely, the faster 7; goes to 0
the smaller |Z;| because |Z;| depends linearly on .. On the other hand, |Z;| depends on the product
T i 4+1(1 =) which is closer to 1 the faster v; goes to 0. These antagonistic influences suggest there
is some asymptotic rate of «; that leads to an asymptotically maximal |Z,|. This behavior of |Z,| can
also be captured informally from the algorithmic view of TRAVERSE. Whenever |Z,_1]| is large this
means that TRAVERSE moves far to the right, forcing the next |Z;| to be small because only few strings
remain to the right. In this manner, there cannot be many successive |Z;| that are large. Turning back



to the more formal analysis, we can bound the number of visited strings of length at most ¢ by
J

¢ ¢ j
EOTS W) (R wH RIS 0
j=1 j=1

k=1  i=j—r+1 k=1

where o = Egzl v;. Using the following technical lemma we can bound this quantity.

Lemma 1 (Inﬁnltely-often bound). For any sequence (v;)jen with v; € [0,1] and ¢ = Zle ~; it
holds that infinitely often ZJ 15 J 12MeTi=rT% g 2 ‘Jem(e).

The rlgorom proof of Lemma [I] is contained in Section [6] This means that for infinitely many “critical”
lengths ¢ when TRAVERSE visits the last string zi, € {0,1} N Rk it took at most O(i; - {) steps to
do so—assuming MKtP € DTIME[O(n)]. Recall that ‘for any length ¢ it holds that z;, € Rkt because z;,
is the last string of length ¢ that TRAVERSE visits from which it descends to the next length. Now, if
TRAVERSE were to output any such z;,, then we would reach the contradiction

0 < Kt(z,) < |ITrral + [1og2 (o(ié : e))] <i- 1n1n(é) +O). (2)

The missing piece is hence to construct a TM IIfg, that implements TRAVERSE such that it is aware
of its own critical threshold—so it knows when to output a string z;,. A generic approach is to simply
simulate TRAVERSE with a O(n1n(n)) slowdown. However, this would result in

0 < Kt(z,) < |ITrral + [bgz (0(1'12 v 1n(¢é : /z)))] <i+ m(e) - 1n1n(é) +0(1) (3)

which does not suffice for a contradiction. Hence, we let IT{g, count the size |Z;| not one-by-one but
only once it reaches a Kt-random string (the last string of each length). This way, each length ¢ incurs
an additive runtime overhead of O(¥) instead of (| Z;|¢1n(¢)). Due to space restrictions and because the
details of the step-counting don’t provide much conceptual insight, we defer these details to the formal
proof of Theorem [}

On Lemma . In the previous paragraph we have bounded the runtime of our contradicting TM IIfg,
in terms of the number of visited strings i, which in turn can be bounded by the term in Lemma [I| As
alluded to earlier the specific term in Lemmal[I] arises from the “self-limiting” behavior of our TRAVERSE
algorithm. Recall that on the binary tree TRAVERSE only moves to the right neighbor or the left child
of the current string. Fix some length 0. If for many of the previous lengths ¢ < ¢ the TM TRAVERSE
visited few strings, then the number i; of visited strings at length ¢ will be small by definition. On
the other hand, if TRAVERSE visits many strings of length ¢, then TRAVERSE moves farther to the
right, leaving fewer strings of subsequent lengths to be potentially visited. With this intuition in mind,
it remains to prove Lemma [I] formally, though we defer the rigorous proof of Lemma [I] to Section [G]
Instead, here we give a superficial sketch of our proof.

The basic idea is to prove Lemma [I] by contradiction, hence we may assume

¢ J
Do D2 > Yoo (@)
j=1 k=1

for all £ € N. We sum this inequality and bound the inner sum on the left-hand side of Eq. by 27—¢+1
(using the trivial inequality 0j —0j_r > 0) to obtain a first lower bound for o, i.e.,

>ZZ~y 2J— e+1>22“n /mn<>d€eﬂ(lnln(£)) . (5)

=1 j=1

Here, we use the crucial property that the antiderivative of 1/z1n(z) is superconstant.
In the next steps we reuse the same strategy. Instead of bounding the inner sum on the left-hand



side of Eq. trivially by 2=+ we use the stronger bound from Eq. to obtain an even stronger
bound o; € Q(In(¢)'/17). Reapplying the same strategy a third time finally yields the lower bound
o; € Q(In(¢)*) which is strong enough to yield a contradiction to Eq. . In this brief sketch we glossed
over many details and refer the interested reader to the formal proof in Section [} However, a quick

sanity check may be in order at this point. If v; < 1/jIn(j), then Lemma |1| holds trivially. Considering

slightly larger «; = ¢/; for any constant € > 0 (thus o; ~ €In(j)) yields O(Zle v >l 2FeTimnT) =

(’)(Zﬁzl % 1:1 25(1 — k/5)€) = O(2°/£*+¢) which is also consistent with Lemma

Robustness. While (unbounded) Kolmogorov complexity is quite robust against definitional changes
(by invariance theorems), resource-bounded notions of complexity are more sensitive. There are many
ways of defining Kt complexity formally: representative variations include [Hir20b; LP21b; [RS22]. Our
Definition [2] essentially corresponds to the one in [Hir20b|. In general, the notion of Kt complexity
depends—aside from the underlying computational model—on whether
o the runtime is measure in terms of the number of steps of the simulated program II (direct time) or
the simulating universal machine U (universal time),
e the witness program [T produces the entire string x (global compression) on the empty input or
outputs the i-th bit on input bin(¢) (local compression),
e the universal machine is “prefix-free” (Kt) or “plain” (Ct).
First, we state that currently our technique only works for prefix-free complexity because it requires an
(infinite) strings whose prefixes are Kt-random, and we only know such a string for prefix-free complexity
(there is no plain 1-random string; Section 6.1 in [DH10]). Though, conceivably one might find another
way of arguing the “no-wrap-around” property of our search algorithm, to extend our result to plain Ct
complexity.

Second, we remark that resource-bounded universal time complexity is a somewhat fragile notion that
does not enjoy an invariance theorem. The reason is that one can always modify a universal machine
to artificially run an arbitrary amount of time to increase the [logy(t/(II))] term arbitrarily, yet the
machine remains universal. So, to remain a meaningful notion we only consider universal machines with
at most logarithmic overhead.

