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Doctor of Philosophy

by Shodhan Rao

In this thesis, we study the properties of lossless systems using the concept of quadratic
differential forms (QDFs). Based on observation of physical linear lossless systems, we
define a lossless system as one for which there exists a QDF known as an energy function
that is positive along nonzero trajectories of the system and whose derivative along the
trajectories of the system is zero if inputs to the system are made equal to zero. Using
this definition, we prove that if a lossless system is autonomous, then it is oscillatory.
We also give an algorithm whose output is a two-variable polynomial that induces an
energy function of a lossless system and we describe a suitable way of splitting a given
energy function into its potential and kinetic energy components. We further study the
space of QDFs for an autonomous linear lossless system, and note that this space can
be decomposed into the spaces of conserved and zero-mean quantities. We then show
that there is a link between zero-mean quantities and generalized Lagrangians of an

autonomous linear lossless system.

Finally, we study various methods of synthesis of lossless electric networks like Cauer
and Foster methods, and come up with an abstract definition of synthesis of a positive
QDF that represents the total energy of the network to be synthesized. We show that
Cauer and Foster method of synthesis can be cast in the framework of our definition.
We show that our definition has applications in stability tests for linear systems, and we

also give a new Routh-Hurwitz like stability test.
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Chapter 1

Introduction

The state space method and the transfer function method are the most popular meth-
ods used in the study of theory of linear dynamical systems and control. In the state
space method, a state space model consisting of first order differential equations is first
constructed out of the given model of the system. Most often in this method, apart from
the input and output variables, another set of variables called states are introduced arti-
ficially, i.e they do not occur naturally while modelling the system. Thus the state space
method is not a natural approach of dealing with linear systems. The transfer function
method on the other hand is based on a cause-effect principle, where it is assumed that
certain variables are inputs (cause) and the remaining are outputs (the effect of the
inputs). In many cases, for the study of dynamical systems it is unnecessary to classify
variables of the system as inputs and outputs. For example, consider Charles law in
thermodynamics which states that at constant pressure, the volume (V') of a given mass
of an ideal gas is directly proportional to its temperature (7'). However, this law does
not state which among V and T is the input and which is the output, or in other words
it does not state which is the cause and which is the effect. In cases like these, the
transfer function method forces us to treat some of the variables as inputs and the rest
as outputs, which is clearly unnecessary. Thus the state space and transfer function
methods have their own limitations owing to the fact that they do not involve a natural

way of arriving at a mathematical model for a system.

The most natural way of writing a mathematical model of a linear system involves
identification of subsystems within the given system and writing the governing laws
which are differential equations in the system variables, for each of the subsystems using
first principles. This method of mathematical modelling is often referred to as tearing
and zooming. Tearing refers to the first step in modelling which is identification of
subsystems within the given system and zooming refers to the process of writing the
governing laws for each of the subsystems. This process does not involve classification of
variables as inputs and outputs beforehand. For example, to construct the mathematical

model of an electrical network from first principles, one way is to write Kirchoff’s voltage

1
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laws for various branches and Kirchoff’s current laws for various nodes. In this case,
identifying the various branches, the ideal components within the branches like resistors,
inductors, capacitors etc., and nodes of the given network constitutes the process of
tearing. Writing the governing laws for each of the identified ideal components and
using these to write Kirchoff’s voltage and current laws for each of the branches and
nodes respectively, constitutes the process of zooming in this case. Similarly, in order to
construct the mathematical model of a mechanical spring-mass-damper system, one way
is to draw the free body diagram of each of the masses involved and write Newton’s laws
of motion for each mass considering the forces acting on it. In this case, drawing the free
body diagram of each of the masses constitutes tearing and writing the Newton’s laws
of motion for each of the masses constitutes zooming. After the process of tearing and
zooming, in order to arrive at the model for the whole system, we combine the governing

laws for the different subsystems using interconnection laws between the subsystems.

In this process, we come across two kinds of variables namely manifest variables and
latent variables. Manifest variables are those variables whose evolution is of interest
to us, while latent variables are the remaining ones that come up during the modelling
process. For example, while modelling a complex electrical network with one voltage
source, we might be interested in the evolution of only the voltage across the source and
the current through it, hence these are the manifest variables. Modelling the network
invariably involves the voltages across and currents through various branches, which are
the latent variables. In order to describe the evolution of only the manifest variables,
one needs to eliminate the latent variables. This elimination generally leads to higher
order differential equations in the manifest variables. We now illustrate this using the
example of a simplified mathematical model of a three-storey building.

m3

e
-

ks

mo

L~y '
k2

FIGURE 1.1: Model of a three-storey building
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Example 1.1. Consider the mathematical model of a three-storey building, where each
of the storeys is modelled as a concentrated mass. Let the masses of the three storeys be
my1, mg and mg. It is assumed that the first and the second storeys are below the ground
level, so that these are not affected by wind force. A force F' caused by wind acts on
the third storey. We model the stiffness and damping of the building and soil as shown
in Figure 1.1. Assume that the stiffness of soil is k. In addition to k’, assume that
a spring of stiffness k1 and a damper of damping coefficient ¢; opposes the horizontal
motion of the first storey with respect to the ground; a spring of stiffness ko opposes the
horizontal motion of the second storey with respect to the first in addition to the soil
stiffness k' opposing the motion of the second storey with respect to the ground, and
a spring of stiffness ks opposes the horizontal motion of the third storey with respect
to the second. We denote by wi, wo and ws, the horizontal displacements of the three
storeys with respect to the ground. The constitutive laws for this system are obtained

by writing the equations of motion for the three masses.

2
mi dd;;ﬂ — k‘g('lUQ — ’Ll)l) — C% _ (kl + k/)w1 (11)
d*w
m2 dt22 = k3(w3 —wy) — k2(w2 — wl) — Kws (1.2)
d*w
ms3 dt23 = F — k3(w3 — ws) (1.3)

In this case, the model consists of four variables - wi, wo, w3 and F. Let us assume
that the variables of interest are F' and ws, i.e we are interested to know how wind force
affects the horizontal displacement of the third storey. In this case, for the system given
by equations (1.1), (1.2) and (1.3), w3 and F' can be called the manifest variables and w;
and wy can be called the latent variables. We next illustrate the process of elimination

of the latent variables. From equation (1.3), we obtain
—|—/€3UJ3—F> (1.4)

Substituting this expression for ws in equation (1.2), we obtain

1 {mgmg <d4w3
w1

Tk | ks dt

1 meo d2F k/+k2
— (K +k ——— ] - 1) F 1.
b |- () - (B (15)

ma(k' + k2)> d2w3]

) + <m2+m3+ s a2

Substituting expressions for wy and w; from equations (1.4) and (1.5) respectively in

equation (1.1), we obtain

mimams [ d%ws emams [ dPws
koks dt6 koks dtd
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ml(mg + m3) n mg(m1 + m2) mgmgk‘l mlmgk" d4w3
k2 k?3 ]’Czkg k?gkg dt4

K +k d3
+k£ <m2+m3+m3( + 2)> ws
2

ks dt3
+ [ml +mg +ma + kl(mi{; ms) | m]jfl + k/g?’ <1 + 2) "gl] d;;‘f
) oo ) () B 2D
e e ) e (v et R
+[1+k1<é+é>+2<1+2>]1~“ (1.6)

Thus elimination of latent variables in this case leads to a differential equation of order
six in ws and order four in F. This example shows that mathematical modelling of a
system does not automatically lead to first order equations or a state space model for the
system. A state space model in this case needs construction of artificial state variables

from the given model.

A popular method for dealing with mechanical systems is to consider a second order
model for the system. Example 1.1 shows that elimination of latent variables leads to
higher order differential equations and hence there is a need to address problems at the
level of higher order differential equations provided by the modeler and not force the

modeler to provide a set of first or second order differential equations for the system.

The behavioural approach proposed by Jan Willems overcomes the shortcomings of
state space method, transfer function method and second order approach for mechanical
systems. In this approach, a system is considered as an exclusion law indicating that
the system trajectories can only belong to a certain subset of the signal space. The set
of admissible trajectories for the system variables is called the behaviour of the system.
The main advantage of this method is that it is a representation-free method, meaning
that it is not based on a particular representation for the system. The same system can
be represented in different ways like a set of first order equations (state space model),
a set of second order equations or a set of higher order differential equations, based
on the applications. In the behavioural approach, an input/output classification is not
presumed beforehand. It rather lets the mathematical structure of the system decide
the inputs and the outputs. This will be explained in section 2.5 of this thesis. For
a thorough exposition of the concepts of behavioural theory of systems, the reader is
referred to Polderman and Willems (1997).
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Now reconsider Example 1.1 and observe that the power (P) or the rate at which energy

is supplied to the system is given by

d’LU3

P=Fr—-

dt
Part of this energy gets stored in the springs whilst the remainder is dissipated as heat
energy by the damper. Thus power is equal to the sum of the rate of increase of the
total energy the system, which is the summation of kinetic energies of masses mi, mso

and ms, the stored energies of the springs and the rate of dissipation of energy in the

damper.
plos _ 1d( (dw\® o fden\ L (dws)
at 24t \ '\ at >\ dt P\ dt
1d dwy \ 2
t 5y (krwi + ko(wg — wi)? + ks(ws — wa)? + K (wi + w3)) + ¢ <dt1>

In the case of absence of the damper in the system, there is no dissipation and hence
we may call the system as lossless. A natural question that arises here is whether it
is possible to deduce whether a system is lossless or not, directly from a higher order

description for the system. This is one of the problems tackled in this thesis.

Now reconsider Example 1.1, and assume that in addition to the absence of the damper,
the wind force is equal to zero. In this case, the total energy stored in the springs is

conserved. For this special case, namely when F' = 0 and ¢ = 0, we obtain

dwy \? dwy \* dws \” 2 2 2
my | —— | +ma T +ms3 s + k1wy + ka(wa — wi)* + k3(ws — wa)

+k' (w? + w3) = constant

This may be called as a conservation law for the system as the left hand side of the above
equation remains constant at all times. Observe that for this special case, equations
(1.1), (1.2) and (1.3) reduce to the following equations:

d*w; ,
mlW = kg(wg — wl) — (k)l + k )w1 (1.7)
d>w
ma dt22 = ks(ws — wa) — ko(we — w1) — K'we (1.8)
d*w
?77,3T23 = k3(w2 — ’u}3> (1.9)

It is well known that the Lagrangian for a system is the difference between its ki-

netic and potential energies. For the case of the system described by equations (1.7),

(1.8) and (1.9), since the Lagrangian is a function of w; and d;"ti, 1 = 1,2,3, let
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L(wy, we, w3, %, %, %) denote the Lagrangian. Then

dw1 d’U)2 dw3 1 dw1 2 dIUQ 2 dw3 2
B, Gt it ) =gt () s (G2 ) (%

—k1w? — ko(we — w1)? — k3(ws — wo)? — K (0} + w3))
(1.10)

Note that the time-average of the Lagrangian over the entire time-axis is zero, i.e,

Quadratic functionals for a system like the Lagrangian whose time-average over the

entire time axis is zero will be referred to as zero-mean quantities. For ¢ = 1,2,3,
define w; := dszi_ We recall that as a consequence of Hamilton’s principle, the system

trajectories satisfy the Euler-Lagrange equations given by

d(oL\ oL _ .
dt 8wi 8wi_

for 1 = 1,2,3. Indeed by substituting the expression for L from equation (1.10) in the

above equations, we get the system equations (1.7), (1.8) and (1.9).

Observe that for the system described in example 1.1, the energy, Lagrangian and power
are quadratic functionals in the system variables and their derivatives. In the behavioural
approach, we call such scalar functionals quadratic differential forms (QDFs). One of the
aims of this thesis is to study in depth, the notions of Hamilton’s principle, conservation
laws and zero-mean quantities for linear lossless systems starting from a higher order
description of the system using quadratic differential forms. We call the approach for
studying these notions as energy method, because it is based on the expression for energy
of the system obtained from a higher order description of the system. As a starting
point, we study lossless systems or systems without any dissipative components using

the behavioural approach.

In this thesis, using the behavioural approach, we also explain the underlying mechanism
of synthesis methods of lossless electrical networks like Cauer and Foster methods. This
also is done using energy method as explained below. Here we make use of the fact that
both Cauer and Foster methods of synthesis of a given lossless transfer function proceed
in steps, each involving the extraction of a reactance component connected in series or
parallel with a network having a simpler transfer function. This simpler transfer function
is the starting point for the next step of synthesis. Note that the total energy of the
network to be synthesized at any step is equal to the sum of the stored energy in the
reactance component that is extracted at that step and the total energy of the network
to be synthesized in the next step. Also note that the total energy of the network to be

synthesized at each step of synthesis is positive along nonzero trajectories of the system.
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Thus the total energy of the network to be synthesized reduces at every step of synthesis.
We give an example of synthesis of a simple lossless electrical network to explain the

common features of Cauer and Foster methods.

Example 1.2. Consider the synthesis of a lossless one-port electrical network with an

impedance transfer function given by

53+ 3s

Z(s) =
(s) s2+1

One way of synthesis of Z begins by writing Z as the sum of two transfer functions 7

and Za, where Z1(s) = s and
2s

Zs(s) = 211
Note that the network corresponding to the impedance transfer function Z; is an in-
ductor with unit inductance. Thus a unit inductance is extracted in the first step of
synthesis, to be connected in series with a network with transfer function equal to Zs,
which is simpler than Z in the sense that the sum of the degrees of the numerator and
denominator of Zs is lower than that of Z. The transfer function Z, is the starting
point for the second step of synthesis of Z. In the second step of synthesis, the network
corresponding to Z, is synthesized. Note that this network consists of an inductor of
inductance equal to two units connected in parallel with a capacitor with capacitance
1

equal to 5 unit. The network corresponding to the impedance transfer function Z is

shown in Figure 1.2.

o=

FIiGURE 1.2: Example of synthesis

The total energy of the network is given by
1 1
E= 512 + 17 + va
Observe that the total energy of the network with impedance transfer function Zs is
2 1 2
By =1+,

Thus FE is equal to the sum of F; and the energy stored in the inductor component

extracted in the first step of the synthesis. If V and I are not equal to zero, observe
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that both E and E; are positive. Also observe that £ > Ep, and the equality occurs
only when I = 0.

Keeping the above common features of Cauer and Foster synthesis in mind, we define
the synthesis of a QDF which denotes the total energy of the network to be synthesized,
as a sequence of QDFs, each of which denotes the total energy of the network to be
synthesized at a particular step of the synthesis process. We show that Cauer and
Foster methods of synthesis can be cast in the framework of our definition. We also
show that our definition has applications in stability tests for linear systems. Since we
make use of properties of the total energy of the network to be synthesized in order to
extract the common features of Cauer and Foster synthesis procedures, we may call the

method for studying synthesis as energy method.

1.1 Outline of the thesis

In chapter 2 and 3, we cover those aspects of the behavioural approach and quadratic
differential forms respectively that are necessary to understand the results presented in
chapters 4, 5 and 6. In chapter 2, we explain the notions of dynamical systems with
and without latent variables, controllability, observability, input/output partition etc.
from a behavioural point of view. Most of the material covered in this chapter can
be found in Polderman and Willems (1997). Most of the material of chapter 3 has
been taken from Willems and Trentelman (1998), Rapisarda and Trentelman (2004)
and Rapisarda and Willems (2005). Some of the notions covered in this chapter are the
notions of a QDF being zero along a behaviour, equivalence of QDFs, nonnegativity,
positivity and stationarity of a QDF, conserved quantities, etc. In chapter 4, we define
the notion of higher order linear lossless systems from a behavioural point of view using
energy methods, and study the properties of such systems. In chapter 5, we study the
QDF's associated with a special class of systems known as oscillatory systems. In this
chapter, we also study the relation between the Lagrangian and zero-mean quantities for
oscillatory systems. In chapter 6, we provide an abstract definition for synthesis of QDF's
and show that Cauer and Foster methods of synthesis can be cast in the framework of
our definition. In this chapter, we also show the application of this definition for testing

of stability of linear systems. In chapter 7, we draw conclusions from chapters 4, 5 and
6.



Chapter 2
Linear differential systems

In this chapter, we give an introduction to linear differential systems, and cover the basic
concepts that are required to understand the results in this thesis. Most of the material
of this chapter is taken from Polderman and Willems (1997) and Rapisarda (1998).

2.1 Dynamical Systems

We begin this chapter with the study of the notion of dynamical system. As described
in example 1.1, modelling a system involves writing the governing laws for the system
variables and hence defining the way in which the system variables evolve. Consider a
system for which w represents the vector of external variables. We denote the time axis
by T and define the signal space W as the space in which the system variables w take
on their values. Let WT denote the set of maps from T to W. The governing laws of the
system ensure that not every element of W' is allowed by the dynamical laws describing
the system. The set of maps that are allowed by the system is called the behaviour. This

leads to the following definition of a dynamical system.
Definition 2.1. A dynamical system % is a triple ¥ = (T, W,B), with T C R, the time

set, W a set called the signal space, and B C W' the behaviour of the system.

In this thesis, we study dynamical systems that are linear, shift-invariant, and described
by ordinary differential equations. Below, we define linearity and shift-invariance of

dynamical systems.

Definition 2.2. A dynamical system ¥ = (T, W,B) is called linear if

o W is a vector space over R and

o the behaviour B is a subspace of WT
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In other words,

wi, w2 €EB  and  aj,a9 €ER = ajwi + aswy €5

We call ¥ shift-invariant if T is closed under addition and the following holds for all
t1 € T:
(w € B) = (o' (w) € B)

where ' (w)(t) := w(t + t1) for all ¢ € T. In this thesis, we consider only continuous
time systems and hence T = R. A dynamical system whose behaviour is equal to the set
of all solutions of a system of constant coefficient linear ordinary differential equations
satisfies linearity and shift-invariance. We call such a system, a linear differential system.
Assume that we have g linear constant coefficient differential equations in the variable
w, and we are interested in the set of trajectories w : R — R that satisfy the equations

L

d d
— —w = 1
Row—‘v-Rldt'w-i- +RLdth 0 (2 )

where R; € R&¥ for ¢ = 0,1,..., L. Define the polynomial matrix R € R&*¥[¢{] as
R(€):= Ry + Rié+ ...+ Rpel (2.2)

A concise way of specifying the g equations in (2.1) is by writing

d

R(—
(dt

Jw =20

The space of trajectories w usually considered in problems involving linear differential
systems described by equations of the form (2.1) is either the space of infinitely dif-
ferentiable trajectories or the space of locally integrable trajectories which we define

below.

Definition 2.3. A Lebesque measurable function w : R — RY is called locally integrable
if for all a,b € R,

b
/ lw(t)| dt < oo

We denote the space of locally integrable functions from R to R¥ by £P°¢(R,R¥).

A solution w of equation (2.1) is called a strong solution if w is at least L times dif-
ferentiable. Thus all infinitely differentiable trajectories that satisfy (2.1) are strong
solutions. A weak solution to the system of differential equations (2.1) is a trajectory w
for which all the derivatives occurring in the given set of equations may not exist at all
points in R, but which nonetheless satisfies the given set of equations in some precisely
defined sense. For example, a locally integrable trajectory w that satisfies (2.1) in a

distributional sense is a weak solution of (2.1). This is explained below.
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Let R be defined by equation (2.2). Let ®(R,R¥) denote the subset of €*°(R,R¥)
consisting of compact support trajectories. Let ¢ € D(R,RY) and w € €*(R,R").
Define

<w,¢>i= /OO w(t)T s(t)dt

Then it can be shown that if 1) € D(R,R8),

< R(%)w,w >=< w,R(—%)Tw >
Thus R(4)w = 0 if and only if < w, R(—%)T¢ >= 0 for all ¥ € D(R,R8). This
property of strong solutions can be used to define a weak solution of (2.1). Any trajectory
w € L°(R,RY) is a weak solution of the system of equations (2.1) if for all v € D (R, RE),
there holds < w, R(—%)Tw >= 0, since such a trajectory satisfies equations (2.1) in a
distributional sense. Henceforth, whenever we say that a locally integrable trajectory
satisfies a set of constant coefficient linear differential equations, we mean that it does

so in a distributional sense.

In this thesis, unless otherwise specified, we are only interested in the infinitely differen-
tiable trajectories that satisfy equation (2.1). We can define this set of solutions, namely

the behaviour B as

d
B = {w e C°(R,R") | R(@)w =0}
Thus, considering R(%) as an operator from €* (R, R¥) to €°(R,R8), B = ker (R(%)).

Linearity of the differential operator R( %) results in linearity of the behaviour B. ‘B is
shift-invariant as the coefficients of the polynomial matrix R(§) are constant. The system
of linear constant coefficient differential equations (2.1) is called a kernel representation
of the behaviour 8. We denote the set of linear differential systems with infinitely often
differentiable manifest variable w by £* (the superscript ¥ in £¥ refers to the dimension
of w e B, iew= dim(W)).

From the following theorem, it follows that the kernel representation of a behaviour is

not unique.

Theorem 2.4. Define

By = {we € (R,RY) | R(%)w _0)
By = {we Lo(RRY) | R(%)w —0)

with R € RP*Y[¢]. Then
(0.0} w d
B = {weRR") | Rl(—dt)w:()}

d
By = {weLy(R,RY) | Rl(%)w =0}
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if and only if there exists a unimodular matriz U € RP*P[{], such that R1(§) = U(§)R(E).

Proof. See Polderman and Willems (1997), pp. 100-101, Theorem 3.6.2. m

With reference to the above theorem, it can be inferred that the differential operators
R and R; induce kernel representations of the same behaviour B iff each row of R is
a linear combination with polynomial coefficients of the rows of R; and likewise, each
row of R; is a linear combination with polynomial coefficients of the rows of R. The
equivalence of two behaviours with different kernel representations can be conveniently
explained using the concept of modules (see Definition B.22, Appendix B). Observe that
if a trajectory w is such that P(%)w =0, with P € R&*¥[¢], then Q(%)P(%)w =0 for
any @ € R**€[¢]. As a consequence, it follows that two behaviours B = ker(R()) and
B1 = ker (Rl( %)) are equivalent if and only if the rows of R and R; generate the same

R[¢]-module. This point has been elaborated upon in pp. 83-84, Willems (2007).

From the next theorem, it follows that, we can always obtain a kernel representation
for B of the form B = ker(R(%)), with R having full row rank (see Definition B.4,
Appendix B).

Theorem 2.5. Every behaviour B with trajectories either infinitely differentiable or
locally integrable defined by B = ker(R(%)) with R € RP*Y[¢], admits an equivalent full
row rank representation, i.e, there exists a kernel representation 8 = ker(Rl(%)), with
Ry € RP*4[¢] having full row rank.

Proof. See Polderman and Willems (1997), p. 58, Theorem 2.5.23. ®

From the above Theorem, it follows that if a behaviour 8 = ker (R(%)) is such that R
has linearly dependent rows, then one can obtain another kernel representation for B
of the form B = ker(Rl(%)), with R; having full row rank, or having lesser number
of rows than R. This suggests that if R has linearly dependent rows, we can obtain a
“simpler” kernel representation for 8, in the sense that lesser number of equations can
be used to describe 9. This leads to the notion of minimality of kernel representation,

which is defined below.

Definition 2.6. A kernel representation of a behaviour B with trajectories either in-
finitely differentiable or locally integrable, given by B = ker(R(%)), R € Re&*¥[(] s

called minimal if every other kernel representation of B has at least g rows.

The following Theorem gives the algebraic condition on a kernel representation of a

given behaviour, under which it is minimal.

Theorem 2.7. A kernel representation of a behaviour B with trajectories either in-

finitely differentiable or locally integrable, given by B = ker(R(%)) is minimal if and

only if R has full row rank.
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Proof. See Polderman and Willems (1997), p.102, Theorem 3.6.4. m

Below, we define the notion of invariant polynomials of a behaviour.

Definition 2.8. Let B = ker(R(%)) be a minimal kernel representation of a behaviour
B with trajectories either infinitely differentiable or locally integrable. Then the invariant

polynomials of B are the invariant polynomials (see section B.1 of Appendiz B) of R.

Observe that even though the minimal kernel representation of a behaviour is not unique,

the invariant polynomials of a behaviour are unique.

2.2 Latent variable and image representations

When modeling a system we come across two types of variables namely the manifest
variables (denoted by w) and the latent variables (denoted by £). We now define linear

differential systems with latent variables.

Definition 2.9. A linear differential system with latent variables is a quadruple X =
(T, W,L, Bsu), with T € R, the time set, W the manifest signal space, L the latent
variable space, and By € W' x LT the full behaviour of the system being equal to
the set of all solutions of a system of constant coefficient linear ordinary differential

equations.

Hence, the pairs (w, f) are the trajectories of a system with latent variables, with the
vector w consisting of the manifest variables and the vector ¢ consisting of the latent
variables. A linear differential system with latent variables induces a dynamical system

in the sense of Definition 2.1 as follows.

Definition 2.10. Let ¥ = (T,W,L,®B..,) be a linear differential system with latent
variables. The manifest (or external) dynamical system induced by X, is the dynamical
system X = (T, W, B), with the behaviour B defined as

B={w:T—-W | 3: T — L such that col(w, ) € By}

With respect to the above definition, 9B is called the manifest (or external) behaviour of
Brai- The next theorem states that the manifest dynamical system of a linear differential
system with latent variables ¥; = (T, W, L, By,,) is a linear differential system if (W x
L)T = ¢°(R,R¥), where | = dim(L).

Theorem 2.11. Consider a latent variable differential system whose full behaviour is
%full € EW_H. Deﬁne

B = {w e €°(R,RY) | I € ¢7(R, Rl) such that col(w,l) € By}
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Then B € LV.

Proof. The proof follows from Theorem 6.2.6, pp. 206-207 of Polderman and Willems
(1997). m

With reference to the above theorem, 5 is the behaviour obtained from B, by elimina-
tion of the latent variable £. From Theorem 2.11, it follows that it is possible to eliminate
latent variables from a linear differential behaviour with latent variables whose trajecto-
ries are infinitely differentiable, in order to obtain its manifest behaviour. This theorem

is hence called elimination theorem.

The trajectories belonging to a linear differential system with latent variables (R, RY,
R! ,Ba) can be described by a set of linear constant coefficient ordinary differential
equations

L L’

d d d d
R, Ri— oo+ Ry —w=Mfl+ M —0+...+Mpy——/ 2.3
ow+ Rizw ..+ Rp—pw of + My bt 4+ My (2.3)

where M; € R&*! for i =0,1,...,L', and R;, € R&¥ for k =0,1,..., L.

The set of equations (2.3) is called a latent variable or a hybrid representation of the
latent variable system (R, RW,RZ, B ). The full behaviour By, consists of trajectories

(w, £) satisfying (2.3). A concise way of writing (2.3) is
R(—)w=M(—)¢ (2.4)

where R € R&*¥[¢] and M € R&X![¢] are defined as R(&) = Ry + Ri& + ... + Rp¢F and
M) = My+ Mi§+ ...+ ML/§L/. If B € L7 then from the elimination theorem,
it follows that there exists R’ € R**¥[¢], such that the manifest behaviour of By, has a
kernel representation given by ‘B = ker (R/ (%))

Example 1.1 revisited: We reconsider the example of the mathematical model of a
three-storey building studied in chapter 1, where we are interested in the dynamical
relation between the position w3 of the third storey and the wind force F. Equation
(1.6) describes the set of trajectories belonging to a dynamical system in the sense of
Definition 2.1, wherein the time set is T = R and the signal space is W = R?. The system
can also be described as a linear differential system with latent variables, wherein the
vector of latent variables is given by £ = col(w1, ws), and the vector of manifest variables

is w = col(ws, F). In this case, the set of trajectories belonging to the system can be
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described by the equation R(%)w = M(%)E, where

0
R(§) = ks 0
i ms&? +ky —1
[ ma&® +c€ 4 (ki + k2 + K) —ka
M) = —ko mo&? + (ko + k3 + k')
I 0 s

Furthermore, the time axis is T = R, the signal space is W = R?, and the latent variable

space is L = R?,
A special and very important case of hybrid representation of a latent variable system
is an image representation. Take R(§) = I in equation (2.4), yielding

w=M(—-)l (2.5)

dt
If B denotes the manifest behaviour of By, then another way of expressing equation
(2.5) is B =Im(M(4)). Note that if By, € L, then in equation (2.5), ¢ is €>-free,
i.e it is free to take any value in the space €°(R,R!). Also note that not all linear
differential systems have image representations. Later on in this chapter, we will give a

condition on a linear differential system under which it can have an image representation.

2.3 Observability

Consider a partition w = col(w;, w2) of the external variables of a behaviour 8. We
say that ws is observable from wy if wy, together with the laws of the system determine
weo uniquely. We call wy an observed variable and wo a to-be-deduced variable. The

following definition formalizes the concept of observability.

Definition 2.12. Let ¥ = (T, W; x Wy, B) be a linear differential system. Trajectories
in B are partitioned as w = col(wy,ws) with w; : R — W; i = 1,2. wy is said to be

observable from wy if

col(wy, ws), col(wy, wh) € B = wy = wh

This is equivalent to the statement that there exists a polynomial differential operator
F(4) : WT — W] such that wy = F(&4)w; for all col(wy,ws) € B, i.e wy can be
determined uniquely by observing w;. With respect to Definition 2.12, observe that by
linearity, if col(wy,w2), col(wr,wh) € B, then col(0,ws — wh) € B. This implies that
if wo is observable from wy, then col(0,w)) € B = wj = 0. The following proposition

characterizes observability in terms of a kernel representation of the behaviour.
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Proposition 2.13. Let B € L"172 be represented by Rl(%)wl = Rg(%)wg. Then ws
is observable from wy iff Ro(\) has full column rank for all A € C.

Proof. See Polderman and Willems (1997), pp. 174-175. m

From the above proposition, it can be seen that the condition for observability of ws

from w; depends only on Rs.

2.4 Controllability

In the behavioural approach, controllability is a property of the system and not of a
particular representation of the system, unlike what happens in the state space approach

for linear systems. Below, we give the behavioural definition of controllability.

Definition 2.14. The shift-invariant system ¥ = (R, W,B) is said to be controllable if
for all wi,wy € B, there exist T > 0 and w € B such that

w1 (t) fort <0,
w(t) =
wa(t=T) fort>T
Thus a controllable behaviour is one which allows switching from one trajectory to
another within the behaviour, provided that we allow a delay. We denote the set of
controllable linear differential behaviours with infinitely differentiable manifest variable

w by L¥

eont- The following proposition gives an algebraic condition on the kernel repre-

sentation of a behaviour under which it is controllable. It also relates controllability to

the existence of an image representation.
Proposition 2.15. Let B € L¥ have a kernel representation B = ker(R(%)) with
R € RP*¥[¢{]. Then the following statements are equivalent:
1. B s controllable,
2. rank(R(\)) is constant for all X € C,
3. there exist | € Z+ and M € R™¥[¢] such that w = M(%)E is an image representa-
tion of B.
Proof. See Polderman and Willems (1997), pp. 158-159, 229-230. =

From the above Proposition, it follows that a behaviour is controllable if and only if it
admits an image representation. We now show that if 98 is controllable, it is possible to
find an image representation in which the latent variable ¢ is observable from w. Such

an image representation is called an observable image representation.
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Let B = Im(M(%)) with M € R"*/[¢] be an image representation of a behaviour 9,
which is not observable. Consider a Smith form decomposition (see Proposition B.2,

Appendix B for details) of M given by

A(€) Oy % (1-19)

M) =U(&)
Ow—t)xti  O@—11)x(1-11)

V(E) (2.6)

where U € R™V[¢], V € RX[¢] and A € R1*U[¢] has nonzero diagonal entries. Consider
partitions of U and V given by

U =t e s Ve =

where U; € R¥U[¢], Uy € R[], Vv € RX¢] and Vo € RECWXU¢]. Then, from
equation (2.6), we have M (§) = U1(§)A(€)Vi(€). Note that U (A) has full column rank

for all A € C. Define G(€&) := A()Vi(€) and ¢ == G(%)L.

We now prove that the rows of G are linearly independent over R(&), or equivalently
that the differential operator G (%) is surjective (see Appendix B for a definition). For
i=1,...,11, let §; € R[¢] denote the i*" diagonal element of A and V; € R*![¢] denote
the ™ row of V7. Assume by contradiction that the rows of G are linearly dependent
over R(§), or that there exist nonzero r; € R(§) for i = 1,...,[; such that

This implies that

r1(€)01(§) 12(§)d2(§) - 1,(§), (§)  Oixq—i) ]V(f)zO

Postmultiplying both sides of the above equation with V(£)~!, we obtain 7;(¢) = 0 for
i =1,...,11. Hence the rows of G are linearly independent over R(§), which implies that
G(4) is surjective . This implies that ¢ is a free trajectory. Since M(%)¢ = Uy(4)C,

N0 o)

Since U;(A) has full column rank for all A € C, equation (2.7) is an observable image

we can write

representation of 8.

Below, we prove that the image of a polynomial differential operator acting on a con-

trollable behaviour is also controllable.

Lemma 2.16. Let B € LV
lable.

“ . and P € R&V[E]. Then By := Im(P(%)) . is control-

|B1
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Proof. Consider two trajectories wq,ws € Bo. Then there exist w],w), € B, such that
w; = P(4)w) and wy = P(L)wh. Since B is controllable, there exist T > 0 and
w’ € B such that

wi (t) fort <0

/
w'(t)y=4 !
wh(t —T) fort>T

Define w := P(%)w’ , and observe that w € By. Also observe that

w1 () fort <0

w(t) =
we(t —T) fort>T

Since the trajectories wi and wsy are arbitrary trajectories of 9B, it follows that By is

controllable. m

2.5 Systems with inputs and outputs

We give the behavioural definition of input and of output variable.

Definition 2.17. Let ¥ = (R,R",*B) be a linear differential system with B € LY.
Partition the signal space as R¥ = R¥* x R"2| and correspondingly any trajectory w € B
as w = col(wy,wq), with w; € €°(R,R") and we € € (R, R¥2). This partition is called
an input /output partition if:

1. wy is € -free, i.e for all wi € €°(R,R¥), there exists a wy € € (R, R"2), such
that col(wy,wy) € B.

2. wi is maximally free, i.e given wy, none of the components of wo can be chosen

freely.

If both the above conditions hold, then wi is called an input variable, and ws is called

an output variable.

From Definition 2.17, it can be proved that the evolution of ws is completely determined
by that of w; and by its past history. This point is elaborated upon in Willems (1989),
pp. 215-221.

Note that in general for a system, there are many possible partitions of its variables into
inputs and outputs. As an example, consider the electrical system V = RI, where V
represents the voltage across a resistor whose resistance is R and I represents the current
through it. Here, we can choose either V or I as the input or the free variable and the

other variable will be completely determined by this choice through the relation I = %,
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respectively V' = RI. Consequently V' (or I) is a maximal set of free variables. The
following proposition provides conditions under which a particular partition of w € B

is an input/output partition of 8, in terms of its kernel representation.

Proposition 2.18. Let R € R&*¥[¢{] induce a minimal kernel representation of a be-
haviour B € L¥. Then there exists a permutation matriz m € R¥*Y such that R(§)m =
row(P(€),Q(£)), with P € R&¥€[¢], Q € R&*=8)[¢], det(P) # 0, and 7"w = col(u,y),
with u € €°(R,RY"8) and y € € (R, R8), is an input/output partition of w € B.

Proof. See Polderman and Willems (1997), p. 90, Corollary 3.3.23. =

With reference to the above Proposition, define w’ := 7'w. Observe that w' is a

permutation of the external variables of 8. Define
B ={r'w | weB}

It is easy to see that B’ = ker(R(%)ﬁ). Observe that for every w’ = col(u,y) € B’,

P(%)y = —Q(%)u. We call this an input-output representation of the behaviour.

We now define the transfer function of a controllable behaviour with equal number of

inputs and outputs. This concept will be used in chapter 6 of this thesis.

Definition 2.19. Let B € £ be a controllable behaviour with an input/output partition
col(u,y), such that u =y = 1. Let an image representation of B be B = Im(M(%)),
where M = col(Ng, N1) and No, N1 € R™![¢]. Then Z given by

Z(€) = N1(§)No(&) ™"

is called a transfer function of 5.

With reference to the above definition, observe that Ny is nonsingular, because if it is
singular, then Ng(%) is not surjective, which implies that u cannot be chosen freely,

which in turn leads to a contradiction.

2.6 Autonomous systems

Autonomous behaviours are in a way the opposite of controllable behaviours. These are

behaviours that have no inputs or free variables.

Definition 2.20. A shift-invariant behaviour B is called autonomous if for all wy,wy €
B,
wl(t) = wg(t) V t<0= w1 = W9
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An autonomous behaviour is one for which the future of every trajectory is completely
determined by its past. We now specialize this notion to the case of linear differential

systems.

The following proposition (see Polderman and Willems (1997), Corollary 3.2.13, p. 75)
gives a method for describing the set of trajectories of a scalar (w = 1) autonomous

behaviour starting from its kernel description.

Proposition 2.21. Let P € R[{] be a monic polynomial and let \; € C,i=1,...,m+
2N, be the distinct roots of P of multiplicity n;, i.e P(§) = ZL:JFIZN(f — Ap)" . Assume

that the first m distinct roots are real numbers and the remaining distinct roots are con-

Jugate pairs, Am+1, Am+1s Am+2; Am+2s - -+ s Am+Ns Am+N With nonzero imaginary parts.
Then B = {w € €°(R,R) | P(4)w = 0} is autonomous and has dimension n =deg
(P(&)). Moreover w € B iff it is of the form

m np—1 m+N nip—1

w(t) = Z Z rtle ™t + Z Z 1 (r et 4 et

k=1 1=0 k=m+1 [=0

where Ty are arbitrary real numbers for k = 1,2,...,m and arbitrary complex numbers

with nonzero imaginary parts fork=m+1,m+2,...,m+ N.

With reference to the above proposition, P(&) is called the characteristic polynomial of

8. The roots of P are called the characteristic frequencies of ‘B.

The following proposition relates the property of autonomy of a multivariable behaviour
to the algebraic properties of a matrix R inducing a kernel representation of the be-

haviour.

Proposition 2.22. Let B = ker(R(%)), with R € R&*V[E], be a kernel representation
of B € LY. Then B is autonomous iff R has full column rank. Consequently, if B is
autonomous, there exists R € RV [¢] with det(R) # 0 such that B = ker(R(%)).

Proof. (Only if): Assume that 9B is autonomous. Assume by contradiction that R does
not have full column rank. Let w; denote the column rank of R. Then from Proposition

B.6, Appendix B, it follows that there exists a unimodular matrix V such that

gXx (w—w1)
Define V;(¢) :
B’ = Im(Vi(
wy € C°(R,R¥

V(€)~! Let w be a trajectory in B. Define v’ := Vi(4)w and
t))|%. Consider a partition of w' given by w' = col(wy,ws), where
) and wy € €°(R,R¥"¥). From equation (2.8), it follows that

c &l

| Ri() Ogxoom) | [ wy ] —0

w2



Chapter 2 Linear differential systems 21

is a kernel representation of 8B’. This implies that ws is €>*-free. From Definition 2.20,
it follows that the behaviour B’ is not autonomous because every trajectory in B’ has
some of its components free. Since V; is unimodular, it induces a bijective differential
operator (see Definition B.16, Appendix B). This implies that % is not autonomous,

which is a contradiction. Consequently, R has full column rank.

(If): Now assume that R has full column rank. This implies that w < g. From Proposi-
tion B.5, Appendix B, it follows that there exists a unimodular matrix U € R&8*8[¢], such
that UR = col(Rg,0(g_y)xu), Where Ry € R¥¥[¢]. This implies that B = ker(Ry (%)) is
another kernel representation of 8. Observe that det(R2) # 0. Hence all the invariant
polynomials of Ry are nonzero. Let Ry = UAV be a Smith form decomposition of Rs.
For i = 1,...,w, let §; € R[¢] denote the i*" invariant polynomial of B. Consider the
behaviour B’ = ker(A(4)) and observe that w' € B’ iff w’ = V(& )w for some w € B.
For i =1,...,w, define B; := ker(éi(%)). From Proposition 2.21, it follows that 93; is
autonomous for ¢ = 1,...,w. This implies that B’ is autonomous. Since V is unimodu-
lar, it induces a bijective differential operator. This implies that 25 is autonomous. This

concludes the proof. m

Below, we define the characteristic frequencies of an autonomous behaviour.

Definition 2.23. Let B = ker(R(%)) with R € R™¥[¢], be a kernel representation
of an autonomous behaviour B. Then the roots of det(R) are called the characteristic

frequencies of 9.

It is easy to see that the characteristic frequencies of an autonomous behaviour are the

roots of its invariant polynomials.

In the following, we make use of Smith form decomposition (see Appendix B for details)
in order to reduce the multivariable case (w > 1) of autonomous behaviours to a set of
independent scalar (w = 1) behaviours. This reduction is done in order to describe the
set of trajectories belonging to a multivariable autonomous behaviour starting from its
kernel description. Let B = ker(R(%)), where R € R™¥[¢], be the given autonomous
behaviour and let R = UAV be a Smith form decomposition of R. Consider the be-
haviour B’ = ker(A(4)) and observe that w' € B iff w’ = V(4)w for some w € B.
Let w (i = 1,...,w) be the components of w’. For i = 1,...,w, let ¢; denote the "
invariant polynomial of R. Then B/ = ker ((51-(%)) is a scalar autonomous behaviour for

i=1,...,wand w, € B

Proposition 2.21 can now be made use of in order to describe the set of trajectories
w, € WL, i =1,...,w, and hence the trajectories w’ € B’. The trajectories w € B are

then given by w = (Vl(%))w’, where V1(§) = (V(£)) ™.
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2.7 State space models

We now discuss a special class of latent variables known as the state variables. State
variables either occur naturally in the modelling process or can be introduced artificially.
Below we provide the definition for state space models and state variables as given in
Polderman and Willems (1997).

Definition 2.24. (Axiom of state) Consider a latent variable differential system

whose full behaviour is defined by

d d
B = {col(w,l) € LLR,R xR | R — Jw=M[— |}
dt dt
where R € R&VE], and M € ReX![¢]. Let col(wy, lr), col(wa, l2) € By and ty € R.
Define the concatenation of col(wi, 1) and col(ws, l2) at to by col(w, ), with

t t < to, 04 (¢t t < to,
w(t) = wit) O and  o(t) = 1) 0
wa(t) >t b(t) t>t

Then By is said to be a state space model, and the latent variable ¢ is called a state
variable if £1(to) = €2(to) implies col(w,l) € By.

Note that a locally integrable trajectory need not be defined point wise. From Definition
2.24, it follows that a state space model B with locally integrable trajectories necessarily
has its state variable defined point wise, because in the definition, ¢y is an arbitrary real

number.

From Definition 2.24, it also follows that the state variables “split” the past and the
future of the behaviour. The values of the state variables at time ¢y contain all the
information needed to decide whether or not two trajectories wi and ws can be concate-

nated within 9B at time tg.

According to the axiom of state, if £ denotes the state variable of a given behaviour,
the only information that is required to know whether a trajectory (w™,¢*) : [0,00) —
(R¥xRY) can occur as a future continuation of a trajectory (w™,£7) : (—o0,0] — (R¥xR!)
within the behaviour are the values of £~ and ¢* at time ¢t = 0. As a consequence £~ (0)
tells us which future trajectories are admissible for the system. Hence we can say that

¢=(0) is the memory of the system at time ¢ = 0.

The vector of state variables is usually denoted by z. In classical systems theory, state
equations are of first order in x and of zeroth order in w. The following proposition
shows that this property can be deduced and not postulated from the definition of state

variable.
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Proposition 2.25. Let ¥ = (R,R",R*,B) be a latent variable differential system
with manifest variable w and latent variable x. Then it is a state space model if and
only if there exist matrices K, F, G such that B has the kernel representation:

dr _

G F EF— =
w+ e+ I

0 (2.9)

Proof. See Rapisarda (1998), pp. 161-162. =

Since the external variables can always be partitioned into inputs u and outputs ¥y as
described in section 2.5, we can arrive at an input-state-output model of a system from

its state space model (2.9), as shown below

d
d—f = Az + Bu

y = Cx—+ Du

Note that for an autonomous behaviour 9%, with a state space model given by

dx
E = Aﬂf
w = Cz

since w € €°(R,R¥), it follows that x € €>*(R,R*). We now define the concept of

minimality of state space.

Definition 2.26. Let ¥;, = (R,R",R*,B) be a state space system with manifest be-
haviour (R,R¥,B). X1, is said to be state minimal if for every other state space system
Y = (R,RY,R¥ B 1) with the same external behaviour (R, R¥,B), x < ¥

The dimension of the minimal state space of 8 denoted by n(*8) is called the McMillan
degree of 8.

The only place where the notion of state space is used in this thesis is section 2.8,
where we work with autonomous behaviours. Hence the state variables and the manifest

variables of the system in this case are infinitely differentiable trajectories.

2.8 Oscillatory systems

We now turn our attention to a special case of autonomous behaviours, namely oscilla-
tory behaviours, that play a very important role in this thesis. We begin this section

with the definition of a linear bounded system.

Definition 2.27. A behaviour B defines a linear bounded system if
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e B c LV

e Every solution w : R — R¥ is bounded on (—o0, 00).

