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Abstraét

We study properties of equational characterisations of congruences defined over
process algebras. The languages on which we concentrate are based on CCS,
and our equivalences\ are generally restricted to observational congruences. We
start by defining and investigating the notion of eztensionality or w-completeness
of an axiomatisation with respect to some semantic equivalence, as an extension
of simple completeness, and show that, whereas in some cases the ability to w-
completely axiomatise a system is straightforward, there are sometimes difficulties

in doing this when our algebra contains the symmetric full merge operator.

We then conéider the problem of decomposing a process into the parallel com-
position of simpler processes. Here we present several example systems where we
can prove that any process term can be expressed uniquely as the parallel composi-
tion of prime process terms, those processes which cannot themselves be expressed

as a parallel composition of at least two nontrivial processes.

We next consider the possibility of the nonexistence of finite axiomatisations
for certain systems. In particular, we show that strong observational congruence
over a subset of the usual CCS algebra with the full merge operator cannot be

.completely characterised by any finite set of equational axioms, thus requiring the
~power of the Expansion Theorem to present an infinite set of axioms within a
single axiom schema. We theﬁ go on to prove that no reasonable stroﬁger notion
of congruence can be finitely axiomatised, thus explaining the difficulty presented
in searching for complete laws for noninterleaving semantic cbrigruen;:es where the

Expansion Theorem fails.

Finally we consider the same problems in an algebra containing a sequencing

operator rather than the usual CCS action prefixing operator.
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Chapter 1

Introduction

The need to be able to reason about computer programs in a rigorous formal
way is self evident. This_applies even more so to programs involving parallel con-
structs than to those written in a purely sequential programming language. This
is due to the inherent intuitive difficulties discovered by experience posed by the
nondeterministic behaviour of such programs. These methods for reasoning must
furthermore be formal to allow verification proofs to be at least partly mechanised,
as systems for which we desire to prove properties grow in size. Indeed there now
exist several automated systems for reasoning about concurrent processes, just
one example being the Concurrency Workbench!, a prototype automated tool for
reasoning about CCS agents, processes defined using Milner’s Calculus of Com-

municating Systems [MIL80].

The motivation for this thesis is to add to the understanding of reasoning about
concurrent processes using strictly equational logic. Rewrité rule based systems
founded on equational theories are ideal for implementing in an automated tool,
so a clear understanding of the equational theory .of concurrent processes forms
the basis of a rigorous proof technique amenable to automation. In this thesis

we consider three basic probléms of equatiohal reasoning within process algebras.

1The Concurrency Workbench is currently under development in a joint SERC-funded
project between the Laboratory for the Foundations of Computer Science at the Univer-
sity of Edinburgh and the University of Sussex.
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Firstly, we analyse the possibility of reasoning about open terms (terms with free
variables) in our process algebras. Such terms represent underspecified processes
in which the indeterminates are placemarkers for unknown subprocesses which
may for example be implemented by someone else, or may be irrelevant with re-
spect to the property of processes which we are currently considering. Secondly,
we consider the problem of decomposing processes into parallel components, and
analyse when this can be done completely (that is, decomposed into nondecom-
posable components) in exactly. one way. This would allow us to reason about
the components of a system, and also allow us to find possibly the most optimal
implementation of a specification with respect to the amount of parallelism which
can be exploited in the implementation. Finally, we consider problems regarding
the finite axiomatisability of certain systems. This study would lead us to deduce
some finite presentation of a complete equational theory of a system, or more

interestingly, to deduce when such a finite system cannot exist.

1.1 Extensional Completeness

A complete axiomatisation for reasoning about open terms of some process alge-
bra with respect sto some semantic congruence would amount to what is referred
to for example in the lambda calculus as a complete extensional theory, or an w-
complete axiomatisation. Such an extensional theory for CCS would allow us to
reason about underspecified concurrent systems without having to resort to tactics
other than pure equational reasoning, such as some form of induction. This would
almost certainly give much simpler proofs to many valid open statements in CCS
~ than can be derived within a simply complete axiomatisation. For example, using
the usual complete axiomatisation for finite CCS terms, the proofs of the associa-
tivity and commutativity of the parallel operator are less than straightforward to
prove, involving lengthy proofs by induction (see, e.g., [MIL80], Theorem 5.5).
An automated system for reasoning about CCS processes based on an exten-
sional axiomatisation would neither need to restrict itself to agents (closed term

processes), nor need to resort to any tactic other than pure equational reasoning.
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1.2 Unique Decompositions

If it were the case that in some system for reasoning about concurrent processes
we could prove the validity of a unique decomposition theorem, then this would
provide two points of interest. Firstly, it would gives us a start towards a normal
form for processes, leading towards the ability to prove certain completeness re-
sults. More importantly, it would allow us to reason about the maximal degree of

parallelism which exists within a system.

For example, consider a language over the.signature ¥ ={0,.,+,] }, consisting
of the usual CCS operators representing the null process, action prefix, nondeter-

ministic choice and full merge. A normal form for process terms in this language

could be defined to be

where each P; represented a prime process and as such is in some form of prime
normal form. A prime process over this language would be one which could not be
expressed as the parallel composition of two or more nontrivial processes. Upon
performing some transition, the term may evolve into a nonprime process, but it
must move from its state in order to express any global concurrency. As such,

prime normal forms could be defined to be

Z a;.Py (n > 0),

1<i<n

where each p; was in normal form. Such prime normal forms would of course
be restricted to prime processes; for instance, a.b.0 + b.a.0 would not be a prime

normal form term as it is not prime, being equal to the composite term .0 | 5.0.

Given that our congruence over this signature allows for a unique decomposi-
tion theorem to hold, any term could be expressed uniquely as a normal form as
defined above. Moreover, we could define the maximum amount of parallelism of

an agent as follows: Given a process P expressed in normal form by
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P= 1] ( > a.-,--p,-,-),
1<i<m *1<j5<n;

the maximum amount of parallelism which inherently exists within P would be

given by

maxpar(P) = ) ( max rna.xpar(p,-_,-)),
1<i<m \ 1S9%n

where here we let Zz =1. Such a definition could have implications on the
implementation of ;,e(;)rocess specified by a CCS agent; it would reveal to the
irriplementor how much parallelism he could attain in implementing the abstract
process, telling him how many actual control processes he could use to maximise

efficiency.

It is not in general the case that such a decomposition result is possible. For

instance, if the opera,tioné,l semantics of the full merge operator obeys the following

CSP rule (¢f. [BRO84], [HOAS85])
PP, Qg
PlQ—=P|Q

then we can see that the possibility of a unique decomposition fails immediately,

as

a0 =a.0]a.0
=a.0]a0]---|a.0.

Also, as pointed out by R. van Glabbeek ([KLO8T]), a uniqué factorisation result

could not hold for certain failure or readiness semantics, where we have the law
a.(bz+by) = abz + aby,

for in this case the process term a.a.0 + a.a.a.0 + a.a.a.a.0 would have two distinct

decompositions, namely

a.a.0 4+ a.a.a.0 +a.a.a.a.0
= (a.0+a.a.0) | (a.0 + a.a.0)

= a.0](a.0+ a.a.0 + a.a.a.0).
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However, in this thesis we show that the result does hold for the above subset
of CCS under the usual operational laws for the operators (with or without com-
munication via synchronisation of complementary actions allowed with the parallel

operator), with respect to strong and weak observational congruence.

1.3 Finite Axiomatisability

One of the major problems which this thesis addresses is that of the nonexistence of
finite equational axiomatisations for concurrent systems. In particular, we show
that the above subset of CCS is not finitely axiomatisable under the semantic
equivalence of strong observational congruence. The implications of such a result
are straightforward: in order to completely axiomatise the congruence within the
system, we need to find some (hopefully elegant) valid axiom schemata in order to
represent an infinite set of axioms. In the case of strong congruence, the Expansion

Theorem of CCS provides just what is needed.

We however manage to extend our result to apply over the same language
under any reasonable congruence stronger than strong observational congruence.
Thus we show that if we had some reasonable (defined in a strict, formal sense)
noninterleaving semantic congruence, we would need to find some alternative ax-
iom schemata to replace the Expansion Theorem, which would no longer hold in

our stronger equivalence.

An interesting point about our nonexistence proofs is that they necessarily em-
ploy a method unlike that usually used for such results. The typical style of proof
for this type of result is of a model-theoretic nature, using the following technique:
suppose we have some infinite set 7 of axioms whic‘h completely characterises our
notion of congruence, and that this theory can be expressed as 7 = Ui>o 7;, where
To €T, CT,C --- is an increasing chain of theories approximating 7. Suppose
further that for each k > 0 there is a statement Sj such that 7 + S, but 7; 1/ S,.
Then there cannot exist a finite axiomatisation for our congruence. For suppose

that F is a finite set of valid axioms which also characterises our congruence.
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Then we would have that F I S for each k£ > 0. From the validity of the axioms
in F, we could deduce that 7 F A F, and so (from the compactness theorem) that
7'+ AF for some finite 7' C 7. But then there would be a k such that 77 C 7,
and so we would have that T, = T'F AF F Sy, so by monotonicity we would havev |
that T, F S, contradicting 7 t/ S,.

Using the above technique, we must be careful about one point in particular.
In order for our complete theory 7 to imply each of the axioms in F, we must
be sure that our theory 7 is not simply complete with respect to our cdngruence,
but in fact complete for the extensional theory. In view of the fact that such a
complete set of laws is not discovered in this thesis for the language in which we are
interested, we could not apply the above model-theoretic argument. Hence all of
our nonexistence of finite axiomatisation results are proven using a proof-theoretic

strategy, rather than the usual model-theoretic method outlined above.