All of our formal results are stated for the setting of global compression, universal time measurement
and logarithmic simulation overhead. Each result can be adapted to other settings as follows: When
considering direct time measurement or models with constant simulation overhead[]] we can actually
strenghen our lower bound to DTIME[O(n?)] because (to reach a contradiction) our search algorithm
saves a factor of roughly ¢ on level ¢ in runtime—which can be spend on an (assumed) more expensive
DTIME[O(¢?)] solver for MKtP. Independently, if we consider local compression, we have to reduce the
lower bound for global compression by a linear factor. The reason is that witness programs for global
compression are required to run for at least |x| steps but witness programs for local compression are only
required to run for O(log, |z|) steps. We summarize the instantiations of our main result in different
settings in Fig. 3

Limitations and stronger conditional lower bounds. As presented, our strategy using IItg, cannot (un-
conditionally) tolerate any errors because
o if [Ttr obtains a false negative query response (false high complexity), then it outputs a string that
is not actually Kt-random which does not violate the definition of Kt-randomness, and
o if IT{r, obtains a false positive query response (false low complexity), then it may skip (from left
to right) the separating line defined by Chaitin’s 1-random constant, thus potentially increasing the
runtime prohibitively.

7 E.g. random-access machines and Kolmogorov—Uspensky machines.



Lower bound Global compression | Local compression
Direct time DTIME[O(n?)] DTIME[O(n)]
Universal time + const. overhead DTIME[O(n?)] DTIME[O(n)]
Universal time + log. overhead DTIME[O(n)] ) -

Fig. 3: Our lower bounds for several definitional variantions of Kt complexity. As a rule of thumb going from
global to local, or from constant to logarithmic simulation overhead decreases the lower bound by a linear factor.
Our results are formally stated for the setting (x).

However, we can conditionally tolerate some (false negative) one-sided errors. For example, suppose
MKtP € DTIME[O(n?)] can be worst-case decided in quadratic time by a TM IIk; 2, and MKtP €
Heurg , DTIME[O(n)] can be decided in linear time with false negative probability vm(n) € o(1/n?)
(and no false positives) by a TM HKt n- Then we can construct a modified TM IT{, which for each
visited string z; first queries z; to the quicker linear-time heuristic HKt n If HKt .n outputs b=0 (high
complexity), IT{ga queries z; to the slower ITky ,2 to obtain the definitive answer b =0 <= 2; € Rk;.
If b=0Ab=0, then [T/, descends to zi;1 = |0, otherwise 241 ‘= next(z;). First, note that [T/,
visits exactly the same set of strings (in the same order) as TRAVERSE. In contrast to the unconditional
case, however, we find that whenever II{, visits a string z;, of critical length { it took at most

f:lze L2 (0) 2| = 0(7;2 4+ 2y, (6) -52) c 0(25) (6)
/=1

steps because at length ¢ there are at most 2°¢,(¢) strings on which 1T, Kt,n gives a false negative answer.
Consequently, when II{g, visits and outputs such a string zi, it yields the contradiction

i< Kt(z;,) < |[IItral + {log2 (0(2é>)—‘ <l-wl)4+0(1). (7)

On overcoming the limitations. First, we want to point out a curious effect reminiscent of Williams’s
algorithmic method where a computational upper bound implies another lower bound. Namely, any
nontrivial worst-case upper bound for MKtP (Item [1| in Theorem [2|is false) implies an improved linear-
time lower bound for MKtP with one-sided error (Item |2/ in Theorem [2[is true).

Above we state that—at first glance—our approach cannot tolerate any errors unconditionally. In
truth, our approach actually tolerates some false positive error, e.g. ¥ (n) < /anln(n+1)2. Recall that
the reason given above for not tolerating false positive errors is because then our algorithm might “skip”
Chaitin’s 1-random constant and thus the recursion formula Zp1q1 WU Sey1 = ({2, } U S¢)|[{0, 1} no longer
holds. In turns outby Lemma [Bkhat there are many Kt-random strings of each length, in fact, they have
an arbitrary (constant) density. Thus, it is fine for our algorithm to skip some prefixes of 1-random strings
in each length, because as long as we only skip a few, there will always be sufficiently many remaining
“to the right” of our algorithm’s current position.

Corollary 1. Let v, be a false positive error rate s.t. Yo ¥p(£) < 1,E| and let ¥ (n) == 0 be no false
negative error. The Levin—Kolmogorov complexity cannot be decided in deterministic linear time even

with some false positive error, i.e., MKtP ¢ Heur,, .. DTIME[O(n)].

The requirement Y ,o, ¥,(¢) < 1 is sufficient because in length ¢ we skip up to 2°g,(¢) strings. This
means that at length ¢ we might have skipped up to 25:1 ol-t. 2644, (€) strings (all strings of length i

8 Here, we naturally assume that 2Z’an (€) is non-decreasing.
¥ That is, there exists some constant ¢ such that 352, ¥ (¢) < ¢ < 1.



that have a skipped string as a prefix) whereas we have at least 2¢(1 — ¢) many (prefixes of) 1-random
strings in length ¢ (for any é € R>0). Thus, 3,2, ¥, (¢) < 1 ensures that in each length there are always
more prefixes of 1-random strings than are potentially skipped for € := (1 — 2, ¥(£))/2.

Another obvious question is whether our technique is capable of proving a worst-case bound beyond
linear time. By an improved analysis of the proof of Lemma [l| we can push our bound to slightly
superlinear time (resp. superquadratic for the corresponding settings in Fig. |3)).

Corollary 2. The Levin-Kolmogorov complexity cannot be decided in deterministic slightly superlin-
ear time in the worst-case, i.c., MKtP & |, oy DTIME[HIZ’;O In (n)] where In'Y is the i times iterated

logarithm (with n® (n) := n).

Corollaries (1] and [2[ can be combined. The reason for this somewhat peculiar time bound t(n) =
Hf:o In)(n) is that the antiderivative (of its reciprocal) JYu@yde = " (2) € w(1) is supercon-
stant which is the property that we need to get our proof of Lemma [1| going(compare to the previous
paragraph on Lemma [1| and see the end of Section |§| for a sketch).

In contrast, going to some polynomial lower bound, i.e., MKtP & DTIME[n'*¢] for some ¢ > 0 seems
challenging. With our current proof strategy this would require a stronger version of Lemma [If in the
form of Zﬁzl v 30 28 Je%i=oi-= < 2¢ /{1F€ for some € > 0. However, this cannot hold for arbitrary ;
because of the following counter example: 7; := €/ implies Ele v Y0 28 e%im%i-n € ©(2¢ /01 F).
Nonetheless, there is a possibility to achieve such a stronger bound by leveraging more structure of Rxy
to restrict the space of possible v; (as we did by integrating Chaitin’s constant in our analysis). We
hope that our new technique inspires further research into even better diagonalization approaches. For
example, it could be that adding multiple 0’s to a high-complexity string or moving more steps to the
right on a low-complexity string might yield a better lower bound with an adapted analysis.

4 Preliminaries

Notation. Real functions are usually denoted by Greek letters v, 6, ¢, etc., while natural/bit functions by
Fraktur script ¢, f, etc. Languages are denoted by the uppercase letter L. The empty string is denoted by
€. Integers related to sizes are denoted by lowercase Latin letters n, m, ¢, while indices are denoted by 1,
j, k, k. Strings are denoted by lowercase Latin letters z, y, z, etc. Turing machines (TM) are denoted by
caligraphic letters U, M as well as II for the code of a TM. Complexity classes are denoted in sans-serif
letters P, NP, EXP, etc.