From the definition, it follows that a linear bounded system is necessarily autonomous:
if there were any input variables in w, then those components of w could be chosen
to be unbounded. Linear bounded systems have been called as oscillatory systems in
Rapisarda and Willems (2005) (see Definition 1, p. 177). Indeed from the following

proposition, it seems reasonable to call linear bounded systems as oscillatory systems.

Proposition 2.28. Let B = ker(R(%)), with R € R**¥[¢]. Then B is bounded if and

only if every non-zero invariant polynomial of B has distinct and purely imaginary roots.

Proof. See proof of Proposition 2, pp. 177-178, Rapisarda and Willems (2005). m

From the above proposition, it follows that if % € L£" is bounded then every trajectory

w € B can be written as

n

w(t) = Z (A; sin(wit) + B; cos(wjt)) (2.10)
i=1
where n € N, A;, B; € R" and w; are nonnegative real numbers for ¢ = 1,...,n. Thus

trajectories belonging to a linear bounded system are linear combinations of vector sinu-
soidal functions, which implies that these trajectories are almost periodic or oscillatory.
In equation (2.10), if n = 1, and wy; = 0, then w(t) = Bj, which is a constant trajectory.
Note that a constant trajectory can also be viewed as an oscillatory trajectory that
oscillates with zero frequency. Therefore, in this thesis, we will henceforth call linear

bounded systems as oscillatory systems.

In the following, the case of multivariable (w > 1) oscillatory systems will be often
reduced to the scalar case by using the Smith form of a polynomial matrix. Consequently,
we now examine in more detail the properties of scalar oscillatory systems and of their

representation.

From Proposition 2.28, it follows that if r € R[¢] then B = ker(r(%)) defines an
oscillatory system if and only if all the roots of r are distinct and on the imaginary

axis. This implies that r has one of the following two forms.

r€) = (E+w)@+w).. (E+wi ) or
r(€) = €+ w)E@+wi) .. (4w )

where wq,...,w,—1 € RT and are distinct. From Proposition 2.21, it follows that the

dimension of ker(T (%)) as a linear subspace of €°(R,R) equals the degree of the

polynomial . From Definition 2.23, it follows that the roots of r are the characteristic

frequencies of ker(r(4)).
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In the following, a polynomial matrix will be called oscillatory if all its invariant poly-
nomials have distinct and purely imaginary roots. We now give a condition on the state

space equation of an autonomous system under which it is oscillatory.
Lemma 2.29. A state space model B given by

d
B = {col(w,x) € C°(R,R™) | d—i = Az,w = x}
where A € R***, is oscillatory if and only if there exists an invertible matriz V. € C***
such that VAV~ = Ay, where A4 is a diagonal matriz whose diagonal entries are purely

imaginary and occur in conjugate pairs.

Proof. (If) Define z := Vo € C**!. Consider the system ‘fl—f = Ayz. Each component
of z is bounded because the diagonal entries of A4 are purely imaginary and occur in
conjugate pairs. Since V is invertible, this implies that each component of z is also

bounded. Hence, the B is oscillatory.

(Only if) By contradiction, if A is not diagonalizable, it implies that A has at least
one eigenvalue with geometric multiplicity less than its algebraic multiplicity, which in
turn implies that the system is not bounded on (—o0,00). Hence A is diagonalizable.
Again by contradiction, if any of the eigenvalues of A is not purely imaginary, then
one of the components of z = Vz, is unbounded on (—o00,c0), which implies that one
or more components of x are unbounded. Hence A has purely imaginary eigenvalues.
Since the characteristic polynomial of A has real coefficients, the eigenvalues of A occur

in conjugate pairs. |

Assume now that a multivariable oscillatory behaviour 8 = ker (R(%)) with R € R¥¥[¢]
is such that det(R) has only distinct roots. In this case, it follows from the divisibility
property of the invariant polynomials (see Proposition B.2, Appendix B) that the Smith
form of R is necessarily diag(1,...,1, det(R)). This is the generic case of oscillatory

systems. Below we describe the concept of genericity as introduced in Heij (1989).

A mapping p : R" — R is called a polynomial (on R") if for any x € R", p(z) is a
polynomial in the elements of z. A subset V C R"™ is called a proper algebraic variety
associated with a polynomial p # 0 on R™ if V = p~1(0). We call a set 7 € R™ generic
in R™ if there is a proper algebraic variety V' in R™, such that 7 O (R™\V).

Now consider an oscillatory behaviour B = ker(R(%)), where R € R™¥[¢]. For i =

1,...,w, define

A;(€) = the greatest common divisor of all ¢ x i minors of R. (2.11)
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Define Ag(&) := 1. Then (see Kailath (1980), pp. 391-392) the ¢*" invariant polynomial

A; of R is given by
Aqi(§)
Ai-1(§)

Take any two i X ¢ minors of R, where i € {1,...,w — 1}. We show that their great-

Ai(§) =

est common divisor is 1 generically. Let the two minors be denoted by a(§) and b(¢)

respectively. Let
ni A
a€) = > af
i=0
no .
b(E) = D bif
i=0

Assume without loss of generality that n; > ng. Define A := col(ai,...,an,), B :=
col(by,...,bp,). Define

ap a1 ... Qg 0 o ... O

0 ao ap,—1 QAn 0 0
S1(A) = ' .1

0O O 0 ap a1 Qn,y

with S7 having ni 4+ no columns. Define

0 ... 0 0 by ... buyr b,
0o ... 0 b by ... by, 0
Sa2(B) = .0 .1 . c
o oo buyt buy O ... 0 0

with S5 having ny 4+ ne columns.

Define C' =: col(A, B). Let S(C) denote the matrix obtained by stacking the matrix
S1(A) over S3(B). S(C) is called the Sylvester matriz associated with the polynomials
a and b. A well known result (see Kailath (1980), p. 142) about coprimeness of two
polynomials is that two polynomials are coprime iff the Sylvester matrix associated with
them has zero determinant. We now show that det(S(C')) # 0 generically. Consider two
real vectors X = col(zg,x1,...,2n,) and Y = col(yo, Y1, .. .,Yn,). Define Z := col(X,Y).
Define the polynomial p as
p(Z) 1= det(S(2))

Observe that, by definition,
D :={Z|p(Z) # 0}

is a generic set. This implies that det(S(C)) # 0 generically, which in turn implies

that two polynomials are generically coprime. Consequently from equation (2.11), it
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follows that for i = 1,...,w — 1, A;(§) = 1 generically. This implies that the case of an
oscillatory behaviour B € L¥ having its first w — 1 invariant polynomials equal to 1 is a

generic case of oscillatory behaviours.



Chapter 3

Quadratic differential forms

Quadratic differential forms play a major role in the forthcoming chapters of this thesis.
In this chapter, we discuss those properties of quadratic differential forms that are
required to understand the results that are presented further on in this thesis. The
material appearing in this chapter is mostly taken from Willems and Trentelman (1998).
We begin with the definition of bilinear and quadratic differential forms (QDFs).

3.1 Basics

Let ® € R"*"2[(, n] be a real polynomial matrix in the indeterminates ¢ and 7, i.e

n=> Ot

i,k=0

where n is a natural number and ®;; € R****> for all 4,k € {0,1,...,n}. Such a

polynomial ® induces a bilinear differential form on € (R, R") x €*(R,R"?) as

Lo (’1°°(]R R¥) x (’1°°(]R R") - ¢(R,R)
dzwl dsz
tatim) = =3 () e (%2)

1,k=0
If w; = wy = w, then ® induces the quadratic differential form on €*°(R,RY) as

Qs : CO(R,RY) — ¢°°(R R)

=2 () (@)

1,k=0
In the following bilinear and quadratic differential forms will be abbreviated as BDF
and QDF respectively. We call ® symmetric if ®((,n) = ®(n,¢)T. In this thesis,

28



Chapter 3 Quadratic differential forms 29

we study only symmetric QDFs because every nonsymmetric QDF is equivalent in the
obvious sense of the word, to a symmetric one. We denote the ring of w X w symmetric

two-variable polynomial matrices by R¥*¥[(, n].

With every & € R"*¥[(, ], is associated the infinite matrix mat(®) with a finite number

of nonzero elements given by

o0 Po1 ... Pon

19 P11 ... PN
mat(®) = : :

Pno Pni ... PN

Observe that ®((,n) is given by

()= (1, (I, ...¢NI,... )mat(®)

mat(®P) is called the coefficient matriz of ®. Note that & is symmetric if and only if

mat(®P) is symmetric.

Also note that mat(®) can be factored as
mat(®) = mat(N) ' mat(M), (3.1)

where mat(N) and mat(M) are infinite matrices having a finite number of rows and a
finite number of nonzero elements. This factorization leads to the following expression
for ®(¢,n):

®(¢,m) = N(Q) "M (n) (32)

where N(£) = mat(N) col(Iy, &Iy, €21y, ...) and M (&) = mat(M) col(Iy, &Ly, €21y, .. ).
The factorization (3.1) of mat(®) is not unique. If we impose the condition that the
rows of M and N are linearly independent over R, then the factorization (3.2) is called

a canonical factorization of ®.
We now define the signature of a symmetric two-variable polynomial matrix.

Definition 3.1. Let n denote the highest power of ( or n occurring in ® € R¥*¥[(,n].
Define
X (&) = col(Iy, &L, &1y, . .. €"1y)
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Let & € ROV 4o cuch that ®(¢,n) = X(C)T®X(n). Let ¢4 and _ denote the

number of positive and negative eigenvalues of ®. Then the matriz

Yo =

Iy, Oy xg_ ]
Op_xopy —Ig_

is called the signature of ®, the pair (¢4, d—) is called the inertia of ® and ¢4 and ¢_

are respectively called the positive and negative inertia of ®.

With respect to the above definition, observe that P comprises of all the nonzero entries

of the coefficient matrix mat(®) of ® and some zero entries.

If mat(®) is symmetric, then it can be factored as mat(®) = mat(M)' Sy mat(M),
where mat (M) is a real matrix with a finite number of rows, infinite number of columns

and a finite number of nonzero entries, ¥, is of the form

ZM _ le OW1 Xwo
OWQ XW1 _IWQ

where w; and wo are nonnegative integers. Thus, the two-variable polynomial matrix &

can be written as

®(¢,n) = M(Q) " SprM(n) (3-3)

where M (&) = mat(M) col(Iy, £L, €21, . . .). This decomposition of ® is not unique, but
if we impose the condition that the rows of M are linearly independent over R, then
Yp is unique in equation (3.3) and is equal to the signature Xg of ®. The resulting

factorization

®(¢,m) = M(C) " SeM(n) (3.4)

is called a symmetric canonical factorization of ®. A symmetric canonical factorization
of a given ® € R¥*¥[(, n] is not unique. However, if we assume that (3.4) is a symmetric
canonical factorization of ®, then another symmetric canonical factorization of ® can
be obtained by replacing M (&) in equation (3.4) with UM (§), where U is a real square

matrix of the same dimension as X, such that U ZeU = Zp.

Example 3.1. If ®((,n) = ¢3n? + ¢*n® + ®n + (n? + ¢ + 7, then observe that with

reference to Definition 3.1,

KA

Il
o O = O
S = O
= i )
o =R O O

It can be verified that two of the eigenvalues of d are positive and the remaining two

are negative. It follows that ¥¢ = diag(1,1,—1,—1). It can also be verified that

®(¢,m) = M(C) " SeM () (3.5)
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where M (&) = %col(&‘g + 22 4+ 6+ 1,6 — €262 — ¢4+ 1). Observe that the rows
of M are linearly independent over R. Hence equation (3.5) is a symmetric canonical
factorization of ®, (2,2) is the inertia of ® and the positive and negative inertia of ®

are both equal to 2.

We now define the McMillan degree of a symmetric two-variable polynomial matrix.

Definition 3.2. Assume that ®((,n) = M(¢) " SeM(n) is a symmetric canonical factor-
ization of a two-variable polynomial matriz ® € R¥*¥[(,n]. Then the McMillan degree

of ® is the McMillan degree of the behaviour B = Im(M(%)).

The McMillan degree of a given ® € R7*¥[(, ] is denoted by n(®).

The main advantage of associating two-variable polynomial matrices with QDFs is that
they allow a very convenient calculus. We now illustrate this using the notion of the

derivative of a QDF which is used extensively in this thesis.

Definition 3.3. A QDF Qv is called the derivative of a QDF Qg with ® € R¥*¥[(, ],
denoted by Qu = £Qs if LQo(w) = Qu(w) for all w € €(R,RY).

In terms of the two-variable polynomial matrices associated with Q¢ and Qg, the
relationship in Definition 3.3 can be expressed as follows: Qg is the derivative of
Qo if and only if for the corresponding two-variable polynomial matrices, there holds
(C+n)P(¢,n) =¥Y(¢,n) (see Willems and Trentelman (1998), p. 1710).

3.2 Equivalence of QDFs and R-canonicity

We begin this section with the definition of equivalence of BDFs and QDFs along a

behaviour.

Definition 3.4. Two BDFs Ly, and Lg, are said to be equivalent along a behaviour
B denoted by Ly, 2 Ls,, if Lo, (w1, w2) = Lo, (w1, wa) V w1, ws € B.

Definition 3.5. Two QDFs Qg¢, and Qa, are said to be equivalent along a behaviour
B .
B denoted by Q‘IH = Q<I>2; lf Q<I>1 (w> = Q<I>2 (w) VweB.

We now define the notion of a BDF and a QDF being zero along a behaviour.

Definition 3.6. A BDF Lg is said to be zero along a behaviour B denoted by Lo 2 0,
if

Lq>(w1,w2):0 v wl,wgeiB
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Definition 3.7. A QDF Qg is said to be zero along a behaviour B denoted by Qs 3 0,
of
Qq><’u}) =0 V weB

The next Proposition gives a condition on a two-variable polynomial matrix under which

the corresponding QDF is zero along a given behaviour.

Proposition 3.8. Let ® € R¥¥[(,n] and let B € LY have the kernel representation
B = ker(R(%)), where R € RP*V[¢]. Then Qo 20 iff there exists F' € RP*¥[(,n] such
that

®(¢,n) = F(n,Q) " R(n) + RT(Q)F(¢,m)

Proof. See Proposition 3.2 of Willems and Trentelman (1998). m

If B = ker(R(%)), with R € RP*¥[¢] and @1, ®5 € R¥¥[¢, 5], from Proposition 3.8, it is
easy to see that Qg, 2 Qa, iff there exists F' € RP*¥[(, n] such that

We now define the notion of R-canonicity of polynomial operators.

Definition 3.9. Consider a nonsingular R € R¥*¥[{]. A polynomial matriz Ry €
RP¥V[¢] s R-canonical if Ry R™1 is strictly proper.

If R € R[] has degree equal to n, then from the above definition, it follows that the
space of R-canonical polynomials is the space of polynomials of degree less than or equal

ton — 1.
We now define the concept of R-canonical representative of a polynomial matrix.

Definition 3.10. Given a nonsingular R € R*¥¥[¢] and Ry € RP*V[E], the polynomial
matriz Ry € RP*VY[¢] is called an R-canonical representative of Ry if Ry is R-canonical

and Rl(%)w = Rg(%)w for every trajectory w € ker(R(di)).

If a polynomial matrix is R-canonical where R € R"*¥[¢], then it is easy to see that its
R-canonical representative is equal to itself. Assume that a given Ry € RP*¥[{] is not
R-canonical. Then it is easy to see that there exist F' € RP*¥[¢] and a unique strictly
proper R/, € RP*¥(¢), such that

Ri(§)R(€)™ = F(€) + Ry(€)

Define R2(&) := RL(§)R(€). Observe that Ry is the R-canonical representative of Rj

because Rg(%)w = Rl(%)w for every trajectory w € ker (R(%)) and Ry is R-canonical.

It is easy to see that every Ry € RP*¥[¢] has a unique R-canonical representative. It
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is also easy to see that among all polynomial matrices P such that P(%)w = Rl(%)w

for every trajectory w of a given autonomous behaviour 8 = ker (R( %)), with R square
and nonsingular and a given Ry € RP*¥[¢], the R-canonical representative of R; has

elements of the lowest degree.

Observe that the set of equivalence classes of QDFs under 2 is a vector space over
R. With every equivalence class of QDF's under B ,ssociated with an autonomous be-
haviour B = ker(R(%)), we associate a certain representative QDF whose associated
two-variable polynomial matrix is known as the R-canonical representative. Both the
notions of R-canonicity and R-canonical representative of two-variable polynomial ma-
trices are similar to the ones defined for the case of one-variable polynomial matrices.

Below we define the notion of R-canonicity of two-variable polynomial matrices.

Definition 3.11. Consider a nonsingular R € R"*¥[¢]. A two-variable polynomial
matriz ® € R¥<¥[¢,n] is R-canonical if R(¢)™ T ®(¢,n)R(n)~" is strictly proper.

If R € R[¢] with degree equal to n, then from the definition, it follows that the space of
R-canonical two-variable polynomials is spanned by monomials (¥7/, with k,j <n — 1.
For example if r(&) := £24-2¢ 43, then the space of r-canonical two-variable polynomials

has 1, ¢, n, {n as its basis elements.

Definition 3.12. Given a nonsingular R € R¥¥[¢] and ® € RI*V[(,n], a two-variable
polynomial matriz ®1 € R¥*V[(,n] is called an R-canonical representative of ® if ®; is
R-canonical and Qa(w) = Qa, (w) for every trajectory w € ker(R(%)).

If a given two-variable polynomial matrix is R-canonical where R € R¥*¥[¢], then it is
easy to see that its R-canonical representative is the same as the given matrix. Now
consider a two-variable polynomial matrix ® € R¥*¥[(, n] which is not R-canonical. Let
®(¢,m) = M(¢)TXeM(n) be a symmetric canonical factorization of ®. Let p and M; €
RP*¥[¢] denote the number of rows and an R-canonical representative of M respectively.
Then there exists F' € RP*¥[¢], such that

M (&) = F(R(E) + M (&)

Define ®1((,n) := Ml(C)T&le(n). Observe that ®; is R-canonical and Qg 2 Qa,,
where B = ker(R(%)). Consequently ®; is an R-canonical representative of ®. It is

easy to see that every ® € R"*¥[(,n] has an R-canonical representative.

If R € R"*¥[¢] is nonsingular and ® € R¥*¥[(, 7] is not R-canonical, then observe that
an R-canonical representative of ® has elements of degree lesser than or equal to the
corresponding elements of ®. Thus among the QDFs belonging to any equivalence class
under 2, where B = ker(R(%)), the two-variable polynomial matrix associated with
an R-canonical representative of the two-variable polynomial matrices inducing QDF's

in the equivalence class has the lowest degree elements.
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3.3 Nonnegativity and positivity of a QDF

The notion of nonnegativity and positivity of a QDF is essential in applications like

Lyapunov theory. Below we define the two notions.

Definition 3.13. Let ® € R¥*¥[(,n]. Q¢ is said to be nonnegative, denoted by Qg > 0
if Qo(w) > 0 for all w € €°(R,R¥); and positive denoted by Qo > 0, if Qo > 0, and
Qa(w) = 0 implies w = 0.

The following Proposition gives conditions on the two-variable polynomial matrix ®
corresponding to a QDF Q¢ under which Q¢ is nonnegative or positive.

Proposition 3.14. Let ® € R¥*¥[(,n]. Qo > 0 iff there exists D € R**¥[€] such that
&(C.n) = D(O)TD(n), and Qa > 0 iff B(C.n) = D(C)TD(n) and D(N) has full column
rank w for all A € C.

Proof. See p. 1712 of Willems and Trentelman (1998). m

We now define the notion of a QDF being nonnegative or positive along a particular

behaviour.

Definition 3.15. Let ® € R¥*¥[(,n]. Qo is said to be nonnegative along B, denoted by

B B B
Qe > 0if Qp(w) > 0 for all w € B, and positive along B denoted by Qp > 0, if Qo >0
and Qg (w) = 0 implies w = 0.

Below we give the condition on the two-variable polynomial matrix corresponding to a

QDF such that it is either nonnegative or positive along a given behaviour.

Proposition 3.16. Let & € R™¥[(, 7] and let B = ker(R(%)). Then

B
1. Qo > 0 iff there exists F € R**¥[(,n] and D € R**V[¢], such that

®(¢n) = D(Q) D) + F(n. Q)T R(n) + RT(OF(¢m)
B B
2. Qo >0 iff Qo > 0 and col(D(X), R(N)) has full column rank for all A € C.

Proof. See Proposition 3.5 of Willems and Trentelman (1998). m

We now illustrate the concepts discussed so far in this chapter using the example of an

RLC circuit shown below:

Example 3.2. Consider the RLC circuit depicted in Figure 3.1. Let V be the voltage

drop across the source and let I be the current through the circuit as shown in the figure.
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L 7Y | |

FIGURE 3.1: An electrical example

Let Vi, Vg and Vi denote the voltages across the inductor, resistor and the capacitor
respectively. Assume that L £ 0, C # 0 and R # 0. The following relations hold.

V = Vi+Vr+ Vo

dl
v, = 1Y
L dt
Ve = IR

dVo
I = C—=

dt

In this case, let the variables of interest be V' and I. Eliminating the remaining variables

from the above set of equations, we obtain the differential equation

dv dI d21
C’E = Rca + LC@ +1 (3.6)

This equation defines a linear differential behaviour, namely
B = {(V,I) € €°(R,R?) | (3.6) is satisfied }
In the kernel form 9% is given by B = ker (R(%)), where
R =] -C¢ LCE?+ ROE+1 ]

The total stored energy of the system is given by

1 I 2
E:§ LI2+C<V—Ld—IR)

dt

This can be represented by a QDF Qg, (w) where w = col(V, I) and

C —C(Ln+ R)

1

T2

Now Qg, is positive over B because ®; can be shown to be equal to D(¢)T D(n), where

0 —/L

bey= —V/C VO(LE+R)
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and D(A) has full column rank for all A € C. The instantaneous power is defined as the

quantity

dv 42T dI
P=VI=CV— — LOV g — ROV (3.7)

The power can be represented with a QDF Qg,(w), where

or equivalently, by making use of equation (3.7), by the QDF Qg, associated with

C(¢+n)  —LCOp* - RCy
—LOC? — RCC 0

24(n) = 5

These two QDFs are equivalent along 28 because

where F(¢,n) = [ 4 0] We now show using the calculus of QDFs that the rate
of increase of stored energy is equal to the difference between power and the rate of
dissipation through the resistor. The two-variable polynomial matrix corresponding to

the rate of increase of energy is given by

(C+M@UC) = Ba(Cm) + 5 [Ba(C,m) + B5(C, )]

where
Bu(C) = | !
ESWEE g (Lee + ROO)(In + R) + (LC + R)(LC2 + RCy)
B 0 —C¢(In+R) |
BON= _opecrr) L+
Define
B 0 CC(Ly + R)
PolCm) = [ Cn(L¢+R) —L(C+7n) — 2R |

B
NOW7 Q<I>4 = QCI>67 as

D4(¢,m) — B6(¢,m) = Fi(n, )T R(n) + RO Fu(¢,m)

where F1((,n) =[ 0 Ln+ R ]. Since Qa, 2 Qa,, along B, the following two-variable

polynomial matrix corresponds to the rate of increase of energy

0 0

Ba(Gon) + [Bo(Con) + 5G] = @) = | |
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Notice that in the right hand side of the above equation, the first term stands for power,
while the second term stands for dissipation through the resistor. Also observe that we

have used only algebra of two-variable polynomial matrices for proving the result.

3.4 Stationarity with respect to a QDF

This topic has been drawn from Rapisarda and Trentelman (2004), pp. 778-779. An

important concept in the calculus of two-variable polynomial matrices is the map

0 RF[(n] — RYV[¢]
90(&) = 0(=¢£,¢)

which is used in the context of path-independent integrals and in order to describe
the set of stationary trajectories associated with a QDF, as we now illustrate. Let
D(R,R?) denote the subset of €°(R,R?) consisting of compact support functions. Let
¢ € R¥¥[(,n|]. Consider the corresponding QDF Qg on €*(R,R¥). For a given w, we
define the cost degradation of adding the compact-support function 6 € D(R,R¥) to w

as

+oo
Ju(8) = / (Qa(w + 6) — Qu(w))dt

—0o0

It is easy to see that the cost degradation equals

“+00 “+o00
Ju(8) = Qﬂ®ﬁ+2/‘ Lo (w, 0)dt (3.8)

—0o0

where Lg is a bilinear differential form as defined in the beginning of this chapter. We
call the second integral on the right hand side of equation (3.8) the variation associated
with w denoted by Vg (w,d). It is easy to see that Vg : €°(R,R¥) x D(R,R") — R. We

call w a stationary trajectory of Qg if Vo (w, d) is the zero functional.

The following proposition can be used to find the trajectories that are stationary for a
given QDF.

Proposition 3.17. Let ® € R¥¥[(,n]. Then w € €°(R,RY) is a stationary trajectory
of the QDF Qg if and only if w satisfies the system of differential equations

8@<i>w—0 (3.9)

Proof. See Rapisarda and Trentelman (2004), Proposition 4.1, p. 779. =

The equations (3.9) can be interpreted as the Euler-Lagrange equations of the variational

problem associated with Q¢. For more details on Euler-Lagrange equations, the reader
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is referred to pp. 44-45, Goldstein et al. (2002) and pp. 40-42, Gelfand and Fomin
(1963).

3.5 Conserved quantities associated with an oscillatory be-

haviour

The notion of a conserved quantity was first defined by Rapisarda and Willems (2005),
and it is used for defining lossless systems in Chapter 4 of this thesis. Below we give its

definition.

Definition 3.18. Let B be a linear autonomous behaviour. A QDF Qg is a conserved

quantity for B if
d B
—Qs =0 3.10
T (310)

Thus, conserved quantities are those QDF's, whose derivative is zero along the trajec-
tories of the behaviour. Note that the trivial QDF Qg = 0 is always conserved. Any
conserved QDF which is identically not equal to zero will be called “nontrivial conserved
quantity” in this thesis. Let B = ker(R(%)), where R € R"¥[¢] is nonsingular. From
Proposition 3.8, it follows that if Q¢ is a conserved quantity for 2, then there exists
F € R¥*¥[¢,n], such that

(C+m®(¢,m) =F(n,¢) ' R(n) + RT(OF(C,n) (3.11)

Let Qo, and Qg, be two conserved quantities for a behaviour B. Then from equation
(3.11), it follows that o Qa, + a2Qs, is also a conserved quantity for oy, as € R. Thus
conserved quantities for a behaviour have a linear structure and hence form a linear

subspace of the space of QDFs modulo the behaviour.

Consider an oscillatory behaviour B = ker(r(%)), where r € R[¢]. If r is an even
polynomial of degree 2n, then it can be shown (see p. 188 of Rapisarda and Willems

(2005)) that the two-variable polynomials ~;(¢,n) given by

r(Qr* ™ + ()¢
C+n

1=0,1,...,n— 1, induce a basis for the space of conserved quantities modulo B. If r
is an odd polynomial of degree 2n + 1, then it can be shown that a basis of conserved

quantities modulo B is induced by the set {v;(¢,7)},_o; ,,» where

r(On* + r(n)¢*

Y(¢n) = Tt




Chapter 3 Quadratic differential forms 39

3.6 Zero-mean quantities associated with an oscillatory

behaviour

The notion of zero-mean quantities was introduced by Rapisarda and Willems (2005).

Definition 3.19. Let B be a linear autonomous behaviour. A QDF Qg is zero-mean
over B if

lim — [ Qo(w)(t)dt =0 Vw € B

Thus the time-average of a zero-mean quantity over the entire real axis is zero along the
trajectories of the behaviour. Rapisarda and Willems (2005) also introduced the notion
of a trivially zero-mean quantity which is a zero-mean quantity that is zero-mean for all

oscillatory systems, not just the given system.

As an example of a trivially zero mean quantity, consider the QDF Qg¢(w) = Qw%,
where ® € R[(, n]. Now

lim — Qo (w)(t)dt = lim i(wQ\H—w?\t:_T) (3.12)

If w is a trajectory belonging to an oscillatory behaviour, then it will be linear combi-

nation of sinusoidal functions, i.e

n

w(t) =Y (Agsin(wgt) + By cos(wyt))
k=1

with wg, Ak, Bx € R for all k. In this case, the limit (3.12) always tends to 0, and hence

Qo is a trivially zero mean quantity.

Below, we give algebraic characterization of zero-mean and trivially zero-mean quantities

for oscillatory systems.
Proposition 3.20. Let B be an oscillatory behaviour given by B = ker(R(%)), where
R € R¥™[E]. Then

1. ® € RYV[(,n] induces a zero-mean quantity over B if and only if there exist
U e RV, n], X € R™¥[(,n] such that

(¢,n) = (C+nP(Cn) +REO)"X(Cn) + X(n,O)"R(n) (3.13)

2. & € R¥VI(,n| induces a trivially zero-mean quantity if and only if there exists
U e R¥*YI(,n| such that

O(¢,n) = (C+n)T(¢,n) (3.14)
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Proof. See Proposition 15, p. 189 and Proposition 22, p. 192 of Rapisarda and Willems
(2005). m

From the above Proposition, it follows that zero-mean quantities and trivially zero-mean
quantities over an oscillatory behaviour have a linear structure and hence trivially zero-
mean quantities form a linear subspace of the space of zero-mean quantities which in
turn is a subspace of the space of QDFs associated with the behaviour. Rapisarda and
Willems (2005) also introduced the notion of intrinsically zero-mean quantities which
form the space of zero-mean quantities complementary to that consisting of trivially
zero-mean quantities. In chapter 5, we will show that an intrinsic definition can be

given for intrinsically zero-mean quantities.

3.7 Lyapunov theory of stability

Lyapunov theory of stability of linear differential systems that are described by higher
order differential equations has been studied in Willems and Trentelman (1998). Here
we give some of the important concepts pertaining to Lyapunov theory that are used in
this thesis as described in Willems and Trentelman (1998). We begin with the following

definition.

Definition 3.21 (Asymptotically stable behaviour). A behaviour B is said to be asymp-
totically stable if (w € B) = (limy_oo w(t) = 0) and stable if (w € B) = (w(t) is
bounded in the interval t € [0, 0)).

For a behaviour to be stable, it has to be autonomous, for if there were free variables in
the behaviour, then those could be chosen in such a way that w(t) is unbounded in the

interval t € [0,00). We now define the notion of a Hurwitz polynomial matriz.

Definition 3.22. A polynomial matriz R € R¥*¥[{] is said to be Hurwitz if det(R) is a
Hurwitz polynomial, i.e a polynomial with all its roots in the open left half of the complex

plane.

We now give an algebraic condition on the kernel representation of an autonomous

behaviour under which it is asymptotically stable.

Lemma 3.23. An autonomous behaviour B with a minimal kernel representation B =

ker(R(%)) is asymptotically stable iff R is square and Hurwitz.

We now give a very important result related to Lyapunov theory of stability of linear
differential systems. This result is used in chapter 6 of this thesis.

Theorem 3.24. Let B € LY. Then B is asymptotically stable iff there exists ¥ €
B B
RY*¥(¢, 7] such that Qu > 0 and $Qu < 0.
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Proof. See proof of Theorem 4.3, p. 1735, Willems and Trentelman (1998). m

Example 3.3. Consider a behaviour B = ker (r(%)), where 7(£) := ¢+ 3¢ + 4. Define
B
U(¢,n) :=(n+4. Observe that Qg > 0. Also observe that if Qg := %qu, then

(¢, m) = Cr(n) +r(C)n —6¢n

B
Define ®1(¢,n) := —6¢n. Observe that Qg 2 Qa,, and Qg, < 0. This implies that
B
Qs < 0. From Theorem 3.24, it follows that B is asymptotically stable.



Chapter 4

Lossless systems

4.1 Introduction

What is a lossless system? This problem has occupied theoretical physicists and applied
mathematicians alike since quite sometime. In theoretical physics (see Young et al.
(1999)), a system is called lossless if the work done by a force is path-independent and
equal to the difference between the final and initial values of an energy function that

remains positive for non-zero trajectories of the system.

In most of the work done so far in the area of lossless systems, characterisation of
losslessness is done assuming a given supply rate. An example for such a characterisation
is the one in Willems (1972), in which losslessness is defined with respect to a given
scalar function associated with the system, known as the supply rate. The system is
called lossless if the supply rate is the derivative of another scalar function, known as
the storage function, along the trajectories of the system. Pillai and Willems (2002)
have extended the concept of losslessness introduced in Willems (1972) for the case of

distributed systems.

A lot of research has been carried out in the area of characterisation of lossless systems in
the state-space. For example, Hill and Moylan (see Hill and Moylan (1976) and Hill and
Moylan (1980)) have characterized lossless nonlinear systems in the state space in a way
similar to Willems (1972), and have proved that under certain conditions, there exists a
positive definite storage function for the system. In many cases, the term “conservative”
has been used instead of “lossless”. Weiss et al. (2001) and Weiss and Tucsnak (2003)
have given algebraic characterizations of energy preserving- and of conservative linear
systems based on a state space description of the system. Here, a system is called
energy preserving if the rate of change of a scalar positive definite function defined on
its state space called energy, is equal to the difference between an incoming power and

an outgoing power, which are respectively assumed to be the square of the norms of the

42



Chapter 4 Lossless systems 43

input signal u and the output signal y. Note that in the sense of Willems (1972), if a
system is energy preserving, then it is lossless with respect to the difference between
the incoming and outgoing power. For a given energy preserving system, Weiss et al.
(2001) define a related system called its dual. They call a system conservative if both the
system and its dual are energy preserving. In addition, they also give results about the
stability, controllability and observability of conservative systems and illustrate these
with the help of a model of a controlled beam. Malinen et al. (2006) have extended
the characterization of Weiss and Tucsnak (2003) for the case of infinite dimensional
linear systems. Wyatt et al. (1982) have studied losslessness in the context of nonlinear
network theory and proposed that a system be defined as lossless if the energy required to
travel between any two points in the state space is independent of the path taken. They
have also shown that under certain conditions, the interconnection of lossless n-ports is

lossless.

In the following papers, special assumptions have been made in order to characterize
conservative systems. Jacyno (1984) has constructed a class of nonlinear autonomous
conservative systems, starting from the general class of nonlinear systems given by
& = F(x), by deriving a certain condition on F(z) and the total energy function Q(z)
for the system. Here it is assumed that the total energy function @Q(z) is a positive
definite function of the state variables z. Van der Schaft (see van der Schaft (2000) and
van der Schaft (2002)) has studied the properties of Hamiltonian and port-Hamiltonian
conservative systems starting from sets of equations namely Hamiltonian, respectively
port-Hamiltonian equations of motion. Here, it is assumed that the Hamiltonian (total
energy) for the system is given a priori, i.e. one does not begin with the basic equations

of motion.

The main aim of this chapter is to give a characterisation of higher order linear lossless

systems. We now explain how using an example of a mechanical system.

L LYY Y

k‘z kl

FIGURE 4.1: A mechanical example

Example 4.1. Consider two masses mj and my attached to springs with constants k;
and k9. The first mass is connected to the second one via the first spring, and the second
mass is connected to the wall with the second spring as shown in Figure 4.1. Denote by

wy and wa, the positions of the first and the second mass respectively. We first obtain
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the equations of motion of the two masses as

d2w1
mlW 4+ kiwy — kjwe =0 (4.1)
2405
— kjwy + mQW + (k?l + k‘z)lUQ =0 (4.2)

Assume that in this case, we are interested only in the evolution of w;. Via the process
of elimination, we can lump equations (4.1) and (4.2) to obtain the differential equation

governing wi as

r 4 w *d—4w+ kl—i_b—l—ﬂ d—zw—i- aaly: wy =0
dt) ' att! ma my ) di2 mimy )

The above is a first principles model for the system. In this case, we can construct a

state space model for the system as follows. Define 1 := wy, 9 := %, T3 = d;fzjl,
2y = LW B = col(1,0,0,0) and
0 1 0 0
A 0 0 1 0
' 0 0 0 1
kik ky+k k
—hls g - (kg d) g

Then % = Az, w; = B is a state space model for the system. Note that mathematical
modeling of a system in general, does not automatically lead to first order equations or
a state space model for the system. Like the case at hand, a state space model in
many cases needs artificial construction of states from the given model. This calls for a
need to deduce the properties of a system using its higher order governing differential
equations. In the case of our example, we obtain a fourth order governing differential
equation. From physical insight, we can often deduce whether a given system is lossless
or not. The natural question that arises here is whether this can be done automatically,
i.e whether we can deduce that a system is lossless or not directly from a higher order
description of the system. Another question that arises here is whether we can obtain
expressions for the total energy of the system, and its kinetic and potential energy
components directly from a higher order description of a lossless system? These are

some of the questions that we answer in this chapter.

The purpose of this chapter is to give a definition of linear lossless systems which agrees
with the basic intuition, derived from physics, that the external work done on such a
system is equal to the difference between the final and initial values of the total energy
for the system. We also make use of the fact that the total energy of such a system is
a quadratic functional in the system variables and their derivatives that is positive for
all infinitely differentiable non-zero trajectories of the system. In a sense, our approach

is similar to the one in Jacyno (1984), as we assume positivity of energy function.
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The main differences are that unlike Jacyno (1984), on the one hand, we restrict our
characterisation to only linear systems but on the other hand, we do not restrict our
analysis to systems described by the equation & = F'(x). Unlike most of the literature on

lossless systems, we do not assume a given supply rate or derivative of energy function.

We first characterise losslessness for the case of autonomous systems. We define a lossless
autonomous system as one for which there exists a conserved quantity that remains
positive for all infinitely differentiable non-zero trajectories of the system. We show the

equivalence between linear autonomous lossless systems and oscillatory systems.

We then extend the characterization of losslessness to open systems by making use of
two properties. The first property is that the total energy of such a system is always
positive for all infinitely differentiable nonzero trajectories of the system. The second
property is that the rate of change of total energy is zero if the inputs of the system are

made equal to zero.

The work presented in this chapter has been published (see Rao and Rapisarda (2008b)
and Rao and Rapisarda (2008a)).

4.2 Autonomous lossless systems

In this section, we define an autonomous lossless system as one for which there exists
a positive conserved quantity. We then prove the equivalence between autonomous
lossless and oscillatory systems. This is first done for the case of scalar systems and
then extended to the case of multivariable systems. We also discuss a few properties of

energy functions of scalar lossless systems.
We begin with the following definition for autonomous lossless systems.

Definition 4.1. A linear autonomous behaviour B € LV is lossless if there exists a
B
conserved quantity Qg associated with 98, such that Qr > 0. Such a Qg is called an

energy function for the system.

Remark 4.2. The total energy of any physical system does not have an absolute measure
as such. It is always defined with respect to an arbitrary choice of a reference level, which
is hence indeterminate. However this indeterminacy is not important as in any physical
application, it is always the difference between the initial and final values of energy that
matters, and this difference is independent of the reference level. Hence it is convenient
to define the reference level for the total energy of a system as its lower bound. This
point has been elaborated upon in Sears (1946), pp. 128-129. While defining lossless
systems, we fix the reference level or lower bound of the energy functions for the system
at zero, which leads to positivity of energy functions. We implicitly assume that an

energy function of a lossless system is bounded from below.
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In order to prove that lossless autonomous systems are necessarily oscillatory, we examine
all the linear autonomous scalar systems, for which conserved QDF's exist. To this end,
we first determine the conditions under which a linear system has conserved QDFs
associated with it, and the dimension of the space of conserved QDF's for such systems.

We begin with the following definition.

Definition 4.3. Let r» € R[¢]. The maximal even polynomial factor of r is its monic

even factor polynomial of maximal degree.

Lemma 4.4. Let r € R[{]. Then the mazximal even polynomial factor exists for r and

18 unique.

Proof. Any even polynomial 7.(£) can be written in terms of powers of ¢2 only. Let
re(€) =: r.(£%). Tt can be seen that the roots of r.(¢) occur in pairs such that the sum
of roots in each pair is equal to zero. The roots in each pair are square roots of some

root of 7/(¢2). Consider a given polynomial

(&) =rn(§ = A1) (€ = A2) ... (€= An)

where 7, € R. Let n; be the maximum number of subsets of the set L = {\;},_;
each containing two distinct elements of the set such that the two terms of each subset
add up to zero and any element \; of the set L does not occur in more than one subset.

Without loss of generality, we can consider the subsets to be

{{)‘17 /\2} ) {)‘37 )‘4} PRI {>‘2n1—1’ )‘2711}}

Let
re(§) = (€ = X3)(E2 = X)) ... (€ = X3,

and
P(&) = 1n(§ — Aoy +1)(€ — A2ny+2) -+ (= An)

It can be seen that r(&) = r.({)p(§) and p(§) is not a multiple of any even polynomial
under the given assumptions. This proves the existence and uniqueness of the maximal

even polynomial factor. m

In the next proposition, we examine the conditions under which a linear behaviour 8

has conserved QDFs associated with it.

Proposition 4.5. Let B = ker(r(%)), where r € R[¢]. There exists a nontrivial con-
served quantity for B if and only if either r has a non-unity mazimal even polynomial
factor e or r(0) = 0. Moreover if p := .- 15 such that p(0) # 0, then the dimension of

the space of conserved QDFs modulo B is %, otherwise it is equal to % + 1.
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Proof. Let the degree of r be equal to n. Assume that 9B has a conserved QDF whose

two-variable polynomial representation is ¢(¢, 7). Then

() f1(¢;m) +7(n) f1(n,¢)
¢+n

o(¢,n) =

for some f1 € R[(,n]. Write f1(¢,n) = Eivzlo ﬁ\fo aij¢'n?. It is easy to see that since ¢

is r-canonical, No = 0 and N1y =n — 1. Hence

r(Q)f(n) +r(n)f(C)

o(C,m) = T

(4.3)

where f(n) = f1({,n). Since ¢ € R, n], its numerator is divisible by (+7. Consequently
r(=&)f(&) +r(&)f(—&) = 0. This implies that g(&) := (&) f(—&) = re(&)p(&) f(—£) is an

odd function. Hence

P& f(=€) = —p(=£) f(§) (4.4)

Two cases arise.

e Case 1: p(§) is not divisible by . In this case, the greatest common divisor of p(§)
and p(—¢§) is equal to 1 and consequently for equation (4.4) to hold, it is easy to
see that f should be of the form

where f,(£) is an odd function such that

deg(f) <n-—1 (4.5)

Since
n = deg(r.) + deg(p) (4.6)
deg(f) = deg(p) + deg(fo), (4.7)

from (4.5), (4.6) and (4.7), we obtain

deg(fo) < deg(re) —1 (4.8)

We now show that there is a one-one correspondence between any odd polynomial

fo of degree less than or equal to deg(r.) — 1, and ¢ given by

p(O)p(n)(1e(C) fo(n) + fo(Ore(n))
C+nm

P(¢,m) = (4.9)

It is easy to see that for a given odd polynomial f, of degree less than or equal to
deg(r.) — 1, there exists a unique ¢ such that equation (4.9) holds. Now consider
two odd polynomials f,; and f,o of degree less than or equal to deg(r.) — 1, and
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assume by contradiction that

_ pQp)(re(Q) for(n) + for (Ore(n) _ p(Qp(n)(re(Q) foa(n) + for()re(n))

This implies that
re(Q)f1(n) + f1(Qre(n) =0 (4.10)
where f1(§) := fo1(§) — fo2(€). From equation (4.10), it follows that

MO )

re(Q)  re(n)

where K € R. This implies that K = —K = 0, or that f,1(£) = f,2(£). Hence

there is a one-one correspondence between any odd polynomial f, of degree less

than or equal to deg(re) — 1, and ¢ given by equation (4.9). It is easy to see that

the space of all odd éaolynomials fo of degree less than or equal to deg(r.) — 1 has
eg(re)

dimension equal to —3~=. Consequently the dimension of the space of conserved

. . . deg(re)
QDFs in this case is —3-<.

e Case 2: p(&) is divisible by &. This implies that r has an odd number of roots at
zero. One of them is a root of p and the remaining occur as roots of r.. Define p;
by p1(§) = @. In this case, since p; does not have a root at zero, for equation
(4.4) to hold, it is easy to see that f should be of the form

J(&) = p1(§) fe(§)

where f.(£) is an even function such that

deg(f) <n-—1 (4.11)

Since
n = deg(re) + deg(p1) + 1 (4.12)
deg(f) = deg(p1) + deg(fe), (4.13)

from (4.11), (4.12) and (4.13), we obtain

deg(fe) < deg(re) (4.14)

Following the argument used in Case 1, it can be shown that there is a one-one
correspondence between any even polynomial f. of degree less than or equal to

deg(re) and ¢ given by

_ pu(QOp1(m)(Cre(Q) fe(n) +nfe(Qre(n))
C+m

o(¢,m)
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It is easy to see that the space of all even polynomials f. of degree less than or

deg(re) + 1. Consequently, the dimension

2
of the space of conserved QDFs in this case is equal to % + 1.

equal to deg(r.) has dimension equal to

In order to prove the equivalence between oscillatory systems and autonomous lossless

systems, we first consider the case of scalar behaviours.

Theorem 4.6. An autonomous behaviour B € L is lossless if and only if it is oscilla-

tory.