1.4 Layout of the Thesis

In the remainder of this introduction, we summarise the work presented in the

thesis.

In Chapter 2, we present the necessary background material to our study. In
particular, we describe the framework for the process algebras in which we shall
be interested, as well as the equivalences between processes with which we shall
work. Finally we fix some fundamental notions about equational proof systems in

order to prove results about equational provability.

In Chapter 3, we investigate the extensional theories for strong observational
congruence for different subsets of CCS. In particular, we derive a complete set of
equations for extensional reasoning about a simple language of nondeterministic
agents, followed by a complete extensional axiomatisation for a language con-
taining the full and left merge operators, thus allowing concurrent computations.

Finally, we present the difficulties involved in trying to do the same for the subset
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of CCS containing the full merge operator in the absence of the simplifying left

merge operator, and leave the problem of its extensional axiomatisation unsolved.

In Chapter 4, we investigate the unique decomposability of CCS agents.
We first prove that the unique decomposition theorem is valid for a small subset
of CCS with respect to strong observational congruence when communication
is prohibited. We actually present two proofs of this reéult, the first originally
presented by Milner and used as a model for the more difficult cases to follow, and -
the second a much simpler proof which works only in this basic framework. We
then proceed on to show that the factorisation result remains valid when we allow
communication, and also when we abstract a.wéy from internal communications

by considering weak observational congruence.

~ In Chapter 5, we present two major results on the nonexistence of finite
equational axiomatisations for process algebras. The first result shows that strong
observational congruence over the above subset of CCS cannot be finitely axioma-
tised, thus showing the necessity of some axiom schemata such as that presented
by the Expansion Theorem. Before going on to the second major result, we com-
‘ment on the applicability of the proof to the same language when communication -
is allowed by the parallel operator. We then extend the result to show that no rea-
- sonable congruence which is stronger than strong observational congruence can be
finitely axiomatised, thus posing the problem of finding applicable axiom schemata
when trying to characterise-a noninterleaving semantic congfuence where the Ex-

pansion Theorem is no longer valid.

In Chapter 6, we consider the same problems for a different process alge-
bra, a subset of ACP, which utilises a sequential composition operator in place
of the CCS action prefix operator. We first infroduce the O process-into this
framework in a manner different from, and seemingly more natural with respect
to observational behavioural semantics than that of the researchers in the Dutch
school who are the innovators and main proponents of this type of process alge-
bra. We do however define their congruence over this language with the 0 process
and characterise it as an observational congruence. We then proceed to examine

our semantic congruence, presenting a finite equational axiomatisation for closed
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term reasoning for the nondeterministic language, and present problems with its
extensional axiomatisability. Finally, we extend the proof of the previous chapter
to show that this language with the full merge operator added cannot be finitely

axiomatised.

In Chapter 7, we present a short summary of our results, and outline some
of the problems which we could not solve but whose solutions would find their

rightful place in the main body of this thesis.



Chapter 2

Background

In this chapter, we lay the groundwork for our study. We present the languages
in which we shall be interested, as well as the behavioural equivalences which we
shall be studying. We also present relevant definitions and known results concern-
ing our languages and equivalences. Finally, we present properties of equational

characterisations which we shall be studying.

2.1 Process Algebras

Almost all of the languages which we shall consider will be sublanguages of that
defined by the signature given in Figure 2—1, presented as a two-sorted algebra in
the style of [EHR85]. We first presuppose a nonempty set of atomic action symbols
Act, as well as a set of process variables Var. Then the languages which we shall
consider will be defined to be the least sets of terms containing the variables Var,
and closed under different subsets of the term-building operators given in the

signature of Figure 2-1.

This set of operators is derived from a subset of those in the pure CCS. How-
ever, the usual parallel operator has been split into two separate operators, rep-
resenting whether or not communication can occur between concurrent processes.
As a way of introductién to the operators in the full signature, we give here some

remarks on each of them.

15
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Sorts P (processes).
Act (atomic actions)
Operators o : P | (null program)

Act x P — P (action prefix)
+ : PxP->P (nondeterministic choice)
| : PxP-P (full merge)
L : PxP—->7P (left merge)
| : PxP—-7P (parallel)
# : (P—P)— P (recursive definition)

Figure 2-1: CCS-like operators

1. 0 is a nullary operator representing the null process, one which can perform.

no observable action, but simply terminates.

2. . is a binary operator which given an action symbol a € Act and a process
p, returns the process which can perform the action a and evolve into the

process p upon so doing.

3. + is a binary operator which given two processes, returns the process which
is capable of choosing between the two and observably behaving exactly as

Laee

the chosen process.
: AN

4. |is a binary operator which given two processes, returns the process which is
capable of performing the actions of each of the processes, in the order which
the two processes . would have performed them, in an arbitrary interleaved

fashion.

5. | is a binary operator which given two processes, returns the process which
is capable of performing the actions of the two processes concurrently as
with the interleaving operator | above, but with the stipulation that the first

process (the left operand) must contribute the first action.
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6. |is the usual CCS binary parallel operator which given two processes, returns
the process which is capable of performing the actions of the interleaved
processes as defined for the full merge opera.tbr | above, but also at any time
performing an action 7 representing the synchronisation of complementary
actions, each being offered at once by the two processes involved, and then

evolving into the same concurrent composition of the resulting processes.

7. p1s a unary operator which given a function from processes to processes rep-
resented by a pair (z.t(x)), consisting of a variable z and a process term t(z)
with z (possibly) appearing free (i.e., not within the scope of another y op-
erator involving the same variable z), returns the process P which represents

a particular solution to the equation P = t(P).

When writing out terms from some subset of this signature, we shall use paren-
theses to allow for unambiguous parsing. However, we shall minimise their use by
allowing the action prefix operator to take precedence over all of the concurrency
operators, which in turn will take precedence over the recursion operator, which
finally in turn will take precedence over the summation operator. Furthermore,
for the sake of economy in writing, we shall usually omit occurrences of the action
prefix operator, and occurrences of O at the ends of action-prefixed subterms, thus

for example rendering a.5.0 | c.0 as ab | c.

Notice that we have not included either of renamz'ﬁg or restriction from pure
CCS in our languages. This was simply because the problems of axiomatisations
which we wish to address in this thesis arise without these operators, and adding
them is usually not a problem with respect to axiomatisability; these operators
are generally easily dealt with via theif distributivity properties. Furthermore, we
shall make little use of the recursion operator . The sole purpose of including it
in the above signature is so that we can relate a particular result of Milner’s on
regular (finite-state) behaviours to our work. For the rest of the thesis, we shall
work solely with finite CCS terms. This is as we are interested firstly in complete
axiomatisations for our languages, which is not possible in general in the case of

recursive terms using the parallel construct, and secondly in finite axiomatisations,



Chapter 2. Background 18

which seems likely not to be the case with regular behaviours (due to the results

of e.g., [CONT1)).

More importdntly, we allow the set Act to be a parameter in the definition of
our languages, and consider our systems to be defined as two-sorted signatures.
This is in contrast to the usual approach in CCS, where we only deal with a single
sort P, that consisting of our process terms. In that case, action prefix is considered
as defining a set of unary operators {a. I a € Act}, one for each available action .
symbol. This adds complications to axiomatisations which we want to: avoid.
For instance, in what follows we shall wish to prove some results regarding the
nonexistence of finite equational axiomatisations of certain congruences over our
languages. In particular, we shall want to show that over a simple subset of
finite CCS terms, the Expansion Theorem is not replaceable by any finite set of
equational axioms. If we took the usual view of CCS, with an infinite action
set Act this result would be almost immediate, as in order to express all that is
expressed by the Expansion Theorem, each of the infinite number of unary action
prefix operators would have to be explicitly mentioned. For instance, consider the

following instance of the Expénsion Theorem:

al|B = af + Poa.

This is actually an axiom schema representing an infinite number of axioms (when
Act is infinite), where « and § are metavariables ranging over the set Act. In
our formulation, a and B above are simply variables of sort Act, and the above
represents a single axiom containing a and 8 as variables. More strongly than
this though, our result will say that the Expansion Theorem cannot be replaced
by a finite set of axioms even if the action set Act is finite, indeed even if it is a
singleton set. Thus our proof will say that the Expansion Theorem is somehow

inherently not finitely axiomatisable.

For a given process language P, we shall distinguish the sublanguage P° C P
consisting of the closed terms in P, or what Milner calls agents. These are the
terms which have no free process variables, where the set of free process variables

of a term is specified by the following definition.
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Definition 2.1.1 The set of free process variables of a term ¢, denoted by fu(t),

is defined structurally as follows:

o) = {”‘E, '
fo(0) =0, o lu) = fo(t) U fo(u),

(t
folat) = fo(t), (tlw) = fo(t) U fo(u),
fo(t+u) = fo(t)U fo(u), fo(t|u) = fo(t)U fo(u),
| fo(pet) = fo(t)\ {z}.

>

. Thus we have the set of agents of P defined by:

= {teP| @) =0}

Any process variable which occurs free in a term t € P (i.e., not bound by the
p operator) represents some unspecified process which can be replaced by some .
agent in the lahguage at any time. We shall thus define the substitution of terms

for variables accordingly by the following definition.

Definition 2.1.2 (Substitution) Given a term t and a substitution o which
is simply a mapping from some finite subset V of Var to P, specified as a set
{Pz/m I z € V}, we define to to be the term t with the occurrences of the free

variables appearing in V replaced by the terms to which they are mapped by o.