For convenience we add with explanations of relevant (in-)equalities.

Notation 1 (Functional inequalities). Let f, g : N — R be two functions. We write

f<g <=VneN: f(n) < g(n) (8)
f <abr § <= Ing € N'Vn > ng : f(n) < g(n) (9)
f<io§ < Vng€eN3In>ng:f(n)<gn) (10)

when § is less or equal to g on all inputs, on all but finitely many inputs, or on infinitely many inputs.
Note that

f<g = f<af g <= >80 = f<i9- (11)
It may be that g <i, f while simultaneously g >, f. Sometimes we abuse notation and write f(n) <,pr g(n)

to mean (n — f(n)) <z (n — g(n)).

Notation 2 (Languages). Let L C {0,1}*, then for any x € {0,1}* we use the abbreviated notation
Lz)=1 < z€Land L(z)=0 < z ¢ L.
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Notation 3 (Integers and strings). Let int : {0,1}* — N : z + 21711 4 Z‘{i‘l 2i=1z; be the canon-
ical lezicographical bijection between strings and integers. Let bin = int ™" be its inverse operation. Let
next(x) := bin((int(z) + 1) mod 21*1 + 271} be the function that returns the lexicographically next string
of the same length.

Computational Model. We present our result for Turing machines but they carry over to over computa-
tional models. We discuss this in more detail in Section [3

We generally assume a Turing machine (TM) has fixed number of tapes, one of which is a read-only
the input tape, one a write-only output tape, and the rest are read-write work tapes. This naturally
extends to oracle machine with a dedicated oracle tape, although we will not need it in this work.

Let M be a deterministic Turing machine (TM). For any « € {0,1}* denote by M(z) € {0,1}*U{L}
the content of the output tape after M has entered a terminal state, or L if M does not terminate on
input z. In particular, if M halts with a string y € {0, 1}" then it must have run for at least n steps.

Throughout the paper let ¢/ denote a prefix-free universal Turing machine (UTM). For any string
IT € {0,1}* let t,(I1) be the (minimum) number of steps after which ¢ halts on input II. We assume
that U simulates any given TM with (multiplicative) logarithmic overhead [HS66]. That is, there exists
some universal constant ¢;; € N such that if the TM encoded by II halts in ¢ steps on input &, then
U halts on input IT in t,(IT) < ¢ytlogy(t) steps. Let t : N — N be a time bound. Let DTM[t] be the
set of deterministic TMs that halt within ¢(n) steps on inputs of length n € N. For any TM M let
Ly = {x € {0,1}* | M(z) = 1} be its (characteristic) language. Throughout, we require a time bound
t to be time-constructible, i.e., there exists a TM M, € DTM[O(t)] that computes t. Let

DTIME[t] :== {L C {0,1}" | IM € DTM[t] : L = L} (12)

be the class of languages decided by some DTM in time t. Let DTIME[O(t)] := (o DTIME[d - t] be the
class of languages decided by some DTM in time O(t). In the following let C be some class of languages
that is closed under intersection. Let

L\ L) N {0, 1} <apf i (N2
Heury, ,,C = ¢ L C {0,1}" |3/ e C: LAL)NA }A ot (M) (13)
(L/ \ L) N {05 1} Sabf Fan(A)QA

be the class of languages with a C-heuristic with false-positive error at most s, and false-negative error
at most g

Complezity Measures. The most basic notion of Kolmogorov complexity is the length of the smallest
program (witness program) that produces a given string w.r.t. some UTM.

Definition 1 (Solomonoff-Kolmogorov—Chaitin complexity [Sol60; [Kol63; |Cha69]). LetU be
a (prefix-free) UTM. For any string x € {0,1}* we say
Ky () = min{|II| | IT € {0,1}" : U(IT) = =} (14)
is the (prefiz-free) Kolmogorov complemitylﬂ
While a powerful notion, it is not computable, hence Levin [Lev84] came up with an alternative

definition which charges an additional logarithmic term for the runtime of the witness program that
produces the given string.

Definition 2 (Levin—Kolmogorov complexity [Lev84; Tra84]). Let U be a (prefiz-free) UTM.
For any string x € {0,1}* we say

Kty () = min{|[IT| + [logy(t)] | IT € {0,1}",t e N: UIT) = & Aty (IT) < t} (15)

10 For brevity and in accord with the literature [LV08] we simply use the term “Kolmogorov complexity”.
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is the (prefiz-free global) Levin—Kolmogorov complexity. Let
MKtPy := {(y, k) € {0,1}" x [m] | m € N: Kt(y) < k} (16)

be the decisional minimum Kt-problem. This version is called “global compression” because the witness
program outputs the entire string y.

For reference, we also define the “local compression” version where the witness program outputs each
bit of the string y separately. For any string x € {0,1}* we say

Ie{0,1}",teN:Vie{l,.,|z} ;}

UIT i) =z ANy (IT,i) < t (17)

Kty () = min{|H| + [log,(t)] |
is the (prefiz-free local) Levin—Kolmogorov complexity.

We mainly focus on the global version and discuss various definitional subtleties in Section
Fact 1 (Relation between K and Kt). For any string x € {0,1}* 4t holds that Kt(x) > K(z)+ [logy(|z])].

Proof. This is because even the shortest (global witness) program for x must run for at least || Steps.|E|
O

Definition 3 (1-/Martin-Lof-randomness ([DH10] referring to [Mar66}; Lev74;|Cha75])). Let
U be a (prefiz-free) UTM. An infinite sequence of bits w = (w;);en s called 1-random, iff there exists
some constant éy ., € N such that for each n € N it holds that K(w1|]...||wn) > n — éy .

Analogously, an infinite sequence of bits w = (w;)ien is called 1-Kt-random, iff there exists some
constant ¢y € N such that for each n € N it holds that Kt(wi]]...||wn) > n+ [logy(n)] — éyaw-

Going forward we fix some arbitrary UTM U but omit it in our notation and simply write K, Kt, MKtP,
etc. By Fact [I| K-randomness implies Kt-randomness.

Fact 2 (Chaitin’s {2 constant is 1-random |Cha75|). Let §2; be the i-th bit of Chaitin’s constant [Cha75] in
binary representation. Then the sequence 2 = (£2;)ien is 1-random and thus 1-Kt-random with constant
Co.

5 Formal Results

Lemma 2. The algorithm TRAVERSE:,, ., in Fig. |{| visits infinitely many different strings (z;)ien.

Proof. First note that the lengths of z; are non-decreasing, i.e., |z;41| > |2i|. Suppose for contradiction
that there exists some maximal length { € N such that all strings |z;| < { for all i € N. By inspection it
is apparent that from some point onward TRAVERSE;,, .., cycles through all strings of length /.