Proof. (If) We consider the two forms of scalar oscillatory behaviours mentioned in
section 2.8. For each of these forms of oscillatory behaviour, we construct an energy

function that is positive.

e Case 1: The oscillatory behaviour is of the form B = ker(r(%)), where r(§) =
(2 +wd)(E? +w})... (2 + w2 ) and wp,...,wp—1 € RT. From the discussion
of section 3.5, it can be said that a general r-canonical two-variable polynomial

inducing a conserved quantity for this case has the form

(O) fe(n) + ¢r(n) fe(C)

_

(4.15)

where f. is an even function of degree less than or equal to 2n — 2. For p =
0,...,n — 1, define v,(§) := ") Tt can be seen that the set {vp(&)}p=0,...n—1

2+wp”
is a basis for the set of even polynomials of degree less than or equal to 2n — 2

as the elements of the set are linearly independent and the number of elements of
the set is equal to the dimension of the space. It follows that there exist b, € R,
p=0,...,n— 1, such that f.(§) = ZZ;OI bpvp(€). Now

|
—_

n

P(C,m) = by [

nr(Qvp(n) + C'r(n)vp(C)}
C+mn

n(¢% +w2) +¢(n* +w?)
C+m

S 3
= O

bpvp(Q)up(n)

(]

T
-~ o

= 3 b Qv (¢ + w2

3
I
o

Define ¢, (¢, 1) := vp(C)vp(n)(¢n + wp),

Dy(6) = [ ol ]

WpUp €3]
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and observe that ¢,(¢,n) = D,(¢)" Dy(n). From equation (4.15), it can be seen
that linearly independent f.’s correspond to linearly independent ¢’s. Hence
{&p(C:m)} =, 1 18 @ basis of the space of r-canonical two-variable polynomials
that induce conserved quantities. Now consider ZZ;& azdp(C,m) = D(¢)"D(n),
where a, € R\ {0} for p=0,...,n—1 and

ao€vo(§)
apwovp (&)
a1év1(§)
D(¢) = arwiv1(§)

an—lfvn—l (5)

i an_wn—lvn—l(f))

Avp(A) = 0 implies that either A = 0 or v,(A) = 0. Now v,(A) = 0 implies that \ is
equal to one of +jw,, ¢ € {0,1,...,n —1}\ {p}. For any one of these values of A,
not all entries of D go to zero. Hence D()\) # 0 for every A € C. This proves that
a linear oscillatory behaviour of the type considered in Case 1 admits a positive

conserved quantity, i.e an energy function. This concludes the proof for Case 1.

di =
EE2+wd)(E 4+ wd) ... (&€ +w? ) and wo,...,ws—1 € RT. Define r.(§) = %

From the discussion of section 3.5, we conclude that a general r-canonical two-

e Case 2: The oscillatory behaviour is of the form B = ker(r(:%)) where r(€)
N

variable polynomial inducing a conserved quantity for this case has the form

r(Q)fe(n) +r(n)fe(<)
P(Csm) = 4.16
() - (4.16)
where f, is an even function of degree less than or equal to 2n. Forp=0,...,n—1,
define v, (&) = é"_ﬁi)% It can be seen that the set {re(€)} U {€2v,(€)}p=0,..n—1 is

a basis for the set of even polynomials of degree less than or equal to 2n as the
elements of the set are linearly independent and the number of elements of the

set is equal to the dimension of the space. It follows that there exist b, € R,
p=0,...,n, such that f.(§) = ZZ;& bp&2,(€) + byre(€). Now

n—1 2 2
- n°r(Q)vp(n) + ¢*r(n)vp(C) r(Qre(n) +r(n)re(C)
oGm = pzobp[ ¢+mn }ern[ C+m ]
= (P (G + w) + (i + w?)
= 2o b0 [ o +bare(Q)re(n)
n—1

= > bpCnup(Q)vp(m)(¢n + wp) + bure($)re(n)
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For p=0,...,n—1, define

L §2Up(£)
poe=| S0 .

op(C,m) = vp(é)vp(n)(éwrwg) and observe that (neg,(¢,n) = DP(C)TDP(U)- From
equation (4.16), it can be seen that linearly independent f.’s correspond to linearly

independent ¢’s. Hence {re(Q)re(n)}U{¢nep(¢, )}, ,_; is a basis for the set of
r-canonical two-variable polynomials that induce conserved quantities associated
with B. Now consider ZZ;OI aZinep(C,m) + azre(Q)re(n) = D(¢) " D(n), where
ap € RT for p=0,...,n and

ap€&?vo (&)
apwoévo(§)
a18%v1(€)
arwiév1(§)

an—lfzvn—l (5)
ap—1Wn—1§Un—1 (5))

anre(§)

A, (A) = 0 implies that either A = 0 or v,(\) = 0. Now v,()\) = 0 implies that
is equal to one of £jw,, ¢ € {0,1,...,n —1}\ {p}. For any one of these values of
A, not all entries of D do not go to zero. Hence D(A) # 0 for every A € C. This
proves that a linear oscillatory behaviour of the type considered in Case 2 admits
a positive conserved quantity, i.e an energy function. This concludes the proof for
Case 2.

(Only if ) We consider all scalar systems for which conserved quantities exist and prove

that a conserved quantity cannot be positive unless the system is oscillatory. Let 8 be

a behaviour whose kernel representation is T(%)w = 0. Let r. denote the maximal even

polynomial factor of r. Define p(§) := rl((%' If p(§) is not a constant and p(&) # a&,

where a € R, then it has at least one real root, say A € R\ {0} or two complex conjugate
roots, say A\, A € C\R. From the proof of Proposition 4.5, depending on whether p(¢) is
divisible by & or not, any two-variable polynomial inducing conserved QDF over 8 can

either have the form

r(Qpi(n)fe(n) +r(m)p1() fe(C)

$1(¢,n) = o
where pi(£) = % and f. is an even function, or the form
o) = PP+ TP fo(C)

C+nm



Chapter 4 Lossless systems 52

where f,(€) is an odd function. It can be seen that both ¢, and ¢y are divisible by
(C=XA)(n—A) if A € R and divisible by (¢ — X\)(¢ — A)(n — A)(n — A) if A € C\R. Hence
along the trajectory w(t) = e + eM € B, the QDFs induced by ¢1 and ¢o are equal to
zero. This implies that B does not have a positive conserved QDF. This eliminates all
scalar systems except those for which the kernel representation is r(%)w = 0, such that

either r(£) is even, or (&) = &re(€), where r.(€) is an even function.

We now consider all those remaining cases except the oscillatory one, for which B =
ker(r(%)) is such that r does not have repeated roots. For each of these, we will
construct a general conserved quantity which is zero on at least one of the trajectories

of B, thus proving the claim by contradiction.

e Case 1: r is even and has roots at \g and —\g, where \g € R. Define r1(§) :=

1) Define 1’ by 7(€) =: r'(€2). Assume without loss of generality that 71 has

(£2-23)"
roots at £A1,£Xa, ..., £N,—1, where A\, € Cforp =1,...,n—1. Any two-variable

polynomial that induces a conserved QDF over 8 has the form

nr(C) f (%) + ¢r(n) £(¢?)
C+nm

o(¢,n) =

For p=0,...,n—1, define u, by u, (£?) := "€)  We can write f(€2) in terms of

= @
the basis {u;,(£%)} |- Hence

p=0,...,n—
d(¢m) = bor1(Qr1(n)(Cn — A3) + (¢% = A5)(n” — A5)d1 (¢, m)

Along the trajectory w(t) = e** € B, the QDF induced by the above polynomial

is zero. Hence in this case, a positive conserved QDF does not exist.

e Case 2: r is odd and has roots at A9 and —\g, where \g € R. Define r1(§) :=
5(52(51\2). Define ' by r(¢) =: &'(€2?). Assume without loss of generality that

0
r1 has roots at £A;, £Xg,...,£A,—1, where A\, € C for p = 1,...,n — 1. Any

two-variable polynomial that induces a conserved QDF over B has the form

_ r(Qfm?) +r() f(¢?)
For p=0,...,n—1, define u), by u (£?) := g;(_gj\; We can write f(£2) in terms of
the basis {r/(£?)} U {52%(52)}1):07“.’”71. Hence

d(¢,m) = bor1 (Qri(m)Cn(¢n — A5) + (€2 = A3 (1> — A1 (¢, m)

Along the trajectory w(t) = e** € B, the QDF induced by the above polynomial

is zero. Hence in this case, a positive conserved QDF does not exist.
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e Case 3: r is even and has roots at A, —\, A and —\, where ) is a point in the com-

plex plane that is not on any of the co-ordinate axes. Define r1(§) := %
Assume without loss of generality that r1 has roots at A1, £MXo, ..., £A,_2, where
Ap € Cfor p=1,...,n— 2. Define 7’ by r'(£2) := r(£). Any two-variable polyno-

mial that induces a conserved QDF over 8 has the form

nr(C) f(n?) + ¢r(n) £(¢?)
C+nm

o(¢,n) =

We can write f(£2) in terms of a new basis as follows

PE) g € S, e

2y
f(é)_b0§2—>\2 52_5\2 = pé—Q_)\}Q)

Hence

o(¢n) = bort(Q)ri(n)(¢* — A)(n” — A2)( )
+ bor1(Qri(n)(C2 = A3 (n? — X3)( )
+ (C=N)E =N = M) = X)ei(Cn)

(n—A\°
(n—N°

Along the trajectory w(t) = e + M e B, the QDF induced by the above poly-

nomial is zero. Hence in this case, a positive conserved QDF does not exist.

e Case 4: ris odd and has roots at A, —\, A and —\, where ) is a point in the complex

plane that is not on any of the co-ordinate axes. Define r1(§) := W
Assume without loss of generality that r1 has roots at A1, £ o, ..., £A,_2, where

A € Cfor p =1,...,n —2. Define ' by r'(£2) := @ Any two-variable

polynomial that induces a conserved QDF over B has the form

r(Q)f(®) +r(n)f(¢?)
C+nm

o(¢,n) =

We can write f(£2) in terms of a new basis as follows

2,.0(¢2 2,.0(¢2 n—2 .2 2
F(€%) = o 2;_({)\2) +bo 6527”_(55\2) T Z bP§§2r_(£)\2) + bp—17’(€7)
p=1 y4

Hence

B(¢n) = bort(Qri(m)¢n(C* = X)(n* — A2)(¢{n — A?)
+ bor1(Q)ri(m¢n(¢? = X (n* — A*)(¢n — A?)
+ (=X =X = ) (° = X)er(¢,m)

Along the trajectory w(t) = e + eM e B, the QDF induced by the above poly-

nomial is zero. Hence in this case, a positive conserved QDF does not exist.
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Finally we consider those remaining cases, for which 8 = ker (r(%)) is such that r has

repeated roots.

e Case 1: r is even and has at least twice repeated roots at +A, where X is ei-

ther purely real or purely imaginary. Define r1(§) := % Write r1(§) =

Zz;g ap§2p. In this case, any two-variable polynomial that induces a conserved
QDF over 9B has the form

1 (C) (=0 bon™) + Cr(m) (3257 bp¢™)

n—2n—1
= Z Z a0 (¢,n)
i=0 j=0
where CQZ-(CQ _ )\2)2 2j+1 + 2i( 2 )\2)2C2j+1
bi(Com) = o o

C+m
Observe that the numerator in the right hand side of the above equation is divisible
by the denominator, because if ( is replaced by —¢ and 1 by £ in the numerator,
the result is zero. Hence ¢;; € R[(,n]. It can be verified that

Gij (A A) = ij (=M A) = ¢ (A, =) =0 (4.18)

Hence from equation (4.18), along the trajectory w(t) = eM + e € ker (r(%)),
the QDF induced by ¢((,n) is zero. Hence no conserved QDF is positive in this

case.

e Case 2: r is even and has at least twice repeated roots at =\ and £\ where A
is a point in the complex plane that does not lie on any of the co-ordinate axes.

. 4 . .
Define r1(§) := % Write 71(§) = (-, ap&?P). As in the previous
case, any two-variable polynomial that induces a conserved QDF over B has the

form L
oG =D aidi(C.m)
i=0 j=0
where
i (Cm) = CH(CR = AH2(C = N)25 4 i (? = A2)2(n? — A2)*¢HT!
i \Ss =

¢+n

Observe that ¢;; € R[(, 7], as the numerator of the right hand side of the above

equation is divisible by the denominator. It can be verified that
$ij(AA) = dii(NA) = dij (A A) =0

Thus along the trajectory w(t) = e + M e ker(r(%)), the QDF induced by

#(¢,n) is zero. Hence no conserved QDF is positive in this case.
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e (Case 3: risodd and has at least twice repeated roots at X, where X is either purely

real or purely imaginary. Define ri (&) := % Write (§) = (Zg;g ap€?P). In

this case, any two-variable polynomial that induces a conserved QDF over 8 has

the form
QO b)) + (1) (32— bpC?)
n—2 n
= > aii(¢n)
=0 j=0
where , A A .
QS(C ?7) B <21+1(C2 o )\2)2772] + ,,721—&—1(7]2 - )\2)2C2j
ig\&> -

C+m
Observe that ¢;; € R[(, 7], as the numerator of the right hand side of the above

equation is divisible by the denominator. It can be verified that
Gij (A A) = i (=M A) = dij(=A, —A) =0

Thus along the trajectory w(t) = eM + e M € ker(r(%)), the QDF induced by

¢(¢,n) is zero. Hence no conserved QDF is positive in this case.

e Case 4: 7 is odd and has at least twice repeated roots at £\ and ) where X is a
point in the complex plane that does not lie on any of the co-ordinate axes. Define
. —4 . .
r1(§) == 5(52_)\27")(25()52_5\2)2. Write r1(§) := Z;LZO ap&?. As in the previous case, any
two-variable polynomial that induces a conserved QDF over B has the form

n—4 n
o(Cm) =D Y aidi(C.m)
i=0 j=0
where
$ii(C,n) = C%H(CZ - )\2)2(C2 - 5\2)277%‘ + 772i+1(772 _ )\2)2(772 _ 5\2)2(2]-
(%] 5 =

¢+n

Observe that ¢;; € R[(, 7], as the numerator of the right hand side of the above

equation is divisible by the denominator. It can be verified that
$ij(C;n) = dij(MA) = ¢ij(AA) =0
Thus along the trajectory w(t) = e + M e ker(r(%)), the QDF induced by

¢(¢,n) is zero. Hence no conserved QDF is positive in this case.

We have considered all linear scalar systems apart from oscillatory ones for which con-
served QDFs exist and we have shown that a positive conserved QDF does not exist for
any of these cases. Since, we have already proved the existence of a positive conserved

QDF for oscillatory systems, this concludes the proof. m
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Observe that the proof for the above theorem also holds for a stronger version of Theorem

4.6 which is given below.

Theorem 4.7. A behaviour B € L is oscillatory if and only if there exists a conserved
quantity Qg associated with B such that Qp > 0.

This is because the energy function for an oscillatory system that we have constructed
in the if part of the proof of Theorem 4.6 is indeed positive and not only positive along

B.

We now discuss a few properties of energy functions for scalar oscillatory behaviours.
We first present an analysis of the conditions under which a conserved quantity for a
scalar oscillatory behaviour is positive. The following lemma can be used to construct

an energy function for a scalar oscillatory behaviour.

Lemma 4.8. Let r; € R[¢] be given by r1(€) = (€2 +wd) (&2 +wP) ... (€2 +w?2_,), where
W0, - wn—1 € RY and n is a positive integer. Define v,(§) := 5235)2,

p
Define ro(€) := &r1(€). Then the following hold:

p=0,...,n—1.

1. Let By, = ker (rl(%)). If the conserved quantity for B1 induced by ¢1((,n) =
Z;‘;& bpp(C)vp(n)(Cn + w?) is positive, then by, >0 forp=0,...,n— 1.

2. Let By = ker (7’2(%)). If the conserved quantity for By induced by ¢2((,n) =

Yoo bpCmvp(C)vp(m)(Cn + wW2) + bar1(C)ri(n) s positive, then by, > 0 for p =
0,...,n.

Proof. Assume that b; < 0 for some i € {0,...,n —1}. Consider a trajectory w(t) =
kelwit 4 ke—Iwit ¢ By, By. Along this trajectory, vp(%)w =0forpe{0,...,n—1}\{¢}.
Since ¢,((,n) = vp(C)vp(n)(Cn—i-wg) and (n¢,((,n) are non-negative, the QDF's induced
by #1(¢,n) and ¢2(¢,n) along this trajectory turn out to be non-positive. Hence by

contradiction, b, > 0 for p =0,...,n — 1 in both cases.

In order to complete the proof consider now statement 2 of the Lemma and assume by
contradiction that b, < 0. Consider a trajectory w(t) = k € Bo. Along this trajectory
vp(%)w =0 for p € {0,...,n— 1}. Since r1({)r1(n) is non-negative, the QDF induced
by ¢2((,n) turns out to be non-positive. Hence, b, > 0. This concludes the proof. m

The next Theorem relates the positivity of a conserved quantity to an important property
known as interlacing property, which also arises in applications like electrical network

theory.

Theorem 4.9. Let 11 € R[] be given by r1(€) = (€2 + wd) (€2 + w?) ... (€2 + w2_)),
where wy < w1 < ... < wy—1 € RT and n is a positive integer. Define r'(€2) := r1(£);
r9(€) :=&r1(&) and 7(§) := &r'(€). Then the following hold:
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1. Let B1 = ker (7”1( d )) Let f1(§) be a polynomial of degree less than or equal to

dt
n — 1. A conserved quantity for 81 induced by
102 2 ) 2

s positive if and only if fl(—wg) > 0 and the roots of fi are interlaced between
those of 1, i.e along the real axis, exactly one root of f1 occurs between any two

consecutive roots of r’.

2. Let By = ker (7"2(%)). Let f2(&) be a polynomial of degree less than or equal to n.

A conserved quantity associated with Bo induced by

¢r'(¢%) f2(0%) 4+ ' (n?) f2(¢?)
C+n

¢2(<7 77) =

is positive if and only if f2(0) > 0 and the roots of fa are interlaced between those
of .
Proof. (Only if) For p = 0,...,n — 1, define v;(é) = gi% From Lemma 4.8 and
P

Theorem 4.6, we know that f; and f2 are of the form

n—1
Fu(ED) = Dby (€7) (4.20)
p=0
n—1
F2(€2) = D 020, (€%) + bur'(€7) (4.21)
p=0
where b, € RT. The roots of ' are —w3, —w?, ..., —w2_; and the roots of ¥ are
0, —w?, —wi,...,—w?_,. From equation (4.20), it can be seen that
fit=w3) = b2 (wi —wd) >0
fil=w?) = bi[lp(wy —wi)) <0
fi(=w3) = ba([lppo(wy —wi)) >0

Since fi is a continuous function and can have a maximum of n — 1 real roots, it follows

that the roots of fi are interlaced between those of r’.

From equation (4.21), it can be seen that

f(0) = bn([T)=g w2) > 0
fo(—wd) = —bowd([[02] (Wi —wd)) <0
fo(=w?) = —bwd(I]u (W2 —w?) >0
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Since fo is a continuous function and can have a maximum of n real roots, it follows

that the roots of f are interlaced between those of 7.

(If) Assuming that the roots of f; are interlaced between those of r’ and fi(—wg) > 0,

since f1 is continuous and can have a maximum of n — 1 roots, we have

fi(=wd) = bo(II= (w2 —w})) >0
fi(=w?) = bi(I]pp(wy —w?)) <0
fil=w3) = oIl palw; —w3)) >0

This implies that b, > 0 for p = 0,...,n — 1, which in turn implies that ¢;((,n) is

positive.

Assuming that the roots of fo are interlaced between those of 7 and f2(0) > 0, since fo

is continuous and can a have a maximum of n roots, we have

£(0) = bn(I1p=g w) >0
fa(—wd) = —bowd([[h2) (Wi —wd)) <0
fo(=w) = =t (wp —w?) >0

This implies that b, > 0 for p =0,...,n, which in turn implies that ¢2((,n) is positive.
[

Remark 4.10. The above property known as interlacing property can be deduced from
Theorem 9.1.8, p. 258 of Fuhrmann (1996). This property also arises in the case of
positive real transfer functions of lossless electrical networks (see Baher (1984), p. 50),

wherein the transfer function is of the form

C[HE+O)(E +wd) . (2 +wd, )]

0= e rad@rad) @+ b

where H € RT, and
O<w <wr<wy<ws<...

We show the link between interlacing property of positive real transfer functions of
lossless electrical networks and the interlacing property of Theorem 4.9. Assume that

the input voltage of a lossless electrical network is set to zero. Define

V() = r(&)=r"(%)=H(E +u?) (& +wi)... (€ +wi,q)

= i) = (€ +wd) (& +w]) ... (& +wi_y)
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Observe that the behaviour B = ker (V(%)) = ker (r(%)) corresponds to an au-
tonomous lossless electrical network and also that r' and f; obey the interlacing prop-
erty mentioned in Theorem 4.9. The two-variable polynomial corresponding to the power

delivered to the network is given by

P(¢,n) = V(OI(m) + LV () = nr' () f1(n?) + ¢r' (n*) f1(¢P)

If $1(¢,n) represents the two-variable polynomial corresponding to the energy function
for the lossless network, then ((+n)$1(¢,n) = P(¢,n) and this corresponds with equation
(4.19).

We now introduce the notion of a modal polynomial operator of a scalar oscillatory

behaviour.

Definition 4.11. Let B = ker (r(%)) be an oscillatory behaviour, where 7(£) = (€2 +
WH(E+w?) . (24wl ) and 0 < wp < wy < -++ < wp_1. Define v,(€) == 555212) for

p=0,...,n—1. Then the modal polynomial operator V(%) (R, R) — €*(R,R")
of B is defined as

V = col(vy,v1, ..., Up—1)

We now give a property of the modal polynomial operator of a scalar oscillatory be-

haviour.

Lemma 4.12. Let B = ker (r(%)) be an oscillatory behaviour, where r(§) = (£ +
W@ +wd) . (@ +wk ) and 0 < wy < wy < -+ < wno1. Let V() be the modal
polynomial operator of B. Let v; € R[¢] denote the (i + 1)™ component of V. For
i=0,...,n—1, define r;(§) := €2 + w?, B; = ker(ri(%)). Then vi(%)% = B, for
1=0,....,n—1.

Proof. Consider a trajectory w € B, given by

n—1
U}(t) = Z(aiej””t + (jieijwpt),
p=0
where a, € C are arbitrary for p = 0,...,n — 1. It is easy to see that for any 7 €
{0,...,n—1},
w;(t) := Ui(£)w(t) = a;v;(Jw; )’ + a;v;(—jw;)e v
Observe that w; € B;. Since a, are arbitrary for p =0,...,n —1, it follows that for any

trajectory w € B, w; = vi(%)w is a trajectory of B;.

Now for some i € {0,...,n — 1}, consider a trajectory w; € B;, given by

wi(t) = biejwit + Biefjwit
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b

where b; € C is arbitrary. Define a; := and observe that a; = p el Observe

b;
v (Jwi)’
also that w given by

w(t) == a; e’ + ae It

is a trajectory of B and vi(%)w = w;. Since b; is arbitrary, it follows that for any
trajectory w; € B;, there exists w € 9B, such that vi(%)w = w;. This concludes the
proof. m

In the next corollary, we give the general expression for an energy function of a scalar

lossless behaviour that has no characteristic frequency at zero.

Corollary 4.13. Let B = ker (r(%)) be an oscillatory behaviour, where r(§) = (€2 +
W@+ wl). (4wl ) and0 < wy < wy <+ < wno1. Let V(%) be the modal
polynomial operator of B. Define Q2 :=diag(wg, w1, . ..,wn—1). A two-variable polynomial
E induces an energy function for B, if and only if there exists a diagonal matriz C' €

R™ "™ with positive diagonal entries, such that

E(¢,n) = ¢V (Q)' C*V (n) + V(¢) C*Q*V () (4.22)

Proof. For p=0,...,n — 1, define v,(§) := 554(2.2‘

(If): Let
C := diag (ap,a1,...,an-1)

where a; € RT for i =0,...,n — 1. Then it follows from equation (4.22) that
n—1
E(¢,n) = Z af;vp(C)vp(n)(Cn + %27)
p=0
From the (if) part of the proof of Theorem 4.6, it follows that E induces an energy

function for B.

(Only if ): From the proof of Lemma 4.8, it follows that every energy function for 8 has

an associated two-variable polynomial of the form

n—1
E(¢n) = Z bpp(C)up(n)(Cn + %2;)
p=0

where b, € Rt for p =0,...,n—1. Let a, € R be such that a2 = b, forp =0,...,n—1.
Define

C := diag (ag,ai,...,an—1)
Then, it is easy to see that equation (4.22) holds. =

From Corollary 4.13, it follows that energy function of a scalar lossless system is not

unique. It depends on the choice of the matrix C' in equation (4.22). Later, with the
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help of an example, it will be shown that not all the energy functions for a scalar lossless

system are physically meaningful.

We now define the notion of a complementary oscillatory behaviour of a given scalar

oscillatory behaviour.

Definition 4.14. Let B = ker(r(%)) be an oscillatory behaviour, where r(€) = (&2 +

Wi (2 +wd) .. (€ +w? ) andw; €RT fori=0,...,n—1. Define vy(§) == EQT-(F%Q for
D

p=0,....,n—1and v (&) := E?:_Ol cpup(§) where ¢, € RT forp=0,...,n— 1. Define

B = ker(r’ (%)) Then B’ is called a complementary oscillatory behaviour of B.

With reference to the above definition, from Corollary 4.13, it follows that

r(Q)nr'(n) + ¢r'(Qr(n)
C+m

E(¢,n) =

is an energy function for 8. In section 5.7, we will give an interpretation for a comple-
mentary oscillatory behaviour of a given oscillatory behaviour using the example of a

mechanical spring-mass system.

We now describe a suitable method of splitting a given energy function of a scalar
autonomous lossless system into its kinetic and potential energy components. We show
that with suitable choices for mass and stiffness matrices and a suitable choice for a
“generalized position” as a function of the external variables of a scalar oscillatory
system, we can obtain equations that are very similar to the equations describing a
second order mechanical system. We use this idea to obtain a splitting of the total
energy of a lossless system into its kinetic and potential energy components. Thus, with
reference to Corollary 4.13, if we interpret ¢ = V(%)w as a generalized position, then
% = %V(%)w is a generalized velocity. Define M := 2C? and K := 2C?Q?. Using
these expressions the system equations can be written in a way similar to the equations
describing a second order mechanical system as
d%q

MEL L ka=0
az T

CQ(Idi + QQ)V(i)w =0
dt? dt
which reduces to col(r(%), r(%), ... Jw(t) = 0. Thus M and K can be interpreted as the
mass and the stiffness matrix respectively. This leads to the two-variable polynomials
K. and P, corresponding to the kinetic energy (3M (%)2) and potential energy (1 Kq¢?)

respectively being given by

Ke(¢,m) =V (Q)TC*V(n) (4.23)

P.(C,m) = V(T C*Q?V () (4.24)
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We now illustrate the concepts discussed so far in this section using the example of a

mechanical system that was introduced earlier.

Ezxample 4.1 revisited: With reference to example 4.1, let mqy = mg = 1, k; = 2 and
ko = 3. Then r(£) = €4+ 76246 = (£2+6)(£2 +1). This system is oscillatory and hence
lossless. The characteristic frequencies of the system are given by wg = v/6 and w; = 1.
The total kinetic energy and the total potential energy for the system can be expressed

as QDF's in terms of only w;. The two variable polynomials corresponding to these are

Ke(¢n) = é[(g’ng’ +2(¢n* + ¢*n) + 8¢n) (4.25)

P(Gn) = I8¢ +6(¢3 + ) 412 (4.26)

The total energy of the system is a positive conserved quantity and hence from Lemma

4.8 will correspond to the two-variable polynomial of the form

E(¢,n) = ag(¢n+6)(¢* + 1) (n* + 1) + ai (Cn + 1)(¢* + 6)(n* +6)

Indeed by comparison with equations (4.25) and (4.26), we obtain real values for ag and

aj as

ap = V0.1 a1 = v0.025

In this case, with C' =diag(ag, a1) and 2 =diag(wp,w1), it can be verified that equations
(4.23) and (4.24) reduce to equations (4.25) and (4.26) respectively. Observe that in

this case not all energy functions Qg for the system are physically meaningful.

We now build upon the result of Theorem 4.6 and extend it to the multivariable case.

Theorem 4.15. A linear autonomous system B € LY is lossless if and only if it is

oscillatory.

Proof. We proceed by reduction of the multivariable case to the scalar case by use of

the Smith form. Consider a kernel representation of 8 given by B = ker (R( %)), where
R € R"¥¥[¢(] is nonsingular. Let R = UAV be the Smith form decomposition of R.
Define B’ := ker(A(4)). Observe that w’ € %' if and only if w’ = V(4)w for some

dt dt
w € ‘B.

We now prove that 9B is lossless if and only if B’ is lossless. Consider two-variable

polynomial matrices ®, ®' € R¥*¥[(, 7] that are related by

V() T®'(¢,mV(n) = (¢ n)
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B %’
Since V' is unimodular, it is easy to see that Q¢ > 0 < Q¢ > 0. Now assume that Qg
is a conserved quantity for B. Then there exists F' € R¥*¥[(, n], such that

R(Q)"F(¢,n) + F(n,¢) " R(n)

(¢, m) = T

This implies that

AQTUQTFEC V() + V() TFn,Q)TU)A()
¢+

'(¢,n) =

The above equation implies that Qg is a conserved quantity for B’. Similarly, it can be
proved that if Q¢ is a conserved quantity for %', then Q¢ is a conserved quantity for B.
Consequently B is lossless iff B’ is lossless. Denote the number of invariant polynomials
of R equal to one with wy and let {r;(§)},_,, 4 _, be the set consisting of the remaining

invariant polynomials of R. Define B} := ker(r;(4)).

(Only If): We assume that B and hence B’ are lossless. Consider a trajectory w’ € B'.
Let {w;}izlw7w be the components of w’. Consider an energy function Q4 of B acting
on w. Let ¢'(¢,n) = (V(C))™To(¢,n)(V(n))~t. Let ¢4(¢,n) be the i*" diagonal entry
and ¢, (¢, n) be the entry corresponding to the ¢** row and £ column of the polynomial
matrix ¢'(¢,n). Then

w

Qu(w) = Qur(w') = > Qu(w)) + > Ly (w],wj) (4.27)

i=1 i#k

Since Qy is an energy function, it is positive over . This implies that Qg is positive
over B’. Assume that Qg is non-positive for i = p. Choose a w’ € B', such that
all components of w’ except the p' are equal to zero. This can be done because each
component of w’ can be chosen independently of each other. For this particular w’, it
can be seen from equation (4.27), that Qg is non-positive. Hence by contradiction, it
turns out that Q(b’/i is positive and conserved over B/ for ¢ = 1,2,...,w. This is possible
only if each of B/, is oscillatory for ¢ = 1,2, ..., w, which implies that B’ and hence B is

oscillatory.

(If): Assume that B and hence B’ is oscillatory. We construct a QDF that is positive
and conserved over B and hence prove that the system is conservative. For i = wy +

1,...,w, let r; have nonzero roots at +jwy;, jwis, £jwai, ... and maximal even polyno-

mial factor equal to s;. Define vy (§) := 651(5)2 . Define D; := col(ap;&voi (&), agiwoivoi (€),
Pq
aufvli (f), a1;W14014 (f), .. ) if T is even and Di = col(a0i§2v0i (f), a(]iwgif'l)()i (f), ahfzvh- (f),

aw1iév1;(€),...) if r; is odd, where a;; € RT as in the proof of the sufficiency part of
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Theorem 4.6. Define

0w1><w1 0w1><1

O°><W1 Dw1+1 0o><1

OOle O.Xl Dw1+2 0.)(1 “ e

D(¢) := : : 0 A : (4.28)
. . ox1 . :

O.XW1 O.Xl E ..‘ H' ngl

O.le ngl e e e l)w(f)

From the argument used in order to prove the scalar case, it is easy to see that ¢'(¢,n) =
D(¢) " D(n) is positive and conserved over $B’, and hence ¢(¢,n) = V(¢) " D(¢)"D(n)V (n)

is positive and conserved over 9B. This concludes the proof. m

4.3 Open lossless systems

In this section, we consider systems that are not autonomous, i.e systems which have
inputs. Here we define open lossless systems based on the observation that the total
energy of a physical system of this type is positive for nonzero trajectories of the system
and that the rate of change of total energy of such a system is zero if the inputs of the

system are made equal to zero.

Definition 4.16. A behaviour B € L¥

cont

B
partition col(u,y) of B, if 3 a QDF Qg > 0, such that

is lossless with respect to an input/output

d
aQE(w):O V o w= col0,y) € B

Any QDF Qg that satisfies the properties of the above definition is called an energy

function for the system.
Lemma 4.17. A behaviour B € L1 is lossless with respect to an input/output partition

w = col(u,y) of B, if and only if B, = {y € C*°(R,RY) | col(0,y) € B} is oscillatory.

Proof. (If): Assume that there exists an input/output partition w = col(u,y) of B such
that B, is oscillatory and hence lossless. Let Qg, be an energy function for B, in the

sense of Definition 4.1. Define

E(¢,n) =

I, 0 ]
0 EI(C777)

B B
Since Qg, > 0, it follows that Qg > 0. Also 2Qp(w) =0V w = col(0,y) € B. Thus
Qg is an energy function for 9B in the sense of Definition 4.16. Hence ‘B is lossless with

respect to the input/output partition w = col(u, y).



Chapter 4 Lossless systems 65

(Only If): Assume that 9B is lossless with respect to an input/output partition w =
col(u,y) of B. Hence there exists an energy function Q g, such that %QE (w)=0Yw=
col(0,y) € B. Partition the two-variable polynomial matrix E((,n) inducing Qg as

Ei(¢,n)  Er2(¢n)

G = E(n, )" Ex(¢n)

B
where Ej; € R¥U(, 7], E12 € RYY[(,n] and E € RYY[(,n]. Since Qg > 0, it follows

B,
that Qg,, > 0. Also since @E is an energy function for % in the sense of Definition
4.16, LQp,,(w) = 0V w € B,. Hence B, is lossless, which in turn implies that it is
oscillatory. m

Remark 4.18. With reference to the above lemma, it is easy to see that if P(%)y =
Q(Lyu and u = D(£)l, y = N(4)! are respectively a minimal kernel representation
and an observable image representation of a lossless behaviour B then P, respectively

D are oscillatory.

In the next algorithm, we show how to compute an energy function of a controllable

lossless behaviour, starting from an observable image representation of the behaviour.

Algorithm 4.19. Input: An observable image representation of B € LY of the form
u=D(d), y=N(4), where N € RY*[¢] and D € R[¢] is oscillatory.

Output: A two-variable polynomial matriz E € ROHy)x(uty) [C,n] that induces an energy
function for B in the sense of Definition 4.16.

Step 1 : Compute a Smith form decomposition of D given by D = UAV.
Step 2 : Let wy = number of invariant polynomials of D equal to one.

Step 3 : Let {r;(&)}

mials of D.

i—w;+1,..u De the set consisting of the nonunity invariant polyno-

Step 4 : For ¢ =w; +1,...,u, let +jwg;, £jwii, Tjwa;, ... be the nonzero roots of r;

and let s; be the maximal even polynomial factor of r;.

Step 5 : Assign vpq(&) : sa(¢)

P €2+w127q .
Step 6 : Construct the matrix

0w1 X W1y 0w1><1

Oo><w1 Dw1+1 0o><1

00><w1 0o><1 Dw1+2 0o><1
Ooxl

Oon1 Ooxl E . . Ooxl
O‘le 0.)(1 Du(é—) i
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where D; = col (api&voi(§), aniwoivoi(§), a1:€v1i(§), ariwiivii(§), .. .) if r; is even,
Di = col (a0i§2v01~(§),aOinifvgi(g),alif%u(f),aliwlié’vli(f), .. ) if T is odd and
aik € RT.

Step 7 : Assign M := col (D, N). Compute a left inverse Cp of M.

Step 8 : Compute

E(¢,n) = Co(Q)TV(¢)'D'(¢) "D (n)V (n)Co(n) (4.29)

The next lemma proves the correctness of Algorithm 4.19.

Lemma 4.20. With reference to algorithm 4.19, the two-variable polynomial matric E

given by equation (4.29) induces an energy function for B.

Proof. Let Qg be a QDF, such that for any trajectory w € B, Qp(w) = Qg (¢), where

w=M (%)E is an observable image representation of 8. Then

E'(¢,n) =M()"E(.n)M(n) =V () D'()"D'(n)V(n)

Consider the behaviour 9B, € £*, defined as

d

B = {LCRRY) | D(5

)t =0}

From the method of construction of an energy function for an autonomous lossless system
given in the proof of Theorem 4.15, it follows that Qg is an energy function for the
lossless autonomous behaviour 9B, in the sense of Definition 4.1. Now w = M (%)E =
(= C(](%)’LU. Hence from Definition 4.16, it follows that

E(¢,m) = Co(¢)'V(€) " D'(¢) " D' ()V (m)Co(m)
induces an energy function for 5. m

If we consider a mechanical system, the total power delivered to the system is equal
to the sum of scalar products of various forces (inputs) acting on the system and the
velocities (outputs) at the points of application of the respective forces. Similarly, the
total power delivered to an electrical system is equal to the sum of the products of input
voltages across various branches and the currents (outputs) through them. Hence the
total power delivered to such systems can be written as a quadratic functional, each term
of which involves a certain derivative of an input variable and a certain derivative of an
output variable. We now investigate whether a similar property holds for the derivative
of an energy function of a controllable lossless behaviour, which we may call a “power

function”. We begin with the following definition.
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Definition 4.21. Consider a behaviour B with an input/output partition col(u,y). u
is said to have inconsequential components if the behaviour B, = {u € €°(R,R") |

col(u,0) € B} is not autonomous.

From the above definition, we can infer that if the input of a behaviour has inconse-
quential components, then some its components can be freely chosen to make all outputs
equal to zero. The next lemma gives the condition on the kernel and image representa-

tions of a behaviour under which its input does not have inconsequential components.

Lemma 4.22. Consider a behaviour B with an input/output partition col(u,y). Let
P(dyy = Q(4)u with P € R[], Q € RY*[¢], be a minimal kernel representation
of B. wu does not have inconsequential components iff colrank(Q)) = u. Furthermore,
if y = N(%)E, u = D(%)E with N € RY*U[¢], D € R™M[¢], is an observable image

representation of B, then u does not have inconsequential components iff colrank(N) = u.

Proof. Consider the behaviour %, = ker (Q(%)). B, is autonomous iff () has full

column rank. Hence u does not have inconsequential inputs iff colrank(Q) = u.

Observe that 9B, is autonomous iff the behaviour B, = ker (N (%)) is autonomous,
which in turn holds iff IV has full column rank. Conclude from this that u does not have

inconsequential inputs iff colrank(N) =u. =

In the next theorem, using the concept of inconsequential components, we give the
condition on the kernel representation of a controllable lossless system under which its
power function can be written as a QDF, each term of which involves a certain derivative

of an input variable and a certain derivative of an output variable.

Theorem 4.23. Consider a controllable behaviour B which is lossless with respect to

an input/output partition col(u,y) of B. There exists an energy function Qp, such that

4
dt

d

S Qp(col(u,)) 2 (RS (S(Hw) (430

where R € R**¥[¢] and S € R**V[¢], iff the following two conditions hold

1. u does not have inconsequential components;

2. all the invariant polynomials of Q in any minimal kernel representation P(<%)y =
Q(L)u of B are oscillatory.

Proof. (If): Assume that @ has full column rank and has all its invariant polynomials
oscillatory. Define B, = {y € €°(R,RY) | col(0,y) € B}. Let Qg, be an energy

function for %6, in the sense of Definition 4.1, such that E; is P-canonical. Since ) has
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full column rank, y > u. From Proposition B.5, Appendix B, it follows that there exists

a unimodular matrix U € RY*Y[¢], such that

N

O(yfu) xXu

where @1 € R™*“[¢] is nonsingular. Now consider the behaviour B, := ker(Ql(%)).
Since all the invariant polynomials of @) are oscillatory, 251 is an autonomous lossless
behaviour. Let Qg, be an energy function for 98, in the sense of Definition 4.1, such

that Es is @1-canonical. Consider the energy function Qg for B, where E is given by

E(C?U) =

E>(¢,n) Ouxy ]
0y><u E1(<>77)

Define

’ L Ou><u 0u><y
Bilem = [ Oyxu E1(C,m) ]

Let the QDF Qp, be such that Qp, = Qg Let

Pl(C:n) =

Pu(C.n)  Pia(Cn) ]
Pia(n, Q)T Pi3(¢,n)

P1p € R¥M(, n], Pio € R¥Y[(,n] and Pjg € RY*Y[(,n]. Assume that Pj3 is P-canonical
and Pp1 is Qq-canonical. Since Qg, is an energy function for B, V w = col(0,y) € B,

B
Qp, (w) = 0. Since Py3 is P-canonical, it follows that Pi3(¢,n) = Oyxy. Since Qg, > 0,V
w = col(u,0) € B, Qp; (w) = 0 and consequently Qp, (w) = 0. Since Pj; is Q1-canonical,
it follows that P11((,n) = Ouxu. Define

EL(¢,n) =
2(¢,m) Oysca Oyscy

E2(C7 77) 0u><y ]

Consider a QDF @ p,, which is equivalent to %Q o along B. Let

Py(C,n) =
2(¢m) Pr(n,0)" Pas(¢n)

Pu(C.n)  Pw(Cn) ]

where Py; € R¥U[(,n], Pe2 € RVY[(,n] and Po3 € RYY[(,n]. Assume that P is P-
B

canonical and P»; is Qi-canonical. Since Qp, >0,V w= col(0,y) € B, Qp;(w) = 0,

and consequently Qp,(w) = 0. Since P»3 is P-canonical, it follows that P3(¢,7) = Oyxy-
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Since @, is an energy function for B, V w = col(u,0) € B, Qp,(w) = 0. Since Py is
Q1-canonical, it follows that P21((,7) = Ouxu. It is easy to see that

Ouxu Z(¢,m)

) yXy

] 2 (C+n)EC,n)

where Z((,n) = P12(¢,n) + P22(¢,n). This implies that

g(d

%QE(col(u,y)) R(=)u) " (S(=)y)

where R(¢)"S(n) is a canonical factorization of 2Z(¢, 7).

(Only If): Assume by contradiction that u has inconsequential components. Let @ =
UAV be a Smith form decomposition of Q. Define v’ := V(&£)u, Vi(€) = V (£~}
and B’ := {col(v/,y) € €°(R,R*™) | col(Vi(4)u',y) € B}. Since B is lossless with
respect to the input/output partition w = col(u,y), B’ is also lossless with respect to

the input/output partition w’ = col(v,y). Define

R :=[AE) -UE©'PE) ] (4.31)

Then B’ = ker (R’ (%)) Since u has inconsequential components, we can write

A) =[D(E) Oyxu, ] (4.32)

where D € RY*(@=u)[¢]. Consider an energy function Qp for B’ given by

Eun(¢n)  EwCn)  Eis(n)
E'(¢,n) = | E12(n,Q)"  E2(Cn)  Eaxs((n)
Ei3(n,¢)" Exs(n,¢)" Ess(¢,n)

where Eg3 € RVY[(, 1], Eip € RETwXw[¢ ] Fig € RET1XY[¢ pland Egg € RM*Y[(, 7],
Eoy € RO ¢ p] and By € Re-w)x@—w)[¢ g

Consider a trajectory w = col(Oy—u;)x1,u1,0yx1) € B, where u; € €°(R,R™) is
nonzero. Observe that Qp/(w) = Qg,,(u1) > 0. Hence it is easy to see that Qg,, > 0.
Property (4.36) implies that the derivative of the energy function Qg is equivalent to
another QDF along the behaviour 8 whose associated two-variable polynomial matrix
P, has the form

Po(¢,m) = (4.33)

O Z(C,7) ]
Z(na C)T 0y><y
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where 2Z(¢,n) = R(¢)TS(n). Assume that there exists a QDF Qp/ such that Qp s
d
EQE' and
/ Ou><u PZ(Ca 77)
P(¢n) = 4.34
Cn=| pers o (4.3
where Py € R¥Y[¢, ). Since (¢ + 1) E'(¢C,n) Z P'(¢,m),
(C+mE(Cm) =R (QTF(n) +Fn,Q) R 1)+ P((n) (4.35)

where F' € RY*0+9)[¢ 5], Let the right hand side of the above equation be denoted by
P"(¢,n). Let
Pii(Cm)  Pia(Cn)  Pis(Cn)
P'(¢m) = | Pan,Q)"  Pa((n)  Pua((n)
Pi3(n,Q)T Pas(n, Q)7 Ps3(¢,m)

where P33 € RVY[(, 7], Py € RO—wXu[¢ pl Py € ROTDXY[¢ ] and Pyz € RMXY[C, 7],
Pyy € RUXW[¢ p] and Py; € RO—w)X@=w)[¢ ] Then using equations (4.31), (4.32)
and (4.35), it can be verified that for any F € RY*0+9[¢ 5] and P’ given by equation
(4.34), we obtain P3((,n) = Oy, xu,, which is a contradiction as Qg,, > 0. Hence there
does not exist a QDF Qp: which is equivalent to the derivative of an energy function
along the behaviour B’, with P’ given by equation (4.34). This implies that there does
not exist a QDF @Qp, which is equivalent to the derivative of an energy function along
the behaviour B such that equation (4.33) holds.