All of the equivalences ~ which we define shall be defined initially for closed
terms only. However, we shall extend these equivalences to apply to open terms
as well by defining ¢t ~ u iff for all closed substitutions o defined over the set
fo(t) U fo(u), we have that to ~ uo. It is clear that the resulting relation is con-
servative (the new relation restricted to PO is precisely fhe equivalence with which
we started), that it is an equivalence relation on all of P, and that if the original
equiva,lénce was in fact a congruence on PO (i.e., was a substitutive equivalence

relation), then the new relation itself will be a congruence on the whole of P.
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2.2 Equivalences Between Processes

2.2.1 'Transition Systems

The equivalences in which we shall be interested for o'ur languages will be obser-
vational equivalen‘ces as defined by Milner and Park (see e.g., [MIL80], [PARS1))
via the notion of bisimulations. ‘These equivalences are defined with respect to
a labelled transition system, a general model of computation - described in
[KEL76] and used extensively in the study of CCS-like languages for defining the
operational behaviour of processes. For a given process algebra P parameterised
by an action set Acf, a labelled transition system is a relation — C P x Act x P
which formally defines what atomic actions a term in our language P is capable
of performing, é.nd. what new processes will evolve upon performing particular ac-
tions: P -2+ P’ means that the process P may perform the action a and evolve

into the process P’ upon so doing.

For a particular language P, the transition system which we define will satisfy
the subset of rules laid out in Figure 2-2 which pertain to the operators used
in the algebra of P. These rules give a structural operational semantics to our
process languages, a natural method of presenting such semantics first proposed in
[PLO81]. The rules are specified in an inferential style; if the sentence(s) mentioned
above a line holds), then the sentence below the line must also hold. For instance,
if the signature of our language includes the operators ., + and |, then from rule

(1) we would have that b = 0, so by rule (3b) we would have that a | b - a | 0.

We in fact want to allow a transition to be valid when and only when it can-
- actually be derived from the rules laid out in Figure 2—2. Hence for a particular
language P defined by a subset of the complete signature of Figure 2—1, we define
our transition system to be the least relation — C P x Act x P satisfying the
subset of rules which are relevant (that is, those rules involving the operators in

the signature of P). This defines the operational bechaviour of our processes.

i
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at =t
t—a—>t' u—a—>u’
(2a) —_— . (2b)
t4u-t t4u—u
Ay U —
(3a) (30)
t]]u—"—»t’||u t||u-°—>t||u'
t -2t t =
(4a) (4d)
tHlu > t]u tlu—=t|u.
a . }
t— t u— u'
(5a) , (5b)
tlu-t|u tlu—=>t|u

t—t, u—u

t]u T ¢ | u

t{,u:v.t/z} LI

px.t =t

(6)

Figure 2—-2: Operational rules for CCS operators.

We can extend this definition to apply to sequences of atomic actions easily

enough as follows: for a sequence s = a,a,---a, € Act*, we say p - p' iff for

SOME Po, P1,*** 3 Pns

P=po—"p1 = TRy S p,=p.
We shall often use this extension as a shorthand form of writing sequences of

transitions.

Given any language P defined over a signature taken as a subset of that given
in Figure 2-1 but not including the recursion operator x, any agent p € P° will
have associated with it a derivation tree, a finite unordered tree whose nodes are

labelled by terms of P°, and whose arcs are labelled by atomic actions from the
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set Act. The root of the tree is labelled by the agent p itself, and each node has
emitting from it an arc corresponding to each of the possible transitions which
the agent can make, with the arc labelled by the action labelling the transition,
and leading to a node labelled by the agent into which the source node agent
would evolve under that transition. Thus the derivation tree of an agent specifies
the possible transition sequences which a term can undergo. For example, the

derivation tree of the agent a | b + c is given in Figure 2—-3.

alb+ ¢
P
0|b al0 0
! !
0|0 0|0

Figure 2-3: Derivation tree for a | b+ c.

Motivated by the above definition of derivation trees, we can define some useful
operations on agents, to specify the lengths of the longest and shortest possible
transition sequences which an agent is capable of performing. Firstly, the former
notion is given by the depth of the derivation tree, which is the longest path from

the root of the tree to any of its leaves.

Definition 2.2.1 The depth of a (finite) agent |- | is given by

0] = 0
lap| = 1+ |p};
lp+4l = max (|pl, lql);
plal = ol + gl
lpl + gl if Ipl > 0,

0, otherwise;

Iplel =

lplgl = Ipl+lql.
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Secondly, the latter notion can be defined by defining the shortest path from the

root of the tree to any of its leaves.

Definition 2.2.2 The shortest transition length of a (finite) agent Q(-) is given

by
Q(0) = 0;
Q(ap) = 1+ Q(p);
Q(p), iflgl =0,
Qr+q9) = { Qg), if [p| =0,

min (Q(p), Q(q)), otherwise;
Qrle = Qp)+ Qq);
{ Ap) +0Aq), i Ipl >0,

0, -otherwise;

Urlg) =

Qplg) = min<{0| Aa,rstp-—rveg-r)
U{1+9('| 9 | Ja st p - p'}
U{1+9Q(p|q) | Ja st ¢ — ¢'}
U{l1+9('| ¢) I 3astp-i>p'/\q-i>q'}).

We shall often want to extend these two measures to open terms, which we do as

follows: for z = fu(t),

1 =16{0% }1, and
Q) = 0 (t{%}) .

With these definitions, we can state the following simple propositions.
Proposition 2.2.3 |p| = max{n I Js € Act™,3p’ st p - p'}.

Proof:

By structural induction on p. ‘ a
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“Corollary 2.2.4 p-% p' = [p| > |p/|.

Proof: |

lp'I =n = ds€ Act®™ dp" st p'-_.’_, p"
= p LN p"

= |pl >n=p'. o

P[roposition 2.2.5 Q(p) = min {n l Js € Act™, 3p' st p - p
and Vp",Va € Act, p' /= p"}.

Proof:

By structural induction on p. ' a

2.2.2 Strong Observational Congruence

The first and main congruence in which we shall be interested is known as strong
observational congruence, or simply strong congruence. The basic idea behind this
equivalence is as follows: given a process language P, two agents taken from the
sublanguage P° of closed terms are deemed to be equivalent exactly when they
share the same possibilities of acting (that is, they can perform exactly the same
atomic actions according to the transition system defined as above), and can also
evolve into equivalent processes upon doing identical actions. Formally, this notion

is defined using the notion of a strong bisimulation relation (¢f., €.g., [MIL8O0], or
[PARS1)). |

Definition 2.2.6 A binary relation R C P° x P° is a strong bisimulation iff

whenever pRq, then for all a € Act,

(?) p—p' implies 3q' such that ¢ - ¢ A p'Rq; and

(46) g —¢' implies Ip' such that p > p' A p'Rq'.
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synchronisation, and should be unobservable to any observer of the system — the
composite system is not communicating with the outside environment, but rather
communicating internally. Thus we would like to abstract away from this internal

silent or unobservable action 7.

The equivalence we shall define for this purpose is going to be a straightforward
refinement of the strong observational equivalence defined above. However, instead
of matching actions exactly, we shall only require observable actions to be matched,
modulo the occurrence of any finite number of invisible 7 actions before and after

. the observable action.

For this case, we make some assumptions about the action set Act, which are
usual in the presentation of CCS. These are made to define what complementary
actions are, to allow for two processes to synchronise or communicate. Firstly we
split the silent action 7 € Act away from the set A C Act of visible action, and
express the set Act as Act = AU {7} (where 7 ¢ A). Then we assume that we
can further partition the set A of visible actions into two equinumerous disjoint
sets A = AUA, where A = {a | a € A}. The mapping a + @ defines a bijection
from A to A, and is extended to all of A by defining @ = a. Then two actions a
and @ are deemed to be complementary actions, and are the actions which can be

used by two processes to synchronise, as specified by rule (5¢) of Figure 2—2.

For pu € Act (either a visible action or 7), we shall say that p =2 o iffp g »
for some m,n > 0. We can again extend this definition to apply to sequences of
atomic actions as follows: for a sequence s = pyp, -+ pu, € Act®, we say p =t pr

iﬁfor SOme Poy P15° " *y Pns

P=pop LS. Ep, 8 p =y
We also allow for the case where n = 0 above in writing p == p’ (or also written
simply as p => p') whenever p Ry p' for some m > 0. With this new transition
system, we can now define our refined equivalence which will abstract away from

internal silent 7 actions. This we do using the notion of a weak bisimulation

relation (cf., e.g., [MIL80], [MILS85]).
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Definition 2.2.8 A relation R C P° x PP is a weak bisimulation iff whenever

pRyq, then for all s € A*,

(2) p==p' implies 3Iq' such that g == ¢' A p'Rq'; and

() ¢ == q' implies 3p' such that p =% p' A p'Ryq'.