Because the prefixes of Chaitin’s constant 2 = (§2;);en are a 1-Kt-random sequence, for each length
¢ € N the string £21||...]|£2, € {0, 1}* has complexity Kt(£21|]...][£2,) > K(£21||...||£2¢) > £+ [logy(£)] — éq.
Thus, once TRAVERSEg,, ¢, Visits the string z; = (21]]...|[£2; the next string is z; 11 = §21]|...||£2;]|0 due
to line 3. This contradicts £ +1 = |z] +1 < /. O

Now, we prove our main result.

Theorem 1. The Levin—Kolmogorov complezity cannot be decided in deterministic linear time in the
worst-case, i.e., MKtP ¢ DTIME[O(n)].

! Here, we presume the global compression version of Kt, and add [log,(|z|)].
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Proof. The intuition of this proof is already outlined in Section [3] The high-level idea is to assume
that Kt can be computed quickly, and then construct a sufficiently fast TM that produces a highly
complex string. This then contradicts the definition of a complex string needing a large or slow program
to compute. Key properties of our constructed TM is that it finds a complex string sufficiently fast and
that the TM is aware of its own runtime. For the latter property we use a counter variable in our TM
to upper bound its runtime by counting the number of visited strings of a given length. This counter
needs to be larger than the actual runtime of the TM (Claim [1)) so it is guaranteed to output a string
larger than its own critical threshold. On the other hand, the counter must not be too large (Claim ,
for otherwise it would not output critical strings that would actually suffice for a contradiction.

Suppose for contradiction MKtP € DTIME[O(n)], then there exists some ¢kt € N such that MKtP €
DTIME[2¢¢¢tn], i.e., there exists some TM Ik that decides Kt(z) < k in time at most t(n+ [logy(n)]) <
t(2n) == 2°<+T1p on any instance (z, k) € {0,1}" x [n]. Later, we will choose a sufficiently large cky.
Fix the constant ép from Fact For any ck¢ let Mg, i, be the smallest TM implementing the
TRAVERSE;,, ¢, algorithm from Fig. There exists some universa]B constant cix € N such that
for any integer cky € N the TM Mg, ¢, has size Mg, cx,| < crix + 2|1logy(cks) + 1] by storing cky
prefix-free. In particular, for any cky > 2(crix + cyr) + 8 the TM’s size is bounded by [Me, cx | < cxt — cu
(recall that ¢ is the universal simulation constant). We derive a contradiction through a series of claims
about the TM Mo, ¢y, -

The TM Mg, ¢, Visits the sequence (z;);en of strings. Let Z := {z; | i € N}. For each length ¢ € N let
Zp = Z0{0,1}* = {2, ..., 2} where %, and %, are the lexicographically first resp. last string in Z,. Our
first claim establishes that—whenever Mg, ¢, checks whether to output a visited string in line [T0}—its
variable ¢, is larger than the number of steps that Mg, .., took so far. This means that Mg, .., can
use the variable t; to effectively bound its own critical threshold.

Claim 1 (Time counter lower bound). For any length £ let ty be the number of steps that Mg, cx, takes
to reach line with length €. It holds that t; > t,.

Proof. First, under the assumption MKtP € DTIME[2°tn]| we argue that M., .., takes at most cj, (2
steps to execute line [9] Our first goal is to bound the time needed to execute line [9]
First, we recursively bound the variable ¢, by

te =1tp_1+ (int(zi) — int(,éé) + 2)2cxt+1€ i g2exe+— [log, (0)]+1 (18)
= ty_y + 22| Zy|( 4 Q2o [loga (O] +1 o
< tyoq + 2ok 20)

for sufficiently large cki. Resolving this recursive upper bound for sufficiently large cky it follows that
te < 24H4cke 4 ¢ where tg == 0.
Now, the value t; can be computed by simple arithmetic (addition, multiplication) and bit shifting
operations taking at most quadratic time in the maximal bit length O(¢) of the operands ¢, t; int(Z),
int(z;) = int(Z¢) and cks. That means there is some ¢ € N (independent of cky) such that ¢, can be
computed in time ¢’ log, (t,)? < ¢/ (4€ + 4eky)? < i 02 for sufficiently large ckq.

Taking a step back we observe that the TM M, .., takes at most A~¢ = 1y — tg_1 actual steps to
iterate over the strings Z, of length ¢ (lines |§| through . We see through

Ap=1y— i1 (21)

< | Zg| (210 + 40) ooty pgp e 02 ooty 4oep 0440 (22)
steps for Z,\{2,} in lines[6 and [[3] steps for %, in lines [GHL3

< (20Kt+1 +4)|Z4|£+ (20Kt+2 184 C%(t + CKt)€2 (23)

12 Independent of cky.
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TRAVERSE:,, ck,

1: 2z =0€{0,1}"

2: to:=0€N

3: £==1€N

4: %2 =1€{0,1}"

5: forie N>

6: if Kt(z) > £+ [log,(€)] — én  / in 2°Kt 110 steps

7: ziv1 = 2|0 € {0, 1}/ in 46 steps

8: 2041 = zip1 € {0,1}T1 / store the starting node of length £ + 1

01 e ten o (int(z) — inb(3) + 1)2°5e 20 4 22w Toma(O1+1 I erc ] steps [ add time spend

increasing the counter itself

10 : if Kt(z:) > cxs + [logs(telogs(te))] / iﬁocgf;‘(iji;?(:)%St:i’j %’;C‘;Zﬁfg’“ﬁ;%;“"’

11: return z;

12: endif

13 : £:=L0+1 [ in4€ steps

14 : else

15: Zip1 = next(z) € {0,1}°  / in 4 steps

16 : endif

17 : endfor

Fig. 4: Our search algorithm with runtime bounds under the assumption MKtP € DTIME[2°Ktn]. The parameters
¢n,ckt € Nare hardcoded. It might not be obvious why line@can be executed in ¢, 2 steps, the reason is fleshed
out in the proof of Claim

S 26Kt+2|Zg|€ + 220Kt+4* HOEQMHJFI (24)

=4, (25)

that the variable ¢, grows more quickly than te and since tg = 0 = tg, it follows that ¢, > ¢, for any
feN. [ |

Claim 2 (Non-termination). The TM M., ¢, never halts, thus TRAVERSE;,, ., never halts.

Proof. If Mg, ¢, halted and produced a string 2 € {0, l}é within ;ﬁv[g steps, then by definition of the
(prefix-free global) Levin—Kolmogorov complexity

Kt(2) < [Megex.| + [Toga (tu(Meg ex) ] (26)
< [Meg e | + [logs (cut;log, (£;))] (27)
< e — cu + [logy (cutylogy (77))] (28)
< ey + [logy (%vz log, @)ﬂ (29)
< e + [logy (t51ogs (1)) ] (80)

by the fact that |[Me,, cx.| < ekt — e and Claim (I} However, the only way Mo, ¢, returns a string is
in line [11} thus the condition in line |10 must be fulfilled, namely Kt(2) > ek + [logy(t;1log,(t;))]. This
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contradicts Eq. . Consequently, under the hypothesis MKtP € DTIME[2°%tn] the TM Mg, ¢\, never
halts. |

Because of Claimthe TM Mg, e, Visits the same sequence of strings (z;);eny as TRAVERSE;,, ¢y, -
For any length £ let iy := Z§:1 |Z;| be number of visited string of length at most £.