Now assume that colrank(Q)) = u, but at least one of the invariant polynomials of @ is

not oscillatory. Hence, there exists a unimodular matrix U € RY*Y[¢], such that

Q1

y—u)Xu

vo-|

0

where )1 € R™"[¢] is such that det(Q)1) # 0. Now consider the behaviour B; :=
ker(Ql(%)). Since all invariant polynomials of @) are not oscillatory, 2B is not lossless.

Consider an energy function Qg for 8 given by

E(¢,n) =

Ei(Cm)  Ea(Cm) ]
E2(777 C)T E3(<7 77)

where E; € R¥™U[(,n], B2 € RYY[(,n] and E3 € RY*Y[(,n]. Let the QDF Qp, be such

that Qp, = 4Qp. Let

PED=1 po B

PiCn)  Pa¢m) ]

where Py € R¥V[(,n], P, € R¥VY[(,n] and P35 € RY*Y[(,n]. Since B; is not lossless,
there does not exist a positive QDF Qg, such that %QE1 21 (). Hence Qp,(w) #0Y
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w = col(u,0) € B. Thus Pi((,n) # Ouxu. It follows that there does not exist a QDF
(@ p, which is equivalent to the derivative of an energy function along the behaviour ‘B
such that equation (4.33) holds. m

We now state a result that is equivalent to the one stated in Theorem 4.23 in terms of

an observable image representation of the behaviour.

Corollary 4.24. Consider a controllable behaviour B which is lossless with respect to

an input/output partition col(u,y) of B. There exists an energy function Qp, such that

d

S Qu(collu ) 2 (R (S(5w) (1.36)

dt

where R € R**“[¢] and S € R**Y[¢], iff the following two conditions hold

1. u does not have inconsequential components;

2. all the invariant polynomials of N in any observable image representation y =
N(4)e, uw= D(L)l of B are oscillatory.

Example 4.2. Consider a behaviour 98,,, whose external variables are the generalized
position vector ¢ € R? and generalized force vector F' € R? of a second order undamped
mechanical system given by the equation

d2
MEL L Kq=F (4.37)

dt?
where M, K € R¥*? are positive definite and denote generalized mass and stiffness
matrices respectively. 93,, can be represented in kernel form as 9B,, = ker (Rm(%)),

where

B (§) =[ (M@ +K) —Iq ]

If ¢ and F' are considered as output and input respectively, then it easy to see that the
behaviour is controllable and lossless. Also from Theorem 4.23, it follows that there

exists an energy function QQg, such that

%QE(col(q,F)) Lo (R(%)F)T(S(%)Q)

where R, S € R**9[¢]. Indeed the power delivered to the second order mechanical system
given by equation (4.37) is F'T (%), which implies that R(§) = Iq and S(§) = &lq.

Example 4.3. Consider a behaviour %, whose external variables are the voltage V'

across and the current I through a one-port lossless electrical network given by the

equation
d d
(a) = ”(@)I
where n,d € R[¢]. It is well known that Z € R() defined by Z(§) := E) s lossless

RG]
positive real (see Appendix B for a definition) and hence both n and d are oscillatory.
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Hence by Theorem 4.23, there exists an energy function g, such that

d B. d T
aQE(COKVJ)) = (R(i)V) (S(

d

prikd

where R,S € R*[¢]. Indeed the power delivered to the one-port electrical network is
equal to V' - I which implies that R(§) = S(&) = 1.

4.4 Summary

In this chapter, we have defined an autonomous lossless behaviour as one with a con-
served quantity that is positive along the trajectories of the behaviour. We have then
showed that an autonomous behaviour is lossless if and only if it is oscillatory. We have
studied a few properties of energy functions of scalar autonomous lossless behaviours,
and also discussed a way of splitting a given energy function of an oscillatory behaviour
into its kinetic and potential energy components. We have also defined open lossless
systems and have given an algorithm for computing an energy function of a given open
lossless system. Finally, we have investigated the conditions under which a power func-
tion or the derivative of an energy function of an open lossless system can be written
as a quadratic functional, each term of which involves a certain derivative of an input

variable and a certain derivative of an output variable of the given lossless system.



Chapter 5

Quadratic differential forms and

oscillatory behaviours

5.1 Introduction

An oscillatory system is an autonomous system where there is no dissipation in any of
its components. As seen in chapter 4, such systems exhibit the property of conservation
of energy which is a QDF. Note that the Lagrangian for an oscillatory system which is
another QDF, is a zero-mean quantity. Rapisarda and Willems (2005) showed that there
are conserved quantities other than the total energy, and zero-mean quantities other than
the Lagrangian for an oscillatory system. They proved that the space of QDF's associated
with oscillatory systems can be decomposed into the spaces of conserved and zero-mean

quantities.

In this chapter we study the space of QDFs on oscillatory behaviours. We also study
in greater detail, its decomposition into the spaces of conserved and zero-mean QDF's.
We then investigate the structure of zero-mean and conserved QDFs modulo the given
behaviour. We show that for oscillatory systems, intrinsically zero-mean functionals do
not need to be defined only as complementary to the trivially zero-mean ones, but they
can also be given an inherent algebraic characterization. We also provide an algorithm
to construct a basis for the set of conserved, trivially zero-mean and intrinsically zero-
mean QDFs starting from a kernel description of the behaviour. For reasons of simplicity
and in order to introduce gradually the relevant concepts and techniques, we first study
the case of scalar oscillatory behaviours and then move on to the case of multivariable
oscillatory behaviours. Then, using a generalization of the principle of least action, we
define a class of zero-mean quantities for oscillatory systems which we call generalized

Lagrangians and study their properties.

73
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In physical examples of oscillatory systems, the system can be represented by a set
of first or second order differential equations in the external variables. However, most
often the variables of actual interest are just a few, and via algebraic manipulations the
original description is reduced to a system of higher-order differential equations in those
variables. From this situation arises the need to develop a theory of mechanical systems
where the starting point of interest is what is in behavioural terms a kernel description
of the behaviour. An extreme case of the above situation is that of a system which
exhibits only one variable of interest and is described by a single high-order differential
equation. In order to provide motivation for this chapter, we now examine an example

of such a mechanical system that was also considered in the previous chapter.

-

k‘g kl

FIGURE 5.1: A mechanical example

Example 5.1. Consider two-masses m; and ms attached to springs with constants ky
and k9. The first mass is connected to the second one via the first spring, and the second
mass is connected to the wall with the second spring as shown in Figure 5.1. Denote by
wy and wo the positions of the first and the second mass respectively. Let m; = mo =1,
k1 = 2 and kg = 3. If wy is the manifest variable, then its evolution can be described
by the equation r(%)w; = 0, where r(§) = &4+ 762 + 6 = (£2 + 6)(¢% + 1). Define the
behaviour B as

B = {w; € E°(R,R) | r(%)wl =0}

It is easy to see that B is oscillatory. The total physical kinetic energy and the total
physical potential energy for the system can be expressed as QDF's in terms of only wy.

The two-variable polynomials corresponding to these are
1
K'(¢m) = g[Cn® +2(Cn” + ) + 8¢

P/(Gn) = 5% + 6(C3 + 1) + 12

The two-variable polynomial corresponding to the Lagrangian for the system, which is

the difference between its kinetic and potential energies can be written as

A(¢,n) = %[63773 — 507 4+ 2(¢n° + ) — 6(¢% + ) + 8¢y — 12] (5.1)
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Recall from Definition 2.23 of chapter 2 that the roots of r are the characteristic fre-

quencies of B, and that any trajectory w; € B can be written as
wy(t) = cle\/gjt + Ele_ﬁjt + coelt 4 GpeIt (5.2)

where ¢; € C are arbitrary constants for ¢ = 1,2. From equations (5.1) and (5.2), it
follows that
Qa(wy)(t) = 0362‘/6jt + 536_2‘/6jt + cqePt 4 G2t (5.3)

where c3, ¢4 € C. Since the right hand side of the above equation is a linear combination

of sinusoids, it is easy to see that

and hence the Lagrangian for B is a zero-mean quantity. Observe from equation (5.3),
that the expression for Qx (w1) is a linear combination of sinusoids of frequencies that are
equal to twice the characteristic frequencies of 8. A QDF which is a linear combination
of sinusoids of frequencies that are equal to twice the characteristic frequencies of a
behaviour, along the trajectories of the behaviour, will be referred to as a single-frequency
zero-mean quantity. A formal definition for a single-frequency zero-mean quantity will
be given further on in this chapter. We have shown that the Lagrangian for the given

example is a single-frequency zero-mean quantity.

In this chapter, we explore further the relation between single frequency zero-mean
quantities and Lagrangians for an oscillatory behaviour. We show a method of generation
of the bases of conserved, trivially zero-mean and intrinsically zero-mean quantities for
examples of oscillatory systems described by higher order differential equations like the
one described. We also show how the Lagrangian for the system is related to the basis

elements of trivially and intrinsically zero-mean quantities for the system.

Part of the work presented in this chapter has been published (see Rao and Rapisarda
(2006)).

5.2 One- and two-variable polynomial shift operators

In this section, we describe the notions of one- and two-variable shift operators which will
be used in order to prove the decomposition theorem for the space of QDFs associated
with oscillatory behaviours. These notions were first introduced by Peters and Rapisarda
(2001).

Let B € L¥ be an autonomous behaviour represented by B = ker(R(%)), where R €

R¥*¥[¢] is nonsingular. We denote the subset of C'*¥[¢] consisting of all R-canonical

polynomial matrices by x}f”[ﬂ and the subset of C"*¥[(, n] consisting of all R-canonical
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symmetric two-variable polynomial matrices by x"}’gs";m[g“ ,n]. The following definitions
and propositions from Peters and Rapisarda (2001) will be used to study the space of

conserved and zero-mean quantities for oscillatory systems.

Definition 5.1. The one-variable shift operator Sg : rp " [€] — 15 [¢] is defined as

Sk : D(§) = £D(§) mod R(¢)

Definition 5.2. The two-variable shift operator £ : zc}’%XS“;m [¢,n] — ;‘g;;m [¢,n] is defined

Lr: @(¢,n) = (¢ +n)2(¢,n) mod R(E)

The following proposition gives the expression for the characteristic polynomial of the

operator Sg.

Proposition 5.3. The characteristic polynomial of Sg is equal to det(R(E))/rn, where
Ty, denotes the leading coefficient of det(R(§)).

Proof. See proof of Proposition 2.4, p. 123, Peters and Rapisarda (2001). m

From the above Proposition, it follows that the eigenvalues of the linear operator S are
the roots of det(R). The next Proposition gives a similar result about the two-variable

shift operator £p.

Proposition 5.4. The characteristic polynomial of the two-variable shift operator £gr
is [[i<ijcnen(& — (N + Ag)), where n = deg(det(R)) and 1, .., A, are the eigenvalues
of the_ogoe;ator Sr. If vi(§) represents the eigenvector corresponding to the eigenvalue
Ni of Sgr, then v;(¢) Tvr(n) + vi(C) Tvi(n) is the eigenvector of £r corresponding to the
eigenvalue (A\; + \i).

Proof. See proof of Proposition 3.4, p. 124, Peters and Rapisarda (2001) m

5.3 Space of QDFs modulo an oscillatory behaviour

In this section we study the space of QDFs modulo an oscillatory behaviour with no
characteristic frequencies at zero. The next theorem has been already proved (see Propo-
sition 4 of Rapisarda and Willems (2005)). However, we prove the same theorem using
a different approach, which will be useful also in the construction of basis elements
of conserved, trivially zero-mean and intrinsically zero-mean quantities for oscillatory

behaviours.

Theorem 5.5. Let B = ker(R(%)), where R € R™V[¢] and det(R) # 0, be an oscil-
latory behaviour that has no characteristic frequency at zero. The dimension of QDFs
modulo B is equal to n(2n + 1), where 2n = deg(det(R)).
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Proof. Let R =UAYV be a Smith form decomposition of R. Now consider the behaviour
B’ = ker (A(%)) and observe that w' € B’ if and only if w' = V (4)w for some
w € B. Define R;(€) := A(§)V (), and note that B = ker(Rl(%)) is another kernel
representation for B. We now show that there is a one-one correspondence between
the spaces of A-canonical and Rj-canonical two-variable polynomial matrices. Con-
sider a A-canonical ® € R¥*¥[¢,n]. Define ®1(¢,n) := V(¢)T®(¢,n)V(n). Observe that
Ri(¢)"T®1(¢,n)R1(n)~t = A(C)~T®(¢,m)A(n)~! is strictly proper, which implies that
®, is Ri-canonical. Also observe that there is a one-one correspondence between ¢ and
®y, i.e for any given ® € R¥*¥[(, 7], there exists a unique ®; € R¥*¥[(, n], such that
®1(¢,n) =V(O)T®(¢,n)V(n) and vice versa. This implies that there is a one-one corre-
spondence between the spaces of Ri-canonical and A-canonical symmetric two-variable
polynomial matrices and consequently both these spaces have the same dimension. We

now construct a basis for the space of A-canonical symmetric two-variable polynomial

matrices.

We show that for the space of QDF's whose associated two-variable polynomial matrices
are A-canonical, we can choose a basis consisting of diagonal QDFs and zero-diagonal
QDFs. Diagonal QDF's are those QDF's that are induced by polynomial matrices having
all the nondiagonal entries equal to zero and zero-diagonal QDFs are those induced
by polynomial matrices that have all diagonal entries equal to zero. Let K, denote a
square matrix of size w whose entry in the (p, q) position is 1 and the remaining entries
are equal to 0. Let w; + 1 be the index corresponding to the first nonunity invariant
polynomial of 8. Note that each of the non-unity invariant polynomials has distinct

and purely imaginary roots.
We now define the following set.

Qpq := A basis of A-canonical symmetric two-variable polynomial matrices of the form

Kpq f(C;n) + Kopf(n,€) (5.4)

where f € R[¢,n]. Denote by &; € R[¢], the i*" diagonal entry of A. Define n; :=
deg(0;(£))/2 and B, := ker (51-(%)). We make use of the following lemma to obtain Q;;

fori=1,...,w.

Lemma 5.6. Consider a behaviour B = ker(r(4)) (r € R[¢]) of dimension 2n. The
set {Cinj + Cjni}0<i<j<2n_1 induces a basis for the space of r-canonical symmetric two-

variable polynomials.

Proof. Consider the set {{inj +¢J ni}o <i<i<on—1° Observe that each element of the set
is r-canonical, because each term (*7n' appearing in it is such that k,l < 2n — 1. The
elements of the set are linearly independent of each other because a term (*n! that
appears in one of them does not appear in any other element of the set. Finally it is

easy to see that any r-canonical symmetric two-variable polynomial can be written as a
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linear combination of the elements of the set. Hence this set forms a basis for the space

of r-canonical symmetric two-variable polynomials. This concludes the proof. m

It is easy to see that the set Q;; can be obtained from the basis of QDFs modulo B;,

using the result of Lemma 5.6, as follows.

e l,m m, 1 }
Qii { (™ ) o
fori =w; +1,...,w and Q;; is empty for ¢ = 1,...,w;. Observe that each element of

the above set is A-canonical.

For the construction of the bases of zero-diagonal QDFs, we make use of the following

Lemma.

Lemma 5.7. Define r1(£) := (€2 + wd) (€2 + w?) ... (£ + w(2n1—1)) and ro(€) = (€2 +
W) (2 +w?)... (2 + w(Qm_l)) where ni,ny € Z, no > ny and w; € RT are distinct for
i=0,1,...,n3 — 1. Define B :=ker(R(%)) where R(¢) := diag(r1(£),2(£)). Consider

the space of R-canonical symmetric two-variable polynomial matrices of the form

[ 0 f(C,n)] (5.5)
f(m,¢) 0

where f € R[(,n]. Then a basis for this space is

0 l,,m
e ) 59
C N 0<I<2n1—-1,0<m<2n2—1

Proof. For ®15 to be R-canonical, the highest power of ¢ and 7 in f({,n) must be
less than or equal to (2n; — 1) and (2ny — 1) respectively. It can be seen that each
element of the set (5.6) is R-canonical. To prove that the elements of the set are linearly

independent, notice that a term of the form

0 (M
¢k 0

that occurs in one of the elements does not occur in any other element of the set.
Observe that linear combinations of the elements of the set can produce any R-canonical
symmetric two-variable polynomial matrix of the form (5.5). Hence the set forms the

required basis.

For integers i, k such that w; +1 <i < k < w, it is now easy to see that

=K. I, m K. (™ l}
Qu = { K™ + K¢ et A oemn

Also observe that Q;; is empty for all the remaining combinations of ¢ and k.
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Now observe that the spaces of zero-diagonal and diagonal QDFs are linearly indepen-
dent. Also observe that any A-canonical two-variable polynomial matrix can be written
as a sum of two matrices, one diagonal and the other zero-diagonal. Hence it is easy
to see that the union of bases of diagonal and zero-diagonal A-canonical symmetric
two-variable polynomial matrices forms a basis of A-canonical symmetric two-variable
polynomial matrices, i.e the set Ui_, | Ui_; Qi is a basis of A-canonical symmetric

two-variable polynomial matrices.

Note that the corresponding basis of two-variable polynomial matrices inducing QDF's
modulo B is obtained by premultiplication with V' (¢)? and postmultiplication with V(1)
of the basis elements mentioned above. Hence the dimension of QDFs modulo B is the

total number of elements in the basis which is given by

w

dim(QDFs) = Y (2nf+n)+ Y. dmny

i=w1+1 (w1+1)<i<k<w
W 2 w
= 2( Z TL1> + Z n;
1=wi+1 i=wi+1

Observe that deg(det(R)) =2 ;" ,;n;. This concludes the proof. m

5.4 A decomposition theorem for QDFs: The scalar case

In this section, we show that if » € R[¢] is oscillatory and B := ker(r(%)), then for
any r-canonical ® € R4[(,n], Q¢ is a linear combination of a conserved quantity and a
zero-mean quantity for 8. Part of these results have been presented already in section 4
of Rapisarda and Willems (2005). However, we derive them following a novel approach

which will be instrumental in proving further results of this chapter.

In the following analyses, we consider only those oscillatory behaviours that have no char-
acteristic frequency at zero. This is because physically a zero characteristic frequency
implies the presence of a rigid body motion in the case of a mechanical system and part
of the output voltage or current being constant in the case of an electrical system, and
neglecting the rigid body motion in the case of a mechanical system (for example, by
placing the center of mass of the system in a fixed position) or the constant current
or voltage in the case of an electrical system does not impair the analysis of the most
relevant dynamical features of the system. The following theorem is the decomposition

theorem for the space of QDF's associated with scalar oscillatory behaviours.

Theorem 5.8. Let B be an oscillatory behaviour given by B = ker (r(%)), where

r(€) = (2 +wd) (2 +wd) ... (2 +w? ) and w; € R are distinct fori=0,1,...,n—1.

The space Q of r-canonical symmetric two-variable polynomials can be decomposed into
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the spaces Q¢ of r-canonical polynomials inducing conserved quantities and Qz of r-

canonical polynomials inducing zero-mean quantities for B as follows:
Q=0Qc® 0z

The dimensions of the spaces Q¢ and Qz are n and 2n? respectively.

Proof. As in section 5.2, consider the one-variable shift operator S, and the two-variable
shift operator £, for B. Since r is real and has distinct and purely imaginary roots,
from the discussion of section 5.2, it is easy to see that the eigenvectors v; of S, occur

in conjugate pairs.

Now consider the set Q. = {vi(C)vr(n) + vk(C)vi(n)}<jcp<an Of eigenvectors of the
linear operator £,. Define vy, »,)(¢,n) = vi(Q)vr(n) + vk(¢)vi(n). Let j represent the
imaginary unit. Consider v o, —jw) (¢ 1) = vr(Q) k() + V& (C)vr(n), where v denotes

complex conjugation of v. It is easy to see that v is purely real. Consider

the set Q,C = Qc\ {v(+jwk’_jwk)}kzo,...,n—l'
elements that occur in complex conjugates. From every conjugate pair of this set, choose

+jwk,—jw)
It is easy to see that this set consists of 2n?

one element. Call the resulting set A.

Let Z be the set consisting of all the real and imaginary parts of the elements of the set
Q!. We claim that the set

X = ZU{v(¢ju, (5.7)

—jwk)}k:o,...,n—1
is a basis for the set of r-canonical symmetric two-variable polynomials. Firstly observe
that the number of elements in the set is equal to 2n? + n which according to Lemma
5.6 is equal to the dimension of r-canonical symmetric two-variable polynomials. To
complete the proof of the claim, it suffices to show that the set consists of linearly

independent elements. Assume that there exist U(e,0)> b(.7.) and ce € R such that

n—1
Z [ R, 20) F b Im(vi )] + Z CpV(+jwp,—jwp) = 0
U(Ai»)‘k)EXC p=0

Consider an element vy, »,) of the set X.. It is easy to see that both A; and A; are
purely imaginary and \; + Ax # 0. Hence

”(Ai,Ak)(Cvﬁ) = v;(Qvk(n) +ve(Q)vi(n) and
V-x -2 (61 = 0i(Q)ok(n) + vk(C)vi(n)
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are complex conjugates. It follows that

Z [a(&)\k) (U(M,Ak) + U(*)\i,*)\k)) +jb(/\i,>\k) (U(*)\i,*)\k) - U(Aiv\k))]
’U()‘i,)‘k)exc

n—1

+ Z 26pV(4jup,—juwy) = 0
p=0

= Z [U(/\h)\k) (a@\m)\k) - jb(&'v)\k)) F U —A) (a(&«\k) +jb(>\i7>\k))]
U ag) EXe

n—1

+ Z 2va(+jwp7_jwp) =0
p=0
The left hand side of the above is a linear combination of the elements of the set Q.
which are linearly independent. Hence we obtain a(y, x,) = b)) = ¢p = 0. Thus X

forms a basis of r-canonical symmetric two-variable polynomials.

From the discussion of section 5.2 and the characterization of equation (3.10), we con-
clude that the set {v(+jwk7_jwk)}k:0 _

tities for B and is a basis of the kernel of the linear operator £,.

induces linearly independent conserved quan-

From the characterization of zero-mean quantities (see equation (3.13)), it can be seen
that the image of the linear operator £, is a space inducing complex zero-mean quanti-
ties. Hence the set Q! consists of polynomials inducing symmetric complex zero-mean
quantities. We now make use of the following lemma to prove that the elements of the

set Z induce linearly independent zero-mean quantities for 8.

Lemma 5.9. The real and imaginary parts of a complex symmetric two-variable poly-
nomial matrix inducing a zero-mean quantity for a behaviour B each induce zero-mean

quantities for B.

Proof. Let j represent the imaginary unit. Assume that ® € C¥*¥[(, 7| induces a zero-
mean quantity for B. Write ®((,n) = ®1(¢,n) + jP2(¢,n), where @1, Py € R¥*¥[(, n].
Then for any trajectory w € B

This implies that
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which implies that Q¢, and (¢, are zero-mean quantities for B. This concludes the

proof. m

Since the set Q! consists of polynomials inducing complex symmetric zero-mean quan-
tities, from the above Lemma, it follows that the elements of the set Z induce linearly
independent zero-mean quantities for 8. The proof of the decomposition part of the
theorem now follows from equation (5.7). Also the dimensions of the respective bases

given in the statement of the theorem can be easily verified to be true. m

5.5 Bases of intrinsically- and trivially zero-mean, and of

conserved quantities

In this section, we illustrate how to compute bases of the spaces of trivially zero-mean,
intrinsically zero-mean and conserved quantities for oscillatory systems. We begin by

examining the case of systems with one external variable.

Proposition 5.10. Let B = ker(r(%)), where r € R[¢], be an oscillatory behaviour of
dimension 2n. Then {(¢+n)(('n’ + Cjni)}0<i<j<2n_2 is a basis of two-variable sym-

metric polynomials that induce trivially zero-mean quantities modulo 8.

Proof. Observe that each element of the set is r-canonical because each term (*n! ap-
pearing in it is such that k,! < 2n—1. From equation (3.14), it follows that each element
of the set induces a trivially zero-mean quantity. Following the proof of Lemma 5.6, we
conclude that {CZT]j + Cjnz)}'og'igjﬁ.n,—?
consequently also {(¢ + n)(¢'n + ¢ 771)}0 cicj<on_g COnsists of linearly independent el-

consists of linearly independent elements and

ements. Observe also that any r-canonical multiple of ({ + 1) can be expressed as a
linear combination of the elements of the set. Hence the set induces trivially zero-mean
quantities that span the entire space of trivially zero-mean quantities modulo B. This

concludes the proof. m

From the above, it can be inferred that the dimension of the space of trivially zero-mean
quantities modulo B is n(2n — 1) and consequently that the dimension of the space of
intrinsically zero-mean quantities modulo ‘B is n.

Proposition 5.11. Let B = ker (r(%)) be an oscillatory behaviour, where r(§) =

1o+ 1oE2 4+ .. A 1o 2E2 2 4 €27 and rog # 0. Then the set {eitico1 n_1 where

@i(¢,m) = r(O)n* +r(n)C* = (C+n) (¢ I + P (5.8)

induces a basis for the set of intrinsically zero-mean quantities modulo 8.

Proof. Observe that ¢;(¢,n) is r-canonical, because each of its terms (¥l is such that

k1 <2n —1. That @, is zero-mean over ‘B can be concluded from the fact that it is
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of the form of a general zero-mean quantity as in equation (3.13). We now show that
the polynomials ¢; are linearly independent. Assume by contradiction that there exist
a; €ER,1=0,...,n— 1, such that

n—1 n—1
D awpiCn) = > ail(ro+ e+ .+ ran o)
i=0 i=0

+ (ro4+mn? 4 ...+ rop_on? B ¢H
(CQH—ann—l 4 CQn—ani—i—l)] =0

From this equation it follows that for i = 0,1,...,n — 1, the coefficient a; of each term
(¢Fitly2n=1l 4 (2n=1p2i+1) g zero. This implies that the set {¢itizo1,. n_1 consists of
elements inducing linearly independent zero-mean quantities. We also prove that no
trivially zero mean quantity can be induced by a linear combination of the elements

of the set. Assume by contradiction that Z:‘L;ol a;i(¢,n) induces a trivially zero-mean
quantity. Then ( Z?:_Ol aipi(¢,m)) =0, or

n—1 n—1
D a7 =r(©) Y ait®” =0
1=0 i=0

which is possible if and only if a; = 0 for ¢ = 0,...,n — 1. This shows that the space
of QDFs induced by the set {(pi}izo,...,nfl is complementary to the space of trivially
zero-mean quantities and hence consists of linearly independent intrinsically zero-mean
quantities. Also note that the number of elements in the set is equal to n. This concludes

the proof. m

Let 28 be a scalar oscillatory behaviour that has no characteristic frequency at zero. Now
consider an oscillatory behaviour 281, such that %; C 8 and 8, has no characteristic
frequency at zero. Let @), be an element of the basis of intrinsically zero mean quantities
for B as described in Proposition 5.11. Since By C ‘B, it is easy to see that @), is a
zero-mean quantity for 81. We now prove that if ), is a zero-mean quantity for another

oscillatory behaviour By that has no characteristic frequency at zero, then By C B.

Proposition 5.12. Let B = ker(r(%)) (r € R[¢]) be a kernel representation of an
oscillatory behaviour. Assume that r is even and has degree equal to 2n. For i =
0,...,n—1, define

@i(¢,n) =1 +r(m)C = (C+n) (¢ ' + i) (5.9)

Then for i =0,...,n —1, if Qy, is a zero-mean quantity for another scalar oscillatory

behaviour Bo; that has no characteristic frequency at zero, then Bo; C B.

Proof. For i =0,...,n—1, let By; = ker(rgi(%)), where r9; € R[¢]. Since B9; has no

characteristic frequency at zero, r; is even. Assume that for i =0,...,n -1, Q,, is a
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zero-mean quantity for B9;. This implies that

@i(C,n) = r2i(C) fi(Cm) + filn, Qrai(n) + (€ +n)i(C,m) (5.10)

where f; € R[(,n], and ¢; € Rs[(,n] for i =0,...,n — 1. By replacing ¢ with —¢ and 7

with € in the above equation, we obtain

9¢i(§) = r2i(§)(0fi(§) + 0fi(—E))
From equation (5.9), it follows that

26%7(€) = r2:(€)(8f:(€) + 0fi(—¢€))

Since 79; is even and oscillatory, from the above equation, it follows that r is divisible

by 79;. Define

o T(©)
le(g) = Tgi(g)
Then
26%r15(€) = (0£i(€) + 0f:(=€)) (5.11)

Let r; € RT be the coefficient of £2* in the expression for r1;(£). Assume without loss
of generality that ry; has degree equal to 2p;, where p; is a nonnegative integer less than

n. This implies that
Di
ri(€) =) ring™
k=0
Observe that

pi
fi(Cm) = Y (1R
k=0

is a solution of equation (5.11). It is now easy to see that there exists a 1; € R[(,n],
such that equation (5.10) holds. Since r is divisible by 79; for i = 0,...,n — 1, it follows
that By, CB. =

Example 5.2. We now illustrate Proposition 5.12 with an example. Define r(§) :=
¢ +3¢% + 2, and ro(€) == &2 + 1. Define B := ker(r(4)) and By := ker(ro(<))
and observe that B9 C B. Consider an element of the basis of intrinsically zero-mean

quantities for 8 induced by

e(C,n) =7 +rm) — (C+n)(C+n°)

It can be verified that

©(C,m) =72(C)(2 = Cn) + (2 = Cn)ra(n) + (¢ + 1)

This implies that @, is a zero-mean quantity for Bs.
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Remark 5.13. From Proposition 5.12, it follows that the basis elements of the basis of
intrinsically zero-mean quantities for a given oscillatory behaviour as described in Propo-
sition 5.11 are zero-mean only along the given behaviour and all oscillatory behaviours
that are subspaces of the given behaviour. However an intrinsically zero-mean quantity
for an oscillatory behaviour in general can be zero-mean along oscillatory behaviours
that are not subspaces of the given behaviour. For example, consider an oscillatory
behaviour B := ker(r(<%)), where r(£) := £* + 362 + 2. Define r/(£) := ¢* 4+ 4¢% + 3, and
B’ := ker(r'(4)). Define

wo(Cm) = () +r(n) — (C+n)(*+n)
e1(¢.n) = r(QOn*+Cr(n) = (C+n)(¢r” + Cn?)

From Proposition 5.11, it follows that ¢(¢,n) = v1(¢,n) + 3¢o(¢,n) induces an intrin-

sically zero-mean quantity for 8. It can be verified that

e(Cn) =7 (O +2) + (C +2)r'(n) — (C+n)(Pn® + En? + G+ ¢ + 283 + 21%)

This implies that @, is a zero-mean quantity also for B’. Observe that ¢ is 7’-canonical

and that %’ is not a subspace of B.

We now show the construction of bases of conserved, trivially zero-mean and intrinsically
zero-mean quantities for the multivariable (w > 1) case of oscillatory behaviours. In
order to facilitate better understanding of the results, we first show the construction
of the bases for the generic multivariable case, and then move on to the nongeneric
multivariable case. The results of propositions 5.10 and 5.11 are instrumental in dealing

with the generic multivariable case, which we shall now examine.

Theorem 5.14. Let B = ker(R(%)), where R € R¥V[(]. Assume that det(R) # 0
and det(R) has distinct roots on the imaginary azis, none of which is equal to zero. Let
R =UAV be a Smith form decomposition of R. Let F := diag(0,...,0,1) € R"*¥ and
let n = M. Then the QDFs induced by {®i(¢,n)}izo1, 1> 1Li(CM) icon, 1
and {Oy;

}ogkgjgzn—Q where

(¢, m) =V(O (A Fn* + FC'A(n)
—(C+F I + P )V (n) (5.12)
) s LT AQP + PV AV ) -
Ok;j (¢ ) :=(C +n)(CF + ™)V ()T FV (n) (5.14)

respectively, form bases for intrinsically zero-mean, conserved and trivially zero-mean

quantities modulo *B.
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Proof. From the divisibility property of invariant polynomials it follows that w—1 of the
w invariant polynomials of R are equal to one, and that the last invariant polynomial,
which we denote with dy, is equal to (det(R))/ry,, where r,, denotes the leading coefficient
of det(R). Since zero is not a characteristic frequency of 9B, §, is an even polynomial.
Consider now the behaviour B’ := ker(A(£)) and observe that w' € B’ if and only if

w’:V(%)wfor some w € B. For i =0,1,...,n — 1, define
@i(Cn) = (O + Su(m)C* = (C+n) (I + i)
‘ - (5w(o772i+1+5w(77)<2i+1)
vi(Cm) = T

For all possible integers j, k such that 0 < k < j < 2n — 2, define

Ori (Cm) = (C+n) (P + ¢InP)

It follows from the material of sections 3.5, 3.6, and from Propositions 5.11 and 5.10 that

{Vitizoa

sdlyeeey

n—1:1%i}izo1,..n—1 and {0k} oo < j<o, » are dy-canonical and induce linearly
independent conserved, intrinsically zero-mean and trivially zero-mean quantities over
ker (6w(%)). We now show how to obtain from them conserved, intrinsically zero-mean
and trivially zero-mean quantities for ker (R(%)). Observe first that w’ € ker (A(%)) if

and only if w' = col(0,...,0,w)), with w} € ker (d4(%)). Now consider

(¢, m) = A Fn* + FAMCT — (C+n)F (" ' + i)

(A(Q)Fn* ™ + FA(n) (¥t
¢+mn

Ti(¢n) =
fori=0,1,...,n — 1 and consider
0 (Cm) = (C+m(Cn + ) F

for integers j, k such that 0 < k < j < 2n — 2. It is immediate to see that Qg (w') =
Qui(wy), Qri(w') = Q,(wy) and Q@;Cj (w') = Qg,,;(wy,). The linear independence of

!/ / / :
the sets {®},_, 1, {Ii}tico1, ooy and {@kj}0§k§j§2n—2 follows from the linear
1 {%}i=0,17--.,n—1 and of {ij}ogkgjgm—2 respectively. We

now prove that these two-variable polynomial matrices are also A-canonical. Write

independence of {¢;}, (4

Y PP

AQ) TR AMmT = FnA(n) Tt + FCAQ) ™
— (C+ AR P+ i A(n) T
e o FpPTA(m) T+ FCHIAQ) !
AQQ) T INEmAMm) ™ = T
AQ)TTOLCmAM ™ = (CH+n)(CF W +InF)AQ) T FAM) T
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Observe that the matrices appearing in the last three equations have only strictly proper
entries. It follows from this and from the linear independence of the two-variable poly-
nomial matrices @}, I'; and O}, that ®;(¢,n), I'i((,n), and Oy;(¢,n) defined in the
statement of the Theorem induce linearly independent intrinsically zero-mean, conserved
and trivially zero-mean QDFs respectively for 5. An argument based on dimensionality

shows that they form bases for the respective spaces. This concludes the proof. m

5.6 The nongeneric multivariable case

In this section, we consider the case where an oscillatory behaviour %6 € L¥ is such
that more than one of the invariant polynomials of 9B are not equal to 1. Further on in
this chapter, it will be shown that for a generic oscillatory behaviour, the expression for
the Lagrangian can be written in terms of basis elements of intrinsically zero-mean and
trivially zero-mean quantities. Since we have explained in detail the construction of basis
elements of zero-mean and conserved quantities for generic oscillatory behaviours, for

the sake of completeness, we do so even for the case of nongeneric oscillatory behaviours.

Consider a nongeneric oscillatory behaviour B = ker (R(%)). Let R = UAV be a Smith
form decomposition of R. Define Ry (¢) := A(£)V(£). Note that B = ker(Ri(<)) is
another kernel representation of B. Consider the behaviour B’ = ker(A(%)). From
the proof of Theorem 5.5, it follows that there is a one-one correspondence between the
spaces of A-canonical and Rj-canonical symmetric two-variable polynomial matrices and
if O denotes a basis for the space of A-canonical two-variable polynomial matrices, then
V(¢)TQAV (n) is a basis for the space of Rj-canonical two-variable polynomial matrices.
Thus bases for the two-variable polynomial matrices inducing zero-mean and conserved
quantities for B can be constructed out of the corresponding bases for the behaviour

B

Now as in the proof of Theorem 5.5, we can obtain a basis of QDF's consisting of diagonal
QDF's and zero-diagonal QDF's. Diagonal QDFs are those that are induced by diagonal
polynomial matrices, and zero-diagonal QDF's are those that are induced by polynomial
matrices having zero-diagonal entries. Since the spaces of diagonal and zero-diagonal
QDFs are linearly independent and since any A-canonical QDF can be written as a sum
of a diagonal and a zero-diagonal QDF, it is easy to see that the union of the bases of
diagonal and zero-diagonal zero-mean and conserved quantities for B’ respectively form
bases for the spaces of zero-mean and conserved quantities for B’. The bases for diagonal
zero-mean and conserved quantities for B’ can be easily constructed using the material
in section 5.4. In order to construct bases of zero-diagonal zero-mean and conserved
quantities for B’, we make use of the following theorem, which deals with the case of B

having two nonunity invariant polynomials.
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Theorem 5.15. Define r1(£) = (€2 + w3)(&% + w?)... (&% + W(in—l)) and ro(§) =

(E24+wd) (2 +wi). .. (‘52"“"(2@71)) where ny,no € Z+, ng > ny and w; € R are distinct
fori=20,1,...,n9—1. Define B := ker(R(%)) where R(§) = diag(r1(§),m2(§)). Define

ui (&) := gig.i)i and y;(§) := gfigi where j is the imaginary square root of —1. Consider

the space of QDFs induced by R-canonical symmetric two-variable polynomial matrices
of the form

(5.15)

D12(¢,m) = [ ! f&m) ]

fn,¢) 0
where f € R[(,n)].

(i) This space can be decomposed into the spaces Q¢ of conserved quantities and Qz of

zero-mean quantities respectively modulo B as follows.

Q=0Qc® 0z
(ii) Fori=0,1,...,n1 — 1, the real and imaginary parts of
0 ui(Q)i(n)

yi(Q)ui(n) 0

form a basis of the space of R-canonical symmetric two-variable polynomial matrices of
the form (5.15) that induce conserved quantities. The dimensions of the spaces Q¢ and

Qz are 2ny and 2n1(2ny — 1) respectively.

(7i1) The space of trivially zero-mean quantities induced by R-canonical two-variable

polynomial matrices of the form (5.15) has dimension equal to (2n1 — 1)(2ny — 1).

(iv) The set

{ [ 0 (r1(Q)yf — (¢ +m)¢2m=1p?) ] }
(ri(m)¢" = (C+n)¢nP 1) 0 i=0,...,2n2—2

18 a basis of the space of R-canonical symmetric two-variable polynomial matrices of the

form (5.15) that induce intrinsically zero-mean quantities over B.

Proof. From Lemma 5.7, it is easy to see that the dimension of the space of QDFs of
the form (5.15) is 4nyngy. Define

01 0 0
K = K =
00| Y]

(i) As in section 5.2, consider the one-variable shift operator Sr and the two-variable

shift operator £ for B. Observe that the map Sg has twice repeated eigenvalues at the
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characteristic frequencies of r1, i.e +jw;, 1 =0,1,...,n7 — 1. The remaining eigenvalues

are distinct and occur at +jw;, i =ny,...,ny — 1 provided ny > nj.

Let A\ and vg, (K = 0,1,...,n1 +ny — 1) denote the eigenvalues and corresponding
eigenvectors of the map Sg. It can be verified that for ¢ = 0,1,...,n7 — 1, the two
eigenvectors corresponding to the repeated eigenvalues at jw; are v;1(§) = u;(§)[1 0]
and v;2(§) = v:(€)[0  1]. Similarly the eigenvectors corresponding to the repeated eigen-
values at —jw; are v3(§) = 4;(§)[1 0] and viu(§) = 5:(§)[0 1. For i =ny,...,ng — 1,
the eigenvector corresponding to the eigenvalue jw; is via(§) = v:(£)[0 1] and the one

corresponding to —jw; is vi4(§) = 7:(£)[0 1]

The eigenvalues of the map £r are all possible combinations (A, + A;) and the corre-
sponding eigenvectors are v(y, x,)(¢,7) = vp () Tvg(n) +v4(¢) Twp(n). It can be seen that
4dning eigenvectors of £r are of the form (5.15) with f € C|[(,n], and these occur in
complex conjugates. Denote the set of these eigenvectors by £. From every conjugate
pair of this set, choose one element. Call the resulting set X'. Now consider a subset of

£ given by wy U ws, where

wr = {viru(CMlizg a1 = {Uil(OTUzA(n) + Ui4(C)TUi1(77)}Z,:O _—

wy = {vi2is(Cn)}lizg 1 = {UiQ(C)TUiS(n) + U’B(OTUQM)}'

1=0,...,n1—1

It is easy to see that the eigenvectors belonging to this subset also belong to the kernel
space of £ and hence induce complex conserved QDFs. The remaining eigenvectors of

& belong to the image space of £z and hence induce complex zero-mean QDFs.

Assume that there exist U(e,0), D(e,0) € R such that

Z [a(ilk‘l,iQkQ)Re(U(ilkl,izkg)) + b(ilkl,izkg)lm(v(ilk‘l,i2k2)):| =0

V(i ky igha) EX

where i1,i2 € {0,...,n2}, k1,ka € {1,...,4}. Let ¥(; 1, isky) € € denote the complex
conjugate of v(; , i k) € X. It follows that

Z [a(ilklﬂékz) (U(ilkl,izkz) + T)(ilkl,bh)) + Jb(ilkl,izkz) (T)(ilklﬂélﬁ) - U(ilkl»i2k2))]
V(iyky ighy) €X

=0
This implies that

Z [U(i1k1,i2k2) (a(ilklyizkz) - jb(ilklﬂ'z’%)) + Uiy k1 izka) (a(ilkl,izkz) +jb(i1k‘1,izk2))]
V(i ky sighg) €X

=0

The left hand side of the above is a linear combination of the elements of the set £ which

are linearly independent. Hence we obtain a(;x, isks) = O(iyky,ioks) = 0. This implies
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that the real and imaginary parts of the set £ are linearly independent. From Lemma
5.7, it follows that the dimension of the space of R-canonical symmetric two-variable
polynomial matrices of the form (5.15) is equal to 4niny. Hence it can be inferred that
the real and imaginary parts of eigenvectors of the set £ form a basis of the space of
R-canonical symmetric two-variable polynomial matrices of the form (5.15). Since the
real and imaginary parts of a conserved QDF' are conserved and similarly by Proposition
5.9, the real and imaginary parts of a complex zero-mean QDF are zero-mean, the basis
that we have constructed consists of polynomials inducing either conserved or zero-mean

QDF's. This concludes the decomposition part of the proof.

(ii) For i = 0,...,n; — 1, observe that

Vi) (CGn) = Ki2ui(Q)yi(n) + Kagi(Qui(n)
Vi2,i3)(C,m) = K2 (Q)yi(n) + Karyi(¢)ui(n)

are complex conjugates. Hence the real and imaginary parts of v 4)(¢,7) form a
basis of R-canonical symmetric two-variable polynomial matrices of the form (5.15) that
induce conserved quantities. The dimension of the space of such conserved QDFs is the
number of elements in the basis which is equal to 2n;. Hence the dimension of the space
of zero-mean QDF's of the form given in the statement of the theorem can be obtained
by subtracting 2n; from the total dimension 4nins of such QDFs. This concludes the

proof.

(iii) We assert that the set

{(C +n) (K™ + Kzlcmnl)} (5.16)

0<I<2n;—2,0<m<2ny—2

forms a basis of R-canonical two-variable polynomial matrices of the form (5.15) that
induce trivially zero-mean quantities. Observe that each element of the set is R-canonical
and induces a trivially zero-mean quantity because each element is divisible by (¢ + 7).
The elements of the set are linearly independent because a term of the form (K20’ +
Ko1¢'n*) that occurs in one of the elements does not occur in any other element of the
set. Finally observe that linear combinations of the elements of the set can produce
any R-canonical symmetric two-variable polynomial matrix of the form (5.15) that is
divisible by ({ + 7). Hence the set forms a basis of R-canonical symmetric two-variable
polynomial matrices of the form (5.15) that induce trivially zero mean quantities. The
dimension of the space of trivially zero-mean QDF's induced by this basis is the number

of elements in the set which is equal to (2n; — 1)(2n — 1).

(iv) Now consider the set

L { [ 0 (r () — (¢ +m)C2m=1y) ] }
(r1(m)¢" = (¢ +n)¢inP™m1) 0 i=0,....2n2—2
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For k = 0,...,n1, let gi denote the coefficient of £2* in the polynomial 71(¢). The i*"

element of the set Z can be written as

ni—1 ni—1
Oi(C,m) = Kz |0’ Y geC® = Mgt 4+ Koy ¢ gen®™ = ¢TI (5.17)
k=0 k=0

It can be seen that ®; is R-canonical. To show that the different elements of the set are

linearly independent, assume that there exist real numbers a; such that

2no—2

i=0
Now, equating the coefficients of (K12¢?"t~1nitl 4 Ky1¢(F1n?—1) to zero for i =
0,...,2n9 — 2 gives a; = 0. Hence the set consists of linearly independent elements.