Then with this definition, we say that two agents p,q € P° are weakly obser-
vationally equivalent (or simply observationally equivalent), or weakly bisimilar,
written p ~ ‘q, iff there is a weak bisimulation R conta.ihing the pair (p, q). Again
the relation ~ defined here is the largest weak bisimulation, and is easily seen to be
an equivalence relation. However, it is well known not to bé a congruence relation.
This is revealed by the following counterexample: we can easily show that a = ra,
but a + aa % Ta + aa (as 7a + aa = a, but for no p = a does a + aa == p). We
would dearly like our equivalence to be a congruence relation though — if two
process terms are to be deemed equivalent, we would like them to be interchange-
able as subterms in some bigger expression. That is, given any contezt C[-] (i.e.,
a term with a “hole” in it), we would like to be assured that whenever p ~ ¢
we have that C[p] ~ C[q]. Such a property would assure us that we could safely
interchange equivalent programs as subprograms of a larger system. Thus we shall
refine our equivalence by defining ~¢ to be the largest congruence contained in =.
This congruence is known as (weak) observational congruence, and gives us exactly

. . the relation we are looking for: p ~¢ ¢ iff for all contexts C[-], C[p] ~ Cq].

We can actually define this congruence directly using the following proposition.

Proposition 2.2.9 p ¢ q iff for all u € Act,

(2) p -, p' implies 3q' such that q =5 ¢' A p' =~ ¢'; and

(1) ¢ 2> ¢' implies Ip' such that p=2>p' A p' = ¢'.

Proof:

See e.g., [MIL85], Proposition 2.6. o
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We shall freely use this alternate characterisation when dealing with observational

congruence in the sequel.

" One last concept which we shall find useful when dealing with action sequences

involving silent 7 actions is as follows.

Definition 2.2.10 The 7-free projection 3 of a string s € Act* is defined to be

the string s with all occurrences of T removed. Formally, we have the following:

i = a; (a€A)
T = ¢
S1-%; = 8§15,

2.3 Equational Characterisations

Once we have defined a particular observational congruence as above using the
notion of bisimulations, we would like to have some method of determining when
two processes are equivalent. The general technique is to try to construct a bisim-
ulation relating the two processes in question. Techniques for doing this can be
found in e.g., [MIL80] and [SANSZ]. However as we have pointed out, it is not
always sufficient simply to show that two processes are related in some bisimula-
| tion, as the congruence we are actually interested in is not always identical to the
equivalence defined by the bisimulation notion. Also, constructing bisimulations
(and proving that the relation constructed is a bisimulation) is often not such
a straightforward task. Fortunately, much effort has been expended on deriving
alternate characterisations of observational congruences. In particular, equational
axiomatisations for dif'férent process algebras abound. Quite clearly, equatibnal
proofs are bound to be much simpler than bisimulation constructions. Further-
more equational systems, involving the laws of equivalences (reflexivity, symmetry
and transitivity) as well as the law of substitutivity, naturally define congruences.
Thus we have no problems of mismatch between our semantic congruence and the

notion defining the basis of our proof technique.
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2.3.1 An Equational Proof System

Given a process language defined over a signature, and a set of equational axioms
over that language, we can generate equivalences between terms in the language
by using axioms or applying the rules of equational logic: reflexivity, symmetry,
transitivity and substitutivity. There are several different equivalent approaches
for defining a formal system for doing these syntactic manipulations. As we would
like to prove some results on the limitations of proving statements in our algebras
using equational logic, we would like now to fix a particular system about which to
argue. Thus in this section we shall present a natural deduction style proof system

following [PRA65] parameterised by a set 7 of equational axioms.

Our proof system will allow proofs of equivalences in the forms of proof trees,
where the trees are put together by inferences. The inferences will be of the

following form:

i; = u; .
b 3 1) (mle).
t=u
This inference is meant to state that from the set of premises { -- -, t; = u;, --- }

we can assume the conclusion ¢ = u. A valid proof of a statement will then be a
finite proof tree built up from such inferences, where the statement being proven
is the lone statement at the root of the tree (at the bottom), and there are no
premises at the leaves of the tree (thaﬁ is, all topmost inferences have empty sets

of premises).

The inferences which are allowed are as expected: firstly, every axiom of 7 can

be instantiated with an empty premise:

(t=u). (where t=u€T, and o is some substitution).
to = uo

An axiom is intended to state a universally true fact. Them we need to allow

inferences based on the laws of equational reasoning. The first three, corresponding

to reflexivity, symm_étry and transitivity, are as follows:

= = =90

(refl), (symm), (trans).
t.= t u=t ' t=v
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The final set of inferences correspond to substitutivity, and are taken from the
subset of the following inferences involving the operators in the signature of the

language which we happen to be considering.

t=u
(subg)
ot = aqu
t1=u1 t2=U2 t'—_u to=u
9 (Sub+) 1 1 2 2 (subﬂ)
htt=u+u, tillte =ug [ u,y
y=uy, t,=u ty =uq, t,=1u
1 1, U2 2 (sub[) 1 1y U2 2 (subl)
tfts = uy|u, tlta=1uy |u,
t=u
(sub”)
pr.t = pr.u

Thus for a given set of axioms 7', our fixed proof system Qvill be the above
natural deduction style system. Whenever we can produce a proof of a statement
t = u in this system, we shall denote this fact either by 7 I ¢ = u or equivalently
by ¢ =_ u. Having fixed a firm formal system, we can do rigb_rous proofs on. certain
properties of equational logi(; for our process algebras. For instance, this formal-
ism will figure prominently in our proofs of the nonexistence of finite eqﬁational

axiomatisations in what follows.

We shall sometimes want to discuss a certain extension to the above proof sys-
tem, and allow not just ordinary axioms in the set T, but also include conditional

arioms of the form

(1<i<n)

t=u
These new inferences fit well into our framework, and will be included as valid

inferences in a proof tree whenever they appear in the set 7 of axioms.

2.3.2 Soundness, Completeness, and w-Completeness

The purpose of defining our proof system above was so that we could use equational

logic to syntactically reason about processes instead of having to give semantic
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justifications for relating processes. Thus if we intend on using our equational
system, we would like to be sure that any equivalences which we can possibly
generate are going to be valid semantic equivalences, and that if two agents are
semantically equivalent, then we can prove them to be so in our syntactic formal
system. These two important notions are respectively referred to as soundness

and completeness of a system, and are formally defined as follows.

1. (Soundness:) For a given congruence = over a process language

P, an axiom system 7T is sound iff for all terms ¢,u € P we have

that T Ft=u = t = u.

2. (Completeness:) For a given congruence = over a process lan-
guage P, an axiom system 7 is complete iff for all (closed) terms

p,g€P®wehavethat p= g —= T Fp=gq.

Equational systems satisfying thé above for different process algebras are abun-
dant, and many shall be referred to in the following chapters of this thesis. How-
ever, one of the motivations 6f this thesis is the axiomatisability of the theory of
open term reasoning. In the above definition of completeness, we are only guaran-
teed to prove valid equivalences between closed terms in our language. We shall
indeed see that in general there are valid equations relating open terms which are
not derivable in a system which is “complete” by the above definition. Thus we
could not rely just on equational logic to prove valid equivalences between under-
defined processes (those expressed by terms containing free process variables). In
general, we would need to invoke extra techniques (such as structural induction)

to prove such equivalences.

This deficiency leads us to define the following stronger notion of completeness,
w-completeness, which captures more closely the dual property of soundness. .
3. (w-Completeness:) For a given congruence = over a process
language P, an axiom system 7 is w-complete iff for all terms
t,u € Pwehavethat t 2 u — T Ft=u.
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The term and the concept of w-completeness are used in [HEES6] in studying al-
gebraic specifications. However, this definition originally arises from the definition

of the infinitary w-rule of the A-calculus (cf., e.g., [BAR84], [HIN86]): -

MZ=NZ VZ
M=N

(w-rule).

We could get the power of this definition in our equational system easily enough
by simply allowing such a conditional axiom into our system; that is, allowing into

our axiom set the following law:

to =uoc Vo

t=u

However, we do not wish to allow this for two reasons. Firstly, we shall usually be
c;)ncerned with systems parameterised by a set 7 of unconditional axioms, so we
would not want to allow such a conditional law. More importantly though, we wish
to stay completely within equational reasoning. In order to use such an infinitary
law in a finite proof, we would need to invoke some extra powerful proof strategy

such as some form of induction just to generate the infinite set of premises.
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w-Complete Axiomatisations

Complete equational axiomatisations for process algebras exist in abundance. For
example, almost any standard reference on CCS (e.g., [MIL80], [MIL85]), CSP
(e.g., [HOAS85], [BRO84]), or ACP (e.g., [BER84], [BER85]) will list several ax-
iomatisations for different languages, along with proofs of soundness and complete-
ness of the axiomatisations with respect to some semantic congruence. Indeed, we

shall meet several such axiomatisations for a,lgebra.s based on CCS in this chapter.

However, rarely do these references deal with a.nythiﬁg but closed-term rea-
soning, with the exception of [MIL84] and [MIL86], which (necessarily) deal with
the problem of relating open terms over the language of regular (finite-state) be-
haviours. In these latter studies, the equational theories for closed-term and open-
term reasoning coincide, so that the theory of closed-term reasoning is in itself
sufﬁgiently powerful to prove true any valid open-term statement. Such is the
simplicity of the algebra that the w-completeness of the axiom set comes along
with the proof of simple completeness. However, this is not in general the case
when co.nsidering more complicated process algebras. Often it is the case that,
th/ough a complete set of laws for some congruence over a process algebra is cer-
tainly sound for open-term reasoning, it need not be sufficient to prove all possible

valid open statements.

In this chapter, we investigate the axiomatisations of open theories for various
subsets of CCS. We shall see the mismatch occurring in the closed-term and open-

term equational theories, and discover that though it is often a simple matter

33
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deriving a complete set of axioms for a given process algebra, this is by no means

the case when looking for an w-complete set of axioms.