Claim 3 (Time counter upper bound). For any length { it holds that t, < 22¢xe+4 (3,0 4+ 2¢/0).

Proof. Using Egs. and we can bound the telescope sum

L
ty =to + Z A; (31)
j=1
= 3 (22 2 4 2ot Tom 1) Eq. @) (32
j=1
£
<220 N 75| | 4 22 I (33)
j=1

= 20KeH 24,0 4 gRexe 3T /g Qo= Y0_11Z;] (34)
< 2%t (4,0 424 /1) (35)
|

Now we have upper bounded the counter variable ¢, in terms of the number i, of visited strings of
length at most £. It remains to argue that for infinitely many ¢ the value i, is sufficiently small, to reach a
contradiction. To this end, we will reexpress i, in a different form. Let S, C {0, 1}* be the lexicographical
successors of Z; (the right neighbors of Z;). Now, note that because TRAVERSE;,, ¢, doesn’t wrap
around (staying to the left of Chaitin’s constant), it holds that Z,41 WSer1 = ({2, }WSe)|1{0, 1} and thus
| Zog1|+1Ses1] = 2|Se|+2. Let y, := 12¢l/1z,us,| be the fraction of strings of length £ that TRAVERSE:,, ¢,
actually visits to the strings that it could potentially visit. Using this expression for v, we can rewrite
the previous equality as a recursive formula for |Sy| (depending on ~,), i.e.,

2S¢l +2 = |Zega| + [Ses] (36)
= (1 Ze41] + [Sex1l)ves1 + [Seq] (37)
= 2(1Sel + D)ves1 + |Se4a (38)
= [Se4a] = 2S¢/ + DA = 7e41) (39)
By solving this recursion with |S7| := 1 we can express the number of successor strings as
‘ ‘

1Sl =Y "2 J[ (1—n)- (40)

=1 i=f0—k+1
In turn, we can use the definition of v, to express the number of visited strings of length exactly ¢ as

4 —1
1Ze) = 2(1Seal + Dve =y 2% [ (1—m)- (41)
k=1 i=f—k+1

Lastly, we can sum over all lengths to obtain
¢

ic=Y |7l (42)

Jj=1
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J

—Z%ZT II a-» (43)

i=j—Kr+1

*Z%Z? Sy =) (44

< ny ZQ”“ Yimjt1 Vi ‘ln(l—m) < —x‘ (45)

—Z%wa”” (46)

k=1

where gy = Zle ~;. This expression is bounded by Lemma

Conclusion. Usinglet 0> e 7" pe an arbitrarily large integer such that i; < 25/2111(2). Let
zi, € {0,1}* be the last string of length { visited by TRAVERSE;,, o,. Because z;, is the last string of
length ¢ the condition Kt(zi,) > |zi,| +[logy(|2i,|) ] —¢a = 0+ [log,(£)] —ég in line @ in TRAVERSE;,, ¢y,
must be fulfilled. Moreover, because TRAVERSE;, ., never halts—according to the violated
return condition in line |L0[ in TRAVERSE;,, ¢, dictates Kt(z;,) < ck¢ + [logy(t;logy(t;))]. Thus we
arrive at the contradiction

0+ [log2 (lfﬂ — o < Kt(z;,) (47)
< e + [logy (t;logy (7)) ] (48)
< i+ [logy (t7) ] + log, () (49)
< exe + [ 2eke +4) + 10g2( 0+ 22/Zﬂ + log, (6) (50)

< cxi + [(2% +4) +log, (2 /m( ) + 2‘/@)] +log, (e) (51)
< exo + 26 + 6 + log, (2@ /In (z)) + log, (z) i>1| (52)
= cke + 2cxe + 6+ € — logy In (z) +log, (z) (53)
< ke + 2eke + 6+ € — (3cky + ¢ + 6) + log, (f) 0> 2 (5y)
=0+ log, (4) —¢q. (55)

O

The proof of Theorem [1| relativizes. By adapting it we can show analogous results for various defini-
tions of Kt complexity.

Corollary 3. Assume a computational model with constant universal simulation overhead, e.g. random-
access machines. The (global compression) Levin—-Kolmogorov complexity cannot be decided in deter-
ministic quadratic time in the worst-case, i.e., MKtP ¢ DTIME[O(n?)]. The (local compression) Levin—
Kolmogorov complexity cannot be decided in deterministic linear time in the worst-case, i.e., MKtP o4
DTIME[O(n)].

Next, we prove our conditional lower bounds.

Theorem 2. For each time bound t(n) > n at least one of the following is true:
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1. MKtP ¢ DTIME[Y,
2. MKtP ¢ Heur,_ . DTIME[O(n)] with no false positive error vg(n) = 0 and false negative error
Yin(n) == Y2nt(2n) — 2/27,

TRAVERSE;Q eI T Tk
1: z:=0€{0,1}"
2: t9=0€N
3: £:==1€N
4: z=1€{0,1}"
5: forie N>y
6: b= ITxi(2i, € + [log,(€)] — én) / in 25+ steps / quick error-prone check
7: if b=1
8: b= ITk¢(zi, £+ [logy(£)] — én)  // in t(2¢) steps / slower exact check
9: fi
10 : if b=0 [ assert Kt(z;) > £+ [log,(¢)] — éo
11 : Zit1 = 2|0 € {0,131/ in 4¢ steps
12: 241 = zip1 € {0,131/ store the starting node of length £+ 1
13 £ = too 1 + (inb(s) — int(5) + 2)2°K 71 ¢ 4 Q2ereHtloga(O] 41 In cieet” steps / add time spend on length
counter itself
14 : if ITke(2i, cxs + [logs(telogs(te))]) =0/ in cxel + £(2€) steps / assert Kt(z;) > cice + [logy (te logy (te))]
15 : return z;
16 : endif
17 : £:=0+4+1 [ in 4¢ steps
18 : else
19 : Zit1 = next(z) € {0,1}°  / in 4¢
20 : endif

21 : endfor

Fig.5: Our search algorithm with runtime bounds under the assumption MKtP ¢ DTIME[t] and MKtP &
Heur,, oDTIME[O(n)] where t is assumed to be time-constructible. The parameters ¢o,cke € N, the TM IT;
computing t, the t-time TM Il and the linear-time TM Ik are hardcoded. Changes to Fig. 4| are marked in
gray.