Observe that ®;(¢,n) can be written as

®i(¢,n) = R(Q)H(¢,n) + H(n, )" R(n) — (¢ + n)(K12*™ ' + Kn ('™ )

where H((,n) = Ki2n°. From the characterisation of zero-mean quantities for oscilla-
tory behaviours (see equation (3.13)), it follows that ®; induces a zero mean quantity.
Observe from equation (5.17) that ®; does not contain any element of the basis of
two-variable polynomial matrices inducing trivially zero mean quantities mentioned in
equation (5.16). We also prove that no trivially zero-mean quantity can be induced
by a linear combination of the elements of the set. By contradiction, assume that
Z?Z%_2 a;®;(¢,n) induces a trivially zero-mean quantity. Then 8(2?2%_2 a;®;) = 0,

which implies that
2no—2

Z a;[K1z + (=1)'Kx]ri1(§)& =0

i=0
It can be verified that equating the coefficients of &' to zero for i = 0,1,...,2n9 — 2
in the resulting expression yields a; = 0. This implies that the set induces linearly
independent zero-mean quantities that are complementary to the space of trivially zero-
mean quantities and hence induce intrinsically zero-mean quantities. Observe that the

number of elements in the set is equal to 2ne — 1. This concludes the proof. m

5.6.1 Construction of bases of zero-mean and conserved quantities

We now present a method for the construction of bases of trivially zero-mean, intrinsi-
cally zero-mean and conserved quantities for the non-generic case of oscillatory systems.
We use the result of Theorem 5.15 for this purpose. Consider an oscillatory behaviour
B = ker(R(4)) (R € R™¥[¢], det(R) # 0). Let R = UAV be a Smith form decomposi-
tion for R. Define B’ := ker(A(%)). Let w1 4+ 1 be the index corresponding to the first

nonunity invariant polynomial of 8. Let §; € R[{] denote the i*" invariant polynomial
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of B. Fori =wy +1,...,w, denote §;(&) = [[5" (&2 + w?). Let K,, denote a square
matrix of size w whose entry in the (p, ¢) position is 1 and the remaining entries are equal
to 0. As explained earlier, we first construct bases of trivially zero-mean, intrinsically

zero-mean and conserved quantities for the behaviour B’.
We define the following sets.

Tpq := A basis of A-canonical symmetric two-variable polynomial matrices of the form

Kpgf(¢:n) + Kopf(n,C) (5.18)

with f € R[(,n], inducing trivially zero-mean quantities.

Cpg := A basis of A-canonical symmetric two-variable polynomial matrices of the form

(5.18) inducing conserved quantities for %B’.

Z,q := A basis of A-canonical symmetric two-variable polynomial matrices of the form

(5.18) inducing intrinsically zero-mean quantities for B'.

For the construction of bases of diagonal conserved and zero-mean QDFs, we adopt a
technique similar to the one used in the proof of Theorem 5.14. For i =w; +1,...,w, it

is easy to see that we can choose

Ti = {Kn(C + ﬁ)(Clnm + Cmnl)}OSZSmSQW—Q

_ {A(C)KiiUQZJrl 4 KiiCZIJrlA(n) }
C+n 0<I<n;—1

Ty = {A(C)Kimm + K¢ A(n) — (¢ +n)Ku (it + (217727”71)}

0<I<n;—1

For the construction of the bases of zero-diagonal conserved and zero-mean QDFs, we
adopt the technique used in the proof of Theorem 5.15. For integers ¢,k such that
w1 +1<1i<k<w, it is easy to see that

T — { Kz l,.m Ko™ l }
ik (C+m)(KiCn™ + Kri¢™n') 0<1<2m,2.0<m<my 2

T = {Kali(0) = (C+mE ' + Kialoi(n) — (€ +mn™ 1¢'}

l:O,...,2nk—2
Define uy; (&) = ;i(ﬁgl where j is the imaginary unit. From the argument used in the
proof of Theorem 5.15, we can conclude that for [ = 0,1,...,n; — 1, the real and

imaginary parts of K;puy ()t (n) + Kiitx(C)uy;(n) form the set Ci.

Now it is easy to see that the union of diagonal and zero-diagonal bases form respec-
tive bases for the behaviour %', i.e the set Uiy 11 Ui—; Zik is a basis of A-canonical
symmetric two-variable polynomial matrices inducing trivially zero-mean quantities, the
set Ui_,, 11 Ui_; Zi is a basis of A-canonical symmetric two-variable polynomial ma-

trices inducing intrinsically zero-mean quantities for 28’, and the set Uiy, +1 Yi—; Cik 18



Chapter 5 Quadratic differential forms and oscillatory behaviours 93

a basis of A-canonical symmetric two-variable polynomial matrices inducing conserved

quantities for B’.

As in the proof of Theorem 5.14, the corresponding bases of two-variable polynomial
matrices inducing QDFs modulo B are obtained by premultiplication by V(¢) and

postmultiplication by V' (n) of the basis elements mentioned above.

Example 5.3. Let
e+ 0

FO=1"0  (@sne s

It is easy to see that B = ker (R(%)) is an oscillatory behaviour. We use the result of
section 5.6.1 to construct bases for zero-diagonal trivially zero-mean, intrinsically zero-
mean and conserved quantities modulo B. With reference to Theorem 5.15, n; = 1
and ng = 2. The dimension of zero-diagonal trivially zero-mean quantities modulo B is
(2n; — 1)(2n2 — 1) = 3, the dimension of zero-diagonal conserved quantities modulo B

is 2n1 = 2 and the dimension of zero-diagonal intrinsically zero-mean quantities modulo

9B is 2no — 1 = 3. Using the result of section 5.6.1,
0 (€ +mn?
(C+m¢® 0

712—{

Iy = 0 (n—1] 0 -y 0 7=
(=1 0 [|"[¢=¢n 0 || 3=y 0

(312 = {RG(M), Im(M)}

0 ¢+n
¢+n 0

0 (C+mn
(C+n)¢ 0

Y

where
A 0 (C+5) =)0 +4)
(n+5)(¢ = )¢ +4) 0
This implies that
_ n? +4 B 0 —(n? +4)
612—{(07‘1'1) 40 () 2 4 4) 0 }

5.7 Lagrangian of an oscillatory behaviour

In this section, we give an interpretation for the set of stationary trajectories of the
Lagrangian of a high-order oscillatory system. For this interpretation, we make use of
Hamilton’s principle which states that the trajectories of a given system are stationary
for the Lagrangian of the system. In order to facilitate the interpretation, consider a
mechanical spring-mass system consisting of n springs with spring constants k1, ko, ...,
k., and n masses m1, mao, ..., m, interconnected to each other and to the wall as shown

in Figure 5.2.
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FIGURE 5.2: A spring-mass system

Assume that the springs and masses are constrained to move in a horizontal plane in a
particular direction. In this direction, let w; denote the horizontal displacement of the
™ mass. Assume that a force F acts on the n'" mass as shown in Figure 5.2. Define

wp := 0. The equations of motion for the system can be written as

d>w
mlWZ‘n + kp(wp, — wp_1) = F (5.19)
d*w;
ki+1(wi+1 - wl) - k:,(wz - ’wifl) == mldTQZ (520)
fori=1,...,n — 1. Putting i = 1 in equation (5.20), we obtain
d>w
kg(wg — wl) - k1w1 = mlﬁ (5.21)

Define

f2(8) = " £2+—+1

From equation (5.21), we obtain ws = fg(%) . From equation (5.20), it follows that
we can obtain f; € R[] such that w; = (di) for i = 3,...,n by recursively using the

following equations
i& + ki — ki
() = (MEIEEE) g - (2

where f1(¢) := 1. Now from equation (5.19), it follows that F' = r(%)w;, where

>f1 1(8)

747

r(€) == (m1§2 + kn) fn(€) = knfn-1(§)

Let B denote a behaviour whose external variables are w,, and F. Define /() := f, ().
Define

M(&) = col(r'(£), 7(€))

It is easy to see that an image representation for B is

Wn,

I w1 (5.22)

(5)

Since the kinetic and potential energies of the system are quadratic functionals in w;

and d;’f, 1 =1,...,n, and since w; = fi(%)wl for i = 2,...,n, it follows that there
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exist F, K., P. € Rg[(,n] such that Qg(w1), Qk,.(w1) and Qp, (w;) are the total energy,

kinetic and potential energies for the system.

It is easy to see that
E(¢,n) = Ke(¢,n) + Fe(¢,m)

Define
L(Cvn) = Ke(ga’r/) - Pe(Ca 77)

Since power delivered to the system is F dd%, we have

%QE(U)I) = <"”(jt)w1> (irl(jt)wl)

This implies that

P(Gn) 1= (¢ +m)B(Gm) = 5 (r(Qmr(n) + ¢ (Q)r() (52

Also observe that since Qp(wi) represents the total energy of the system, Qg (wy) > 0,
and if Qg(w1) = 0, then w; = 0. Consequently, Qg > 0. Define

d

%51 = {61 S Q:OO(R,R) ’ M(%)gl = col(wn,O) S %}
d

By, = {l2 € CR,R) | M()lz = col(0, F) € B}

Observe that B, = ker(r(%)) and By, = ker(r'(%)). From equation (5.23), it follows
that Qg is a conserved quantity for both 9B,, and B,,. Since Qg > 0, it follows that both
By, and By, are oscillatory and @ is an energy function for both the behaviours. Since
0P (&) = 0, it follows that either r and 7’ are both even or both odd. If 7’ is odd, then
r” defined by (&) := &r'(€) is not oscillatory, which implies that there cannot exist a
conserved quantity for B’ := ker (r” (%)) that is positive. But Qg is both conserved and
positive along %’ which is a contradiction. Hence it follows that r and 7’ are both even.
Let £jwo,...,*jw,—1 be the characteristic frequencies of B,,. For p = 0,...,n — 1,
define v, (§) : &) From Lemma 4.8, it follows that 7’ is of the form

= €2+w% .

n—1
(&) = cuy(€)
=0

where ¢, € Rt for p=10,...,n— 1.

Observe that By, is the scalar autonomous behaviour whose external variable ¢; is such
that 7/ (%)81 is the position of the n'" mass of the original mechanical system, when
the force I’ acting on the mass is put equal to zero. This is shown in Figure 5.3. Also
observe that B, is the scalar autonomous behaviour whose external variable /5 is such

that r( %)EQ is the force acting on the n'" mass of the original mechanical system, which
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is required to keep the n'" mass stationary, with the other masses not necessarily being

stationary. This is shown in Figure 5.4.

wy w2 Wn,

my Mo My,

F1GURE 5.3: Autonomous mechanical system with F' =0

w1 wo

L wy, =0

20 1 1 g . I S S S W G S W, CE N
k1 ) F

FIGURE 5.4: Autonomous mechanical system with w,, = 0

Observe that By, is a complementary oscillatory behaviour of By,. It is easy to see
that the two-variable polynomials K.(¢,7n), P.(¢,n), E((,n) and L((,n) respectively
induce the kinetic energy, potential energy, total energy and the Lagrangian for both
the behaviors ®B,, and By,. From Hamilton’s principle, it follows that B, and B, are
both contained in the set of stationary trajectories with respect to Q. This implies
that dL(&) is divisible by r(&)r'(€).

Thus the set of stationary trajectories with respect to the difference between the kinetic
and potential energies of the original mechanical system consists of trajectories belonging
to two oscillatory behaviours. One of these consists of trajectories wi of the autonomous
system obtained from the original system by putting F' = 0. The other behaviour
corresponds to trajectories wy of the original system, such that w, is constrained to be
equal to zero. Using the expressions obtained for kinetic and potential energies of a
scalar oscillatory behaviour obtained in section 4.2 of chapter 4, we now show that the
set of stationary trajectories of a Lagrangian of a given scalar oscillatory behaviour is
the direct sum of the given behaviour and a complementary oscillatory behaviour of the

given behaviour.

Consider a scalar oscillatory behaviour B = ker(r(%)), where r(¢) = 10 (€2 + W)

and wg < wy < -+ < wp—1. Let V(%) be the modal polynomial operator of 98 and let
v; € R[¢] denote the (i + 1)™ component of V. Define Q := diag(wo,w1,...,wn—1). Let
C be a diagonal real matrix with nonzero diagonal entries of size n. Let ¢; denote the
(i + 1)™ diagonal element of C. From the result of Chapter 4, recall that the general
expression for the two-variable polynomial inducing an energy function for B is given
by

E(¢,m) = ¢nV ()T C*V (n) + V()T C*Q*V (1) (5.24)
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It can be verified that
n—1 n—1
C+mMEC) =r(On_ cupn) +¢> Gun(Q)r(n)
i=0 i=0

Define 7/(£) := Y20 c2vp(€). Observe that B’ := ker(r'(4)) is a complementary os-
cillatory behaviour of 8. It was also shown in section 4.2 that we can interpret Qp,
and Q g, as the kinetic and potential energy components respectively for a given energy

function Qg, where E is given by equation (5.24), and

K.(¢m) = (v(Q)"C*V(n)
Pe(¢m) = V(QOTC*Q*V ()

Corresponding to the energy function ()g, the two-variable polynomial associated with

the Lagrangian which is the difference between kinetic and potential energy is

i
L

L(¢,m) =V (Q)"C*V(n) = V(O)TC*Q*V () =Y cZop(Qvp(n)((n — wi)

3
I
o

It is a matter of straightforward verification to see that

n—1
OL(E) = —1(£) Y cZvp(§)
p=0

Observe that if B, := ker((‘)L(%)), then B; = B’ @ B. Recall from Proposition 3.17 of
chapter 3 that w € €>*(R,R") is a stationary trajectory of a QDF Qg (P € R¥*¥[(,7])
iff w satisfies the differential equation 8@(%)11) = 0. Hence it follows that the set of
stationary trajectories of a Lagrangian of a scalar oscillatory behaviour is the direct
sum of the given behaviour and a complementary oscillatory behaviour of the given

behaviour.

5.8 Generalized Lagrangians

Motivated by the discussion of stationary trajectories of a Lagrangian of a high-order
oscillatory behaviour in the previous section, we now introduce the notion of “general-
ized Lagrangian” as a QDF whose stationary trajectories include a given autonomous
behaviour. In this way, we make contact with the point of view adopted in classical
mechanics, where Hamilton’s principle states that the system trajectories are stationary

for the Lagrangian.

The starting point of our investigation is the following definition.
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Definition 5.16. A generalized Lagrangian for an autonomous behaviour 8 = ker(R(%))
(R € R"™V[¢], det(R) # 0) is a QDF induced by an R-canonical A € R¥*V[(,n], such that
OA(§) # 0 and B is a subspace of the behaviour Bs = ker(E)A(%))

With respect to the above definition, observe that B is the space of stationary trajec-
tories with respect to @Qa. Hence Qa is a generalized Lagrangian for an autonomous
behaviour B = ker(R(%)), if A is R-canonical and B is a subspace of the space of

stationary trajectories with respect to Q.

We now proceed to give an algebraic characterization of generalized Lagrangians. In the
following, we prove that for a generic oscillatory behaviour, a generalized Lagrangian is

a zero-mean quantity that is not trivially zero-mean.

Theorem 5.17. Let B = ker(R(%)) be an oscillatory behaviour such that det(R) has
distinct roots, none of which is equal to zero. Let R = UAV be a Smith form decompo-
sition of R. Define Ry := AV . A two-variable symmetric polynomial A((,n) induces a
generalized Lagrangian for B if and only if it is of the form

A(¢,m) = @(¢,m) +O(¢,n) (5.25)

where ® # 0 induces an intrinsically zero-mean quantity and ©((,n) induces a trivially

zero-mean quantity over B, and ® and © are Ry-canonical.

Proof. (If) Denote dim(8) = 2n. Let
b =0agPy+a1P1+... +an_ 19,1

and
O =001 +b09 + ...+ b(2n2—n)®(2n2—n)

where for i =0,....,n—1and j =1,...,2n°> — n, a; € R, b; € R, and ®; and ©; are
the basis elements of the two-variable polynomials inducing intrinsically and trivially
zero-mean quantities as in equations (5.12) and (5.14) of Theorem 5.14. Observe that
since ® # 0, at least one of the coefficients a; is not equal to zero. It follows from the
algebraic characterization of Theorem 5.14 that w € ker (8A(%)) if and only if

n—1 i
2N\ g d d d

Observe that any trajectory of B satisfies equation (5.26). It follows that B is a subspace
of the space of stationary trajectories of the QDF @ and consequently A((,7n) induces

a generalized Lagrangian for B.
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(Only If) Since any QDF can be written as a linear combination of conserved, trivially

zero-mean and intrinsically zero-mean quantities, it follows that
A=clo+...+cp_1lpn_1+apPo+... +apn-1Pp_1 + 0101+ ... + b(2n2fn)@(2n27n)

where for i =0,...,n—1land k=1,...,2n% —n, ¢, a;, by € R, ®; and O}, are the basis
elements of the two-variable polynomials inducing intrinsically and trivially zero-mean
quantities as in equations (5.12) and (5.14) of Theorem 5.14 and the set {I'g,...,I'n_1}
is as in equation (5.13) of Theorem 5.14. We aim to prove that all the coefficients ¢; are
zero. In order to do this, we apply the map O to the expression above. Observe that 0 is
linear; now applying 0 to the two-variable polynomial matrices ©; inducing the trivially

zero-mean functionals yields zero. Also, observe that

n—1 n—1
0 (Zcp) (©) =23 ale)V (-6 FAEV(E)
=0 1=0

We now consider the result of the application of 9 to ?;01 ¢;I';. Observe that

(OT3) (&) = lim V<—5>T<A<—€>F172"*_1 — FAm)E+HV (n)
e n—¢

Using the formula of L’Hopital we conclude that

(O3)(§) = €2V (=) {(2i + DA F — FEA' ()} V(€)

where

1oy . GA(S)
A =
From these computations we conclude that
n—1 n—1
ON(E) =V(=&)T (Z G [(2i+ DAGF — FEN(©)] +2) ai§2iFA(€)> V(¢)
i=0 i=0

We now prove that in order for ker (8/\(%)) to contain B it must be true that ¢; = 0

fori=0....,n—1.

Observe that the only nonzero term in

n-1 n—1
D€ [(2i + DAEGF — FEA(©)] +2)  aitFA(S)
=0 i=0

is the last diagonal element, which equals

n—1 n—1
3 e [(21’ T 1)8(e) - gdi;f)] 123" weds,(6)
=0

=0
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where 4, is the last entry of A. Now define w’ := V(4)w and &) := ‘fj—%’, and observe

that )
n d2@+1 d ,
o= an () w= 3 exgamr (4 () )

Observe that in order for this expression to be zero, it must be true that » ;" !ty (&)

is divisible by 64(§). Now write & (&) = [ €+ w?), and consequently d,(§) =
28> 0 (1] 5‘; Jii Now consider that

3a(€) )
w2
k

2t ) g )| 0 0O o (N ) (S0 0
<Z i€ ) u(§) =2 (Z it ) 2wl 28 <Z i€ Z) (Z 2
i=0 i=0 k=0 k i=0 k=0

If this polynomial were divisible by d,, it would annihilate on +jw,, p = 0,...,n — 1.
It is easy to see that in order for this to be true, the polynomial E”_Ol ¢;€% must have
roots in each of those points. Since deg(} ;" 01521) = 2n — 2, this is possible if and only
iy, ! ;62 = 0, which yields ¢; =0 for i = 0,...,n — 1.

Observe also that if a; = 0 for i = 0,1,...,n — 1, then JA({) = 0 which implies that
A(¢,n) does not induce a generalized Lagrangian. From this observation it follows that

at least one of the coefficients a; is nonzero. This concludes the proof. m
The following corollary is a straightforward consequence of the above Proposition.

Corollary 5.18. For a generic oscillatory behaviour, the sets of nontrivial zero-mean

quantities and generalized Lagrangians are the same.

Example 5.1 revisited: We reconsider the example of the oscillatory mechanical sys-
tem considered in the beginning of this chapter. For this example, we show the con-
struction of the bases of trivially and intrinsically zero-mean quantities and also show
the relation between the Lagrangian and the basis elements of the zero-mean quantities.

With reference to this example, define

kiko
mims

ro =

btk |k
meo ma

To (=

In this case, n = 2. It follows from Proposition 5.11 that we can construct two linearly

independent intrinsically zero-mean quantities. Equation (5.8) yields
o(¢,m) = 2ro +72(¢ +177) — (¢ + )

©1(¢,m) = ro(C* +n*) + 2r2®n® — 2¢%9°
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The space of trivially zero-mean quantities in this case has dimension equal to 6. A

basis for this space can be computed from Proposition 5.10:

01(¢,;m) = 2(¢+n)
02(C;m) = 2(¢+n)¢n
03(¢m) = (C+n)?
04(¢m) = (C+m(C+n%)
05(¢;n) = 2(¢+n)¢Pn”
O5(Cm) = (C+n)*Cn

As in Example 5.1, assume that m; = mo = 1, k1 = 2 and ky = 3. It was shown in
Example 5.1 that the two-variable polynomial A corresponding to the Lagrangian for

the system can be written as

A(¢,n) = é[C?’n?’ — 50" 4+ 2(¢n° + ) — 6(¢% + ) + 8¢y — 12]

In this case, it can be verified that

A ) = ¢186(C,m) +405(C,m) — 90(Gm) — 3a(C)]

which is of the form of a generalized Lagrangian mentioned in Theorem 5.17.

Remark 5.19. Theorem 5.17 is not in general true for the case of nongeneric oscillatory
behaviours. We now provide an example of a nongeneric oscillatory behaviour and an
intrinsically zero-mean quantity for this behaviour which is not a generalized Lagrangian.
Consider the nongeneric oscillatory behaviour of Example 5.3, i.e 8 = ker (R(%)), with
&Z+1 0

BO=1"0  (@sne s

We showed in Example 5.3, that

w(c,m—[ 0 C””]

(n—1 0
induces an intrinsically zero-mean quantity for 8. Observe that

0 —(&2+1)

V() = [_(§2+1) 0

Consider a trajectory col(wy,ws) € B. We have 7’2(%)71}2 = 0, where ro(&) := (€2 +
1)(€%2 +4). Define r1(€) := (€2 +1). Now rl(%)wg is not necessarily equal to zero. This
implies that B is not a subspace of B, = ker (8111(%)). Hence for the case of a nongeneric

oscillatory behaviour, it is not true that a QDF Q4 is a generalized Lagrangian iff it is
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of the form

Qr = Qs + Qo

where Qg # 0 is an intrinsically zero-mean quantity and Qg is a trivially zero-mean

quantity.

5.9 Zero-mean quantities for autonomous systems

In the remaining part of this chapter, we study the space of zero-mean quantities for
autonomous systems, define the notion of single-frequency zero-mean quantities that was
briefly touched upon in the introductory section of this chapter, and study its relation

with the set of generalized Lagrangians for an oscillatory behaviour.

In this section, we study the space of zero-mean quantities for autonomous systems.
In the following proposition, we show that along any trajectory of an autonomous be-

haviour, a zero-mean quantity is a linear combination of sinusoids.

Proposition 5.20. Let A C C denote the set of all the distinct characteristic frequencies
of an autonomous behaviour 5. Let D; denote the i™ element of set Ax A. Let H denote

th element

the set consisting of the same number of elements as the set Ax A, and whose i
H; is given by

H; ={dy +dz | (di1,d2) = D;}

Let G be the subset of H consisting of all its distinct purely imaginary elements that have
positive imaginary parts. A QDF Qg is zero-mean for B iff for any trajectory w € B,
Qo (w) is of the form

N
Qa(w)(t) = (bicos(wit) + ¢ sin(wit)) (5.27)
i=1
where N is equal to the number of elements of the set G, fori = 1,...,N, b;, ¢; are

arbitrary real numbers and jw; is the i'™" element of the set G.
Proof. (If): Since w; # 0 for : = 1,..., N, observe that
T
lim / (b; cos(w;t) + ¢; sin(w;t))dt =0

This implies that Q¢ is a zero-mean quantity for 8.

(Only If): Let R, V and B’ be related to B as in the proof of Theorem 4.15 of chapter 4.
Also let @ and @' be as in the proof of Theorem 4.15. Let w and w’ be two trajectories
that are related by the equation w’ = V(%)w. Observe that

Qa(w) = Qu(w')
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Let 6; (i =1,...,w) be the i*" invariant polynomial of R. Define B; := ker(csi(%)) for
i=1,...,w. Let ®(¢,n) = M(Q)TEM(n) (X € RP*P, M € RP*¥[¢]) be a symmetric
canonical factorization of ®'. Let My, € R[¢] be the entry in the (k,7) position of M.
Then for any trajectory w’' € B’,

d, , g A
M(a)w = col,_, (; My <dt> wi>

where w) is the i™ component of w'. Observe that w, € B, and Mki(%)wg € B; for all
i€{l,...,w},and k € {1,...,p}. Denote with q the positive inertia of ®. Then

q . p 2 2
Qa(w) = Qu(w') = ( My (= w;> ( My, ) (5.28)
o) = Qu(w) =33 « (%) z >t ()

Let \jrx € C, k = 1,...,m;, be the distinct roots of §; of multiplicity n;z. Then from
Proposition 2.21 of chapter 2, it follows that any trajectory w} € 9B; is of the form

my T‘Lik—l B
w;(t) = Z Z tH(rage "t + ettt (5.29)
k=1 1=0
where r;; are arbitrary complex numbers for £ = 1,...,m; and i = 1,...,w. For any

trajectory w; € 9B;, since Mki(%)w; € B;, from equations (5.28) and (5.29), it follows
that Qg (w) is of the form

Qa(w)(t) = Z ZZ Z t (aipapeE A L Gy gePiktran)t) (5.30)

where a;rqp are arbitrary complex numbers for i, € {1,...,w}, k € {1,...,m;} and
B € {1,...,mq}. Observe that in the right hand side of equation (5.30), (Aix, Aag) €
A x A. Now assume that Qg is a zero-mean quantity for 8. Then from Definition 3.19,
it follows that

w m; Mmea Nik+tNap— -2

.1 T _
S35 % m g [ e e ) <0 (53

i,a=1 k=1 =1 =0

For the limit in the left hand side of equation (5.31) to exist, observe that for each term
within the summation in the right hand side of equation (5.30), [ should be equal to 0,
and (A\jx + Aq) should be purely imaginary. This implies that

N

Qa(w)(t) = C+ > (bicos(wit) + ¢; sin(w;t))

=1
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where C' € R, N is a positive finite integer and

{jwl,jWQ, . ,ij} = G

Since

1 T

C = 0. This concludes the proof. m

We now show that for some autonomous scalar behaviours, every zero-mean quantity is

a generalized Lagrangian.

Lemma 5.21. Consider an autonomous behaviour B = ker(r(%)), where 1 € R[] is
even. Every zero-mean quantity for B induced by an r-canonical polynomial that is not

trivially zero-mean, is a generalized Lagrangian.

Proof. Let n denote the degree of r. Let A, H and G be as defined in the statement of
Proposition 5.20. Assume without loss of generality that the set G is given by

G = {jwl,jUJQ, . ,ij}

Assume that z € R[(, ] is r-canonical and induces a zero-mean quantity for B that is
not trivially zero-mean and w is a nonzero trajectory of 2%6. From Proposition 5.20, it
follows that

N
Qx(w) =Y (Qx + Qz)(w) (5.32)
i=1
where, fori=1,..., N,
Q.. (w)(t) = a;e?“t, (5.33)

a; € C, and z; € C[(,n] is r-canonical. Differentiating both sides of equation (5.33), we
get

d .
%in (w)(t) = ajjwie’*

This implies that
d

dt

In terms of the two-variable polynomial corresponding to (),,, the above equation is

B .
in = JWZQZZ

equivalent with

(C+m)zi(C,m) = () f1i(¢,n) +r(n) fri(n, ¢) + jwizi(C,m)

C+n—jwi

= Zz(Cﬂ?) = :
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for some fi; € C[(,n]. Write f1;(¢,n) = Z]kvzlo ;\fo birC'n®, where by, € C. Tt is easy

to see that since z; is r-canonical, No = 0 and Ny = n — 1. Thus

() fi(n) +r(n)fi(C)
C+n—jwi

where f;(n) = f1i(¢,n). Hence

(5.34)

s (6) = r(g) (HELEL)

—Jw;

is divisible by r(£). From equation (5.32), it follows that

N
Z(Ca 77) = Z(ZZ(Cv 77) + 2i(€7 77))
i=1
Consequently,
N
02(€) = Y (9z:(€) + 02:(¢))
i=1

From equation (5.34), it follows that the right hand side of the above equation is divisible
by r(£). Since @, is not trivially zero-mean, 9z(&) # 0. From Definition 5.16, conclude
that @, is a generalized Lagrangian for B or that every nontrivial zero-mean quantity

induced by an r-canonical polynomial is a generalized Lagrangian for 5. m

We know from Corollary 5.18 that for a scalar oscillatory behaviour, the sets of nontriv-
ial zero-mean quantities and generalized Lagrangians are the same which implies that
every generalized Lagrangian is a non-trivial zero-mean quantity. However in general,
the converse of Proposition 5.21 is not true. For example, consider the autonomous
behaviour B = ker(r(%)), where r(¢) = €2 — 1. Now consider the QDF Qg, where
®(¢,n) = ¢(n+ 1. It is easy to see that Q¢ is a generalized Lagrangian for B as @
is r-canonical and O®(§) = —¢€2 + 1 is divisible by r(¢). However Qg is not a zero-
mean quantity for B, as for any trajectory w € 9B, where w(t) = ae! + be™!, a,b € R,
Qa(w)(t) = 2(a?e® + b%2e2!) is not of the form mentioned in equation (5.27) in Propo-
sition 5.20.

5.10 Single- and mixed-frequency zero-mean quantities

We now divide the space of zero-mean quantities for an autonomous behaviour into two
complementary subspaces, namely the space of single-frequency zero-mean quantities
and the space of mixed-frequency zero-mean quantities. Later on in this section, we
will discuss a property linking single-frequency zero-mean quantities and generalized
Lagrangians for a scalar oscillatory behaviour. Below we define both single-frequency

and mixed-frequency zero-mean quantities.
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Definition 5.22 (Single-frequency zero-mean quantity). Let \;, i = 1,...,n denote the
distinct characteristic frequencies of a given autonomous behaviour B € LY with nonzero
imaginary parts Im(\;). A zero-mean quantity Q, for B is called a single-frequency

zero-mean quantity if for every nonzero trajectory w € 8,

n

Qz(w)(t) — Z |:ai€2jfm(>\i)t 4 C—lie—Qj[m()\i)t (535)
=1

where a; € C fori=1,...,n.

Definition 5.23 (Mixed-frequency zero-mean quantity). Let A\;, i = 1,...,n denote the
distinct characteristic frequencies of a given autonomous behaviour B € LY with nonzero
imaginary parts Im(X\;). A zero-mean quantity Q. for B is called a mixed-frequency
zero-mean quantity if for every nonzero trajectory w € 8,
ik, i E— A
Qu(w)(t) = Y [baed AN e ImO AN (5.36)
i,ke{l,...,n}

where by, € C for ik € {1,...,n}, such that i # k and \; + \x # 0.

We now give an example of a single-frequency zero-mean quantity.

Example 5.4. Now consider a scalar oscillatory behaviour B8 = ker (r(%)), where r(&) =
]_[;L:_Ol(f2 + w?). Define v, (€) = 5;52127 In section 5.7, we showed that the two-variable
polynomial associated with the Lagrangian of the system is
n—1
L(¢m) =Y cavp(Ovp(n)(Cn — w)
p=0
where ¢, € RY forp =0,...,n—1. We now show that @, is a single frequency zero-mean

quantity. In other words, we prove that the Lagrangian of a scalar oscillatory system is

always a single-frequency zero-mean quantity. Any trajectory w € B is of the form

n—1

w(t) =Y (kpe?r + kpe 790"
p=0

d ' B ‘
= Up(%)w(t) = vp(jwp)[kpejwpt + kpefjwpt]
where k, € C for p=0,...,n — 1. Hence

d d .. d ; = iw . . iw T
%Up(*)w(t) = ”p(]wp)a(k’pewpt + kpe 70t = jupuy(jwp) [kpe? Pt — kpe "

dt
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From these, the expressions for Qr(w(t)) can be written as follows
Q _ _2262 2 2 ]Wp kQ 2jwpt —|—k2 2jwpt)

which is of the form mentioned in equation (5.35). Hence L((,7n) induces a single-

frequency zero-mean quantity.

From equations (5.35) and (5.36), it is easy to see that any linear combination of single-
frequency zero-mean quantities is a single-frequency zero-mean quantity and any linear
combination of mixed-frequency zero-mean quantities is a mixed frequency zero-mean
quantity. Hence the spaces of single and mixed frequency zero-mean quantities are linear
subspaces of the space of zero-mean quantities. In the next lemma, we prove that the

space of zero-mean quantities is the direct sum of these two subspaces.

Lemma 5.24. Let S and M denote the spaces of single and mized frequency zero-mean
quantities for an autonomous behaviour B € L¥. Let Z denote the space of zero-mean
quantities for B. Then Z =S & M.

Proof. Let A denote the set of all the distinct characteristic frequencies of 5. Let
D C (A x A) denote the set of all ordered pairs (dy,ds) in A x A for which dy 4 ds is
nonzero and purely imaginary. Let S C D denote the set of all ordered pairs (si,s2)
in D for which s; and sy have the same imaginary parts, i.e, Im(s1) = Im(sz). Define
M = D\S. Let S; denote the i*" element of S. Let S be a set consisting of the same

sth

number of elements as S, and whose i** element Sy; is given by

S1i = {s1+s2 | (s1,52) = Si}

Note that the imaginary part of each element of S is equal to twice the imaginary part
of a characteristic frequency of 9B. Let M; denote the i*" element of M. Let M; be a set

consisting of the same number of elements as M, and whose ¢*® element My; is given by
My = {m1+ma | (m1,m2) = M;}

Note that the imaginary part of each element of M; is equal to the sum of imaginary

parts of two distinct characteristic frequencies of 9.

Let Ns; and N, denote the number of elements in the set S and M respectively. For
1=1,...,Ng, let ja; denote the i** element of S; and for i = 1,..., N,,, let j3; denote
the ¢ element of the set M7. From Proposition 5.20, it follows that if ), is any zero-

mean quantity for 8 and w is a nonzero trajectory of 9B, then

Q:(w) = Qz () + Q2 (w)
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where
N

Qur(w)(1) = 3 (ie?™" + e

i=1

and
Nm

Qz(w)(t) =) (b 4 bye ™7

k=1
where a; e Cfori=1,...,Ngsand b € Cfor k=1,..., Np,. Since for i = 1,..., Ng, o
is equal to twice the imaginary part of a characteristic frequency of %, from Definition
5.22, it follows that ()., is a single-frequency zero-mean quantity for 9%5. Since for
i=1,..., Ny, B; is equal to the sum of imaginary parts of two distinct characteristic
frequencies of B, from Definition 5.23, it follows that @) ., is a mixed-frequency zero-mean

quantity for 9B.

From definitions 5.22 and 5.23, it is easy to see that no single-frequency zero-mean quan-
tity can be obtained by a linear combination of mixed-frequency zero-mean quantities
and no mixed-frequency zero-mean quantity can be obtained by a linear combination of
single-frequency zero-mean quantities. Hence the spaces of single-frequency and mixed-
frequency zero-mean quantities are complementary to each other. For given z and w,
the parameters a; for i = 1,..., N, and b for k£ = 1,..., N, are unique. Hence the

proof. m

We now give a result that links single-frequency zero-mean quantities and generalized

Lagrangians for a scalar oscillatory behaviour.

Theorem 5.25. Let L denote the set of generalized Lagrangians for an oscillatory be-
haviour B € L'. Consider an equivalence relation in L defined by Qo ~ Qo iff

61(¢,m) — d2(¢,m) = (¢ + n)w(¢,n) for some v € R[(,n]. In every equivalence class
under ~, there exists a single-frequency zero-mean quantity for B.

Proof. We consider two cases, namely the one in which 28 does not have a characteristic

frequency at 0, and the one in which % has a characteristic frequency at 0.

Case 1: B does not have a characteristic frequency at 0. Let 2n denote the dimen-

sion of B. Without loss of generality, we can assume that B = ker(r(%)) is a kernel

representation of %8, with

r(€) = (4w +wl) ... (€ +wi )

and w; € RT being distinct for i = 0,...,n — 1. Define r;(¢) := (€2 + w?), B; =

ker(ri(%)) and v;(§) := 7:_((?). Define

2(¢,n) = ci(Cn — w?)
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where ¢; € R for ¢ =0,...,n — 1. Observe that for any trajectory w; € 98; of the form
w;(t) = a;e? + a;e I,
where a; € C, we have
Q1 (wi(t)) = —2ciw7 (af X + aje” )

From Definition 5.22, it follows that QZ; is a single-frequency zero-mean quantity for
B;. Define ¢;(¢,n) = vi(¢)vi(n)z;({,n). We now prove that Qg, is a single frequency

zero-mean quantity for 2. Observe that any trajectory w € 9B can be written as

w(t) = wi(t) + wi(t)

where w} € ker(vi(%)) and w; € B;. We have

Q)0 =@y (1 (5 ) w) 0= s (w (5 ) ) 0

It is easy to see that vi(%)wi € B;. We know that Q/(w;) is of the form
Q. (wi)(t) = bie " 4 bye= 2Tt (5.37)

where b; € C for i = 0,...,n — 1. Since vi(%)wi € ‘B;, ng(vi(%)wi)(t) also has the
same form as the right hand side of equation (5.37). This implies that Qg, is a single-
frequency zero-mean quantity for 8. It is easy to see that Qg = Z?;Ol Qg, is a single

frequency zero-mean quantity for 9. Also observe that

n—1

Zsz ¢m) =Y ui(Qui(m)=i(¢,m)

=0

This implies that

n—1 n—1
0B(¢) = Y ui(©)®021(&) =D (O +w))
1=0 1=0

n—

—_

= (&) civi(§)
i=0
Since for i = 0,...,n — 1, v;(§) are linearly independent polynomials of degree 2n — 2,

fe(&) := Z?:_Dl ¢;ivi(§) spans the entire space of even polynomials of degree less than or

equal to 2n — 2.
Now consider a generalized Lagrangian for B induced by A € R,[(, n]. Define

IA(E)

"=
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Since A is symmetric, A((,n) = A(n,{). This implies that OA(£) is even. Since A
is r-canonical, r(¢)"1A(¢,n)r(n)~t is strictly proper. This implies that 71 (&)r(—¢)~!
is strictly proper. Since the sum of degrees of the polynomials » and r; is even, the
difference deg(r)-deg(r1) is at least 2. Since OA(E) = r(§)r1(€) is even, r1(&) is also even
and of maximum degree 2n—2. Observe that there is a one-one correspondence between
r1 and the equivalence classes under ~. Since the space of single frequency zero-mean

quantities Qg for B is such that (S) spans the entire space of even polynomials of

degree less than or equal to 2n — 2, there exists a single-frequency zero-mean quantity

in every equivalence class under ~. This concludes the proof for Case 1.

Case 2: B has a characteristic frequency at 0. In this case, without loss of generality,

it can be assumed that B = ker (r(%)) is a kernel representation of 9B, with

r(€) =&+ i) (@ +w) .. (E+wliy)

and w; € R being distinct for i = 0,...,n — 1. Define r;(¢) := (&2 + w?), B; =
ker(r;(4)) and v;(€) := 6:52) Let Q.; (#; € R[(,7]) be a single-frequency zero-mean
quantity for B; as in Case 1. Define ¢;(¢,n) := ¢nvi({)vi(n)zi(¢,n). We now prove that

@y, is a single frequency zero-mean quantity for 8. Observe that any trajectory w € B

can be written as
w(t) = wi(t) + wi(t) + ¢

where ¢ € R, w) € ker(vi(ﬁ)) and w; € B;. We have

w0 =0 (u(5) () 0= (w(5) (5)) ©

It is easy to see that v;(4)(%:) € %;. From Definition 5.22, it follows that

Qs (wi)(t) = bie " 4 bye= 21 (5.38)

where b; € C for : = 0,...,n — 1. Since Ui(%)(dwl) €%, Qu (Ul(dt)(d;;’))(t) also has
the same form as the right hand side of equation (5.38). This implies that Qg, is a

single-frequency zero-mean quantity for 8. As in the proof for Case 1, take

2(¢n) = ¢i(Cn — w?)

where ¢; € R for i = 0,...,n — 1. Define ®(¢,n) == Y7~ o ®i(¢,m). It is easy to see that

Qs is a single-frequency zero-mean quantity for 8. Now observe that

Z Cni(€)wi(n)24(¢, m)
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This implies that

n—1 n—1
0(€) = D ui(€)*02)(€) = = ) il () + i)
=0 =0
n—1
= =)D cwil§)
=0
Since for i = 0,...,n — 1, v;(§) are linearly independent polynomials of degree 2n — 2,

fe(&) = Z?:_Ol ¢;v;(€) spans the entire space of even polynomials of degree less than or

equal to 2n — 2.

Now consider a generalized Lagrangian for 8 induced by A € R4[(,n]. Define

NG
r(©)

Since A is symmetric, A({,n) = A(n,{). This implies that OA(£) is even. Since A
-1

r1(§) :

is r-canonical, r(¢)"'A(¢,n)r(n)~t is strictly proper. This implies that 71 (£)r(—£)
is strictly proper. Since the sum of degrees of the polynomials r and r; is even, the
difference deg(r)-deg(r1) is at least 2. Since OA(E) = r(§)r1(§) is even, 1 (§) is odd and

—”ég). Observe that 7o is even of maximum

of maximum degree 2n — 1. Define r9(&) :=
degree 2n — 2 and there is a one-one correspondence between ro and the equivalence

classes of ~. Since the space of single frequency zero-mean quantities Q¢ for B is such

that zg’((é)) spans the entire space of even polynomials of degree less than or equal to
2n — 2, there exists a single-frequency zero-mean quantity in every equivalence class of

~. This concludes the proof for Case 2. m

One interpretation of the above theorem is that given a scalar oscillatory behaviour B =
ker (r(%)), and another scalar behaviour 81 = ker(r’(%)), with /(&) = r1(&)r(§) being
even and deg(r)— deg(r1) > 2, we can always find a single-frequency zero-mean quantity

for 2B such that the set of its stationary trajectories is equal to 9B;.

5.11 Summary

In this chapter, we have studied the space of QDFs modulo an oscillatory behaviour
and then studied in detail its decomposition into the spaces of conserved and zero-mean
quantities. We have then given a method of construction of bases of conserved, trivially
zero-mean and intrinsically zero-mean quantities for oscillatory behaviours. Next, we
have given an interpretation for the space of stationary trajectories of the Lagrangian of
a scalar oscillatory behaviour with the help of an example of a mechanical spring-mass
system. We have then defined a generalized Lagrangian for an autonomous behaviour
as a QDF whose stationary trajectories include the given behaviour. It has been proved

that for a generic oscillatory behaviour, the sets of nontrivial zero-mean quantities and
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generalized Lagrangians are the same. We have showed that along any trajectory of
an autonomous behaviour, a zero-mean quantity is a linear combination of sinusoids.
Finally, we have defined single-frequency and mixed-frequency zero-mean quantities and
have given a result that links single-frequency zero-mean quantities and generalized

Lagrangians of a scalar oscillatory behaviour.



Chapter 6

Synthesis of positive QDF's and
interconnection of J-lossless

behaviours

6.1 Motivation and aim

Synthesis of electrical networks is a well studied topic (see Baher (1984), Karni (1966),
Anderson and Vongpanitlerd (1973), Belevitch (1968), Balabanian (1958), Newcomb
(1966), Chen (1964)). A typical problem of synthesis of an electrical network involves
construction of an electrical network consisting of resistors, capacitors, inductors and
transformers, that realizes a given transfer function. A fundamental result that was
proved by Brune (1931), is that synthesis using these components is possible if and only
if the given transfer function is positive real (see Definition B.18, Appendix B). Some
of the well known methods of synthesis are Cauer, Foster, Brune, Darlington, Miyata,
Bott-Duffin, etc. Of these, the first two are methods of synthesis of lossless positive real

transfer functions (see Definition B.19, Appendix B).

In this chapter, we are mainly concerned with the problem of synthesis of lossless positive
real transfer functions. Both Cauer and Foster methods which are the two most well-
known methods of synthesis of lossless positive real transfer functions, proceed in steps.
Fach of these steps involves extraction of a reactance component and simplification of
the given transfer function, in a sense that the degrees of the numerator and denominator
of some of the elements of the transfer function matrix get reduced. In other words,
in every step, what we obtain is a network which comprises of the extracted reactive
component connected either in series or parallel with another network, whose transfer
function is the simplified transfer function obtained in the given step. The simplified
transfer function matrix obtained in every step becomes the starting point for synthesis

in the next step. Figure 6.1 shows the i** step of a synthesis process. With reference to

113
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FIGURE 6.1: i'" step of a synthesis

this figure, G;, G;11 € R**(£) represent the given transfer function in the i** step and
simplified transfer function obtained in the i** step respectively, and X; represents the

reactance component extracted in the i*" step.