3.1 A Simple Nondeterministic Language

We begin our study of w-complete axiomatisations with a consideration of a simple
algebra containing no operators for concurrent computation. The results presented
in this section are precisely a subset of those presented in [MIL84]. However, we
prove our results here without Milner’s (implicit) assumption that we have an

infinite (non-exhaustive) action set!.

3.1.1 Finite Terms

The first language P, which we shall consider is a simple language of finite nonde-
terministic terms given by the signature £, = {0,.,+}. The semantic equivalence
which we consider here will be the strong observational congruence ~ defined in

Section 2.2.2.

The equational theory which we shall prove to be identical to the semantic

~ equivalence is the theory 7, consisting of the following four axioms:

(A1) (@+y)+z = z+4 (y+2); (43) z+z = g
(A2) z+4y = y+z; (Ay) 40 = z.

The first point to notice about these axioms is that they characterise the usual
theory of strong observational congruence between closed terms, as shown in the

following proposition:

Proposition 3.1.1 The strong observational congruence over PR, the subset of
closed terms of the language P, is ezactly the congruence induced by the four

azioms of T, given above.

'See the remark in Section 5.2 of [MILS0]
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Proof:

See, e.g., [HEN85], Theorem 3.1. Alternately, the result follows from
the proofs in this section of the soundness and completeness of Ty for

arbitrary open terms (and thus for closed terms as well). 0O

Thus it turns out that we need not add any new axioms to deal with open terms
of the language. The proof of the fact that these four axioms exactly characterise
the congruence in the open theory is similar to the proof given in [HEN85] for the
_above Proposition 3.1.1. It is broken down into two parts, proving soundness

and completeness of the axioms separately.
Proposition 3.1.2 (Soundness) ToFt=u = t ~ u.

Proof:
It simply requires to show that for all terms t, u, and v:

L (t+u)+v '~ t+ (utv) 3. t+t ~ ¢
2. t+u ~ u+t 4. 140 ~ t.

But all ground instances of these hold (in each case, denoting left and
right sides by p and q, one can show from the definition of -2+ that
p—— p iff ¢ -2 p'), so the four laws follow immediately from the

w-completé‘ﬁess rule for the semantic equivalence of open terms. ]

The proof of completeness does not come so quickly, and will be treated in
depth, to set the stage for the more complicated languages which we shall be
considering later. The proof comes out of a sequence of propositions which define
and manipulate normal forms for terms of the language. The normal forms are
defined using a denotation function whieh distinguishes between non-equivalent
process terms. The domain of vé.lues to which the denotation maps terms is given

by the least fixed point solution D, to the set equation

Dy, = PF,N(Var U Act x Do),
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where P, y(S) represents the set of finite subsets of S.

Definition 3.1.3 The denotation of terms [] : ’Po — Dy is given by:

[o] = ¢ [at] = {(a, [1])}
[«] = {=} [t +u] = [] U [u]

Thus informally, the denotation of a term is a set containing all unguarded occur-
rences of variables in the term (those variables which appear but not as a subterm
‘in an action-prefixed term), as well as tuples representing the immediate actions
which the term can perform, together with the denotations of the resulting terms
into which the original term evolves. Being a set, idempotence is accounted for
(capturing axiom (Aj3)), the 0 process is absorbed (capturing axiom (Ay)), and

order is ignored between summands (capturing axioms (A,) and (Aj)).

The important properties which we shall use about the denotations of terms

are the following.
Proposition 3.1.4 (a,T) € [[t]] off ' such that [t'] =T with t = ¢',
Proof:

By structural induction on t. - O

Proposition 3.1.5 t{ﬁ/i} — p iff either

(i) ' :t =5 t' such that p = t’{ﬁ/i}; or

(ii) dz € [t] such that p, — p.

Proof:
By structural induction on t. O

This proposition easily generalises to a sequence of actions as follows.
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Corollary 3.1.6 t{ﬁ/j} — p iff either
(1) 3t':t =5 t' such that p = t'{ﬁ/f}; or

(i1) 331,82, t',2 with s = sy8, such that t 2% ¢, 7 € [t'], and

82

Pz — P.
Proof:

By induction on the length of s. m]

The denotation function is used to define the normal form of a term, which
will be an equivalent term which is expressed as a sum of action-prefixed normal
form terms added to a sum of variables. The normal form of a term is extracted

from its denotation as follows.

Definition 3.1.7 The 1_1' ormal form of terms nf(-) is given by:

nf(t) = o([t]),

where

o(T) = > ao(S) + > =

(a,5)€T z€T

By convention, we let (@) = 0.
Proposition 3.1.8 7, F ¢ = nf(t).

Proof:

By structural induction on t.
¢ 0 = o(0) = o([0]) = nf(0);

e z = o({z}) = o([z]) = nf(z);
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o To+t=nf(t) = o([t])
= at =, a(o([t]))
=a({(a,[t]})
= o([at]) = nf(at);

e ok t=nf(t) = o([t]) and Tyt u = nf(u) = o([u])
= t+u=, o[t]) + o([ul)
=, o([] U [u])
=o([t+ul) = nf(t+u). O

Cordllary 319 [t =[u] = Tyt t=u.

Proof:

t=p nf(t) = o([]) = o(ful) = nf(u) =, u. 0

The next proposition is the main part of our completeness proof. It shows
that if two terms have distinct denotations, then there will be instantiations for
the Qariables in-the terms which give rise to non-observationally congruent terms.
Hence the two terms will themselves be noncongruent according to our extensional
definition for observational congruence. The interesting point about the proposi-
tion is that it places no unnecessary restrictions on the action set Act; it merely
assumes that the set is nonempty — that there exiéts some a € Act. Clearly if
fhis were not the case, then there would be no observable difference bgtween any
agents, and any observational congruence would collapse into the trivial congru-
~ence equating all terms.

‘Proposition 3.1.10 Suppose that [t] # [u]; let fo(t) U fo(u) Cz={zy,...,2,},
m > max(|t],|u]), a € Act, and p= {Am,Agm,.--;h;m},‘ where Ay =0 and
Ars = aly; then Pz} o u{Pz}.

Proof:
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By induction on |t| + |u|. Suppose [t] # [u], and let hz,:?:,ﬁ be given
as above; there are four cases to consider: z € [t] \ [u], = € [u] \ [t],

(®,T) €[]\ [ul, 5,U) € [u] \ [1]-

o Suppose x, € [t], but z;, & [u];
then by Corollary 3.1.6, t{ﬁ/j‘;} o, 0,
thus t{Pz} ~u{Plz} = Ip~0stu{Plz} <5 p;
however, if u{p/:;,} i p~0,
then again from Corollary 3.1.6, either:
(i) Ju' :u T stp= u'{l_’/:,—;} (which is impossible,
as lu|<m<km, so by Proposition 2.2.3, U;E'»),

or

(i) % :0<:< |u| <m, u’,jstui»u’ with
r:z:je [w] stp; an’ p;
butpj“:ipNO
= i=(k—j)m
= Jj=k,i1=0, andu' =u (asi < m);

but then z; € [u] = [u’] (contradiction);

thus u{P/z } 4 p~ 0, so Pz} # u{Plz};

o Similarly, o, € [u] and = & [t] = t{Plz} # u{P/z};
o Suppose (b,T) € [t], but (b,T) ¢ [u];
by Proposition 3.1.4, 3t' st [t'] = T with t 2, t;
so by Pro‘position 3.1.5, t{ﬁ/f} LN t’{ﬁ/‘.f} ;
thus t{ﬁ/a-;} ~ u{ﬁ/g,}
= Jg~t{Pfz} st u{Plz} > g;
hence by Proposition 3.1.5, either:
(i) ' iu = u st q= u'{ﬁ/g} ~ t'{ﬁ/j},‘
thus by Proposition 3.1.4, (b, [u]) € [u],
so since (b,T) & [u], [w] # T = [];
hence by the induction hypothesis (as from Proposi-
tion 2.2.4, |t'| + |w/| < [¢| + |u]),

39
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t'{p/j} # u'{p/j} (contradiction); |
or
(ii) 3z € [u] stp, = g;
that is, b= a, and 3k > 0 st
¢ € [u] and g = Ay, _y;
hence q iy 0, so 3p ~ 0 st t'{p/:i} e p;
thus by Corollary 3.1.6, either:
(a) 3t" : ¢ 5 st p = t"{f)/j} ~ 0 (which is
impossible, as |t'| < [t{ -1 <m—-1<km—1, so

t 5 );

or
(3) Fi:0<i<|t|<mel,tn jstt i with
g; € [t] stp; “ T p~o;
but p; “km—-lfiprv 0 v
= t=(k—j)m—-12>0;

(contradiction, as i <m —1)
thus t{ﬁ/a—;} & u{p/i};

o Similarly, (b,U) € [u] and (b,U) ¢ [} = t{P/z} # uw{P/z}.
a

Corollary 3.1.11 t ~u = [t] = [u].

Proof:

Suppose [t] # [u]; let Z, p be as in Proposition 3.1.10;
then t{ﬁ/j} b U{ﬁ/j}; hence by the w-completeness definition of the
semantic equivalence of open terms, t o u. ]

Corollary 3.1.12 (w-Completeness) t ~ u = ’]; Ft=u.

" Proof:

40
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Follows from Corollary 3.1.11 and Corollary 3.1.9. 0O

As one last note to make about this sublanguage of nondeterministic terms,
the results presented here are basically as presented in [MIL84] and [MIL86] with
respect to regular behaviours. There Milner dealt with open terms of his language
in a different but equivalent manner. He firstly defined what it meant for a variable

to appear unguarded in a term as follows.