Proof. This proof is a slight modification of the proof of Theorem [I] thus we only include the relevant
changes. For contradiction assume MKtP € DTIME[t] (by a TM IIk) and MKtP € Heurg ., DTIME[O(n)]

with false negative error probability vs(n) = 1/2nt(2n) — 2/2" (by a TM Ilk:). See Fig. for the modified
traversal algorithm TRAVERSE’ . Let M’ ~  be a TM implementing the

et e Ik, Ikt Ca,exe, I My Tk

modified TRAVERSE', ~ . Clearly, if the analog of Claim [1| holds, then M’

ca ekt Il ¢, Ik, [Tkt c_rthhH(,HKhﬁKt
does not terminate for the same reason as in Claim [2| (note there that the check in line[14]is an errorless
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check). Because the definition of the counter variable ¢, is identical to TRAVERSE, ., &=  the
analog of Claim [3] also holds.

It remains to argue the analog of Claim [1} As before we observe that the TM M’

~ équexe, T My i
takes at most Ay == ftvg — fg,l actual steps to iterate over the strings Z, of length ¢ (lines |§| through .
Though, note here that we incur an additional cost for the exact check using time t(2¢) on at most
2¢9(¢) strings of length ¢, plus one exact check at in line Thus, we see through

Ap =1y — gy (56)
< Zo] (290 4 40) + 25450 (0)4(20) + 2950+ 4(20) + 40 + i 2 + el + 1(20) + 40 (57)
steps for Z,\{2,} in lines BRI steps for Z in lines [GHIT]
< (2% T +4) | Zo | + (2% (0) + 2)8(20) + (27T + 8 + ¢, + ke ) €2 (58)
< 2952|710 4 (285 (€) + 2)4(20) + 22exeHe=Tloga (D] (59)
< 20KiF2| 7, |¢ 4 92exeH—Tlogy(£)]+1 (60)
=ty —tp1 (61)
= Ay (62)

that the variable t, grows more quickly than te and since to = 0 = ¢y, it follows that ¢, > ¢, for any £ € N
which establishes Claim [3] The concluding part of the proof works exactly as in the proof of Theorem

The reason why our proof can tolerate the additional runtime cost caused by the exact Kt solver
ITk: is because the safety margin that we add to the counter in line is more than we actually need
for Theorem [II O

6 Proof of [Lemma 1]

Lemma 1 (Infinitely-often bound). For any sequence (7y;)jen with v; € [0,1] and op = Ele i it
holds that infinitely often Zf.:l v ST 2Re%i=n T < 2 fein(e).

Proof. Our proof of this claim is quite technical and somewhat tedious although it fundamentally only
requires analytic Riemann integration bounds (see Appendix . A high-level intuition for our bound
may best be explained by looking at the double sum

¢ j .
s(l) = Z%‘ Z egﬁﬁ (63)
j=1 1

where o == Zle ;- We don’t know the exact values of y; € [0, 1] but we see that the summands of the
outer sum depend on «y; in two ways. The faster v; grows the faster the outer summands grow because
the j-th summand depends linearly on ;. On the other hand, the faster v; grows the faster o; grows
and thus the slower the inner summands grow because of the e?7 term in the denominator of the x-th
inner summand. So, there is a “sweet spot” for the asymptotic growth rate of v; that maximizes the
growth rate of s. The maximal growth rate is close to @(Zﬁzl% 7 _2°(1 — 5)) = O(2¢/01+€) for
small € > 0 and v; = €/4, thus o, ~ eln(j). Thus we cannot hope to prove s(¢) € O(2¢/£'*¢) without
further restrictions on ~;. However, we can prove a weaker bound s(¢) <, O(2‘/¢1n(¢)). The way we prove
this bound is by establishing increasingly stronger lower bounds for the sum oy. The first bound will be
of the rough form oy € Q(InIn(¢)), the second one o, € Q(In(¢)/7) and the third one oy € Q(In(£)3).
The last bound then yields a contradiction to the counter assumption 2‘/¢in(e) <,pr 5(€).

Let us proceed with the formal proof. In long equations we highlight changes relative to the previous

line with a gray background and give explanations in . We use the convention that for
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any b < a the sum Zl;:a f(i) :== 0. Suppose for contradiction

24

7In(?) Saor (¢

J

R=

then there exists some ¢; € N such that for all ¢ > 61

where Eq. trivially uses o; > o0;_
define a helper variable ¢y := max(0, [Inln(¢+ 1)/8 —

fs—i

< ZFYJ Z eTi—%j—n

K=

< Z%‘ Z 2°t
7j=1 k=1
4
< ZQH—I—Z%
j=1

x and Eq. uses Zizl 2"
Inln(¢1)/4]) < ¢. Note that d, > log, In(¢)/16 for

Z’YJ Z e0i—0i—r

(67)

= 2/+1 _ 2. For convenience, we

¢ > ¢y if ¢; is sufficiently large (which is without loss of generality). Using |[Riemann integration|on the

sum of Eq. from ¢y to £ yields

1 1
1 Inln(£+1) — 1 Inln(¢y) =

IN

IN

IN

1 /Z-‘rl 1
= ———dx
2/, 2xIn(x)

14

1 1
< = -
2 ; 2i1n(7)
1=£71

oy — 0’554-(5@ .

19

Fact

Eq. (67)
1 i j—1i
() = 2 =127

{1 >1

Lemma
sum switching

‘€<ooand2*i20‘

S =2

os, < 9

(68)

(69)



Reordering the terms yields

op— 05, > Inln(¢+1)/8 > Inln(¢)/16

(78)

for all £ > ¢;. To get this bound we started Eq. off with the trivial bound o; > 0;_,. Now, we can
use our new nontrivial bound for o; repeat the previous procedure and obtain an even better bound.

Plugging Eq. back into a weighted sum of Eq. gives the better bound on oy for £ > /4, i.e.,

In(¢+1) —In(¢)

{41
1
= / —dx
6 T

4
1
D5

<
=01
B EZ: In(7)
= iIn(7)
2 J or—i
< In(i) » Z e
i={ =1 k=1
4 i J
In(7) 2%
=01 j=1 k=1
) | () i max(j,01—1) o
n(z
<D % 2 .
i=t j=1 k=1

7 £y

= Zj 2r
eo']'—o'j7,€ + €L7'J'—lj'j7K
i={ j=1 k=1 k=01

- ze: In(i) o <2£1 + Z )
- i Vi e0i—0i—r
1

i:gl j: K= /1

hi

‘1
:Z 112(12 (2510' “FZ’YJZW

=01 r={
7 J K
cony B0y gy 2
- 60"7'—0'j7,.;
=4 i=£1 j= £ k=0l
o Z Z Z
2 + e%i—%—~r
i=0, j=t k=L
J—1-9; 9k J ok
<2‘1+1+§ § Y ——t Y —
€0i—0ji—nr e0i—0i—nr
=0y j=0 k=l K=j—0;

20

(79)

(80)

FactBl| (81)