In lossless systems, since there is no dissipation, at each step of Cauer or Foster synthesis,
the total energy of the given system is the sum of the energy stored in the extracted
reactance component and the total energy of the network with the simplified transfer
function obtained in that step. Hence the problem of synthesis of a given transfer
function matrix can be viewed as that of synthesizing the total energy function of the
network, wherein we obtain a sequence of energy functions associated with every step of
the synthesis, each corresponding to the total energy of the network to be synthesized
in that particular step. It should be noted that the total energy of a network is positive
for all nonzero values of the external variables for the network, namely the voltage
across and current through it. With this as the point of view, we present an abstract
definition for synthesis of positive QDFs. We then show that synthesis of a lossless
positive real transfer function involves the synthesis of the total energy function of the
network corresponding to the given transfer function. The main aim of this chapter is to
give an abstract definition for synthesis of positive QDFs that encompasses Cauer and
Foster methods of synthesis. Later on in this chapter, we will show that this abstract
definition of synthesis also has applications in stability tests of autonomous behaviours.
We will also show that there is a close connection between the idea of displacement

structure, discussed in Kailath and Sayed (1995) and our abstract definition of synthesis.
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6.2 Synthesis of positive QDF's

We begin with the definition of diagonalization and synthesis of a positive QDF.

Definition 6.1 (Diagonalization of a positive QDF). A diagonalization of a positive
QDF Qs, (P € RX![C,n)) is a sequence of QDFs {Qa,, Qa,, - .., Qa,,}, such that,

1. Fori=0,...,m—1, ®;41 € RX¢, 0] and ,,(¢,n) =0

2. Fort1=0,...,m—1,
Qq)i 2 Q<1%‘+1 (6'1)

Definition 6.2 (Synthesis of a positive QDF). A synthesis of a positive QDF Qga,
(@9 € RIXU[C, 7)) is a sequence of QDFs {Qay, Qay, - -, Qu,, }, such that,

1. {Qa,,Qa,,...,Qa,,} is a diagonalization of Qa, .

2. For the sequence {Wy, Vy,..., U}, where ¥;(¢,n) := ((+n)®;(¢,n), the following
properties hold:

e n(V;) >n(V;11) >0 fori=0,...,m—2.

e fori=0,...,m—2, ¥, and V;41 have the same signature.

The first subitem under item 2 of Definition 6.2 says that the McMillan degree of W;
reduces as ¢ increases. This is analogous to saying that the given QDF Qg,,, at the
(i +1)™ step of synthesis is “simpler” than the QDF Qg, at the i*" step of synthesis in
the sense that the degree of the highest degree element of ®;, is less than that of ®,.
Later, we will show that equation (6.1) can be interpreted as an energy balance equation
at the "™ step of synthesis. The second subitem under item 2 of Definition 6.2 ensures

that the inertia of ¥; remains the same for any i.

In the next Lemma, we prove that item 2 of Definition 6.1 leads to a diagonalization of

the two-variable polynomial matrix corresponding to the QDF to be synthesized.
Lemma 6.3. Let {Qs,,Qa,,.-.,Qs, } be a synthesis of a given positive QDF Qg,
(®g € RXU¢C, ). Fori=0,...,m—1, define

QA»; = Q‘I’i - bei+1‘ (62)

Let D; € R**'¢] be such that Ai(C,nm) = Di(¢) " Di(n). Then fori = 0,...,m — 1,
Qao, > 0. Further, fori =10,...,m —1, Qa, > 0 if and only if co[’,?;il (Dk()\)) has full

column rank for all A € C.
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Proof. From equation (6.2), for i € {0,...,m — 1}, we have

Q‘i’z‘_Q@iH = QAi
Q¢i+1_Q¢i+2 = QAi+1

Qo,,_, —Qo,, = Qnr,_,

We have ®@,,,({,n) = 0. Adding the above equations, we get

m—1

Qa, = Y _ Qa,

k=i

Hence ®;(¢,n) = Bi(¢) " Bi(n), where

B; = coli’1(Dy)
Consequently Q¢, > 0 for ¢ = 0,...,m — 1. From Proposition 3.14, it follows that
Qa, > 0 iff colzz1 (Dk(X)) has full column rank for all A € C. m

Remark 6.4. It should be noted that there are several methods of diagonalization of
positive QDFs. For example, by Cholesky decomposition of the coefficient matrix of
a positive QDF Qg, (®o € RX![¢,7]), one can obtain a diagonalization of Qg,. How-
ever not all methods of diagonalization lead to synthesis of the given positive QDF.
For example, consider the two-variable polynomial ®¢(¢,n) = (?n? + (n + 1. It is easy
to see that Qg, > 0. Now consider the sequence of QDFs {Qs,,Qas,, Qa,}, where
®1(¢,n) = Cn+1, P3(¢,n) = 1, and ®3(¢,n) = 0. This sequence is obtained by a
diagonalization of ®y and is a diagonalization of QJ3,. However, it is not a synthesis of
Qa, according to Definition 6.2, because Wg and ¥y given by W (¢, n) := ((+n)Po(¢,n)
and Uq(¢,n) := (¢ + n)®1(¢,n) have different signatures.

Remark 6.5. Observe that synthesis of a QDF Qg leads to the diagonalization of the
coefficient matrix mat(®) of ®. Kailath and Sayed (1995) have showed that triangular
factorization of mat(®), which is one of the methods of diagonalization of mat(®),
also leads to synthesis of Q) under certain conditions. Specifically, in Lemma 7.6, p.
345, they show that if F' denotes a lower triangular matrix consisting of real entries, F}
denotes the submatrix obtained after deleting the first row and first column of F, and &,
denotes the first Schur complement of mat(®), then the matrices Fmat(®)+mat(®)F T,
and F; 1@51 —1—&)1F 1T have the same inertia and signature. Below we explain why this implies

that triangular factorization of mat(®) is a synthesis of Q¢ under certain conditions.

We first describe the procedure of triangular factorization of a real symmetric positive

definite matrix A. Let [y and dy denote the first column and the first diagonal entry of
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A. Assuming that dop # 0, it can be easily verified that A — lod,, 11(‘)r has its first column
and first row full of zeroes. The matrix obtained after deleting the first row and first
column of A — lpdy 1ZOT is called the first Schur complement of A. Denote this matrix
by Ai. The first step of triangular factorization of A involves finding the first Schur
complement of A. Let [; and d; denote the first column and the first diagonal entry of
Aj. Using l; and dy, the next step of triangular factorization of A involves finding the
first Schur complement of Ay, which will be referred to as the second Schur complement
of A. The 7*® step of this procedure corresponds to the computation of the i*" Schur

complement A; of A using the formula
diag(0, A;) = A;—1 — liad; 51,

where [;_1 and d;_; denote the first column and the first diagonal entry of A;_;. This
procedure is continued for n steps, where n is defined as the smallest index such that

A, = 0. Using this procedure, we obtain a triangular factorization of A as

A = lody 1y + col(0,1y)dy 'row(0,1] ) + col(0,0,12)dy 'row(0,0,15 ) + ... = LD7'LT
where D = diag(dy,ds,...,d,—1) and the nonzero parts of the columns of the lower
triangular matrix L are {lo,l1,...,l,—1}. The positive definiteness of A ensures that

di#£0fori=0,...,n— 1.

Now consider a positive QDF Qg, (® € RX![¢,7]), and let D € R**![¢] be such that
®o(¢,m) = D(C)TD(n). Let n denote the degree of the highest degree polynomial in D.
Then we can write ®o(¢,n) = X(¢)T®0X (1), where

X(é.) = COI(IZ7§IZ7§2Ila e 7€nIl)

and @ € Rﬁ”“”x(”“)l comprises of all the nonzero entries of the coefficient matrix of
® and some zero entries. Assume that ®q is positive definite. Then, we can carry out
a triangular factorization of ®y. Define m := (n + 1)l. Let {®, ®,,..., & |} denote
the set of Schur complements of ®;. For i = 1,...,m — 1, define ®; = diag(Oixi,Ci);).
Define ®,, := 0;,;. For i =0,...,m, define ®;(¢,n) = X({)"®; X (n). It is easy to see
that Qo, — Qo,,, >0 fore=0,...,m — 1.

For i = 0,...,m — 1, define ¥;(C,n) = (C + n)®;(¢,n). Let F € ROFDX042 he o
lower diagonal matrix with 1’s on the {*" subdiagonal and zeroes elsewhere. Define
qfi = Fdiag(éi, Ole) + diag(fl:)i, lel)FT,

X1 (g) = CO](Ilv flla 52117 cee 7£n+11l)

Now observe that ¥;(¢,n) = X1(¢)T¥;X1(n). From Lemma 7.6, p. 345 of Kailath
and Sayed (1995), it follows that for i = 0,...,m — 2, the signatures of ¥; and ¥,

are the same. If in addition for i = 0,...,m — 2, we have n(¥;) > n(V¥;41), then all
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conditions of Definition 6.2 are obeyed. This implies that under certain conditions, the
triangular factorization of the coefficient matrix of a positive QDF leads to its synthesis.
Specifically, when | = 1, observe that the triangular factorization of the coefficient matrix

of a positive QDF leads to its synthesis.

In their paper, Kailath and Sayed (1995) refer to FA + AF" as a displacement of
the matrix A and denote it with VA. The rank of the matrix VA is referred to the
displacement rank of A with respect to the displacement FA+ AF . If the displacement
rank of A is less than the dimension of A, then A is said to be structured with respect to
the given displacement. Kailath and Sayed (1995) also apply the theory of displacement
structure to arrive at a Routh-Hurwitz type of stability test in pp. 364-365 of their

paper.

We will now show that synthesis of a positive QDF (g, leads to the generation of a

sequence of behaviours {%B;}i—o.. m» with some special set of properties. We also show

-----

that Cauer and Foster methods of synthesis of electrical networks also lead to a sequence

of behaviours with the same special set of properties.

Theorem 6.6. Let {Qo,, Qa,,...,Qa,,} be a synthesis of a given positive QDF Qg,
(®g € RIXC,m)). Fori=0,...,m—1, define ¥;(¢,n) := (C+n)®i(¢,n), & := Xy, and
let M;(¢)"SM;(n) with M; € R™¢], be a canonical factorization of ;(¢,n). Define
B, = Im(Mz(%)) fori=20,...,m—1. Let B,, be any behaviour such that Qx(w,,) =0

for any trajectory w,, € B,,. Fori=0,...,m —1, define
B; :={v; | Jw; € B;, such that w;(0) = v;}.

Then fori=0,...,m—1,

1. B; is a linear space and has dimension equal to w.
2. There exists P; € R¥V[¢] such that B;11 = Im(Pi(%))\sB-'
3. If i #m — 1, then n(B;) > n(BWi+1) > 0.

4. There exists a nonnegative QDF Qq, (£ € R¥*V[E]), such that any two trajectories
w; € B, and w1 € Bi1 such that wi = Pi(%)wi obey

iQﬂi(wz') = Qx(wit1) (6.3)

Qx(w;) — 7

Proof. By definition of 9B;, for ¢ = 0,...,m — 1, we have n(¥;) = n(8B;). Therefore,
from Definition 6.2, for i = 0,...,m — 2, it follows that n(8;) > n(B,1+1) > 0. Since
M;(¢) ' £M;(n) is a canonical factorization of ¥;(¢,n) for i = 0,...,m — 1, the rows of
M; are linearly independent over R. We now prove using the following lemma that for

i=0,...,m—1, B; has dimension equal to w.
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Lemma 6.7. Let B = Im(M(%)), where M € R¥![¢]. Define
B:={v | Jw € B, such that w(0) = v}.

Then

1. B is a linear space.

2. B has dimension equal to w iff the rows of M (&) are linearly independent over R.

Proof. We first prove that B is a linear space. Let vy, vy € B. Then there exist trajecto-
ries wi,wy € B, such that wy(0) = v; and we(0) = ve. By definition, for any «, 3 € R,
v3 := auy + Bre = awy(0) + Bws(0) € B, because aw; + fwy € B. This proves that B

is a linear space over R.

We now prove item 2 of the lemma. From the statement of the lemma, for any trajectory

w € B,
d

dt
for some trajectory £ € €°(R,R!). Write M as

w=M(—-)

M (&) = Mo + M€ + Mog% + ...+ MycF

where M, € R"*! for ¢ = 0,...,k, and k denotes the degree of the highest degree
polynomial in M. We have

where for g =1,...,k, £@ (0) denotes the g™ derivative of ¢ at time ¢ = 0.

(If): Assume that the rows of M are linearly independent over R. Assume by contradic-
tion that B has dimension less than w. This implies that there exists a nonzero C' € RY,
such that CTw(0) = 0 for all w € B. Since £ can be chosen arbitrarily, this implies that
C"M, =0for ¢ =0,...,k. Consequently C'"M(£) = 0, which implies that the rows
of M are linearly dependent over R. This is a contradiction. Hence, B has dimension

equal to w.

(Only if): Assume that B has dimension equal to w. Now assume by contradiction that
the rows of M are linearly dependent over R. Then there exists a nonzero C' € R¥, such
that CT M (&) = 0. Since ¢ is indeterminate, this implies that C" M, = 0for ¢ =0,...,k,
or CTw(0) = 0. Consequently B has dimension less than w, which is a contradiction.

Hence the rows of M are linearly independent over R. m

Since for ¢ = 0,...,m — 1, the rows of M; are linearly independent over R, from the

above lemma, it follows that B; is a linear space and has dimension equal to w.
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We now prove items 2 and 4 of the theorem. In order to do this, for i =0,...,m—1, we
need to obtain an observable image representation of 9;. For ¢ = 0,...,m — 1, define
Qn, = Qo, — Qa,,,. Let D; € R**![¢] be such that A;(¢,n) = D;(¢) " D;(n). From the
proof of Lemma, 6.3, it follows that for i = 0,...,m — 1, ®;(¢,n) = B;(¢) " Bi(n), where

B; = col}(Dy,) = col(D;, Bi_1)

Denote by b;, the number of rows of B;. Consider a Smith form decomposition of B;
given by

O(bi—li)Xli O(bi—li)x(l—li)

where U; € RP>*Pi[¢] V; € R¥¢] and A; € RU*![¢] has nonzero diagonal entries.
Consider partitions of U; and V; given by

Vi

Ui:[Ui Ui}S Vi = v

where Uy € RPXU[¢], Usp € RY*i=b)[¢] Vi € REX¢] and Vip € RUTEXU¢]. Then,
from equation (6.4), we have B; = U;; A;V;1. Note that U;p (M) has full column rank and
Vi1 () has full row rank for all A € C. Define G;(§) := A;(§)Vi1(€). Consider a partition
of U;1 given by

Uti

Up =
! Uai

where Uy € R®:i=Pir1)xlif¢] and Uy; € RP+1 ¥4 [¢]. Then

UiiG;
UaiG;

D;

B; =
Bi1

Consequently D; = UyuG; and Biy1 = UgGi. Let M!(¢)T%1M]!(n) be a canonical
factorization of the two-variable polynomial matrix (¢ + 1)U (¢) T Uii(n), where M €
R™*!i[¢]. Then

Wi(¢,m) = Gi(¢) " M{(¢) "S1M{ (n)Gi(n) (6.5)

We know that the rows of M/ are linearly independent over R. We now prove that the
rows of M/G,; are also linearly independent over R. From this fact, we will be able to
conclude that the right side of equation (6.5) is a canonical factorization of W;({,n).
Note that

M!G; = M!A; Vi

Define M/ (&) := M/ (§)A;(§). We first prove that the rows of M/ are linearly indepen-

)

dent over R. Let §;:(§) be the k™ diagonal entry of A;(§). Write

M; = rowfki:l (Mi)
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where M;, € R™[¢] is the k™ column of M]. Then
Mi” = I‘OWZ:1 (Mlkézk)

Let M;,(€) denote the p™ entry of M;(§). For p=1,...,m, assume by contradiction

that there exist nonzero a, € R, such that

> apMigp(€)6ik(€) = | D apMiry (&) | din(€) =
p=1 p=1
for k =1,...,1;. Since §;x(&) # 0, the above implies that
Z apMikp(f) =0
p=1

for k = 1,...,l;. This in turn implies that a, = 0 for p = 1,...,m, since the rows of
M/ are linearly independent over R. This is a contradiction. Consequently, it follows
that the rows of M/ are linearly independent over R. We now prove that the rows of
M]'Vi; are also linearly independent over R. Let M, (§) denote the k™ row of M (§).

For p=1,...,m, assume by contradiction that there exist nonzero b, € R, such that

ST MLEV(E) = | S bM(€) | Via(€) = 0
p=1 p=1

The above implies that Y7, b,M],(§) is in the left annihilator space of V;1(§), which is
zero as Vj1(A) has full row rank for all A € C. Thus

p=1

which implies that b, = 0 for p = 1,...,m as the rows of M/ are linearly independent
over R. This is a contradiction. Consequently, the rows of M;;(§) := M/(£)G,(&) are
linearly independent over R, which implies that its coefficient matrix is surjective. Thus
M;1(¢) X1 M;1(n) is a canonical factorization of W;(¢,n). Since M;(¢) TS M;(n) is also a
canonical factorization of ¥;(¢,n), it follows that X1 = ¥ and M;(§) = UM;1(§), where
U € R"™" is such that U XU = X. Taking U = I,,, we get M;(£) = M;1(€).

Assuming that i # m — 1, let S;(¢)"X25;(n) be a canonical factorization of the two-
variable polynomial matrix (¢ + 7)Ugi(¢) " Ugi(n), where S; € R8*[¢]. Then

Vir1(Cm) = (C+m)Gi(Q) " Uai(¢) " Uas(m)Gi(n) = Gi(¢) T Si(C) " B28i(m)Gi(m)  (6.6)

Since the rows of S; are linearly independent over R, it can be proved as was proved in

the case of M/, that the rows of S;G; are also linearly independent over R. Hence the
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right hand side of equation (6.6) is a canonical factorization of W;11(¢, n), which implies
that Yo = ¥ since M;;1(¢)"XM;,1(n) is also a canonical factorization of ¥; 1({,n).
This also implies that M;y1(€) = US;(€)G;(€), where U € R™¥ is such that U'XU =
.. Taking U = [, we get M;11 = S;G;. For the case, ¢ = m — 1, choose S; €
R¥*![¢], such that S;(¢)T3S;(n) = 0. Define M, (€) := Sp_1(£)Gm_1(€). Observe that
My (¢) T EMyn(n) = 0.

We now make use of the following lemma to prove that A/(X) has full column rank for
all A € C.

Lemma 6.8. Consider a positive QDF Qg (® € R>*N)[¢,n]. Let M(¢)"SM(n) (M €
R¥U[¢], % € RYY) be a factorization of W((,n) := (C+n)®(¢,n). Then M(N) has full

column rank for all A € C.

Proof. Let D € R**![¢] be such that ®(¢,n) = D(¢)" D(n). Since Qg > 0, D(A) has full
column rank for all A € C. Observe that

M(Q)TEM (n)

D)D) =

Now assume by contradiction that M () loses column rank for some A € C. Then
there exists a vy € C!, such that M (\)vy = 0 which implies that M (£)vy is divisible by
(€ = A). Hence vy (%) vy is divisible by (¢ — A)(n — A), which implies that
vy D(¢) " D(n)vy is divisible by (¢ — A)(n — A). This implies that D()) loses rank for
some A € C. Hence by contradiction, we get that M(\) has full column rank for all

AeC. nm

Since Qr, > 0, where T;(¢,n) = U1 (¢) TUii(n), from the above Lemma it follows that
M/ (X) has full column rank for all A € C. Now, we know that

M, = MG,
My = SiGi

For a trajectory £ € € (R, R!), if we define

d
/ M = S —
voo= G
d ,d d
wis = Mi(Z)l = Mi(=)Gi( )t
d d d
wirt : = Mipa(5)0= Si(5)Gi( )L,

then by definition, w; € B; and w;11 € Bi1. Since M/(N) has full column rank for
all A € C, ¢ is observable from w;. Hence there exists a F; € R4X¥[¢], such that
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(' = F;(£)w;. Define P;(£) := S;(£)F;(£). We have

dyy g dy d o d
a)t = SR Gwi = P

wit1 = Si( ;

Jwi

Now from Definition 6.2, it follows that there exists a nonnegative Q, (A; € RX(, 7)),
such that

Q':I)i (ﬁ) - Q¢’i+1(£) = QAi (6)

Differentiating the above equation with respect to time, we get

Qui() ~ Qu,py (0) = £Qn,(0) (67)

Define T;(¢,n) := Uyi(¢) "Uyi(n). Tt is easy to see that equation (6.7) implies
JEAVAN N VAN P
Qs (Mi (dt C)=Qs (S 5 )0) = 7@n(l)

Qn(w;) — Qn(wiy1) = %Qn (Fz <§t> wi)

Define €;(¢,7) := F;(¢) " Ti(¢,n) Fi(n). Then

Hence

< Qe () (6.8)

Qs (w;) — Qs (wit1) = o

Since G; has full row rank, from Lemma B.14, Appendix B, it follows that the mapping
0 — Gi(%)é is surjective, which in turn implies that ¢/ = Gi(%)ﬁ is a free trajectory.
Now we have w;11 = R(%)wi. Observe that for any w;4+1 € Bi+1, we have a trajectory
¢, such that w;11 = Si(%)f’, and for any given ¢/, we have a trajectory w; € 9B;, such
that w; = M{(%)é’. Hence B, 1 = Im(Pi(%))|%i. For any two trajectories w;11 € Bj11
and w; € B; that are related by w;+1 = H(%)wi, we have already proved that equation
(6.8) holds. It is easy to see that in this equation, Qgq, is nonnegative. This concludes

the proof. m
Remark 6.9. It can be seen from Theorem 6.6 that synthesis of a positive QDF leads to

the generation of a sequence of behaviours that obey certain interesting properties. We
now discuss the similarities between these properties and the properties of the networks
that are synthesized at every step of Cauer and Foster synthesis. One of these proper-
ties is that the McMillan degree of the behaviours decreases along the sequence. This
suggests that the behaviours become “simpler” in a certain sense along the sequence.
As discussed at the beginning of this chapter, in Cauer and Foster methods of synthesis,
at each step a reactive component is extracted, and a simpler network is left to be syn-
thesized in the next step. A second important property of these behaviours corresponds

to equation (6.3) of Theorem 6.6, which is given below:

QQQZ- (w;) = Qx(wiy1)

Qs (w;) — o
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With reference to the above equation if Qx(w;) and %Qgi (w;) are interpreted respec-
tively as the power or energy supply rate to the network to be synthesized at the i*" step
and the supply rate to the reactive element that is extracted at the ¢*® step of the syn-
thesis procedure, then equation (6.3) says that the energy supply rates to the network to
be synthesized at the (i + 1) step of synthesis is equal to the difference between energy
supply rate to the network to be synthesized at the ¢*" step and the reactive element
that is extracted at the i*" step of synthesis. Thus equation (6.3) can be interpreted as

an energy balance equation at the " step of the synthesis procedure.

6.3 Synthesis of J-lossless behaviours

Motivated by Theorem 6.6, we now give a definition for the synthesis of behaviours. In
order to do this, we need to first define the concept of J-nonnegative losslessness and

J-losslessness.

Definition 6.10 (J-nonnegative lossless behaviour). Let J € R¥*¥ be a matriz whose
entries are either 1 or 0. A controllable behaviour B € LY is said to be J-nonnegative
lossless if

B :={v| 3w e B, such that w(0) = v}

B
has dimension equal to w and there exists a QDF Qg > 0 with E € R¥*V[(,n], such that
for every trajectory w € B, Q (w) = %QE(w). We call Qg the energy function of 9B.

Definition 6.11 (J-lossless behaviour). A J-nonnegative lossless behaviour B is called

J-lossless if its energy function is positive over 5.

We now give an example of a J-lossless behaviour.

Example 6.1. Consider a lossless electrical network consisting of an inductance L,
a capacitance C connected in series with a voltage source V' as shown in Figure 6.2.
Let I denote the current through the circuit. Define B, as the space of all admissible
trajectories (V,I) : R — R? of the system. The governing differential equation for the
system is given by ,
dv a1

Cﬁ :I—I—LC’W (6.9)

Define

Be := {v | 3w € B, such that w(0) = v}

Define M, (§) := col(LCE? 4+ 1,C¢). Observe that B, = Im(Me(%)). Since the rows of

M. are linearly independent over R, from Lemma 6.7, it follows that B, has dimension

equal to 2. It can be verified that equation (6.9) implies

d dl
VI = — — L—) + LI? 1
Vv dt(C(V dt) + LI?%) (6.10)
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FIGURE 6.2: Example 6.1

It can also be verified that B, is controllable. Now define

(1]

Define the QDF Qg (E € R2X2[¢, 7)) as

Qp(w) = %(C(V - L%)Q + LI?)

where w = col(V, I). It is easy to see that Qg(w) > 0 for all nonzero trajectories of the
behaviour B, and Qg(w) = 0 = w = 0. Hence from equation (6.10), it follows that B,

is J-lossless.
In the next Lemma, we give algebraic conditions on the image representation of a con-
trollable behaviour 98 for it to be J-nonnegative lossless and J-lossless respectively.

Lemma 6.12. Consider a controllable behaviour B € L¥ for which an observable image
representation is B = Im (M(%)) (M € R™¢]). B is J-nonnegative lossless if and
only if the following hold:

1. The rows of M are linearly independent over R.
2. M(=&)TJM(€) = 0.

3. ®((,n) = %‘;M(n) is such that Qg > 0.

B is J-lossless if and only if items (1) and (2) above hold and Qg > 0.

Proof. (If): Assume that M(—¢&)TJM(€) = 0 and that the rows of M(£) are linearly

independent over R. Define

B :={v | Jw € B such that w(0) = v}
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From Lemma 6.7, it follows that B has dimension equal to w. Consider a trajectory w =
M (%)Z. By assumption, ¢ is observable from w. Consequently, there exists F' € R>¥[¢],
such that ¢ = F(%)w. Now define

Qe(w) = Qo <F <i) w) = Qo (f)

Observe that E((,n) = F(C)T®(¢,n)F(n). It can be easily verified that 4Qp(w) =
Qy(w). It is easy to see that Qg > 0 implies that Qp(w) > 0 for all w € B. Hence B
is J-nonnegative lossless if Qg > 0. Now assume that Qg > 0. Then it is easy to see
that Qg(w) > 0 for any nonzero trajectory w € B, and Qg(w) = 0 implies that w = 0.
Hence 8B is J-lossless if Q¢ > 0.

(Only If): Consider a trajectory w € B given by w = M(%)E. Let E € R"™Y[(,n]
be such that Q;(w) = £Qp(w). Define J'(¢,n) = M({)TJM(n) and ®((,n) =
M(¢)TE(¢,n)M(n) and observe that

Qr(6) = Qo) (6:11)

We have from equation (6.11),

M()TTM(n) = (C+mn)®(¢,n)

From the above equation, it follows that M (—¢)TJM(€) = 0 and ®(¢,n) = w

We have Qp(w) = Qg (¢) for all (w,£), such that w = M(%)E. Now assume that B

B
is J-nonnegative lossless with Qg > 0. This implies that Q3 > 0. From Lemma 6.7,
it follows that the rows of M are linearly independent over R. If we assume that B is

B
J-lossless with Qg > 0, then it is easy to see that Q¢ > 0. Hence the claim. m

Equipped with the definition of J-losslessness, we now give a definition for synthesis of

behaviours.

Definition 6.13 (Synthesis of a J-lossless behaviour). A sequence of behaviours {81, Ba,
B} is a synthesis of a J-lossless behaviour By € LY if for i =0,...,m —1,

1. B; :=A{v; | Jw; € B; such that w;(0) = v;} has dimension equal to w.

2. B = Im(B(%))l%i, for some P; € R"™V[¢].

3. If i # m — 1, then n(B;) > n(Bit1) > 0; and Qj(wy) = 0 for any trajectory
Wy, € B,

4. There exists a nonnegative Qq, with Q; € R¥*[{], such that any two trajectories
w; € B; and w1 € By that are related by w1 = Pi(%)w,- obey

iQm (wi) = Qr(wit1)

Qy(w;) — 7
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In the next proposition, we show that synthesis of a J-lossless behaviour is a sequence

of J-nonnegative lossless behaviours.

Proposition 6.14. Let {B1,Bo,...,B,,} be a synthesis of a given J-lossless behaviour
By € LY. Then fori=1,...,m —1, B; is J-nonnegative lossless.

Proof. We prove the Proposition by induction. We first prove that for: =1,...,m, B, is
controllable. B is controllable by assumption. Assume that for some i € {0,...,m—1},
B; is controllable. From Lemma 2.16, it follows that 2B;,; is also controllable. Hence

by induction, it follows that 28; is controllable for i =1,...,m.

For i =0,...,m — 1, since B, is controllable, we can write an image representation of
B, as B; = Im(Mi(%)), where M; € R*¥[¢]. From the statement of the theorem, B
is J-lossless, which implies that My(¢)"JMy(n) is divisible by (¢ + 7). Assume that
B, is J-nonnegative lossless for some i € {0,...,m — 1}. From Definition 6.13, for any
trajectory w;y1 € Bit1, there exists a trajectory w; € B; such that w;1 = PZ-(%)w,-,
(P; € R™¥[¢]) and

d
Qr(w;) — %Qﬂi (wi) = Q(wit1)

for some nonnegative Qq, (€; € R¥*¥[¢,n]). Thus

Mi1(Q) " IMipa(n) _ Mi(Q)"IM;(n) Ty s

where M;y1(€) = P;(§)M;(§). Observe that since B; is J-nonnegative lossless, the right
hand side of equation (6.12) is a two-variable polynomial, hence the numerator of the
term on the left hand side of this equation is divisible by (¢4 7). By induction it follows
that My (¢)T JMy(n) is divisible by (¢ + 1) and consequently Mj,(—¢) T JMy(¢) = 0 for
k=1,...,m.

Now consider a trajectory w; € B; for some i € {1,...,m}. Define N;, 1(§) =
P,_1(§) ... Pip1(§)Pi(€) forp € {i+1,...,m} and N; ;_1(§) := L. Forp = {i+1,...,m},
define trajectories wy, := Njp_1(%)w;. Observe that w, € B, for p = {i + 1,...,m}.
From Definition 6.13, it follows that there exist Q; € R¥*¥[¢,n] for i = 0,...,m—1, such
that

Qu(wi) — Qu(wis1) = %Qm(wi)
Qulwin) = Qslwia) = Qo (wis)

o
Qr(wr—1) — Qi(wny) = @ng_l(wm—ﬂ
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and ;(¢,n) = H;(¢) ' Hi(n) for some H; € R**¥[{]. Adding the above equations, since
Qj(wn,) = 0 for all wy, € B,,, we get

d m—1 d m—1 d
Qy(w;) = a pz::i Qa,(wy) | = a pzzzi Qﬂp(Nz’,p—l(%)wz‘) (6.13)

Define
Dj(€) := coll’- ' (Hy(€)Nip-1(9))

and F;(¢,n) := D}(¢) " Di(n). From equation (6.13), it follows that

Qu(ws) = L Qu, (wy)

dt
B;
This implies that Qg, > 0 for ¢ = 1,...,m — 1, which in turn implies that 9B, is

J-nonnegative lossless fori=1,...,m—1. =

From the above proposition, it follows that synthesis of a J-lossless behaviour 9B, gives
rise to a sequence {B;}i=1 ., of J-nonnegative lossless behaviours. We now give an

algebraic condition for the elements of this sequence to be J-lossless.

Corollary 6.15. Let {¥B1,Bo,...,B,,} be a synthesis of a given J-lossless behaviour
By € LY. Let P; € R¥V[(] be such that for i =0,...,m —1, B4 = Im(Pi(%))‘%i.
Define Nip—1(§) := Pp—1(§) ... P () Pi(&) forp e {i+1,...,m} and Nj;—1(§) := L.
Fori=0,...,m—1, let Q; € RI*¥[(,n] be such that for any trajectory w; € B;

Qr(wi) — Qy (Pz (;i) wi) = %Qﬁi(wi)

and let Hy € R**¥[¢] be such that ;(¢,n) = H;(¢) ' Hi(n). Fori=1,...,m —1, define

Dj(€) == coly ' (Hi(§)Nip-1(€))

Let B; = ker(Ri(%)) be a minimal kernel representation of B;. Then fori=1,...,m—
1, 9B, is J-lossless if and only if col(Dg(/\), RZ-(A)) has full column rank for all A € C.

Remark 6.16. From Proposition 6.14, we know that the behaviour 9B; at the i*" step
of synthesis is J-nonnegative lossless if the behaviour B;_; at the previous step is J-
nonnegative lossless. Note the similarity with physical synthesis methods like Cauer
and Foster synthesis methods, where the network to be synthesized at every step of the

process is ensured to be lossless.

We now prove that synthesis of a J-lossless behaviour leads to the synthesis of a posi-
tive QDF, namely the one that is associated with the energy function of the J-lossless

behaviour.
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Theorem 6.17. Let {B1,B2,...,B,,} be a synthesis of a 3-lossless behaviour By € LY,

where
Z — IW1 0W1 XWo

OWz X Wy _]Wz

and wy and wy are nonnegative integers such that wy + wo = w. Let By = Im(Mg(%))
denote an observable image representation of Bg. Let P; € RYV[¢] be such that for
1 = 0, N 1, %i+1 = Im(B(%))|%z Deﬁne Ni’pfl(f) = pfl(g) .. P1+1(£)PZ(£)
for p>i and N;;—1(§) := Iy. Define M;(§) := Noi—1(§)Mo(§). Define

M;(¢) XM;(n)
C+n

Then {Qa,, Qa,, - -, Qa,,} is a synthesis of Q.

(¢, n) =

Proof. Tt is easy to see that fori=1,...,m—1,B; = Im(Mi(%)). From Lemma 6.7, it
follows that the rows of M; are linearly independent over R. Hence M;(¢) X M;(n) is a
canonical factorization of W;(¢,n) := (¢ +n)®;(¢,n). Since n(B;) > n(B;41) > 0 for i =

0,...,m —2, it also follows that n(¥;) > n(¥;411) > 0 for i =0,...,m —2. Also observe

that the signatures of ¥; and W, are the same for : = 0,...,m —2. Since Qx(wy,) =0
for all wy, € By, we have M,, ()" M,,(n) = 0. Hence ®,,,(¢,n) = %%W =0.

From the fourth item of Definition 6.13, we have

< Qo (wr)

Qr(w;) — Qy(wit1) = 7

This implies that

d d d d
Q. <Mz <dt> £> -QJ <Mi+1 <dt> 5) = %QQZ (Mz <dt> K)
The above equation is equivalent with

(C+m) (Ri(C,m) = @iy (C,m) = (C+ ) Mi(¢) T (¢, ) M;(n)

or

QCDZ‘ - Q¢i+1 - QAZW

where A;(¢,n) = M;(¢) "%(¢,n)M;i(n). Since Qq, > 0, it follows that also @4, > 0.
This concludes the proof. m

We have showed through Theorems 6.6 and 6.17 that synthesis of a positive QDF Qg,
leads to the synthesis of a Y-lossless behaviour and vice versa, where ¥ denotes the
signature of ¥o(¢,n) := (¢ +1n)Po(¢,n). In the next section, we show that both Cauer
and Foster methods of synthesis can be cast in our framework of synthesis of behaviours

and of positive QDFs. We prove that Cauer and Foster methods of synthesis involve
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both the synthesis of the behaviour corresponding to the given transfer function and

also the synthesis of the energy function of the network to be synthesized.

6.4 Cauer and Foster synthesis

Both Cauer and Foster methods of synthesis start with the assumption that a lossless
positive real transfer function matrix is given. Hence, in order to understand the relation
between synthesis of positive QDFs and synthesis of electrical networks using Cauer
and Foster methods, we first show that systems which are J-lossless with respect to a

certain J have lossless positive real transfer function matrices. Throughout this section,

7 _ Ot I 7
I 05

we denote

[1]
Il
S,_‘
[\
| — |
g Bl e
|~
R
| E—

Theorem 6.18. Consider a J-lossless behaviour B and an observable image represen-
tation B = Im(M(%)), where M = col(N, D) with N,D € R™*![¢]. Then

1. N and D are oscillatory, i.e all the invariant polynomials of N and D have distinct
roots on the imaginary axis.

2. H() := N(&)+D(§) is Hurwitz, i.e det(H ) has all roots in the open left half plane.

3. ND~! and DN~ are both lossless positive real.

Proof. Since B is J-lossless, we have from Lemma 6.12 that M (—&)T JM (&) = 0 and

N()"'D(n) + D) "N(n)
C+nm

o(¢,n) =

induces a positive QDF.

(1) Consider the behaviour B; := ker(N(%)). 81 has a positive QDF Qg such that

%Q@(U)) =0V w € Wy, i.e Qg is a positive conserved quantity for B1. From Theorem

4.15 of Chapter 4, it follows that 91 is oscillatory. Similarly B, := ker(D(%)) is also

oscillatory. Therefore N and D are both oscillatory.

(2) Consider the behaviour B3 := ker H (%). Now

(¢ +m@(¢n) = N(C) " D(n) + D) "' N(n)
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Consider the following equations
H(¢)"H(n) = N(C)' N(n) + D) D(m) + (¢ +m)2(¢,m) (6.14)

(N(¢) = D))" (N(n) — D(m)) = N() " N(n) + D) " D(n) — (¢ +n)@(¢,n)  (6.15)

Subtracting equation (6.15) from (6.14) gives
2(C +m®(¢,m) = H(¢)"H(n) = (N(¢) = D(¢)) " (N (n) = D(n)
We now show that Q&) %%3 0, where Q&) = %Q@ Define

L I
I -1

] M)

Since M (A) has full column rank for all A € C, also M’()) has full column rank for all
A € C. This implies that Q&) is a negative QDF along the behaviour B3. Hence from
Lyapunov theory of stability, it follows that 283 is asymptotically stable or equivalently
that H is Hurwitz.

(3) Since H is Hurwitz, it is invertible. Define

Then it is easy to verify that
I-5(8)"S(=€) =1-5(-¢)"5(¢) =0

Consequently I — |S(jw)|? = 0 for all w € R such that jw is not a pole of any element
of S. Note that for any A € C, |S(\)|? = S(A\)*S(\). Therefore, we have |S(jw)|? = I.
For any arbitrary complex constant vector z € C¥, we have x*(I — |S(jw)|?)z = 0. Now
since H(§) = N (&) + D(&) is Hurwitz, S(§) is analytic in the right half plane. Hence by
2

maximum modulus theorem, since x is arbitrary, for Re(A) > 0, I — |S(A)|® is positive

definite, i.e
2(N(A)* + D)) TN D) + DA NN () + D)~

is positive definite. This implies that for Re(A) > 0, N(A\)*D(X)+ D(X)*N () is positive
definite, which further implies that

(D))THN N D) + D) NN))DA) ™!

is positive definite, as D is oscillatory. This implies that for Re(\) > 0, Z(\)* + Z()) is
positive definite, where Z (&) := N(£)D(¢)~1. We also have Z(jw) + Z(—jw) = 0 for all

w € R, except those for which jw is a pole of one of the elements of Z. This proves that
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Z is lossless positive real. In a similar way, it can be proved that Z~! is also lossless

positive real. m

6.4.1 Cauer synthesis

The aim of this section is to show that the Cauer method of synthesis can be cast in the
general framework of synthesis of a J-lossless behaviour in the sense of Definition 6.13,
and consequently involves the synthesis of a positive QDF that is associated with the

energy function of the J-lossless behaviour in the sense of Definition 6.2.

Consider a J-lossless behaviour By for which By = Im(MO(%)) is an image represen-
tation such that M is column reduced (see Definition B.11, Appendix B), and My =
col(No, N1), with No, Ny € RX![¢]. Assume that N7 Ny ' is strictly proper or that the
transfer function to be synthesized by Cauer method is strictly proper. Without this
condition, we cannot prove that Cauer synthesis can be cast in the framework of our
definition of synthesis of behaviours and of positive QDFs. This may be considered as

a limitation of our definition.

We know from Theorem 6.18 that Z (&) := No(&)N1(£)~! is lossless positive real. In
Anderson and Vongpanitlerd (1973), pp. 53-54, 215-218, it has been proved that any
transfer function matrix Z € R>¥!(€) is lossless positive real if and only if it has a Foster

partial fraction expansion given by

Z(&) = J0+5L0+€+Zi: <£2+wQ> (6.16)

where Ly, C, A; € ]Ri,Xl are nonnegative definite and Jy, B; € R™™! are skew-symmetric.
Below, we explain the steps involved in Cauer synthesis of a lossless electrical circuit

with transfer function matrix equal to Z. Define
¢ §Ai + B
Z = — —
GRS ) ( o )

Observe that

g
—~
I
~—
I

(§Lo + Jo)N1(§) + Z1(§)N1(&) or
Z(&) = &Lo+Jo+ Z1()

In the above equation, (§Lg + Jp) corresponds to the extracted reactance components
in the first step of Cauer synthesis of Z. Define Ny := Z1N;. From the partial fraction
expansion for Zp, it follows that Z; is lossless positive real. Hence NN, ! = Z7 Lig
also lossless positive real. The next step of Cauer synthesis involves synthesis of Z; L

whose corresponding behaviour is B = Im(Ml(%)), where M := col(Ny, N2). Since
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lime o0 Z1(§) = 0, Z is strictly proper. Hence there exist a nonnegative definite matrix
Ly € RIX! a skew symmetric matrix J; € R™*! and N3 € R™>¥![¢], such that Ly # 0,

Z1&) 7 = (L1 + 1) + (;: + Z (W) :
and
e - (i’ X () v
Define Z

€A+ B]
T Z < &2 +w? )
It follows that
N1(&) = (L1 + J1)N2(§) + N3(§)

and NoNg !'is lossless positive real. Observe that
Z1(&) 7t = &L+ J1 + Z3(€)

In the above equation (§L; + Ji) corresponds to the extracted reactance components
in the second step of Cauer synthesis of Z. The next step of Cauer synthesis involves
synthesis of Z; 1 whose corresponding behaviour is By = Im(Mg(%)), where My :=

col(Na, N3). We can continue this procedure to obtain the following set of equations.

Ni(€) = (§Li + Ji)Nig1(§) + Niya(§) (6.17)

fori =0,1,...,m—1, Nyy1 =0, with L; € RM being nonnegative definite and not equal

to zero, J; € R™! skew-symmetric and N; N} lossless positive real fori = 0,1, ..., m—1.

z+1

We now show that if [ = 1, then Cauer synthesis of Z leads to a continued fraction
expansion of Z as in the standard description of Cauer synthesis of a SISO lossless
positive real transfer function. In this case, observe that Jy, J; =0, B; =0, B, = 0, and

Lo, Ly,C,C", A;, A} are positive real numbers. Therefore, we have

1
2(€) =€Lo+ ooy
© AGR
Note that in the right hand side of the above equation, the term £Lg corresponds to a
reactive component extracted in the first step of Cauer synthesis of Z, and Z;° Lis the
transfer function to be synthesized in the next step. The second step of Cauer synthesis

involves writing Z as

Z(¢)=€Lg+ —
(6) E 0 €L1 T ZQ(E)71

In the above equation, the term £L; corresponds to the reactance component extracted

in the second step of Cauer synthesis, and Z, ! is the transfer function to be synthesized



Chapter 6 Synthesis of positive QDFs and interconnection of J-lossless behaviours 134

in the third step. Continuing this way, we obtain a continued fraction expansion of Z

as shown below:

Z(&) =&Lo +
ELy +

1

£L2 + 7

We now turn our attention back to the case when [ is not necessarily equal to 1. Observe

that equations (6.17) can be written in another form as shown below.

Ni-1(§) Si-1(§) L Ni(§) Ni(§)
_ — 0, 6.18
[ Ni(©) ] L O ] [ Nig (€ ] Qi) [ Nig (€ ] (61%)
for i =1,...,m, where S;(§) = {L; + J;. Observe that
[ M@ Ma()T 1| o)
Bo(Cm): = Ni(n)
oS C+n
N
[ NI(OT N 1Q0(¢)TIQo(n) [ 1) ]
_ Na(n)
C+n
It can be easily verified that
QUOTIQum =2+ | 10 4y
Ot Oixi
Hence
(MO M(OT W [ N
Do(¢,m) = T +2N1(¢) " Lo N1 (n)
Proceeding this way, using equations (6.18) we obtain
m—1
B0(Cm) =2 3 Nesa ()T LN (1) (6.19)
i=0

which is a diagonalization of ®¢(¢,n). Each term 2N;;1(¢) " L;N;41(n) in the diagonal-
ization corresponds to energy of a particular component in the synthesis. We illustrate

this diagonalization using the following example.

Example 6.2. Let

€44 0
0 &+4

3¢3 + 14¢ €3 4262 466 + 11

Tl e 26— 11 263 4 12¢ Ni(8) =

No(€)
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7 Ni+1(§) Si(€)

0 E+4 0 3¢ £+2
0 &+4 £—2 2
L2 %580 [y 51
-3 e || L5+t

70 8¢ 8 4 12
st [ [sTe T

TABLE 6.1: Example for Cauer synthesis

Define My := col(Np, N1) and

g O2x2 12
I, 0O2x2

It can be verified that B = Im(My(4)) is J'-lossless. The values of Ny1(£) and S;(€)

for i = 0,1, 2 obtained through Cauer diagonalization procedure are given in Table 6.1.