Definition 3.1.13 The set of unguarded variables of a term, U(-), is given by:

UO) =10 U(at) =0
U(z) = {z} Ut +u) =URE)UU(u)

He then incorporated the effect of unguarded variables on terms into his definition

of bisimulation as follows.

Definition 3.1.14 t &« iff for all a € Act:

(i) t == t' implies 3Ju' such that u = u' and t' = u';
(i) u = u' implies 3t' such that t = t' and t' = u';

(i#E) U(E) = Uw).

Then the proposition which he states in [MIL86] without proof (as we do here) is

as follows:
Proposition 3.1.15 t 2 u iff t ~ u.

Using similar notions as found in this section, Proposition 3.1.15 can be proven
assuming only a singleton action set. However, as we pointed out at the start of
this section, Milner’s idea with his statement of the proposition was to allow a

potentially infinite action set.
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3.1.2 Regular Behaviours

The regular behaviours defined in [MIL84] and [MIL86] also allow for recursive
definitions of terms, and Proposition 3.1.15 above relating & and ~ still holds
valid (where our definitions are suitably extended to recursive terms where neces-
sary). However in order to prove this under the assumption of a singleton action
set, we must utilise a more clever trick than that employed in the previous section.
We must encode not the depths of the terms in the processes replacing the vari-
ables, but rather the number of states of the processes; being regular behaviours,
all of the terms represent ﬁnite—sﬁate agents, so finite terms all of tile.';orm A, as
above can be instantiated for the variables of non-congruent terms to gét closed

instances of the processes which are not congruent.

3.2 Concurrency With The Left Merge
Operator

The next language P; which we shall consider is a language which incorporateé
nondeterministic choice as before, along with two operators for concurrent com-
putation, the full merge operator |, and the left merge operator |, introduced by
Hennessy and anélysed extensively by Bergstra and Klop et al. The language is
thus defined by the signature £, = {0,.,+,|}.

Notice here that our signature does not include the full merge operator |. This
is because in fact as defined operationally in Figure 2—-1, we need not introduce
the full merge operator into our signature at all, as we could define it simply

enough in terms of the left merge and choice operators as follows.

tle & tlu + ult.
Defined in this way, the operator behaves operationally precisely as expected:
the actions of the two process terms represented by its operands are interleaved

nondeterministically, with the choice of whether the first action deriving from the
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first operand or the second opefand itself being made nondeterministically. Thus
we shall only treat this operator as a form of syntactic sugar, allowing us to all

but ignore its existence in our analysis, forever reading ¢ | u as t[u + u/t.

The semantic equivalence which we consider here will again be the strong
observational congruence ~ defined above. The equational theory which we shall
prove to be identical to the semantic equivalence is the theory 7] consisting of the

following nine axioms.

(A1) @+y)+z=z4+(y+2) (L;) Olz=0

(A4;) z+y=y+z (L) ez|y=a(z]y)

(A3) z4+z==2 (L3) (z+y)lz=z|z+y]=

(Ag) z4+0=2z (Ly) (zly)lz=z|(y]>2)
(Ls) z|0== '

If our signature had included the full merge operator |, then we would simply need

to add to the above list of axioms the defining law z |y = z|y + y| =.

The first thing to notice here is that we now have a richer axiom system than
that 1(15‘:1:;}(1‘% defined for dealing with closed expressions of this language. The final
axiom5£L5) can be omitted — which is what is always done — when considering
closed terms, as all closed instances of theseaxiomscan be proven by structural

induction using the other seye~ axioms. Thus we have the following result.

Proposition 3.2.1 The observational congruence over P?, the sublanguage of
closed terms of the language Py, is eractly characterised by the theory T con-

sisting of the eight axioms (A,) — (Ay), (L,) — (L4) given above.

Proof:

All closed instances of (L) can be proven by structural induction using
the azioms of 1°; so combining this with the results to follow on the
soundness and completeness of T, for arbitrary open terms (and thus

closed terms as well), we arrive at our result. a
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However, the system 72 itself is not enough to completely reason about open
terms over P;. In particular, we shall show that 70 ¥ (Ls), which by the

Soundness Proposition 3.2.4 below is a valid law.

Proposition 3.2.2 Let:

V(0) = false; F(0) = false;
V(e) = true; F(z) = false;
V(at) = false; F(at) = false;
V(i +u)=V()VV(u); F(t+u) = F(t)V F(u);
V(t[w) =V(); F(tlu) = V()

(Thus intuitively, V() = true iff the first action of t can be taken from a variable
process, and F(t) = true iff the first action of t forced by a “|” can be taken from

a variable). Then
Toht=u = F(t)=F(u) A V() = V(u).
Proof:

We need to show that this property is preserved by reflexivity, sym-

metry, transitivity, and substitutivity, as well as by all the azioms of

To:
() Fit)=F(@t) A V() =V(t) !
F(t) = F(u) A V(t) =V(u)

{oymm) F(u)=F(t) A V() =V(t) '
F(t)=F(u) A V() =V(u),

(trans) F(u)=F(v) A V(u)=V(v)
T Ft)=F@®) A V() = V()

(sut) F(t)=F(u) A V(t) = V(x)

F(at) = F(au) A V(at) = V(au) !
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F(to) = F(up) A V(to) = V(u),
F(t)) =F(uy) A V() = V(u,)

(suby): ;
F(to+t,)=F(uotuy) A V(to+t,)=V(ug+u,)
F(to) = F(UO) /\ V(to) = V(UO),

: F(t()“_tl) = F(uou_ul) A V(to[tl) = V(“O“.“l) ;

(A1) : F((t+u)+v) = F(t + (u +v))
A V((E+u)+v)=V({Et+ (u40));

(42): F(t+u)=Flutt) A V(t+u)=V(u+t)
(A3): F(t+t)=F(t) A V(t+t)= V()

(A4): F(t+0)=F(t) A V(t+0)=V(t)

(L1) :» F(0[t) = F(0) A V(O[t) = V(0);

(L2): F(atlu) = F(a(t|u)) A V(at]u) = V(a(t | u));

(L3): F((t+u)|v) = F(t|v + ulv)
A V((t+u)|v) = V(t[v+u|v);

(L4 : F((tlw)[v) = F(tl(u]v))
A V(L)) = V(EL(ul0))-

These are all easily seen to hold.

Corollary 3.2.3 T2/ z[0 = z.

Proof:

F(z[0) = true # false = F(z);

Hence by Proposition 3.2.2, TO/ z|0 =z.

45
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We may now continue on to demonstrate that the theory 7; completely char-
acterises the extensional strong observational congruence over the language P;.
Again we shall break our proof into two sections, a proof of soundness and a proof

of completeness of the axioms of 7,. Firstly, the easy half is soundness:
Proposition 3.2.4 (Soundness) T Ft=u = t ~ u.
Proof:

We only need to show that for all ground terms p, q, and r:

1. (p+g)+r ~ p+(g+7) 5. Olp ~ O

2 pt+q ~ q+p 6. aplg ~ a(p|q)

3. pt+p ~ p . (ptalr ~ plr+alr

4 p+0 ~ p 8  (plolr ~ plg]r)
9. pl0 ~ »p

For cases 1 through 7, denoting left and right sides by P and Q, one
can show from the definition of — that P — P! iff Q — P'; case 8
requires to be proven by induction on |p|+ |q| + |r| simultaneously with
(pla)Ir~pl(glr), using the easily-proven p | g ~ q | p (or see,
e.g., [MIL80], Theorem 5.5 for a proof of the associativity of |); case

9 requires a structural induction proof. 0O

For the proof of completeness, we again define a normal form for expressions,
and manipulate these to secure our result. However, its definition and some proofs
in this section require a nontrivial complexity measure on the structure of terms,
to justify that our inductively-defined concepts are well-defined, and that our
inductive proofs are well-founded. The conditions which our complexity measure

C must satisfy, as will become clear later, are as follows.

(z)  Clat) > C(b); (v) Clatlu) > C(t]u);
(i) C(t+u) > C(t); (vi) C(t+u)v) > C(t]v);
(#53) C(t+u) > C(u); (vii) C((t+w)lv) > Clulv);
(w) Cz[t) > C(b); (wii))  C((tlw)lv) > C(tl(ulv))-
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With this in mind, let width(-) be defined as follows.

width(0) = 1; width(at) = ‘1 + width(t);
width(z) = 1; width(t +u) = width(t) + width(u);
width(t{u) = width(t) + width(u).

Thus informally width(t) defines a certain size for the term ¢, namely, the number

of {0,z,a} symbols appearing in t.

Next let the two norms ||-||, and || ||, be defined as follows. -

lofl, = 1; latlly = 14+]t]lo;
lell, = 1; lt+ully = max([It]lo,llull);
Ntlulle = INtllo + [lullo -

width(t), if ¢ is not of the form ¢4|¢,,
width(ty), if tis of the form to|t,.

1l =

That is, || ]|, gives the width of the term appearing to the left of the outermost
| operator, if the outermost operator is |; otherwise, ||¢||, gives the width of the

whole term ¢. Then our complexity measure will be

c@®) = (lth Il ),

a tuple ordered lexicographically. It is straightforward to check that this complex-

ity measure C actually does satisfy the above inequalities.

Again we shall attack the problem of completeness by defining a denotation
function for distinguishing between non-equivalent process terms, thus defining a
unique normal form for any term. In this case though, the domain of values to
which the denotation function maps terms of P, is somewhat more complicated
than before. However, it can be specified in the same way, as the least fixed point

solution D, to the set equation

Dy = Ppy(Varx Dy U Act x D),
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where again Pp;y(S5) represents the set of finite subsets of S.