Eq. [63)] (83)

lJ < max(ja—1)|  (85)

split sum
if j < ¢y then (86)
J 2" =0

r={1 eaj—oj,,q

gj Z Oj—k and
£1—-1 _ 9L
Shtton — 96 _9

split sum |  (91)



§2‘1“+2€:

i:£1 j:@l K,:@l K—jf(;]
4 . i J
In(7) ; 2K
l1+1 E 2 . j—0; -
S 2 + 21 i 2 + eoi =05~
i=t =t K=j—0;

<241+1+z€:Mi | 298 4 zj: _r
= 21 K 75~ 955

=01 Jj=41 K:j_‘sj €
- } 20 4 Vi ‘ \1/16
=41 =0 K=j—0; ln(])
¢ N ; j
In(7) 29 28
I o e V.o
0% = T\ mG) S m)
¢ N j j
In(7) 2it 1 2%
<SPS S | St 2
= i 1/16 N1/16
i=t; 2 =t In(j) / K=j—5; In(y) /
¢ N i J+1
In(7) 2"
_ oli1+1 .
ST S SRy
i=0 j=t; k=j—5; n(])
¢ N ;
In(7) 272
0141 . I
<204y 9i > I(7)1/16
i=0, =1 n(])
¢ , ‘ .
27 In()
_ ol1+1 .
=20M 44y .1/162 9i
j=£1 In(j) i=j
¢ , oo .
27 In(7)
£141
=20 +4ZVJ'1 -1/162 i
=0 n(j) i=j
¢ ; .
2 In(j)
£14+1
< 2h —1—162%.1 i
=1 n(j)
¢
=271 116 Y 45 In(j)""°
Jj=t

l
<2071 116 ), In(0)*1
j=01

<20+ 416 g ln(€)15/16 .

In(i) . 2
HQ;Z%‘ > 2 +Z€UT

gj > Oj—k

2

Jj—1-4; IR <L 2]’—5_7

K:EI

nzjféj
— 5j2j—/€

o; —05; > Inln(j)/16
Vj > ¢ by Eq.

5; > logy In(j)/16 |

Zj+1 oK < 2j+2

I{:j*éj

Lemma 3]

sum switching

Lemma @] with
V= Oaj Z El Z 4

is non-decreasing

(99)

(100)

(101)

(102)

(103)

(104)

(105)

Let 0, := [logy(e) In(£)/17]. Thus there exists some sufficiently large ¢» € N s.t. for all £ > ¢y it holds

that

05—0'5220'[—52

21

(106)



> (In(£ +1) — In(fy) — 24+) /(161n(1z)15/ 16) —logy(e) In()/7 — 1 (107)

()7 .

Y

(108)

Now, we repeat the previous strategy for a third time to reach the final sufficient bound o, € Q(In(¢)3).
Plugging Eq. (106]) back into a weighted sum of Eq. gives the better bound on o, for ¢ > /o

200+ 1)2 — 20L/?

£+1 1/2
T
= —dz
¢ x

2

L 1/2
< -
Z—fg
¢ /2 In(3)
=Ly ? IH(Z)
i'/21n(4) : / 28
S DD DD D
i=4Lo 2¢ j=1 k=1 €
. max(j,l2—1)
i/ 1n(i) < 2K
S D TamD DD DR
i=4Lo 2 j=1 k=1 €
12 1n(i) < ol on 2r
- Z 21 Z'Vj Z e%i % —r Z e%i = %i—r
=4y j=1 k=1 rk={2
1/2 g J K
- 1/21:1(1) %<2£2+Z 020_>
i=lo j=1 r=Flo e’ ’
it21n(i) [, : J 2"
i=Ao j=1 r=4lo
< ofs B2 @) &%) o ! 2"
D D D D D DIk D=
7,:[2 i:fz j= ez fi:ez

22

(109)

(110)

Fact Bl

(111)

(112)

Eq. (65

(113)

‘j < max(j,¢; — 1)‘

(114)

split sum
lfj § 52 then




1/2 hl

< 2kl Z

222

1/2 ln

§2£2“+i

i=Lo

/210

< 20t 4 ij

i=ly

1/2 hl

§2‘2“+z€:

i=la

1/2 1n

< 20t 4 f:

=Ly

1/2 hl

< 2fF 4 zé:

i=4lo

1/2 h’l

§2Z2“+z€:

i=4Lo

s 3 20

i={o

< 2fH 4 ij

i=ly

1/2 ln

1/2 hl

, , ,
J—1-4; J

D IR (5 DRSIISRNR i 4
i €0i—0j—~x ' €0i—0j—~x
j=t2 rk=F{o m:]—éé

j—1— 5/
§ Vi E 2% + E : eoJfoJ o
j=t2 r=ALo K=j— 5’

Z%

j=£2

J
2’{/
DY
LS (2 o
J 52 K:j—éj e
J
. A
E Vi 297% 4
N1/17
Jj=ta Ii:]*(s; e ]n('])

Z%

2i 4 2r
Y
6111(])1/17 - eln(])1/17
j=L2 K=j—0

l.
J

2J+ 1 J or
E :7] 1/17 E : 11‘1(])1/17
j=L2 K=j—
Jj+1 o
§ 7] : eln(j)l/17
j=ts  K=j—0;
272

Z Vi i ln(] 1/17

i'/21n(q)

Y4
= 2Z2+1 +4 Z Y
Jj=t2

Y4

; ¢
DY
O S

i=j

i1/2 1n(7)

S 2Z2+1+4Z"yj .
Jj=L2

27 = )
T

=7

23

(120)

ZJ 1- 572m<2] &5

Iifg

(122)

K> j—0;
/o
= 0;>2j—kK

(123)

0j — 05, = In(j )1/17
Vj > {5 by Eq. (106]

(124)

5 > log,(e) In(j)"/"7

(125)

(126)

(127)

Jj+1 K 542
ZK:j_éj_ 28 <2

(128)

Lemma [J]

sum switching
(129)

f < oo

(130)



¢ ; . . .
<2163 oy o S e @it
= eln(i)/ 27 v=1/2,7>103>4
(131)
J4 ‘1/21 .
_ olatl J /7 In(j)
j=L2
4 n(z)/17
< 9la+l | 14 Z ’; Y2 1n(0) z/2 In(x) /e ®)
- £ (o)1 is non-decreasing
j=L2
(133)
Y2 1In(0)
<2t 1160 W . (134)
Let 6] == [logy(e . Thus there exists some sufficiently large /3 € N s.t. for all £ > /3 it holds that
I 2
In(e)'/17
op— 0oy > 00— 0] > ((z F )Y ()2 - 252“) 166€T1n(4) —log,(e)In(¢)®> — 1> In(¢)® . (135)

Finally, we can use our last bound to obtain a contradiction. Plugging Eq. (135]) into Eq. yields