Remark 6.19. Consider the synthesis of an electrical network whose behaviour B, is

J-lossless. Assume that B, is given in image form as

V| Nl
w=| _[Nl(;%)le (6.20)

where £ € €°(R,R!) is a free trajectory, V € € (R, R!) is a vector of voltages across the
branches of the network, I € €>°(R,R!) is a vector of currents through the respective
branches and No, N7 € R>/[¢]. In this case, for any trajectory w = col(V,I) € B, we
have the power supply Qg (w) to the network given by

1 1
Qu(w) = 5Qu(w) = (VI I+1V)
If Q denotes the QDF that represents the energy of the network, then we have
d 1
%QE(ZU) = Qq;(w) = iQJ('w) (6.21)

Let Qg be a QDF such that
Qo () = Qr(w) (6.22)

for every w, £ related by equation (6.20). It is easy to see from equation (6.20) that

Qs(w) = Qu(f) (6.23)
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where ¥'(¢,n) = No(¢) " N1(n)+N1(¢) " No(n). From equations (6.21), (6.22) and (6.23),

it follows that
No(¢)"Ni(n) + N1(¢) T No(n)

2(¢C+n)
Observe that the QDF Qg is related to the energy function of the network. We have

showed that Cauer synthesis of a network with transfer function equal to No/N; L involves

(¢,n) =

the diagonalization of the QDF Q4. Thus Cauer synthesis of a network with lossless
positive real transfer function involves the diagonalization of a QDF that is related to

the energy function of the network.

We have proved that Cauer synthesis of a J-lossless behaviour leads to diagonalization of
a positive QDF associated with its energy function. We now prove that Cauer synthesis
of a J-lossless behaviour B leads to a synthesis of behaviours in the sense of Definition
6.13, and consequently leads to a synthesis of a positive QDF that is associated with

the energy function of By.

Theorem 6.20. Consider a J-lossless behaviour By for which an observable image
representation is By = Im(Mo(%)), where My = col(Ny, N1), Ny, N1 € R>¥E]. Assume
that My is column reduced, and NlNO_1 1s strictly proper. For i =1,...,m, let N;41 €
R[] be such that

Ni—1(§) = (§Li—1 + Ji—1)Ni(€) + Nit1 () (6.24)

where Npy11 =0,

Z3,(€) = Jk+§Lk++Z<§Am+Bm)

£+ wm

is a Foster series expansion of Zi(&) := N(§) (Nk+1(§))_1 for k=0,...,m —1, with
A, Ly, Ch € RéXl being nonnegative definite and Jy, By; € RéXl being skew-symmetric.

Now define M; := col(N;, Nit1), B; := Im(Mi(%)),

M;(¢) "I M;(n)

)

B = Im(Z)|, fori=0,...,m. Then By is X-lossless, {B1,B,, ..., B, } is a synthesis
of the behaviour Bj, and {Qa,, Qa,, ..., Qa,,} is a synthesis of the QDF Qg .

Proof. We first prove that {81,B9,...,B,,} is a synthesis of the J-lossless behaviour
Bo. This will be helpful in proving that {8/, B),...,B/ } is a synthesis of the behaviour
By.

We now prove by induction that B; = Im(Mi(%)) is an observable image representation
for i = 1,...,m — 1. We know that My()) has full column rank for all A € C. Now
assume that for some ¢ € {0,...,m — 1}, M;()\) has full column rank for all A € C.
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We now prove that M;11(A) also has full column rank for all A € C. By contradiction,
assume that there exists a A € C, such that M; 1(A\)uy = 0 for some nonzero uy € Cl.
This implies that N;11(A)uy = Niza2(A)uy = 0. Now, from equation (6.24), it follows
that

Ni(Muy = (AL; + Ji) Nip1(MN)uy + Nipa(Nuy =0

This implies that M;(A)uy = 0, which is a contradiction. This proves that M;;(\) has
full column rank for all A € C. By induction, it follows that 9B; = Im(Mz(%)) is an

observable image representation for i =1,...,m — 1.

Observe that

Ze©)™ = N (ONR(©) ™ = Nim1 (NK(&) ™ = €Ly—1 — Jpa
_ Cr §Ag—1,+ Br_1;
— g + zz: ( 52 + wl%—lj )

Since limg o0 Z1 (€)1 = 0, Z,;l is strictly proper for K = 0,...,m — 1. Hence from

Lemma B.10, Appendix B, it follows that the column degrees of N; are greater that
those of N4 for ¢ = 0,...,m — 2. This implies that deg(det(N;)) > deg(det(N;+1))
for i = 0,...,m — 2. Observe that for i = 0,...,m — 1, n(*B;) = deg(det(N;)). Hence
n(B;) > n(B;41) for i =0,...,m —2. Alson(*B;) > 0 fori=1,...,m — 1, because, if
n(B;) = 0, then M; consists of constant entries and there does not exist N;;2 such that

equation

Ni(§) = (&Li + Ji)Nit1(§) + Nita(§)

is obeyed, which will imply that M,, does not exist. Also since Ny,+1 = 0, it can be
inferred that M,,(¢)"JM,,(n) = 0, which implies that Q;(w,,) = 0 for any trajectory
Wy, € B,

We now make use of the following lemma to prove that the rows of M; are linearly

independent over R for i =0,...,m — 1.

Lemma 6.21. Let N, D € R¥'[¢] be such that

—1 c U EA; + B;
N(€)(D(€)) £+;<£2+w > (6.25)

where C, A; € RX! are nonnegative definite and B; € R¥! are skew-symmetric. Define
M := col(D,N). Then the rows of M are linearly independent over R.

Proof. 1t is easy to see that Z(£) := N(&)(D(€)) " is lossless positive real. Therefore
Z~ ! exists and is also lossless positive real. Note that Z has strictly proper entries.
Now assume by contradiction that the rows of M are linearly dependent over R. Then
3 E,F € R, such that at least one of E, F is nonzero and ETN(¢) = —F T D(¢). This
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implies that
ETN(DE) " = —FT (6.26)

Note that ND~! has nonzero rows, because otherwise Z ! will not exist. Also note that
E # 0, because this implies that also F' = 0. Since

F'DENE " =-ET,

F # 0, because this implies that £ = 0. Hence the left hand side of equation (6.26)
consists of strictly proper entries, while the right hand side does not, which is a contra-

diction. Consequently the rows of M are linearly independent over R. m

For:=0,...,m—1, since Ni+1Ni_1 = Zi_1 has same form of partial fraction expansion
as the right hand side of equation (6.25), it follows from the above lemma that the rows

of M; are linearly independent over R. Define
B; := {v; | 3w; € B; such that w;(0) = v;}

From Lemma 6.7, it follows that for ¢ = 0,...,m — 1, B; has dimension equal to 2. For

i=0,...,m—1, define

Qi(§) =

ELi+J; I
I Ot |

P;(€) := Q;(&)~L. Observe that for i =0,...,m — 1, B; 1 = Im(B(%))‘%,. Note that

L;  Ox
Qi(¢) " IQi(n) = 2(¢ +m) T+
Orxt Orxi
Hence
L;  Op
Pi(¢) JPi(n) =J —2(C+n) =J = ((+n) (6.27)
Oixt Orxi
where
L; O
Qi —9 Ixl
Orxt Orxa
Note also that the QDF Qq, is nonnegative. Now for some i € {0,...,m — 1}, consider

two trajectories w; € B; and w;+1 € B;41 that are related by the equation w;y1 =

P;(4)w;. From equation (6.27),

d

Qu(wi) — Qlwisn) = Qslw) — Qy (P () wi) _d

%Qgi(wi) (6.28)

dt

Thus all conditions of Definition 6.13 are obeyed which implies that {9B1,Bs,...,B,,}
is a synthesis of By.
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For i =1,...,m, define M/(§) := EM;(§). We have

M(Q)TIM;(n) _ MUQ)TEM ()

for i =1,...,m. Observe that =" = Z~! = Z. In order to prove that B, is X-lossless
and {B7,B5,..., B} is a synthesis of the behaviour B{, we first need to prove that

n(B)) = n(B;) for i =0, ..., m, for which we make use of the following lemma.

Lemma 6.22. Consider a controllable behaviour B € L. Define B’ := Im(Z) 5. Then
B’ is controllable and n(B') = n(B).

Proof. Let B = Im(M (%)) denote an observable image representation of ‘B, where
M € R?™Xh[¢] and M is column reduced. Write

M(§) = A diag(§™,£",...,§™) + B(¢)

where n; denotes the column degree of the ¢™ column of M, A denotes the coefficient
matrix of the polynomial matrix formed by the highest degree terms of M and B €
R2x1[€] consists of all the lower degree terms of M. Since M is column reduced, A
has full column rank, and n(*B) = 2?:1 n;. Define M'(§) := ZEM(E). Since det(Z) # 0,
B = Im(M ! (%)) is an observable image representation of B’. The existence of an image

representation implies that B’ is controllable. We have

M'(€) = EM(€) = ZA diag(€™, €™, ...,€™) + EB(€)

Let A} and A; denote the i"™ columns of ZA and A respectively. Assume that there exist
a; € Rfori=1,...,11, such that

I

> aidj=0 (6.29)

i=1
Since E7! = Z, we have ZA, = A;. Premultiplying both sides of equation (6.29) with
=, we get

l1

Z aiAi =0

i=1
Since A has full column rank, the above implies that a; = 0 for ¢ = 1,...,l;. This

in turn implies that ZA has full column rank, or that M’ is column reduced. Hence

n(B') =S ni=n(B). =
We now prove that {8/,8,,...,B] } is a synthesis of the behaviour By,.

Lemma 6.23. Let {B1,Bo,...,B,,} be a synthesis of a J-lossless behaviour By € L2,
Fori=0,...,m, define B} := Im(Z)|3. Then By, is L-lossless and {B7,BY, ..., By, }
is a synthesis of By,.
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Proof. Consider a trajectory w], € B! ,. We have Qx(w),) = Qs(wn), where w,, =
Zw],. This implies that w,, € B,, and hence Qj(wy,) = 0. Thus Qx(w),) = 0 for
any trajectory w), € B/ . From Lemma 6.22, it is easy to see that n(8}) = n(B;) for
i =0,...,m. Therefore n(B;) > n(Bj ;) >0 fori=0,...,m—2.

Let By = Im(MO(%)) be an observable image representation of By, and 8,1 =
Im(Pi(%))mi fori=0,...,m—1. Fori=1,...,m, define

M;(€) == Pi—1(§) Pi2(§) - .- Po(§) Mo (€)

Then it is easy to see that 9B; = Im(Mi(ﬁ)) for i = 1,...,m. Fori = 0,...,m,
define M/(¢) := EM;(£). Observe that 8] = Im(M/(4)) for i = 0,...,m. Since
{B1,B9,...,B,,} is a synthesis of By, it follows from Lemma 6.7 that fori =0,...,m—
1, the rows of M; are linearly independent over R. Since det(Z) # 0, it follows that the

rows of M/ are also linearly independent over R for ¢ = 0,...,m — 1. Define
B. := {v; | Jw} € B} such that w,(0) = v;}

From Lemma 6.7, it follows that B has dimension equal to 2{ for i =0,...,m — 1.

Observe that B|, = Im(M(’)(%)) is an observable image representation for Bj. If we

define
Mo(Q)"TMo(n) _ Mg(¢) "SMG(n)

¢+n ¢+mn

then from Lemma 6.12, it follows that @, > 0. From the same Lemma, it follows that

cI)O(Ca 77) s

B, is L-lossless.

Fori=0,...,m—1, define P/(§) := ZP;(&). It is easy to see that B; ; = Im(ﬂ’(%))m;
for i =0,...,m— 1. For any two trajectories wj € B; and w;; € B, that are related
/

by wi, ; = Pi’(%)wi, where i € {0,...,m — 1}, consider related trajectories w; € B;,

and w1 € Bjy1, such that w; = Zwj and w41 = Zw;, ;. Since wip1 = Pi(%)wi, from
Definition 6.13, it follows that 3 a nonnegative Qq, (Q; € R2*2)[¢, 5], such that

/ / d /
Qx(w;) — Qz(wiy1) = @QQQ (w;)

where Q}((,n) = EQ(¢,n)E. Observe that Qq; is nonnegative for ¢ = 0,...,m — 1.
Hence from Definition 6.13, it follows that {%B],9B5,...,B/,} is a synthesis of the X-

lossless behaviour B{. =

From Theorem 6.17 and the above Lemma, conclude that Bj, is X-lossless, {98, B85, . ..,
B!} is a synthesis of the behaviour B{, and {Qa,, Qa,, ..., RQs,,} is a synthesis of the
positive QDF Qg,. ®
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6.4.2 Foster synthesis

Next for the purpose of illustration, we explain the steps involved in the Foster synthesis

of a special class of lossless positive real transfer functions of the form

wi9=5 (6z)

1=0

where A; € RX! is positive definite for i = 0,...,m— 1. Consider Ny, Dy € R*![¢], such
that Dy(§) = H?l_ol(SQ +wI and Zg = NoDy'. For k=1,...,m — 1, define

m—1 €A,
Z(6) : g; (52“)3)
Assume that Ny, Dy are known, and the values of A; for ¢ = 0,...,m — 1 are un-
known. The behaviour corresponding to the transfer function Z; has the image rep-
resentation By = Im(Mo(%)), where My := col(Dg, Np). Foster’s synthesis for this
case consists of obtaining the values of A; and expressions for polynomial matrices
Ni(&) = Zp(§) <H?§€1(§2+w3)) for k = 1,...,m — 1 from Ny and Dy. Define
Dy(¢) = Hﬁ;l(@ + w)I, for k = 1,...,m — 1. The first step in the Foster syn-
thesis of Zj is to obtain Ag and N7 from the known expressions of Ny and Dy and to
write Zy as
§Ao

Zo(§) = 1t + N1(&)D1(§)7!

In the right hand side of the above equation, the first term corresponds to a pair of
reactive components extracted in the first step, and the second term corresponds to the
transfer function to be synthesized in the next step. The behaviour corresponding to
the transfer function NlDl_1 is given by 987 = Im(Ml(%)), where My := col(Dy, Ny).
The next step in the Foster synthesis of Zj is to obtain A; and N5 from the known

expressions of N1 and D and to write Zj as

b+ NAOD(E)

Zo(§) = erg 2t

The second term in the right hand side of the above equation corresponds to a pair of
reactive components extracted in the second step, and the third term corresponds to the
transfer function to be synthesized in the third step, whose corresponding behaviour is
By = Im(Mg(%)), where My := col(Dsg, Na). Continuing this way, it is easy to see that
Foster synthesis of Zj actually leads to a Foster partial fraction expansion of Zj as in

the standard description of Foster synthesis of a lossless positive real transfer function.

We now prove that Foster’s synthesis for this case leads to a synthesis of behaviours in
the sense of Definition 6.13 and consequently a synthesis of a QDF associated with the

behaviours.
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Theorem 6.24. Define r(§) := 2”2731(52 + w?), ve(€) == %, where w, € RT are
q
distinct forq=0,...,m —1. Fori=0,...,m —1, define

(&)1
St fvg(€) A,

)

M;(€) == [

Define My, (§) := col(r(ﬁ)Il,lel). Fori=0,...,m, define B; .= Im(Mi(%)),

Mi(Q)TIMi()

Then Bg is J-lossless, {B1,Ba, ..., B} is a synthesis of By and {Qa,, Qa,, - -, Qs,, }
is a synthesis of the QDF Qg,.

Proof. 1t is a matter of straightforward verification to see that

m—1
Z (Cn + wHvi(Ovi(n) A
=0

Let B; € R*! be such that A; = B;—BZ- fori=0,...,m—1. Since A; is positive definite,
det(B;) #0 for i =0,...,m — 1. Define

§i(€)B;

L m—1
Fo(§) := coliZy [ wivi(€)B;

Observe that ®¢(¢,n) = Fo(¢) " Fo(n). We now prove that Fy(A) has full column rank ¥
A € C. Assume by contradiction that Fy(\) loses column rank for some A € C. Then
3 a nonzero uy € C! such that \v;(\)Bjuy = 0 and v;(A\)Bjuy = 0 for i = 0,...,m — 1.
Since det(B;) # 0, this implies that v;(A) = 0 for ¢ = 0,...,m — 1. But there does not
exist a A € C for which this is true. This implies that Q¢, > 0.

Define Tq(f) = H?i;l(gg +w2-2), Uiq(g) = §2J£ )2 for qg=0,. -1, Tm(f) =1,
Vim (&) := 0 and

rq(§)1i
Sq(f) = [ m_lq
Dieq Svig(§)A;
It is easy to see that ‘B; (S (%)) is an alternative image representation of B; for
i=20,...,m. We now prove that for ¢ = 0,. — 1, S4(A) has full column rank for

all A € C. Assume by contradiction that Sg(A ) loses column rank for some A € C. Then
there exists a nonzero yy € C', such that S;(\)yx = 0. This implies that r,(\)yy = 0,
and 3 70 "Avig(W)Aya = 0. Now 7,(\)ya = 0 = 74(\) = 0, because yy # 0. This
implies that A = tjwy, where p € {q,...,m — 1}. For this value of A, observe that

m—1
Z Vig(A)Ai = vpg(A) Ap # 0
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since A, is positive definite. Thus Z?i;l Aig(A)Aiyn # 0 for X = £jw,, where p €
{¢,...,m—1}. This implies that for ¢ = 0,...,m—1, S;(\) has full column rank for all
A € C. It is easy to see that Sy, () has full column rank V A € C. Observe that Sp(§) =
My(€). This implies that By = Im(MO(%)) is an observable image representation of

Bo.

Fori=0,...,m — 1, define

S G

Z;’Zlqu(f)Aq m_l( §A, >

q=t q

Since Z; has the same form of partial fraction expansion as the right hand side of equation
(6.25), from Lemma 6.21, it follows that the rows of M; are linearly independent over
R. For i =0,...,m — 1, define

B; = {v; | 3w; € B; such that w;(0) = v;}

From Lemma 6.7, it follows that for ¢ = 0,...,m — 1, B; has dimension equal to 2. It

now follows from Lemma 6.12 that B is J-lossless.

It is easy to see that B; = Im(Si(%)) is an observable image representation of 95; for
i =0,...,m. Observe that the coefficient matrix A of the polynomial matrix formed
by the highest degree terms in S; is the same for i = 0,...,m — 1 and is given by A =
col(1;,0;x;). Observe also that A has full column rank. Hence S; is column reduced for
i=20,...,m— 1. It follows that for : = 0,...,m — 1, n(B;) = 2(m — ¢)l, which implies
that n(B;) > n(Bi+1) > 0 for i = 0,...,m — 2. It is easy to see that Qj(wy,) = 0 for
any trajectory wy, € B,,. Let ¥; € R¥2[¢] denote a left inverse of S; for i = 0,...,m.

For ¢ =0,...,m — 2, define

[T, (€ + W)y

Pq(g) = [ ZZ;—IH EAviq(§)

] Y, (). (6.30)

Define
Yin-1(8) (6.31)

It can be verified that M; 11 = P,M; for i =0,...,m — 1. Hence B, = Im(P"(%))PB

fori=0,...,m—1. Fori=0,...,m— 1, define

Qi(&) =

(4w O1x1
4 (€ +w)

and observe that

(& + W) M;(€) = Qi(&) Mz (€) (6.32)
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Note that

Qi(Q)"JQi(n) = (C+ W) + w})J + (C+n)(Cn+ w))

A; Orxi
Oixi O
Pre- and postmultiplying both sides of the above equation with M;,1(¢)" and M;,1(n)

respectively, using equation (6.32), we get

(% +w) (0 + wi) Mi(Q) T IM;(n) = (¢% + w?)(n* + wP)M;11(C) T T Miy1(n)
Ai O

H(CHm)(Cn+wi)Mi(Q) T P(¢) T 0
ixt Orxi

Pi(n)M;(n)

Using equations (6.30) and (6.31), it follows that

Mi(Q)TTM;(n) = (C+n)(Cn+ w)riga (Qrivr (m)Mi(Q) TYi(C) TYi(n) My (n)
+ M1 (¢) T TMa(n)

Define
Q(¢,m) = (0 + wi)ris (Qrisa () Yi() T Yi(n)
d

For any two trajectories w; € B; and w; 1 € B;41, that are related by w;1 = Pi(dt)wi7
observe that

Q) ~ Qsluwisn) = Qo ()

Also observe that Qq, > 0 for ¢ = 0,...,m — 1. Thus all conditions of Definition 6.13
are obeyed. Hence {B1,B2,...,B,,} is a synthesis of the J-lossless behaviour B. For
i=1,...,m, define M/(€) := EM;(&), and observe that

Mi(¢) " JMi(n) _ M (¢)TEM](n)
C+mn C+m

For i = 0,...,m, define B} := Im(M/(%£)) = Im(Z)|,. From Lemma 6.23, it follows
that B, is X-lossless and {B],B),...,B) .} is a synthesis of Bj,. From Theorem 6.17,
conclude that {Qa,, Qa,, ..., Qa,,} is a synthesis of the positive QDF Qg,. m

6.5 Nevanlinna diagonalization

We now introduce a new method of diagonalization of positive QDFs, which we call
Nevanlinna diagonalization because this method is based on the method used for solving
the subspace Nevanlinna interpolation problem in Rapisarda and Willems (1997). This
method of diagonalization works only for a special category of positive QDFs. It will
be shown that under certain conditions, Nevanlinna diagonalization of a positive QDF
leads to a synthesis of the given QDF. In our algorithm for Nevanlinna diagonalization,

we assume that we are given a two-variable polynomial matrix ®, € RX![¢, 7] which
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obeys the conditions Qg, > 0 and X¢, = Iyy,), where ¥o((,n) := (¢ +7)Po(¢,n) and
Y3, and n(¥() denote the signature of ®; and McMillan degree of ¥, respectively. The
output of our algorithm is a diagonalization of Q)s,. Throughout this section, w, wy

and wy denote nonnegative integers such that wi + wo = w, and X denotes the following

IW1 0w1 XWQ
Owg XW1 _IWQ
The first step of our algorithm involves obtaining a canonical factorization of ¥y ((,n) :=

(C4+1)®o(¢ +n) of the form Wo(¢,n) = Mo(¢) "My (n), where My € R¥<![¢]. The next

step involves column reduction of My to obtain a matrix V; € R**![¢] such that V] has

matrix:

nondecreasing order of column degrees. We then choose a real, nonzero number A\; and
Vi (/\1)TEV1 (A1)

compute T} = T

Since I'1(¢,n) = w is such that Qr, > 0, it follows that 77 is positive definite

and hence det(77) # 0. The next step of the algorithm involves computation of the
following

S1(€) = (€ + M) Lu — ViAW) Ty 'Vi(A) '8

_Sievi©) g Vele) 'TVa()

V2(§) €2 — )\% 2o

where Ag is another nonzero real number. We now prove that V5 is column reduced, has
polynomial entries and V(&) TEVa(—€) = Va(—€) TEV5(€) = 0. We also prove that the
column degree of every column of V5 is one less than that of the corresponding column
of Vl.

Lemma 6.25. Consider a column reduced Vi € R™[¢], such that Vi(—&)TXVi(€) = 0.
Define Ty := %ﬁ“ﬁ()‘l) where A1 € R is nonzero. Assume that det(Ty) # 0. Define

S1(8) = (€ + M) L — Vi(A)T] Vi) 'S

Define V5(§) := %‘%5) Then

1. V5 has polynomial entries.

2. Va(€)TEVa(—€) = Va(—€) TSVa(€) = 0.

3. Vs is column reduced.

4. The column degree of every column of Vo is one less than that of the corresponding

column of Vj.

Proof. Tt is easy to see that
S1(A)Vi(A) =0 (6.33)
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and
S1(=A)Vi(=A1) =0 (6.34)

From equations (6.33) and (6.34), it follows that Sy (£)V4(€) is divisible by (€2 —\?), and
consequently Va(€) consists of polynomial entries. Now observe that S1(¢)TS1(n)

= [+ M) = ST Vi) TIE[0 4+ M) Le = Vi) Ty Vi(A) TE]
= (C+ M)+ AL = C+n)EVi) T Vi) TS

Also
Vi(Q)TS1(Q) TES1(mVA(n) = (¢ = AD)(n* — A)Va(C) ' =Va(n)

Hence it follows that
VIO TEVIM)(C+ M)+ M) = (¢% = A1) (0 = AD)Va(¢) TEVa(n)
HECHMVAQ) TEVIO) T V() TEVA ()
Hence Va(—€)TSV5(€) = Va(€) TRVa(—£€) = 0.

Let n1,no,...,n; denote the column degrees of columns 1,2,...,1 of V;. We can write

Vi(&) =A diag(é‘nl’é‘nz’ v 757”71757”) + B(&)

where A € R"* is the coefficient matrix of the matrix formed by the highest degree
terms in every column of Vi. B € R¥**![¢] is the matrix containing the remaining lower
degree terms of V4. Since V; is column reduced, it follows that A has full column rank.

Now observe that

&+ C1,1 C1,2 ce c Clu
C2,1 §+ca2 2,3 e o
S(8) =
Cy—1,1 . Cy—1,w—2 5 + Cu—1u—1 Cu—1w
| Cut Cu—1 E+cun |
SEOVI(E)

where ¢;, € R for integral values of ¢ and k. Since V(&) = has polynomial

62_)\2
entries, it can be inferred that the position and coefficients of the highest degree terms
in V5 are the same as in Vi, the only difference being that the degree of these terms is

one less than those in V. Hence, we can write
Va(€) = A diag(€™ ", ¢, ¢m2 e 4. C(9)

where C' € R**![¢] consists of lower degree terms of V5. Since A has full column rank,
it can be inferred that V5 is column reduced, and has column rank of each column, one

less than that of the corresponding column of V;. m
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Now assume that the last [ — p (I > p) columns of V; have column degree equal to 1.
We prove that this will lead to det(72) = 0.

Lemma 6.26. Assume that Vi € RY¥¢] is column reduced in such a way that if n;
denotes the column degree of the i column of Vi, then ny > ng > -+ > np > npy1 =
Npt2 = -~ =ny = 1. Also assume that Vi(=6)TEVI(€) = 0. Define Ty := %21%()\1)’
and assume that det(Ty) # 0. Define S1 € R¥V[{] as

S1(€) = (€ + M) L — Vi(AM) Ty Vi) TS

where A1 € R is nonzero, and V() := % Then (Vo(¢)T£Va(n)) has the last | —p
1

rows and columns full of zeroes.

Proof. From Lemma 6.25, it follows that Va(&) T SVa(—¢) = Va(—&)TXV4(€) = 0 and
S1(=A)Vi(=A1) = S1(A1)Vi(A1) = 0. Consequently Vo € R¥*![¢]. From the proof of

Lemma 6.25, it follows that we can write V5 as
Va(€) = Adiag(em 1t ¢m2=t o gl 1) + ()

where C’ € R¥*![¢] consists of lower degree terms of Vo, and A € R"*! has full column

rank. It can be inferred that the last (I —p) columns of V5 consist of constants. Partition

g

V5 as

Vo =

where D € R"*! N € R"2*![¢]. We have
Va(¢) 'Va(n) = D(Q) ' D(n) = N(¢) " N(n)

Consider the two-variable polynomial matrix D(¢)" D(n). Since we know that the last
(I — p) columns of D consist of constants, it can be verified that D(¢)" D(n) can be
partitioned as

Pi(¢,m) Gi(Q)

D(¢)" D(n) = Fo) K

(6.35)

where P, € RP*P[¢ q], Gy € RP*(-P)[¢], By € RUPI¥P[¢] and K € REPIX(-P) Also
observe that since the last (I — p) columns of N consist of constants N (¢)" N(n) can be

partitioned as

N(¢Q)"N(n) = (6.36)

Py(Cn) Ga(C) ]
Fy(n) K

where Py € RP¥P[C, 7], Gy € RP*(-P)[¢], Fy € RUPI¥P[¢] and Ky € REPIXU=P) From
Lemma 6.25, it follows that Vo(—&)TXV5(€) = 0. Hence D(—¢)TD(€) = N(—&)TN(€).
Hence, we get G1(§) = Ga(§), Fi1(§) = F3(§) and K; = Ky. It now follows from
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equations (6.35) and (6.36) that V2(¢) " XVa(n) = D(¢)"D(n) — N(¢) T N(n) has the last

(I — p) rows and columns consisting of zeroes. ®

Now if V5 has its last (I — p) columns constants, then we assign a new expression for V3
as follows. Write V as Va(¢) = row(Vy(£), K), where Vy € R¥P[¢] and K € R¥<(-P),
Assign V5(§) := Vj(€). Note that the new expression for Vo has been obtained by just

deleting its constant columns. With this new expression for Vs, compute 75 as

Va(A2) TEVa(Ae)

T, —
2 2o

If all columns of V5 have column degrees greater than zero, then we continue with the
same expression for V5, and the same value for 75 as before. We now prove that T3 is
positive definite, and V2(\) has full column rank for all A € C.

Theorem 6.27. Assume that Vi € R"¥[¢] is column reduced in such a way that if
ni, na,...,n; represent the column degrees of columns 1,2,...,1 of V1, then ny > no >
<. >ny. Also assume that Vi (—€) TSV (€) = 0. Define

Vi(¢)"EVi(n)

Fl(C,T/) = C+77

Let ng denote the McMillan degree of By = Im(Vl(%)). Assume that Qr, > 0 and
Yr, = In,. Define Ty :=T'1(A1, A1), where A1 € R is nonzero. Define S1 € R¥V[{] as

S1(€) = (£ + M) L = Vi(A)TT ' Vi(M) TS

Define V5(§) = % Assume that p columns of Vo have degree greater than or
1
equal to 1. Assume also that p > 0. Define

Vi) = Va9 | ]
l—p
Define .
_ V5(0) EV3(n)

Then Qr, > 0, ¥, = I,,, where ny denotes the McMillan degree of B1 = Im(VQ’(%))
and V4(X) has full column rank for all A € C.

Proof. Since Qr, > 0, it follows that T} is positive definite and hence det(77) # 0. From
Lemma 6.25, it follows that V5 has polynomial entries. Now observe that S1(¢) T XS (n)

= [+ M)l = SVI(A)TT Vi) TS0+ M) Lo = V()T Vi(A) TE]
= (C+ M)+ AL — €+ n)EViA) T Vi) TS
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Also
Vi(Q)TS1(Q) TES1(mVa(n) = (¢ = A1) (n* — A)VR(Q) T =Va(n)

Hence it follows that

VI(QO)TEVIM)(C+ M)+ ) = (= A)0? = A\)Va(Q) 'SVa(n)
+ VA TSVADT V(M) T EVA(n)

Dividing the above equation by (¢ +7)(¢ + A1)(n + A1), we obtain

Vi(¢)"EVi(n)
¢+n

V2(¢) "2Va(n) N Vi) TEVIO) T V(M) TEV ()

=(C= M) —\1) o (C+ M)+ A1)

(6.37)
Observe that the second term of the right hand side of the above equation is a matrix
with polynomial entries because Vi (A;)T V4 (€) is divisible by (¢ + A1). From Lemma
6.25, it follows that the column degree of every column of V5 is one less than that of the

corresponding column of V;. Define

Va(Q) TEVa(n)

(1)2(€7n) = C+n

Since the last (I — p) columns of V5 have constant entries, from Lemma 6.26, it follows
that
FQ(C?”) OpX(l—p)

QQ(C7 77) =
Ou—p)xp  Oti—p)x(1-p)

Let X5(&) := 001?2152 (row (&1, Oyix(l,yi))), where y; denotes the number of columns of
V5 with column degree greater than or equal to i + 1. Let x9 denote the number of rows
of Xy. Partition Xy as Xo(§) = row(X5(§), Ox,x(1—p))- Observe that

rai ) = G2

= X;5(0)T2X5(n)
where fg € R¥2**2 ig related to the coefficient matrix of I's, in the sense that it has
finite dimensions and it consists of all the nonzero terms of the coefficient matrix of I's.

Hence we can write
Dy(¢,m) = X2(¢) 'TaXa(n), (6.38)

Let ¥ € R¥*? denote the signature matrix of f‘g. Then we can write a symmetric
canonical factorization of fg as fz = L"%,L, where L € R¥**2 hag full row rank. It is
easy to see that the rows of X5 are linearly independent over R. We now prove that the

rows of LX(§) are also linearly independent over R. Write L as
L= COI(Ll, LQ, e ,Lq)

where for i = 1,...,q, L; denotes the i"* row of L. Assume by contradiction that the
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rows of LX5(§) are linearly dependent over R. Then there exist nonzero real numbers

ai,...,aq, such that
arL1 X2(§) +agloX2(§) + ... + aqlqX2(§) =0

This implies that
a1L1+a2L2+...+aqu:O

This in turn implies that a; = 0 for ¢ = 1,...,q as L has linearly independent rows,
which is a contradiction. Thus the rows of LX5(§) are linearly independent over R.
Since T is positive definite, we can factorize it as Tl_1 = DD, where D € R is
nonsingular. Define

Vi(\) TEVA(E)

§+ M

Then from equations (6.37) and (6.38), it follows that I'1(¢,n) = X ()T AX(n), where
X (&) = col(DX1(€), (£ — M)LX2(€)) and A = diag(l;,>1). Let x denote the number of

rows of X. We first prove that the rows of X are linearly independent over R. Assume

Xi(§) =

by contradiction that there exists a nonzero G € R*, such that
GTX() =0

Partition G' as G = col(G1, G2), where G € R! and G2 € R*~!. Now GTX(\) = 0 for
all A € C. Putting A = A\j, we get G{T1 = 0. Since det(7}) # 0, this implies that
G1 = 0. Hence we have Gq (6 — \)LX2(¢) = 0. Since the rows of LX5(£) are linearly
independent over R, we have G5 = 0, which is a contradiction. Hence the rows of X are

linearly independent over R. Thus

L1(¢m) = X ()T AX (1)

is a symmetric canonical factorization of I'y, which implies that A is the signature of
I'y. It can be verified that x = Zé:l n;, which is equal to the McMillan degree of
By = Im(Vl(%)). Consequently, A = I, which implies that ¥; = I;,. Observe that
x2 = x — | = ny = n(By). This implies that Xr, = I,,,, 9 = x2, and L is square and
nonsingular. Since yy = p, it follows that X()) has full column rank for all A € C. We

have
a(¢,m) = X5(0)TaX5(n)

Since I~’2 =L'SL = LTIXQL, with L square and nonsingular, fg is positive definite.
Consequently, Qr, > 0. Since

PG = vg(é)f?’m)

from Lemma 6.8, it follows that V5 () has full column rank for all A € C. =
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Since Qr, > 0, it follows that det(7%) # 0. Let N denote the degree of the highest
degree polynomial of Vi. The next step of the algorithm is to iteratively carry out the

following operations for i =2,..., N:

(1) Compute
Si(€) = (€ + X)Ly — ViAW) T Vi(A) '8

Si(§Vi(€)
Vit1(§) = W
where \; are arbitrarily chosen nonzero real numbers for i =2,..., V.

(2) In case V11 has columns with column degree 0, delete such columns from Vi to

obtain V/, ;. Then assign Vi;1(€) := V/,;(£), and compute

Vi1 (is1) T 2Vig1(Nis1)
2Xi+1

Tiy1 =

We now prove by induction that det(7;) # 0 for i =2,...,N. For i =3,..., N, define

Vi(€) EVi(n)

We know from Theorem 6.27 that Qp, > 0, and Xr, = I,,, where n; denotes the
McMillan degree of B = Im(Vg(%)). Assume that for some i € {2,...,N—1}, Qr, > 0,
and Xr, = I, ,, where n;_; denotes the McMillan degree of B;_; = Im(Vi(%)). Then
from Theorem 6.27, it follows that Qr, , > 0, and X, ,
the McMillan degree of B; = Im(VHl(%)). Consequently det(7;+1) # 0. Hence by

induction, it follows that det(7;) # 0 for i = 2,..., N.

= I,,;, where n; denotes

We now give the formal algorithm for Nevanlinna diagonalization of a positive QDF,

and also prove that under certain conditions it leads to a synthesis of the given QDF.

Algorithm 6.28. Data: ®, € RIX![¢, ], such that Qgp, > 0 and Le, = Lo(wy), where
Uo(¢,n) == (C+n)Po(¢,n) and Yo, and n(¥) denote the signature of o and McMillan
degree of W respectively.

OUtPUt: A sequence {(I)I(C7 77)7 (DQ(Cv 77)7 R (I)m(<7 77)}; such that {Qqh ’ Q‘I’z’ RN Q‘I)m}
s a Nevanlinna diagonalization of Qa,.

Step 1 : Obtain a canonical factorization of ¥o((,n) := (¢ + 1n)Po(¢ + 1) of the form
Uo(¢,m) = Mo(¢) " My(n), where ¥ denotes the signature of ¥g and My € R*<[¢].

Step 2 : Find a unimodular matrix V € R*![¢], such that Vi(¢) := My(&)V(€) is
column reduced with ny > ng > --- > n;, where nq,ns,...,n; denote the column

degrees of columns 1,2,...,[ of V7.
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Step 3 : Choose real, nonzero numbers A\, A9, ..., Ay, where N denotes the degree of

the highest degree polynomial in Vj. Assign 77 = %21\/1(/\1)

Step 4 : Assign ¢ := 1.

Step 5 : Assign

Si(§) = (E+ M) —Vi(W)T; 'WVi(N) 'S

Si(§)Vi
Visr(§) = 5(25)—)\(2{)
T. Visr (Niv1) " BVip1 (i)
i+1 2>\i+1

%

/ (Vi (Q) TXVin (n)
e = (MO

(pfb(<7n) Oli+1><(l*ll‘+1)

Vin)™
O—tip)xtisr OU—tis)x(1—lis1)

®i(¢,n) = V()T

where ;11 denotes the number of columns of V.

Step 6 : If T;4; = 0, output “{®1(¢,n), P2(¢,n),...,Pi(¢,n)}” and stop. Else if
det(T;4+1) # 0, go to step 7, else go to step 8.

Step 7 : Put + =i+ 1 and go to step 5.

Step 8 : Verify that T;,1 has at least one row and one column full of zeroes. Delete

the corresponding columns of V1 to obtain V; ;.

Step 9 : Assign Vi11(§) := V{1 (§).

Step 10 : Evaluate T;11 = Vier Qi) 8Vini Q) - g 10 step 7.

2Xi+1

We now prove the correctness of Algorithm 6.28.

Theorem 6.29. With reference to Algorithm 6.28, {Qa,, Qa,, - -.,RQay } is a diagonal-
ization of Qa,. Further if the rows of V; are linearly independent over R fori=2,...,m,

where m < N is an integer, then {Qa,, Qa,, - - ., Qa,, 1, Qo 15 a synthesis of Qa, -

Proof. Qg, > 0 implies that also Qr, > 0, where T'1(¢,n) = V(¢)"®o(¢,n)V(n) =

Vi(Q) TEVi(n)
¢+n

column rank for all A € C. We now prove by induction that det(7;) # 0 fori = 2,..., N.
Fori=3,..., N, define

, since V' is unimodular. From Lemma 6.8, it follows that Vi(A) has full

Vi(¢) T2Vi(n)

C+n
We know from Theorem 6.27 that Qr, > 0, and ¥Xr, = I,,, where n; denotes the
McMillan degree of B, = Im(Vg(%)). Assume that for somei € {2,...,N—1}, Qr, > 0,
and X, = I, where n; 1 denotes the McMillan degree of B; 1 = Im(%(%)). Then

Li(C,m) =

1—17



Chapter 6 Synthesis of positive QDFs and interconnection of J-lossless behaviours 153

from Theorem 6.27, it follows that Qr,,, > 0, and Xr,, , = I;, where n; denotes
the McMillan degree of B; = Im(ViH(%)). Consequently, det(T;11) # 0. Hence by
induction, it follows that det(7;) # 0 for i = 2,..., N. From Lemmas 6.25 and 6.26, it
is easy to see that ®x((,n) = 0.

Let I; denote the number of columns of V; for ¢ = 2,..., N. We have for every i €
{1,...,N},

Si(Q)"2Si(m) = (C+ M)+ A Lu — (C+)EVi(N) T 'Vi(A) TS

Also

Vi(Q)TSi(Q) T SSi(mVi(n) = (2= X)) (n* = A))

Vit (O TSVip1 () Opy e (ti—ty40) ]

O(li_li+1)><li+l O(li_li+1)x(li_li+l)

Hence it follows that V;(¢)T2V;(n)(¢ + Xi)(n + \i)

= (=20 =)

Vier (O TSVir1 () Opy x(ti—tysn) ]
Ot —~tis1) i 0=t 1) x (li=lig1)
+ (¢ VO TEVONTT Vi) T2V ()

Dividing the above equation by (¢ +7)(¢ + A;)(n + i), we obtain
g T g
w 0,15 (1i—li41) ]
O(Ii_li+1)><li+l O(Ii_li+1)><(li_li+1)
Vi(O) TSV T Vi) TRV ()
(C+ )0+ M)

Vi(Q) XVi(n)

Chn = ((—=M)n—N\)

Observe that the second term in the right hand side of the above equation is a matrix
with polynomial entries because V;(\;) ' ¥V;(§) is divisible by ({+A;). Pre- and postmul-
tiplying both sides of the equation with V(¢)~" 2;11(( — ) and V(n)~* 2;11 (n— k)
respectively, we get

®i—1(¢,n) = Pi(¢,m) + Ai—1(C,m)

where
A1 (Cm) = V(O™ A (¢ V()™
ViQTEViAD T Vi) TEVi(m) i1
A (Cn) = ( T . ) o1 (€= Ae) (= Ak)  Opxi-1y)

O—1:)xt; O(—1;)x (1-1:)

Since T; is positive definite for ¢ = 1,..., N, it is easy to see that QJ5, > 0. Hence
all conditions of Definition 6.1 are obeyed. This implies that {Qa,, Qa,,...,Qay} is a

diagonalization of Qa,.

Now assume that for ¢ = 2,...,m, the rows of V; are linearly independent over R.
Define V/(§) := row(VL'(f),wa(l_li)). It is easy to see that for i = 2,...,m, the rows
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i Vi(§) Ai T;
263+ €2 4116+ 4 2643
) 26— 3 E2+3¢+4 ) 130 20
263 — €2+ 116 -4 26 +3 20 30
26 —3 —£2 4364
252_{_1775_}_@ 307
&j_ﬂlﬁ §_|1_75@ 466 344
2 i, S 1| |1
* thmﬁ 7423 I
“mtim  Stn
26+ 2L 0
m161 . PYRN
3 161, 2 161
20— O [ 0 0]
b
161

TABLE 6.2: Example for Nevanlinna diagonalization

of V! are also linearly independent over R. Observe that a canonical factorization of
Ui(Cn) = (C+m)Pi(C,n) is

i

[]

k=1

i

TT¢ =)

k=1

Ui(¢,m) = V()" < ) 11(O T2V (0) < (n— )\k)> Vg™

This implies that ¥; has the same signature for ¢ = 0,...,m — 1. Define V/'(§) :=
VIEV(E) T Tl (€ — \g) and B, := Im(V/,,(4)) for i = 0,...,m — 1. From Theorem
6.27, it follows that for i = 2,..., N, V;(\) has full column rank for all A € C. Conse-
quently, an observable image representation for B; is B; = Im(V}H(%)). From Lemma
6.25, we know that for every i € {1,..., N}, the column degrees of V;;; are less than
that of the corresponding columns of V;. Since V; is column reduced for ¢ = 0,..., N,
we get n(B;) > n(B;41) > 0fori=0,..., N —1. This implies that for i =0,...,m —2,
n(¥;) > n(¥;11) > 0. Thus the sequence {Qa,, Qa,, ..., Rs,, ,,Qa, } obeys all condi-

tions of Definition 6.2. Consequently this sequence is a synthesis of Q¢,. ®
We now illustrate Nevanlinna diagonalization with an example.

Example 6.3. Consider

263 + €2+ 116+ 4 2643
B 2¢ — 3 2 4+36+4
Mo(€) = 23 €24 116 -4 2643
26— 3 —£243¢ -4
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Let ®0(¢,n) = w, where

¢+n
5 Iy O2x2
O2x2  —12
It can be verified that Qg, > 0, and Xg, = I5. Observe that the McMillan degree of
By = Im(MO(%)) is 5. For this example, the chosen values of \;, and the resulting

expressions of V;(§) and values of T; obtained from Algorithm 6.28 are given in Table
6.2.

In this case, it can be verified that 77 L and T2_1 are both positive definite. Observe
that det(75) = 0. Hence for this example, we have to go through steps 8 to 10 of
Algorithm 6.28. This gives T3 = % and V3(§) = col(2§ + %, %,2& - %, —%). In
the next stage, we obtain T = 0 and hence stop. For this example, define ®1((,n) :=
D)=V TSVs .
(€l 1)C+27§C) 207)) ‘1>2(C777) = dlag(%(CQ - 1)(772 - 1)70) and (1)3(6777) = 02><2.
Then {Qs,,Qa,, Qa,} is a diagonalization of Qg,. It can be verified that the rows of
V, are linearly independent over R. From Theorem 6.29, it follows that {Qa,, Qs,} is a

synthesis of Qa,.

6.6 Application to stability tests

We now show that the procedure for synthesis of behaviours can be used to check
stability of scalar autonomous behaviours. We show that stability of a scalar autonomous

behaviour can be checked using the steps for synthesis of a related QDF.

We make use of the following theorem in order to establish a link between stability tests

for a scalar autonomous behaviour and synthesis of QDFs.