Definition 3.2.5 The denotation of terms [-] : P, — D, is defined inductively

by case analysis of terms as follows.

[o] = ¢ [0l = ¢
[c] = {(=,0)} [=lt] = {(=[f])}
[ot] = {(a, [} [atlu] = {(a, [t ul)}
Tt+u] = BIUR] - [(t+w)lol = [tle]U[ul]
[tlw)le] = [tl(u]o)]

I

This is a valid inductive definition, due to our complexity measure defined above.
Furthermore, we shall be justified in using the same case analysis in our inductive

lproofs to follow.

Informally, the denotation of a term is a set containing tuples which either
represent the immediate actions which the term can perform along with the deno-
tations of the resulting terms which the original term evolves into, or the unguarded
variables appearing to the left of a | operator together with the denotations of the
terms appearing on the right side of the |[.

We have a problem in our analysis to follow which derives from the confusion
between the terms (¢t]|u)|v and ¢|(u | v). These two terms, although being de-
fined to be semantically equivalent, give us trouble in our syntactic analysis. In

particular,

(at]w)[v = () v,

whereas

at(u]v) —tftu]v) # (t]u)]o.

The problem arises as we have not enough power yet to express the fact that
[lw)lv] = [t] (u]v)]. Also, we confuse in our analysis the two semantically

equivalent terms z and x| 0. Problems arise in our analysis here when we have
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o{Plz} 2 p,
whereas

(=10){P/z} - pl 0 # p.

Again, we cannot yet prove that [t | 0] = [¢].

To deal with these problems in our analysis in the remainder of this section,
we shall continue to use = to represent syntactic identity, and introduce = to

represent syntactic identity modulo the following laws:

() Iz = =l yl2);
(€) <ly = yls;
(©5) zfo = =

Notice that these are semantically sound laws, as they are all derivable from the

sound set of laws 7}, sot =u = t ~ u.

The important properties which we shall use about the denotation of terms are

the following.

Proposition 3.2.6

(i) (a,T) € [t] implies 3t',t" such that t — t', T = [t"], and t' = ¢";

(it) t — t' implies 3" = t' such that (a,[t"]) € [t].

Proof:

By case analysis on the structure of t, using induction on the structural

complexity of t. We only demonstrate here the most difficult case of

t = (u|v)|w.
() (a,T) € [(ulo)[w] = [ul(v]w)]

= 3t6,t6’ st 'U.IL('U " 'Ll)) -L) t:), T b [[tg:”, and th = tlol

(by the inductive hypothesis)
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= u—Sustti=u|(v]|w)

=t Wv)]w =t =t

0o=Ttg
= letting t' = (u' | v) |w and t" = th,
we have t — ¢', T = [t"], and t' = t";
(i) (ulo)lw 2 ¢
= u-—>u'stt'=(u|v)|w
— ul]w) 5w (]w) =
= = |(v|w) =1 st (q,[t"]) € [ul(v]w)]
(by the inductive hypothesis)
But since [(ul)[w] = [ul(w [ w)],

(e, [t"]) € [(u[v)[w)]. O
Proposition 3.2.7

(i) t = t' implies t{ﬁ/j} -2 t'{ﬁ/gg};
(i) (z,T) € [t] and p, — p implies 3t',p' such that t{ﬁ/j} 7,

T =[t1], and p' = p | t'{P/3}.
Proof:

(i) By structural induction on t;

(1) By case analysis on the structure of t, using induction on the
structural complezity of t. Again we only demonstrate here the
most difficult case of t = (ufv)|w;

(e.T) € [wlo)lw] = [ul(v]w)] andp, = p
= i, po st u{p/:i}“_(v{p/i:} I w{ﬁ/i:}) — po,
T= [[to]]; ‘and Po=Pp " to{ﬁ/é‘:};'
(by the inductive hypothesis)
= u{Pz} =,

st po=py | (v{Pz} | w{Pl});
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= t{Pz} = (pi o{Pls}) lw{Plz} = po;
Let p' = (py | v{P/z}) | w{P/z} and t' = t,;

Then t{ﬁ/j} = p, T=1[t], and p' = p | t’{ﬁ/j}.

O
Proposition 3.2.8 t{ﬁ/:‘i:} —5 p implies éither

(i) 3t such that t = t' and p = t'{p/j}; or
(i) 3z,t',p' such that (z,[t']) € [t], p, — p', and

p=p | t{Pz}.
Proof:

By case analysis on the structure of t, using induction on the structural

complezity of t. Again we only demonstrate here the most difficult case

of t = (ulv)|w.

(L)) {Pre} = (u{Pla}1o{Pe}) LwfPla} = »
= u{Pz} = gstp= (¢ v{Pz}) | w{Plz};
= u{Pe L (v{Pz} 1 w{Plz})

= g (v{Plz} 1w{P/z}) = p;
Thus by the inductive hypothesis, either
(i) 3t stul(v]w) 2t
and q | (v{P/z } | w{P/z}) = t{P/z}
= u-Sustt!=u|(v]w)
=t (' |v) |w =1t
= 3t stt L» t' and p = t'{P/z};

(”) dz,t', p' st (:z:, IIt’]]) € IIu"_(v " w)]]; P: = P,
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and q | (v{ﬁ/j-} | w{ﬁ/j}) =p'| t'{ﬁ/:i}
= (z,[t]) €[], p. — p',

and p = p"|| t'{ﬁ/j}.- a

Proposition 3.2.9 Assume that |[Act| = oo; let fu(t) C & = {2,,7,,...,z,}, and
P ={@a,.0,a,.0,...,a,.0}, where a,a,,...,a, € Act are distinct action symbols not

appearing in t; then

(i) (z¢,T) € [t] implies Ip,t' such that t{ﬁ/gg} % p, T =t],
and p = t'{p/j},’

(it) t{ﬁ/j} =% p implies 3t such that (zy, [t']) € [t] and
p=t{Pz}.

Proof:

By case analysis on the structure of t, using induction on the structural

complexity of t. Again we only demonstrate the most difficult case of

t = (ulv)|w).

(i) (21, T) € [(u]v) ] = [ul(v | w)]
= 3p,t" st u{Pls } | (v{P/z } 1 w{P/z}) =
T =[t], and p = t'{Pfz};
(by the inductive hypothesis)
= u{fz} o stp=p'| (o{Plz} | w{Pc})
| = t{Pz} = (0 1 o{Pfz}) lw{Plz} = »;
(ii) ((ulo)lw){P/z} & p
= w{Pfz} 5 p st p=(p' | v{Plz}) | w{P/z}
= u{Pz}1(v{P/z} | w{P/z})
5 0| (o{Plz} | w{P/z}) =p
= 3t' st (2, [t]) € [ul (v | )]
and p' | (v{P/z} | w{P/z}) = {P/z}
| (by the inductive hypothesis)
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=> (21, [t]) € [¢] and p = {P/z}. o

The denotations of terms are again used to define the normal form of a term,
which in this case ‘will be an equivalent term which is expressed as a sum of
action-prefixed normal form terms added to a sum of left merge terms whose left
operands are variables. The normal form of a term is extracted from its denotation

as follows.

Definition 3.2.10 The normal form of terms nf(-) is given by:

nf(t) = o),

where

o) = > ao(S) + 3. zja(S).

(e,5)€T (z,5)€T

Once again, by convention we let o(f) = 0.
~ Proposition 3.2.11 7; -t = nf(t).

Proof:

By induction on the complezity of the structure of t, using the azioms

of T, and the definitions of [-] and o(-).
¢ 0 = o(0) = o([0]) = nf(0);
sz =, z[0=0({(z,0}) = o([z]) = nf(z);

o Ty Ft=nf(t) = o([t])
= at =, a(o([t]))
=o({(a,[tD})
= o([at]) = nf(at);

o T, Ft =nf(t) =o([t]), 7Ty F v = nf(u) = o([u])
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= t+u=, o([t]) + o([u])
=g o([JV [u])
=o([t +u]) = nf(t + w);

* 0lt =, 0=0(0) = o([0]¢]) = nf(0[2);

o Ty tla = nf(t]u) = o([t[x]),
Ty b ult = nf(u]t) = o([ult])
= atfu=; a(t|u+ult)

= o(o(ltlu]) + o([ul]))
= a(o([tlu] U L)
= a(o([tu + ule]))
= a(o([t | u]))
= o({(a,[t [u)})
= o([at|u]) = nf(at|u);

o T, F i =nf(t) = o([¢])
= z|t =, z[o([?])
= o({=,[i]})
= o([z[t]) = nf (=[2);

o Ty Ftlv = nf(t|v) = o([t]0]),
Ty Fulv = nf(ulv) = o([ulv])
= (t+u)]v =, tlv+ulv
=5 o([tlv]) + o([ulv])
=5 o([t[v] U [u]v])
= o([(t +u)[v]) = nf((t + u)[v);

o ik t(u]v) = af (] (ulv)) = o([tL(u ] 2)])
= (v =7 tl(u]v)
=5 o([L(x [ 0)])
= o([(t[w)[v]) = nf((t]u)Lv).

Corollary 3.2.12 [t] = [u] = T;Ft=u.
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Proof:

t=p, nf(t) = o([t]) = o([ul) = nf(u) =, . 0

For the proof of the following proposition, we need to invoke an inductive
argument on the sizes of the denotation sets, where the size is basically the rank

of the set. For this we make the following definition.