J Kk—4
2
< 1
mn Z% Zl pr—— (136)
£3—1 J kel L J
Z Z e0i—0j—r + Zg i 21 e0i—0ji—r (137)
Jj=1 r=1 J=*ts3 K
l3—1 J L i
Z Z + Z Vi Z e0i—0Tj—x 0j —0j—x >0 (138)
j=1 K=1 Jj=ls3 k=1
¢ J Kk—Ft
- gi+1-¢ 2 139
< ’Y + Vi praE— (139)
j=L3 k=1
14 J _
_ 2%
S (140)
Jj=V3 k=1 €
e 4
O3 410 - ! Tooont ’ 2n—t -
SETTE Y ul X et L e (141)
j=ts =1 Tl
j—1-67 i
l3+1—¢ : ! Dkt J or—t
<L S Ty DD 2 Y 0j— 0 20| (142)
Jj=L3 k=1 K=j—6
¢ J k—{ R
. 17 2 —_]1— /., . 17
<onte (B 2L s ] am
Jj=ts k=j—06
¢ j—£ J k—L
27 2
l3+1—2 ) 17 3
< la+l=t | z; %\ mar * 25 P 8 > logy(e) In(j)* | (144)
J=*t3 K=j—0;]
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< gttt 2L +ZZ: 4 z]: 2 < 1] (145)
- eln(0)? Vi ei=9j—r Vs

j=L3 r=j—0}

£ J k—t . 17
2/ 2 k> j— 0
< ols+1—t , - J 14
< + o Z o7 Z _— s | (140
j=4L3 r=j—07 e 7 J
¢ J k—{
20 2 0"—0'5//>1n()
<obtlify = 1 Ny, (147)
@ T L Gy ¥j > £3 by Eq. (135)
3 J j —£
20 2
< 9ls+1-¢ ) <7
= 2 + eln(f)s + Z ,7] eln(j) R > .] (148)
J=ts =j—=9
2[ e 90 £ J 9l Qw/eln(a:)3 149
< 2fsti=ty + : —
- eln()?® Z g Z ., en(0? is non-decreasing (149)
j=L3 K=j—§8
< 9lst+1-¢ 2t e <1 150
= T eln(0)? + eln(0)? V= (150)
202
< ofsFl—f 4 . ¢>2| (151)
eln(£)*
or equivalently the contradiction
In(¢)  2031n(0)
1< i—f=1 0° —0 (152)
for £ — co. O

To the valiant reader that has retraced the full proof of Lemma [l| we want to put the proposition
that the proof can be carried out so long as the right-hand side of the lemma has the form 2°/[T_ 1 (¢)

for some fixed k € N where 1n( ) is the i-th times iterated logarlthm Towards this, we assume a slight
simplification of the form Zj 17 ] 128 )eiT% - & ZJ 12975 /e% <io 2°/TTE_, @ (¢). We sketch a

proof by induction where we go from a bound o0 € Q" (0)) to op € Q™ (1)),
Starting out with the counter assumption Zj 1 297y; /€% >apf 2°/11%_, @ (¢) we find that the first repe-

tition of Eq. is of the form O(In* 1) (¢)) = O( [ Y11, m®(0)dl) < O(oy). Inserting this bound into
the counter assumption gives

¢
ZQj’yj/eln(k+l)(j)'@(1 2237 /In® ()M > 24 o) (153)

= gy > PG /TE ¢ >(1z) (154)
The second repetition of Eq. (68]) takes the form

@(1n<k> ( / v hl(i) o ) (155)

<o Zln(k o) Zw Lo,/ ™) ()0 (156)
=1
(k) ( p\1-O(1)

g@(ln (0) a,z) (157)
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— o€ Q(an (13)@“)) (158)

which is already a better bound than from the first repetition, although not quite ©(cy) > ©(In*(¢)).
The third repetition of Eq. takes the form

@(1n<k> ( / Hln(? o ) (159)
( Z” N7 (160)

<ln( /ln"“)u o UZ) (161)

— o (6 a®) (0) o<1>) > @(ln“”(é)) (162)

which concludes the induction step.
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A Technical Lemmas

Lemma 3 (Sum-switching). Let a,b,n,c € N be integers. Let f,g: N — R be functions. Then

SO 00 =S S fet) = Sel) S f) - (163)
i=a j=b i=a j=b j=b i=max(j+c,a)
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Fact 3 (Riemann integration). Let a,n € N be integers. Let f : R — R be a monotonically decreasing
integrable function. Then

b+1 b b
JRRITED SR AN O (164)
a i=a a—1
Lemma 4 (Riemann bound). Letv € [0,1] and j € N>4.
> ¥ In(4) ¥ In(5)
et A W A O
Z S <A (165)
i=j
Proof.
v v v—1 _ v
~ 0 2¥In(x) oz In(z) n(2) 2"~ '(rin(z) —1) 52 In(x) (166)
oz 2¢ 20 2 9r i1

v

for all x > 0. Because is monotonically decreasing for x > 3 it follows

>, ¥ In(4) 2V 1In(x)
; o < /jl 5z (167)
¥ In(x)
:2/ il S (168)
-1 2m+1
o 0 z¥1n(z)
< 2/j_1<_ax = >dx (169)
N ln(ac)rl
- 2[ (170)
2I
= 2111(2];_77—11) (171)
< 4lnz(j) . (172)
O

Density of 1-random strings For any (finite or infinite) string w € {0,1}*U2% and any length £let w [ £ ==
wi]]...||we be the £-bit prefix of w. For each complexity deficiency d € N let Wy = {w € {0,1}* | V¢ €
{0, ..., Jw|} : K(w [ £) > £ — d} be the (finite) strings that are “d-prefix-random”. Analogously, let 24 =
{we2¥ |Vl eN:K(wll) >{—d} be the (infinite) strings that are “d-prefix-random”.

Lemma 5. Prefizes of 1-random strings have arbitrary (constant) density on each length. More tech-
nially, for each € € R>q there exists some d € N such that (W;N{0,1}] > 24(1 —é).

Proof. For each string o € {0,1}* let [[o]] := o|2* be its infinite extension. Let u be the uniform measure
on the Cantor space 2 where for each o € {0,1}* its probability is u([[o]]) == 2717]. Let 20 := Usgen Wa
be the set of 1-random strings.

We know from [Mar66|] (Corollary 6.2.6 in [DH10]) that p(20) = 1. Suppose for contradiction there
existed some € € R such that for each d € N it holds that u(W;) < 1 —¢é Then, we would find the
following contradiction 1 = (W) = lim;_, _ u(W;) < 1 — € < 1. Consequently, for each € € Rx( there
exists some d € N such that w(W;) >1—é

Let Ry == W;N {0,1}¢ be the d-prefix-random strings of length ¢. Note that W; C Uyer,llol)-
Hence 1 — € < pu(Wy) < > cr, nllo]]) < Xper, 2~¢. Thus, the d-prefix-random strings have (at least)
constant density in each length, i.e., |R| > 2¢(1 — é). O
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