Theorem 6.30. Consider a polynomial (&) = 7/(£2) + &r”(€2), where v/, r" € R[€]. Let
w denote the root of r' with the lowest absolute value. Define r1(£2) = £2r"(€%). r is

Hurwitz iff v and r" have distinct roots on the negative real axis and
e the roots of " are interlaced between those of v’ and r"(w) > 0, if the degree of r’
is greater than that of r”
e the roots of ' are interlaced between those of r1 and r'(0) > 0 if the degree of 1’ is
less than or equal to that of r".
Proof. See proof of Theorem 1, p. 107 of Holtz (1989). m

In the above Theorem, note that /(£2) and &r”(€2), denote the even and odd parts of
r(€). From Theorem 6.30 and Theorem 4.9 of chapter 4, it follows that a polynomial r
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is Hurwitz iff Q¢, > 0, where

_ r(Qro(n) +ro(Qri(n)

(6.39)

and one of r; and rg denotes the even part and other denotes the odd part of . Thus in
any stability test of the behaviour 26 = ker (r(%)), we first find rp and r; and check if
Qa, > 0, where ®g is given by equation (6.39). Note that one way of checking whether
a given QDF is positive or not is to diagonalize the two variable polynomial matrix
associated with it, and this can be done via synthesis. In this section, we show that
Cauer synthesis and Nevanlinna diagonalization of ()¢, lead to stability tests for B.

Throughout this section, we denote

6.6.1 Cauer synthesis and Routh-Hurwitz test

Assume that one of rg and ry is the even part and the other is the odd part of a given
polynomial r € R[{]. Assume that deg(rg) > deg(ri;) and &9 € R[(,n] is given by
equation (6.39). Then from previous discussion, Qg, > 0 iff r is Hurwitz. Now consider
the behaviour By = Im(Mo(%)), where My = col(rg,r1). Observe that

Mo(¢) " T Mo (n)

From Lemma 6.12, it follows that 2B is J-lossless iff r is Hurwitz. Now assume that
B is J-lossless. Consider Cauer synthesis of Bg. From Theorem 6.20, this leads to
the synthesis of the QDF Q)¢,. From the discussion of Cauer synthesis in section 6.4.1,
it follows that Cauer synthesis of B leads to a sequence of polynomials 19,73, ..., 7m,

with deg(r;)— deg(r;+1) =1 for i = 0,...,m — 1 such that the following equations hold:

ro(§) = aoéri(§) +r2(§)
ri(§) = aifra(§) +r3(§)
r2(§) = a28r3(§) +ra()

rm—2(§) = am—28rm—1(§) +m(§)
Tm-1(§) = am-1§rm(§)
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bn bn—2 bn—4
b1 bn—3 bn—5
C3n C3n—2 | C3;n—4
Cin Cin—2 | C4n—4

Cn+1n

TABLE 6.3: Routh table for r

where ag,ay, ..., a,—1 € RT and r,(£) is a constant. Observe that the above equations
can be obtained by a repeated division process similar to the one in Euclid’s algorithm
for finding the greatest common divisor of two given polynomials. We also get from
equation (6.19) of section 6.4.1 that

m—1
Do(C.n) = Y airir1(Q)risa (n) (6.40)
1=0

Observe that the steps followed in the Cauer synthesis of 2B are the same as those
followed in the Routh-Hurwitz test for the polynomial r. We now give the method for
construction of Routh table (see Routh (1892), pp. 192-201) for r. Let

r(§) =>_ bi&
i=0

Then Table 6.3 is a Routh table for ». With reference to this table, the entries from row

3 onwards are given by

o -1 Ck—2n Ck—2n—2p
Ckn—2p =
Ck—1,n Ck—1n Ck—1n—2p
where ¢1; = b; and ca; = b1 for i = n,n—2,n—4,.... It can be verified that the entries

of the i*" row of the Routh table for r, are the coefficients of 7;_;. Hence the first column
entries obtained in the Routh table construction for r are the leading coefficients of r;

for ¢ = 0,...,m. It follows that these entries are positive iff a; > 0 for ¢ =0,...,m — 1.

The following algorithm which is based on Cauer synthesis and Routh-Hurwitz test can

be used to check if a given polynomial is Hurwitz or not.
Algorithm 6.31. Data: A given polynomial r € R[£].

Output: Whether r is Hurwitz or not.

Step 1 : Split r into its even and odd parts. Let one of rg and r; denote the even part

and the other denote the odd part in such a way that deg(ro) > deg(r1).
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Step 2 : Assign R := 7.

Step 3 : Assign i := 0.

Step 4 : Find the remainder r;;2 and the quotient f; when r; is divided by r;41.
Step 5 : Assign R := col(R,Tit2).

Step 6 : If f;(§) # a;&, where a; € RT, output “r is not Hurwitz” and stop. Else if
ri+2(€) =0, go to step 7. Else put i =i + 1, and go to step 4.

Step 7 : If R(\) has full column rank for all A € C, output “r is Hurwitz” and stop.

Else output “r is not Hurwitz” and stop.

Note that in step 7 of the above Algorithm, we are checking if Q¢, > 0, where ®¢ is
given by equation (6.40).

6.6.2 Nevanlinna test of stability

We now explain the steps of an algorithm which is based on Nevanlinna diagonalization
for checking whether a given r € R[¢] is Hurwitz or not. We call this test as Nevanlinna
test of stability. Let m denote the degree of r. Let one of g and r; denote the even part
and the other denote the odd part of r in such a way that deg(rg) > deg(ry). The first

step of the algorithm is to assign

vy = col(rg,m1)
T L ’1)1(/\1)TJ111()\1)
1 = )
21

where A1 is a nonzero real number. If r is Hurwitz, it is easy to see that 77 > 0. At this
step if 17 < 0, the algorithm stops and the output is “r is not Hurwitz”. Assuming that
T1 > 0, the next step of the algorithm is to compute the following;:

S1(€) = (£ + M) Lo — v (M)Ty or (M) T T

— S1(§vi(§) Ty = v2(A2) T Jva(A2)

el = "m0 X2

where Ao is a nonzero real number. Note that r is Hurwitz iff Q¢ > 0, where

v1(¢) " Ju1(n)

(¢, m) = =

We now prove that if r is Hurwitz, then Q¢, > 0, where

v2(¢) T Jua(n)
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Proposition 6.32. Consider v € R2[¢], such that vi(—€)" Jv1(€) = 0 and ®(¢,n) =
% induces a positive QDF. Consider S € R?**2[¢], given by

_ 2)\?}1 ()\)1)1 ()\)TJ

SE) = €E+ N == 70

where X € R is nonzero. Define va(§) := % Then ®o(¢,n) = % also

induces a positive QDF.

Proof. Let rg and r1 denote the first and second components of v1. Then

vi(Q) T Jui(n) _ ri(Qro(n) + ri(m)ro(C)
C+mn C+n

®(¢,m) =

induces a positive QDF. Consider a behaviour 8 = ker (rl(%)) for which Q4 turns out
to be a positive conserved quantity. Hence from Theorem 4.6 of Chapter 4, we can say
that B is oscillatory, and that one of r; and ro is even and the other is odd, and also
that their roots are interlaced. We will now assume that rg is even and r; is odd, and
the degree of rq is higher than that of 1. The proof of the case when the odd component
has degree higher than that of the even component is similar, and we will not prove that

explicitly.

Denote rg by r. and ry by r,. It can be verified that

6 _/\re(>\/\)
S(6) = [ (V) Tg( ) ]
Te(X)

Hence

(€% = X)wa(€) = [

Let ro and rg denote the first and second components of v9. We can assume without

loss of generality from Theorem 4.9 of Chapter 4 that
re(§) = (€ +wp)(E +wi)... (€ +w3,)
ro(€) = &€ +wi)(€ +wi)... (€ +wi )

with wp < w1 <wy <wg < -+ < wop—1 < wa,. Note that ’\Tre((/\k)) and ’\Tr"(%) are positive

for all values of A\. Now define
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It is easy to verify that

2
s(wi) <0 = At least 1 real root of s between w% and w%
s(w3) >0

2
s(ws) >0 = At least 1 real root of s between w3 and w?
s(w?) <0

2

s(w

( 2’;1) = At least 1 real root of s between w3, ; and w3,
s(wyy,) - .-

It is easy to see that 72 has one root at 0, and hence is odd. The remaining roots of ry are
the roots of the polynomial s(—¢?) other than £). These are 2n in number. Therefore

there is exactly one root of s between w? and w3, one root between w3 and w3, and so

on.
Now define
p?)i= — (6}~ a?)(&] — ). (W3 — 0?)
ATo(A)

It is easy to verify that

2
<0
p(wp) = At least 1 real root of s between wg and w%
p(wi) >0
2
>0
p(ws) = At least 1 real root of s between w% and w?
plwd) <0 ’

2
w
{ P(@in—2) } = At least 1 real root of s between w3, , and w3,

It is easy to see that r3 is even and its roots are those of the polynomial p(—&2) other
than £\. These are 2n in number. Therefore there is exactly one root of p between w%

and w%, one root between w% and w%, and so on.

From the above discussion, it turns out that the real roots of s and p are interlaced.
Consequently the roots of ro and 73 are also interlaced and also are purely imaginary and
distinct. Hence it follows from Theorem 4.9 of Chapter 4 that ®(¢,n) = %
induces a positive QDF. m

The next step of the algorithm is to iteratively compute the following for i = 2,...,m—1.

Si(€) = (€ + X)L — vi(N) T} toy(N) T
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Si(§)vi(§) Vip1(Nig1) T Jvipr (Nis1)
vi1(§) €2 — 2 i+1 Dt
where \; € R are nonzero for ¢ = 3,...,m and check at every step if T;.1 > 0. If not,

the algorithm stops and the output is “r is not Hurwitz”. Else the algorithm proceeds
to the next iteration. If the algorithm proceeds upto the last iteration, and T, > 0,
then the output of the algorithm is “r is Hurwitz”. We now prove that r is Hurwitz iff

T; is positive for ¢ = 1,...,m. We make use of Proposition 6.32 in order to do so.

Proposition 6.33. Consider vi € R**1[¢], such that vi(—¢&) " Jv1(€) = 0 and ®o(¢,n) =

e
% nduces a positive QDF. Let m denote the column degree of vi. For i =

1,...,m, define S; € R**?[¢] as

2)\ivi()\i)vi()\i)TJ

Si€) = (E+ X2 — vi(Xi) T Jvi ()

where \; € R, and viy1(§) = % Then Qa, > 0 iff T; := %XW > 0 for

1=1,...,m.

Proof. (If): Assume that T; > 0 for i = 1,...,m. Observe that S1(¢) XS (n)

= [(C+ M) w = Sor(A) Ty o1 (M) TIS[(0 + M) Ly — 01 (AT o (M) "X
= (C+ M)+ AL — (C+n)Soi(A)T o (M) 'S

Also
v1(€) " S1(¢) "B (m)vi(n) = (€ = AD)(* — AD)v2(¢) " Sva(n)

Hence it follows that

v1(Q) TS+ AN+ ) = (G =AD" = AD)va(Q) " Sva(n)
+ (¢ () Sur (AT v (M) " S (n)

Dividing the above equation by (¢ +7)(¢ + A1)(n + A1), we obtain

v1(¢)"Ev1(n)
C+n

va(¢) " ua(n) N 01(¢) TS (M) Ty v (M) TS ()

= (C= A= )= (ERNICEDY

Observe that the second term of the right hand side of the above equation is a polyno-

mial because v1 (A1) vy (€) is divisible by (£ + A1). In a similar way, we can write an

v2(¢) T Jva(n) v3(¢) " Jus(n)
¢+n ¢+n

. . D: . . . .
expression for in terms of = . If this process is continued, we obtain

the following expression for ®4((,n):

®o(¢,m) = X()" AX (n) (6.41)
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where A = diag(T1, 75, ...,T,) and

U{ AT U,~ i—1
X(¢) = coll”, {(W) T m} |
v k=1

ngl(ﬁ — Ag) := 1. We now prove that X (\) has full column rank for all A € C. Let
x;(€) denote the i"™ element of X (£). Assume by contradiction that X () loses column
rank for some A € C. Then X (\) = 0, which implies that X is one of the roots of x,,
which implies that A € {A1,..., \n—1}. Now A # A, because x1(A1) # 0 owing to
T, being positive. Thus X (A1) has full column rank. Now assume that X () has full

column rank for A € {\;};=1,.;, where i < m —1. We now prove that X (A1) also

has full column rank if \j41 # A\; for &k = 1,...,4i. It is easy to see that in this case
Zit1(Aig1) # 0, because T;41 > 0. Hence by induction, it follows that X (A) has full
column rank for A € {\1,..., A\—1}, which implies that X (\) has full column rank for

all A € C. From equation (6.41), it follows that Qg, > 0. This concludes the proof.

(Only if): Assume that Qg, > 0. Define ®,_;((,n) = % From Proposition
6.32, it follows that if ®;(¢,n) induces a positive QDF, then so does ®;11((,n). Consider
trajectories w;(t) = e*!. We have Qq,_, (w;)(t) = Tie**t. If Qg, , > 0, then it follows
that 7; > 0. We know that (), > 0. Hence by induction, it follows that Qs, , > 0,

and consequently T; >0 fort=1,...,m. m

i—1

We now give the formal algorithm for Nevanlinna test of stability.

Algorithm 6.34. Data: A polynomial r € R[¢].

Output: Whether r is Hurwitz or not.

Step 1 : Let m denote the degree of r. Let one of ry and r; denote the even part and

the other denote the odd part in such a way that deg(ro) > deg(r1).

Step 2 : Assign vy := col(rg,r1).

Step 3 : Choose real, nonzero numbers A1, Ag, ..., \y,. Assign Ty = %‘W

Step 4 : Assign i = 1.

Step 5 : Assign
Si(€) = (€ + M)y — v; M) T s (N) T T

Si(§)vi(&) Thpy = Vi1 (Nig1) T Jvier (Nig1)

UiJrl(f) = 52_7)\2 2)\i+1

Step 6 : Check sign of T;11. If Tj11 ¢ RT, output “r is not Hurwitz” and stop. Else if
i =m — 1, output “r is Hurwitz” and stop. Else put ¢ =i+ 1 and go to step 5.

We now show the application of Algorithm 6.34 to an example of a Hurwitz polynomial.
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i vi(§) ANi | T
€5 4+ 663 4 8¢
1 [2§4+8§2+6 2 | 3360
158¢2
2| | et A | 0|
ST
134
£+ T7£ _ 71676
3 114¢2 282 1 15839
337 T 337
¢+ 18 445
4 |: %66 ) foor
3 6
L o

TABLE 6.4: An example for Nevanlinna test for stability

Example 6.4. Consider the Hurwitz polynomial (&) = &> + 2¢* + 663 + 862 + 8¢ + 6.
In this case n = 5. The chosen values of \; and the obtained expressions for v;(§) and

values of T; for e = 1,...,5 are given in Table 6.4.

Observe that T; > 0 for ¢ = 1,...,5. This implies that r is Hurwitz.

6.7 Interconnection of J-lossless behaviours

Consider a lossless one-port electrical network, for which the system equation is

d d
AV = n()I (6.42)

where V' and I denote the voltage across the port and the current through the network
respectively. From the theory of electrical networks (see Baher (1984), p. 50), it follows
that Z defined by Z (&) := % is lossless positive real. Hence both d and n are oscillatory,
one of them is even and the other is odd and the purely imaginary roots of one are
interlaced between those of the other. From Theorem 6.30, it follows that n + d is

Hurwitz.

Define B as the set of all admissible trajectories (I,V) : R — R? that obey equation
(6.42). It is easy to see that B = Im(M(%)), where M (&) := col(d(€),n()). From
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Theorem 4.9 of Chapter 4, it follows that Q¢ > 0, where

n(Q)d(n) + d(¢)n(n)
C+n

®(¢,n) =

It is easy to see that d and n are co-prime. Hence from Lemma 6.12, it follows that B

(1]

I P

—<——<  o—>—

is J-lossless, where

Network 1 I Va Network 2

FI1GURE 6.3: Interconnection of one-port electrical networks

Now consider the interconnection of two lossless one-port electrical networks as depicted

in Figure 6.3. Let the system equations for the two networks be given by

d d

d1($)V1 = nl(@)fl
d d
do()V2 = ma(o)h

When we interconnect the two networks as depicted in the figure, from Kirchoff’s voltage
and current laws, we obtain V4 = V5 and I = —I5. Hence the characteristic equation for
the resulting autonomous system is r = nids + nod;. We now prove that r is oscillatory

which implies that the resulting autonomous system is lossless.
We know that (n; + d;i) and (n2 + d2) are both Hurwitz. Hence their product

p = (m + dl)(nz + dg)
= (ning + didz) + (n1da + nady)

is also Hurwitz. We consider four cases.
e Case 1: nj and ng are even and d; and do are odd. In this case, r is the odd part
of p and hence from Theorem 6.30, it is oscillatory.

e Case 2: n1 and do are even and ny and d; are odd. In this case, r is the even part

of p and hence from Theorem 6.30, it is oscillatory.
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e Case 3: d; and no are even and ny and ds are odd. In this case, r is the even part

of p and hence from Theorem 6.30, it is oscillatory.
e Case 4: di and ds are even and n; and no are odd. In this case, r is the odd part
of p and hence from Theorem 6.30, it is oscillatory.
This proves that the interconnection of two lossless one-port networks of the type de-

picted in Figure 6.3 always results in a lossless autonomous system.

Below, we give the generalization of the above phenomenon for the multivariable case

of J-lossless behaviours.

Lemma 6.35. Define

g Ot 1o ; .o | Dt Ona
I O UM |
Consider two J-lossless behaviours B1,B9 € L2, Define B := Im(X) g, fori=1,2.
Then the behaviours B = B1 N BYy and B’ = B} N By are oscillatory.

Proof. We first prove that B is oscillatory. Consider a trajectory w = col(wy,ws) € B,
where wy, wy € €°(R,R!). Tt is easy to see that w € B and Zw € B, or col(wy, —ws) €

B
9B,. Since B is J-lossless, there exists By € R2*2[¢ 5], such that Qp, > 0, and
T T d
Qy(w) = w] wy +wywy = %QEl (w) (6.43)
B
Since B is also J-lossless, there exists Fo € Rgl“l[c, n], such that Qg, S 0, and

Q(Bw) = —w] wy — wy wy = %QEQ(&U) = %QE; (w) (6.44)

where E5(¢,n) := ST Ez(¢,n)X. Define E(¢,7n) := E1(¢,n) + E5(¢,n). Adding equations
(6.43) and (6.44), we get

d
%QE(UJ) =0 (6.45)

Note that X7 = 71 = . Let Dy € R**?[¢], be such that Ey(¢,n) = D2(¢) " Da(n).

B.
Let B, = ker(Rg(%)) denote a minimal kernel representation for B,. Since Qg, > 0,
col(D2(\), R2(X)) has full column rank for all A € C. Observe that B} = ker(Ro(4)Y)

is a minimal kernel representation for B5. Since col(D3(N\)X, R2(A)X) has full column

%/
rank for all A € C, Qp, > 0. Now observe that

Qe(w) = Qp, () + Qp(w)

for any trajectory w € B. We know that for any nonzero trajectory w € 8, the right
hand side of the above equation is positive. If @g(w) = 0, then Qp, (w) = Qp;(w) =0,
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B
which imply that w = 0. Hence Qg(w) > 0. Since equation (6.45) holds for every

trajectory w € B, B is lossless and hence oscillatory.

Along similar lines, it can be proved that 9B’ is oscillatory. This proof will not be given
explicitly. =

The following is a corollary of the above Lemma.

Corollary 6.36. Define

I, O
Z::[ ! le]; J =

Ot —1 I Opq

Ot I ]

Consider two Y.-lossless behaviours B1, By € L2 Define B, = Im(J) g, fori=1,2.
Then the behaviours B = B1 N BY, and B’ = B N By are oscillatory.

Proof. Define B; := Im(Z) g, for i = 1,2, where

- 1L 1L I

VO I -
From Lemma 6.23, it follows that %B; and By are J-lossless. Define B := Im(Z)|s,
Bl = Im(Z) s, It is easy to see that B = B; NB),. Now observe that

It now follows from Lemma 6.35 that B is oscillatory. This implies that 98 is also

oscillatory. It can be similarly proved that B’ is also oscillatory. =

We now consider the problem of decomposition of an oscillatory behaviour with a given
characteristic polynomial as an interconnection of two SISO behaviours, such that one
has a lossless positive real transfer function and the other has a lossless negative real
transfer function and provide an algorithm for the same. Note that this problem can be
considered as an inverse problem to the one where we analyse the autonomous behaviour
which is an interconnection of two SISO behaviours such that one has a positive real
transfer function and the other has a negative real transfer function. The solution to
this problem also provides ways of decomposing an autonomous electrical lossless circuit
with a given characteristic polynomial as an interconnection of two one-port lossless

electrical circuits.

Algorithm 6.37. Data: An oscillatory even polynomial r € R[] of degree 2m.
Output: Two J-lossless behaviours B1 and By, such that B = B N %’2 has its char-

acteristic polynomial equal to r, where

1
J = 0 ,
10
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1 0
0 -1

Step 1 Either choose an odd polynomial r € R[¢] of degree 2m + 1 in such way that

5 = Im(¥),, with

Y=

the roots of r are interlaced between those of r; or choose an odd polynomial of

degree 2m — 1 in such a way that the roots of r1 are interlaced between those of r.

Step 2 Factorize the polynomial r 4 r; into two factors p,q € R[¢], i.e r +r1 = pq. Let
pe and p, be the even and odd parts of p and let ¢. and ¢, be the even and odd
parts of ¢.

Step 3 Output:

B = ker [ pe(
By = ker [QO(

Sl S

) o) |
d
dt

) —qel
With reference to the above algorithm, observe that

7+ 11 = (Peqe + Polo) + (Pedo + Pole)

Define 51(§) := pe(§)ge(§) + po(§)qo(§) and s2(§) := pe(§)qo(€) + Po(§)ge(§). Then it is
easy to see that s is even and sg is odd, and hence s; = r which is the characteristic
polynomial of 81 NBY. Since r and r1 obey interlacing property, from Theorem 6.30 it
follows that r + r1 is Hurwitz, and consequently both p and g are Hurwitz. Conclude
from Theorem 6.30 that both the pairs (pe,po) and (ge,q,) obey interlacing property.
Define M1 (&) := col(pe(€),po(§)) and Mz (&) := col(ge(§),q0(§)). It is easy to see that
B = Im(Ml(%)), and By = Im(MQ(%)). Define

Pe()Po(n) + Po(Q)pe(n)

(I)l(C777) = C_|_77
Oo(C,m) = qe(oqo(ngizo«)%(n)

From Theorem 4.9 of Chapter 4, it follows that Q¢, and (), are both positive. Conse-
quently by definition, %1 and 95 are J-lossless. This proves the correctness of Algorithm
6.37.

Observe that in step 1 of the above algorithm, there are infinite number of ways of choos-
ing r1 such that % is lossless positive real. For each of these ways, in step 2, there are
a finite number of ways of factorizing (r +r1). Hence, there are infinite number of ways
of choosing two behaviours with lossless positive real and lossless negative real transfer
functions respectively, such that their intersection has for its characteristic polynomial,

a given oscillatory polynomial.
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6.8 Summary

In this chapter, motivated by synthesis of lossless electrical networks, we have given
abstract definitions for diagonalization and synthesis of positive QDFs, followed by a
definition for synthesis of .J-lossless behaviours. We have then showed that Cauer and
Foster methods of synthesis of a given lossless positive real transfer function matrix
involve the synthesis of an associated J-lossless behaviour and the synthesis of a positive
QDF that is related to the energy function of the J-lossless behaviour. We have also
introduced a new method of diagonalization of positive QDFs, which we have called
Nevanlinna diagonalization. We have showed the application of Cauer synthesis and
Nevanlinna diagonalization for checking whether a given polynomial is Hurwitz or not.
Finally, motivated by the problem of interconnection of lossless electrical networks, we

have studied the problem of interconnection of J-lossless behaviours.



Chapter 7

Conclusions

The main contributions of this thesis are the study of properties of higher order linear
lossless systems using energy method as explained in the first chapter of this thesis and
a definition of synthesis of positive QDF's that encompasses the mechanisms of Cauer
and Foster methods of synthesis. Throughout this thesis, we have extensively made
use of algebra of two-variable polynomial matrices to represent operations of QDFs
like differentiation and to characterize properties of QDF's like positivity, equivalence of
QDFs along a behaviour and stationarity with respect to a QDF. Below, we give the

significant contributions and conclusions drawn from Chapters 4, 5 and 6 of this thesis.

In chapter 4, the main focus has been to give a characterisation for higher order linear
lossless systems as opposed to the characterisation of first order systems using state space
method (see Malinen et al. (2006), Weiss et al. (2001) and Weiss and Tucsnak (2003)).
Using the material covered in this chapter, one can easily implement a computer program
wherein the input is a higher order description of a scalar oscillatory system and the
outputs are its energy functions and the kinetic and potential energy components of a
given energy function for the system. Given a multivariable oscillatory system, using the
material in this chapter, one can implement a program to compute an energy function
for the system. Similarly one can also implement a computer program for open lossless
systems wherein the inputs are either a kernel or an image description of a controllable
system and a given input/output partition of the system and the outputs of the program

are the following;:

e whether the system is lossless with respect to the given input/output partition or

not.

e if the answer to the previous question is yes, then an energy function for the

System.

e whether the power delivered to the system is of the form mentioned in equation

(4.36).
169
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Observe that our definition of an autonomous lossless system is based on Lyapunov
stability theory in the following sense. From a behavioural point of view, Lyapunov
theory can be stated as follows: an autonomous system is stable if and only if there
exists a QDF such that the QDF and its derivative are nonnegative and nonpositive
respectively along the behaviour; and it is asymptotically stable if and only if there exists
a QDF such that the QDF and its derivative are nonnegative and negative respectively
along the behaviour. A lossless autonomous system is a stable autonomous system which
is not asymptotically stable. Hence in order to define an autonomous lossless system,
we have restricted the conditions of Lyapunov theory and defined it as an autonomous
system for which there exists a QDF, such that the QDF and its derivative are positive

and zero respectively along the behaviour.

From the method of construction of an energy function for a lossless system described
in Algorithm 4.19, it follows that there is no unique energy function for a given lossless
system. Since the total energy for a physical lossless system is unique, it follows that
not all energy functions for a given lossless system are physically meaningful. The
parametrization of energy functions for a multivariable autonomous lossless system is

one possible direction of future research.

In chapter 5, we have dealt separately with the generic and nongeneric cases of multi-
variable oscillatory behaviours. For the generic case of oscillatory behaviours, we have
given the relation between the bases of intrinsically and trivially zero-mean quantities
and generalized Lagrangians. The same has not been done for the case of nongeneric
oscillatory systems. One reason for this is that physical autonomous systems are rarely
nongeneric, since nongeneric systems consist of subsystems that function independently
of each other. Note that the zero-diagonal QDF's for such systems involve coupling of
variables that belong to two different subsystems. The physical significance of such
QDFs as well as that of some of these being conserved and zero mean QDFs is an
issue that needs to be addressed. We remark here that the characterization of general-
ized Lagrangians for the case of open lossless systems is a possible direction for future

research.

In chapter 6, the main contribution is an abstract definition of synthesis of positive
QDFs and a definition of synthesis of J-lossless behaviours. The definition of synthesis of
positive QDF's (Definition 6.2) helps us to understand the common features of Cauer and
Foster methods of synthesis. Note that although Nevanlinna diagonalization sometimes
leads to synthesis of positive QDFs according to Definition 6.2, it cannot be used for

synthesis of lossless electrical networks.

One possible extension of the work done in chapter 6 is to give an abstract definition for
synthesis of behaviours that encompasses the underlying mechanisms of not just Cauer
and Foster methods of synthesis, but all the methods of synthesis of passive electrical

networks. We briefly outline the points about methods of synthesis of passive electrical
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networks that can be made use of for this extension. It should be noted that the first step
in all the methods of synthesis of transfer functions of passive electrical networks that
are not lossless is to write the given transfer function as a series or parallel connection
of a lossless transfer function and a second transfer function which is not lossless. We
may call these transfer functions as the lossless and lossy part of the given transfer
function. In the next step, the lossless transfer function obtained in the first step is
synthesized either by Cauer or by Foster method. Next the lossy part of the given
transfer function is synthesized in steps, that are similar to the steps followed in Foster
and Cauer methods of synthesis, in a sense that the given transfer function is simplified
in every step. In every step of synthesis of the lossy part, either a reactive component
like a capacitor, inductor or a transformer is extracted or a resistor which is a dissipative
component is extracted in order to simplify the given transfer function. Let E; denote
the total energy of the network that is synthesized in the ¢ step of synthesis of the lossy
part. If a reactive component is extracted in the 7" step of synthesis of the lossy part,
then F; is equal to the sum of E;;; and the energy stored in the reactive component

which is positive, else dﬁi is equal to the sum of dEj;’ L and the rate of dissipation of

energy through the resistor extracted in the ¢™ step, which is positive. We believe that
by making note of these points, it is possible to come up with a suitable definition of
synthesis of behaviours and of QDF's that encompasses the underlying mechanism of all

the methods of synthesis of passive electrical networks.
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Notation

Ran
(men
mXm
IRS
mXm
Cs

R.Xn

diag(ai,...,an)

Rmxn[é]
¢>(R, R9)
D(R,R9)
LY°(R,R?)
COl(Ll, LQ)
row (R, Ra)

Ip

natural numbers

complex numbers

positive real numbers

positive integers

time axis

space in which variables w of a system take on their values

set of maps from T to W

imaginary square root of -1

complex conjugation of a

real part of s

imaginary part of s

space of polynomials with real coefficients in the indeterminate &

space of n dimensional real vectors

space of n dimensional complex vectors

space of m X n dimensional real matrices

space of m X n dimensional complex matrices

space of m X m dimensional real symmetric matrices

space of m X m dimensional complex symmetric matrices

space of real matrices with n columns and an unspecified finite number
of rows

diagonal matrix whose diagonal entries are a1, ..., a, in the given order
if a1,...,a, € R and block diagonal matrix with entries a1, ..., a, along
the diagonal in the given order if aq,...,a, are square matrices

space of m X n dimensional real polynomial matrices in the indeterminate
3

set of infinitely differentiable functions from R to R?

subset of €*°(R,R?) consisting of compact support functions

Set of locally integrable functions from R to R

matrix obtained by stacking the matrix L over Ly, which has the same
number of columns as L

matrix obtained by stacking the matrix Rg to the right of R;, which
has the same number of rows as Ry

identity matrix of size p
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OP xXq
AT
A*
L

w
cont

rank(R)
colrank(R)
deg(r)
R, 7]
R(¢)

R™=[C, )
RP>4()

n(‘B)

mat (D)
Yo
ker(M)
Im(M)
det(A)
dim(.S)
Im(M))

matrix of size p X q consisiting of zeroes

transpose of a matrix A

matrix obtained by transposing the complex conjugate of a matrix A

class of linear differential behaviours with infinitely differentiable manifest
variable w

class of controllable linear differential behaviours with infinitely differentiable
manifest variable w

row rank of a matrix R

column rank of a matrix R

degree of a polynomial r

two-variable polynomials with real coefficients in the indeterminates ¢ and 7
space of real rational functions in the indeterminate &

m X n dimensional real polynomial matrices in the indeterminates ( and 7
Space of all matrices of size p x g, whose entries are real rational functions
of the indeterminate &

McMillan degree of a given behavior 86

coefficient matrix of a two-variable polynomial matrix ®

signature of a two-variable polynomial matrix ®

kernel of a linear map M

image of a linear map M

determinant of a matrix A

dimension of a vector space S

image of a linear map M with domain restricted to the behaviour 8



Appendix B

Background material

Here, we give algebraic concepts and other background material that is required to un-
derstand the thesis. Most of the material presented here has been taken from Polderman
and Willems (1997), Kailath (1980), Anderson and Vongpanitlerd (1973) and Willems
(2007).

B.1 Polynomial Matrices

Definition B.1 (Unimodular matrix). Let U € R&8*€[¢]. Then U is said to be a uni-

modular polynomial matriz if there exists a polynomial matrix V € RE*E[(] such that

V(§)U(§) = Ig-

From the above definition, it follows that if U is unimodular, then det(U) is a nonzero

constant.

Proposition B.2. (Smith form decomposition): Let R € R&*[{]. Define p := g,
if @ > g, and p := q otherwise. Then there exist unimodular matrices Uy € R&*E[{],
Vi € R¥*E], and polynomials 6; for i =1,...,p, such that

1. U1RV1 = A, where
A = row(diag(d1, - - -, g), Ogx(q—g))

ifq>g and
A = col(diag(01, - - - ,9q),0(g—q)xq)

otherwise.

2. There exist q; € R[] such that ;41 = ¢;0;, 1 =1,...,p— 1.
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Proof. See Polderman and Willems (1997), pp. 404-405, Appendix B, Theorem B.1.4
and Remark B.1.5. =

We call the nonzero ¢; (i = 1,...,p), the invariant polynomials of R. With reference to
the above proposition, define U(¢) := (U1(€))~! and V(€) := (V1(€))~!. From the first

part of the above theorem, we have
R=UAV (B.1)

We refer to equation (B.1) as the Smith form decomposition of a polynomial matrix
R. We remark here that the unimodular matrices U and V involved in the Smith form

decomposition are not unique, whereas the invariant polynomials of R are unique.

Definition B.3 (Row rank and column rank). Let R € RP*9[¢]. The row (column)
rank of R is defined as the mazimal number of linearly independent rows (columns) of

R over R(§).

Definition B.4 (Full row (column) rank). R € RP*9[¢{] is said to have full row (column)

rank if all the rows (columns) of R are linearly independent over R(§).

Proposition B.5. If R € RP*[¢] does not have full row rank, then there exists a
unimodular matriz U € RP*P[€], such that Ry defined by Ry(§) := U(&)R(E) has its last

p — g rows full of zeroes, where g denotes the row rank of R.

Proof. The proof follows from the proof of Theorem 2.5.23, p. 58, Polderman and
Willems (1997). m

Proposition B.6. If R € RP*Y[¢] does not have full column rank, then there exists a
unimodular matriz V € RY*Y[E], such that Re defined by Ro(§) := R(§)V (E) has its last

q — g columns full of zeroes, where g denotes the column rank of R.

Proof. The proof can be deduced from Proposition B.5. =

We now define left prime and right prime matrices.

Definition B.7. R € RP*Y[¢] is left prime if there exists S € RI*P[E], such that
R(£)S(§) = Ip. R is right prime if there exists L € RYP[£], such that L(§)R(§) = Iq.

In the following proposition, we give the condition under which a given polynomial

matrix is right prime.

Proposition B.8. R € RP*4[¢] is right prime iff R(A) has full column rank for all
AreC.
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Proof. (If): Assume that R(A) has full column rank for all A € C. This implies that
p>q. If R=UAV is a Smith form decomposition of R, then necessarily A is of the

form A = col(lq, 0 Consider a partition of U, given by

pfq)Xq)‘
U=[Uy U]

where U; € RP*9[¢] and Uy € RP*P-D[¢]. Then it is easy to see that R = U;V. Let U’
be such that U’(¢) = U(£)~!. Consider a partition of U’ given by

Ui

U =
Us

where U] € RP[¢] and Uy € RP~DXP[¢]. Tt is easy to see that U] (£)U;(€) = I,. Define
L(&) == V(€)7'U{(€). Then it is easy to see that L(£)R(§) = Iy. Consequently R is
right prime.

(Only If ): Assume that R is right prime. Let L € R¥*P[¢] be such that L(§)R(§) = Ig.
Assume by contradiction, that R(\) loses column rank for some A € C. Then there

exists a nonzero vy € C4, such that R(\)vy = 0. Premultiplying by L()), we obtain
LANR(MN)vy = Iquy = v\ =0

Consequently R(A) has full column rank for all A € C. =

Note that R € RP*9[¢] is right prime iff R is left prime. If R € RPX9[¢] is right prime,
then any matrix L € R¥®P[¢] for which L(§)R(§) = Ig, is called a left inverse of R. If
R € RP*[¢] is left prime, then any matrix S € R¥P[¢] for which R(£)S(§) = I, is

called a right inverse of R.
We now define the notions of properness and strict properness of a rational matrix.

Definition B.9. A matrizc H € RP*%(¢) is said to be proper if

5lim H(¢) < o0
and strictly proper if
§lim H() =0

We define the degree of a polynomial vector as the highest degree of all the entries of

the vector.

Lemma B.10. If H € RP*“() is strictly proper (proper) and is given by H(&) :=
N(€)D(¢)™L, where N € RP*U[(], D € R¥¥V[{], then every column of N has degree

strictly less than (less than or equal to) that of the corresponding column of D.
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Proof. See Lemma 6.3-10, p. 383, Kailath (1980). m

The converse of the above Lemma however is not always true. The crucial algebraic
condition for the converse of Lemma B.10 to hold true is related to the property of

column reducedness of a polynomial matrix, which we now define.

Definition B.11 (Column reduced matrix). A full column rank matrizc H € RP*[¢] is

said to be column reduced if its leading column coefficient matriz has full column rank.

The following Lemma gives the condition under which a rational matrix is proper.

Lemma B.12. If D € R¥[¢] is column reduced, then H € RP*4() defined as H(E) :=
N(€)D(¢)~Y, with N € RPX[¢], is strictly proper (proper) iff each column of N has

degree less than (less than or equal to) the degree of the corresponding column of D.

Proof. See proof of Lemma 6.3-11, p. 385, Kailath (1980). m

We remark here that if a matrix M € R¥*1[¢] is not column reduced, then there exists a
unimodular matrix V' € R***[¢], such that M’ defined by M’(&) := M (£)V(€) is column
reduced. This has been explained in Kailath (1980), p. 386, with the help of an example.

B.2 Polynomial differential operators

Definition B.13. A differential operator G(%) : €P(R,RY) — €°(R, RP) is said to be
(

surjective if the mapping £ — G($)¢ (£ € €(R,R9)) is surjective.

Below, we give the condition for a differential operator to be surjective.

Lemma B.14. A differential operator G(%) : (R, R?) — €(R,RP) is surjective iff

the rows of G are linearly independent over R(€).

Proof. Let G = UAV be a Smith form decomposition of G. For any trajectory £ €
C>°(R,R?), define

h = G(dt)ﬁ
d

ro_

0= V(dt)ﬁ

Define b’ := Uy (4)h, where Uy (&) :=U(€)~.

(If): Assume that the rows of G are linearly independent over R(£). Then A cannot

have zero rows. This implies that p < q. Hence A has the form

A= row(Al,OpX(q,P))
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where A; € RP*P[¢] has nonzero diagonal entries. Let §; denote the ¢ diagonal entry
of Aj. Let h; and ¢; denote the i*" components of i’ and ¢ respectively. We have
h = A(%)K’. Hence for i = 1,...,p, h; = 64%)&. This implies that for i = 1,...,p,
given h;, we can solve for ¢; by integration, which in turn implies that given h, we can

solve for ¢, or that the mapping { — G (%)E is surjective. Hence G (%) is surjective.

(Only if ): Assume that G(%) is surjective. Assume by contradiction that the rows of
G are linearly dependent over R(¢). Then at least one of the rows of A is full of zeroes.
Since b/ = A(%)K’ , at least one of the components of A’ is equal to zero, which implies
that the mapping ¢/ — A(%)é’ is not surjective, which in turn implies that the mapping

(— G (%)E is not surjective, which is a contradiction. Hence the proof. m
We now define injectivity of a differential operator.

Definition B.15. A differential operator G(%) : CP(R,RY) — €°(R,RP) is said to be
injective if the mapping £ — G(%)f (0 € €*°(R,R?)) is injective.

For any trajectory £ € €*°(R,R?), define ¢ := G(%)E. Then it is easy to see that G(%)
being injective is equivalent with ¢ being observable from ¢. Hence the differential
operator G is injective iff G(\) has full column rank for all A € C. We now define the

concept of bijectivity of a differential operator.
Definition B.16. A differential operator is bijective if it is both surjective and injective.
Note that a unimodular differential operator G(<%) (G' € R"™*¥[¢]) is bijective as the rows

of G are linearly independent over R(§) and G() has full column rank for all A € C. We

now prove the converse, i.e if a differential operator is bijective then it is unimodular.

Lemma B.17. If a differential operator G(%) : €°(R,R?) — €*°(R,RP) is bijective,

then G is unimodular.

Proof. Let G = UAV be a Smith form decomposition of G. Since G(%) is bijective,
G(A) has full column rank for all A € C. This implies that p > q, and

I ]
OP_q

Assume by contradiction that GG is not unimodular, which implies that p > q. Then the

A =

last p — q rows of AV consist of zeroes. Consider a partition of U given by
v=|u v ]

where U; € RPX9[¢], and Uy € RP*®~9[¢]. Then G = U;V. It is easy to see that the

rows of U; are not linearly independent over R(&). Let Uy; € R1*9[¢] denote the i row
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of Uy. Observe that Uy;V is the i*® row of G. Since the rows of Uy are linearly dependent
over R(§), there exist nonzero r; € R(§) for i = 1,...,p, such that

P P
(Z m&wma) V(E) =Y ri©)(Uu(©V(e) =0
i=1 =1

which implies that the rows of G are linearly dependent over R(¢). This is a contradic-

tion. Hence it follows that p = q, or that G is unimodular. =

The conditions for surjectivity, injectivity and bijectivity of polynomial operators in the
shift for discrete-time linear shift-invariant systems are similar to the ones for the case
of polynomial differential operators for continuous-time systems. These conditions are
given and proved in Lemma 4.1.3, pp. 231-232 of Willems (1989).

B.3 Positive real transfer functions

Definition B.18. A rational matrix B € R***(£) is called positive real if the following
conditions hold

1. All elements of B are analytic in the open right half plane.

2. B*(A\) 4+ B(\) > 0 for Re(\) > 0.
Definition B.19. A rational matriz B € R**%() is called lossless positive real if the
following conditions hold

1. B is positive real.

2. B*(jw) + B(jw) =0 for all w € R, with jw not a pole of any element of B.

A positive real matrix B € R**%(¢) is said to have a pole at infinity if

5lim % #0

If a positive real matrix B € R**"({) has a pole at infinity, its residue (L) at that pole
can be calculated using the formula
B(§)

Lo = lim 2%/
oogggoﬁ

If a positive real matrix B € R***(£) has a pole at jwg, where wy € R, its residue (Lju)

at that pole can be calculated using the formula

(ijo) = lim (f —ij)B(f)

§—jwo
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Below, we give an important property of positive real matrices.

Theorem B.20. A matriz B € R**%(&) is positive real if and only if

1. No element of B has a pole in Re(§) > 0.
2. B*(jw) + B(jw) > 0 for all w € R, with jw not a pole of any element of B.

3. If jw is a pole of any element of B, it is at most a simple pole, and the residue
matriz, K = limg_j,(§ — jw)B(&) in case w is finite, and K = limg_,oc B(§)/€ in

case w 1s infinite, is nonnegative definite Hermitian.

Proof. See p. 53, Theorem 2.7.2 of Anderson and Vongpanitlerd (1973). m
The next Theorem gives the Foster partial fraction expansion of a lossless positive real
transfer function.

Theorem B.21. Z € RY%(&) is lossless positive real if and only if it has a Foster

partial fraction expansion given by

C EA; + B;

where Ly, C, A; € RY™ are nonnegative definite and Jo, B; € R™*" are skew-symmetric.

Proof. See pp. 215-218, Anderson and Vongpanitlerd (1973). m

Some other properties of positive real functions are

1. The sum of two positive real functions is also positive real, the difference however

may not be positive real.

2. If B € R¥¥(¢) is positive real, then det(B(£)) # 0, i.e B(£)™! exists and is also

positive real.

B.4 Module

Definition B.22. 4 module over a ring R or an R-module is an abelian group (M, +)
such that if my,mo € M and r € R, then my + mg € M and rmy € M.

We can think of the concept of a module as a generalization of the notion of vector
space where scalars, instead of being required to belong to a field, can belong to a ring.
An R-module M is said to be finitely generated if there exist finite number of elements
g1,92,---,9n € M called generators, such that for each element m € M, there exist
a1, Q9,...,0a, € R, such that m = a191 + asgs + ... + @ngn. If the generators can be

chosen to be linearly independent, then M is said to be free.
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Zero-diagonal, 77-79, 87, 92, 93, 170

Representation
Definition of kernel, 11

Definition of observable image, 16

Hybrid, 14
Image, 15, 16
Minimal kernel, 12-13, 67, 128, 165
Right inverse, 177
Right prime, 176
Routh table, 157
Routh-Hurwitz test, 156

Schur complement, 117
Shift operators
One-variable, 75-76, 80, 88
Two-variable, 7576, 80, 81, 88
Signal space, 9
Single-frequency zero-mean quantity, 105—
111
State space
method, 1
minimal, 23
Strong solution, 10, 11
Subspace Nevanlinna interpolation problem,
144
Sylvester matrix, 26
Symmetric two-variable polynomial matrix
inertia of, 30
McMillan degree of, 31, 115
negative inertia of, 30
positive inertia of, 30, 103
signature of, 30, 115
symmetric canonical factorization of,

30, 120, 121

Tearing and zooming, 1

To-be-deduced variable, 15

Transfer function method, 1

Triangular factorization, 116

Trivially zero-mean quantity, 39—40, 73, 75,
82, 85-88, 90, 92, 93, 98, 99, 101,
102

Two-variable polynomial matrix

canonical factorization of, 29, 69

Weak solution, 10, 11