Definition 3.2.13 For S € D,,

0, ' if S =0,
1 + max {rank(T) l (a,T)e S V (2,T) € S}, otherwise.-

rank(S) = {

Proposition 3.2.14 Suppose that [t] # [u]; assume further that |Act| = oo;
let fo(t) U fo(u) C z = {2,,25,...,2,}, and p = {a,.0,4a,.0,...,a,.0}, where
a1,8,...,8, € Act are distinct action symbols not appearing in u or v; then

t{Plz} # u{Plz}.
Proof:

By induction on rank([t] ). Suppose [t] # [u], and let Z,5 be as given

in the proposition; there are four cases to consider: (z,T) € [t] \ [u],

(z,T) € [l \ [&], (a,T) €[]\ [u], (o, T) € [u] \ [¢]:

o Suppose (z,,T) € [t], but (z4,T) & [u];

then by vProposi.tion 3.2.9(i), 3p, t' st t{ﬁ/a—c %5 p,
T=[t], andp = t'{ﬁ/a—;};

Suppose t{ﬁ/j} ~ u{ﬁ/i} ;

Then 3q ~ t’{ﬁ/j} st u{ﬁ/i} LN

so by Proposition 3.2.9(ii), Ju’ st (z, [u']) € [u]
and ¢ = u'{ﬁ/j;} ~ t'{ﬁ/j};

but (o0, [01) & [l = [¢] # []:

so by the induction hypothesis, t’{ﬁ/i} & u’{ﬁ/i}

(contradiction);

thus t{P1z} 7 u{Pz};
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o Similarly, (z4,T) € [u] a@d (z,T) ¢ [t] = t{ﬁ/i} v u{p/:i};

o Suppose (a,T) € [t], but (a,T) & [u];
then by Proposition 3.2.6(i), 3¢/, t" st t —%» ¢/,
T =[t"], and t' = t;
thus by Proposition 3.2.7(i), t{ﬁ/i.} S t'{ﬁ/a‘c};
Suppose t{ﬁ/a-;} ~ u{ﬁ/a—,:};
Then 3p ~ t'{%} st u{ﬁ/j} -2, p;
hence by Proposition 3.2.8, either:
(i) 3u' st u —> u' and p = u’{zﬁ/i} ~ t'{ﬁ/i};
hence by Proposition 3.2.6(ii),
Ju" = u' st (a,[u"]) € [u];

thus since (a, [t']) & [ul, [t'] # [u"];

so by the inductive hypothesis,
t{Plz} # w{Plz} ~ w{P/z};
(contradiction); or
(i) 3z, ¢ st (=, [w]) € [ul, p. — p,
and p = p' |w'{Pz};
i.e., 3,u’ st (z,[w]) €[], a=aq;,
and p = u’{l_’/i} ~ t’{ﬁ/i};
but by assumption, a; does not appear in t;

hence (a;,T) & [t] for any T (contradiction);
thus t{ﬁ/j;} v u{ﬁ/a‘:};

o Similarly, (a,T) € [u] and (a,T) ¢ [tf] = t{%} # u{Pfz}.
o 0

Corollary 3.2.15 t ~u = [t] = [u].
Proof:

Suppose [t] # [u]; let z, p be as in Proposition 3.2.14;
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then t{ﬁ/j} * u{ﬁ/f;}; hence by the w-completeness definition of con-

gruence of open terms, t o u. m]
Corollary 3.2.16 (w-Completeness) t ~u = T, Ft =u.

Proof:
Follows from Corollary 3.2.15 and Corollary 3.2.12. ]

As one last note about this sublanguage P;, we can come up with an alterna-
tive characterisation for the extensional observational congruence similar to that
presented in Proposition 3.1.15, by incorporating the effect of unguarded vari-
ables in terms into the definition of the bisimulation underlying the congruence.
However in this case, we must be more careful in our approach. With the sublan-
guage P, of nondeterministic terms, once a variable process waé started, all other
subterms were ignored. However with the terms in this sublanguage P;, we must
account for the subterms representing processes which run concurrently with vari-
able processes which may be started. Thus we redefine the notion of unguarded

variables in this case to account for the extra required information as follows:

Definition 3.2.17 The extended unguarded variable occurrences U(-) of terms

are defined inductively on the complezity of the structure of terms as follows:

Uwo) = 0 Uopw) = 0;
Uz) = {(=,0)}; Uzlv) = {(z,0)};
Uat) = 0 Ulat|v) = 0
Ut +u) = Ut) VH(u); U((t +u)lv) = A(t]v) Vi(u]v);

U((tlw)le) = d(tl(u]v).

Our alternate characterisation of our semantic congruence of open terms will

then be given by the vfollowing definition.

Definition 3.2.18 ¢ 2 u iff for all a € Act:
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(i) t —t = Ju'stu—u and t' = o;
(i) u —uw = ' sttt and t' = u';
(iti) (z,t) € U(t) => Tu' st (z,u') € U(u) and t' = u';

(iv) (z,w) € U(u) => 3t' st (z,t') € A(t) and t' = u.

That this definition gives us our required congruence comes as a corollary of

the following technical propositions.
* Proposition 3.2.19 [t] = {(,[t]) | t ¢} U {(&,[t]) | (=,¢) ed(t)}.

Proof:

By induction on the structural complezity of t, using the definitions of

5 and U. ' O
Proposition 3.2.20 [t] = [u] iff t = u.

Proof:

Using Proposition 3.2.19, by induction on the structural complexity

of t. 0
Corollary 3.2.21 t = u iff t ~ u.

Proof:

(=) Follows from Proposition 3.2.20, Corollary 3.2.12 and the

Soundness Proposition 3.2.4.

(=) Follows from Corollary 3.2.15 and Proposition 3.2.20. O
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3.3 Concurrency With The Full Merge
Operator

The next language P, we consider is a language which does not contain the left
merge operator | in its signature, but rather only the full merge operator |, which
was a derived operator in the language P;. The language is defined by the sig-
nature ¥, = {0,.,+,] }. This is the most basic language of nondeterminism and
concurrency used in CCS, but as we shall see, the difficult problems which this
thesis is addressing are confronted in this most simple language. Namely, we shall
demonstrate the difficulty in finding an w-complete set of equational axioms for
this language under strong observational congruence (and will in fact leave this
problem open), and will in a later chapter actually show that any complete (not

simply just w-complete) axiomatisation must be infinite.

Again the semantic equivalence which we consider here is the strong observa-
tional congruence ~ defined above. This theory is completely characterised by the

following (infinite) set of axioms.

(A4) (+y)+2z = =4 (y+2); (A3) z+z = =z
(42) z+y = y+a; (A) z+0 = z;

(E‘Tpmn) Foru = Zai"vi andv = Zﬂjyj,
i=1 j=1

wlv = Saga]v) + ilﬂj(u 1v;).

i=1

Proposition 3.3.1 The strong observational congruence over closed terms of the

language P, is ezactly the congruence induced by the infinite aziom set

TP = {(4),(42), (45), (40} U {(Ezppa) | myn > 0},

Proof:
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For a full proof, see, e.g., [HEN85], Theorem 4.1. Otherwise note
that to prove p ~ q, we need simply eliminate all occurrences of the
full mérge operator || from each of p and q using the (valid) Ezpansion
Theorem azioms (Ezp,,,), and prove the remaining terms (from the
sublanguage PY) to be equal using the sum laws (A,)~(A,), which we
proved in Section 3.1 to be complete for reasoning about P, terms.

a

However, these axioms do not suffice as an w-complete set of equational axioms
for our congruence. For example, as pointed out in [HEN85], these axioms cannot

prove the following valid laws.

(C1) @lylz = z|(y]=2);
(C3) zly = yl=;
(C3) z]0 = z.

In order to prove these using the theory T2, we would need to invoke a structural
induction argument. However, we could easily produce a (counter-) model for the

equational theory 7. which would contradict each of these statements.

Another simple law which cannot be proven within T2, even with the above
three laws (C}), (C;) and (Cy) is the following Absorption Law expressing the

pa.ftia.l application of the Expansion Theorem axioms (Ezp ).
(Abs) (az+y)lz = (az+y) |z + a(z]2).

That this law is sound can again be proven by structural induction using the theory
T it is a straightforward corollary of the Expansion Theorem laws (Ezp,,,) and
the +-idempotence law (A;). However again we could produce a countermodel sat-
isfying the theory 7.0 U {(C,),(C,),(C3)} but contradicting (Abs), demonstrating
that 7,2 U {(C1), (C2),(Cs)} i/ (Abs).

In actual fact, there are seemingly arbitrarily-complex equational axioms which
are independént and which therefore must be included in any w-complete set of
axioms. For instance consider the following reduction laws which can all be seen

to be valid ~-equivalence laws, but which cannot be proven within 7.
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az|(y+2) + a(z|y) + a(z]=2)

= oz (y+2) + ezly + az |z

(@+0)[y+2) + zly + 2]z + vy + v]z

= zlly+2) + ol(y+2) + @+0) |y + (z+v) ]z

(az+v) [ (By+2) + az]2) + Bloly) + v]=
= afz](By+2)) + B((ez+v)|y)

+ol(By+2) + (az+v) |5

(az+0) [y +2+u) + a(z|y) + alz]2) + oz |v)
+oly + o]z + v]u
= a(z|@+z+u) + vl(y+z+u)

4+ (az+v) |y + (az+v) |2z + (az +v) | u;
etc.

Each law in this series demonstrates how to express one term which contains a
single ‘largest” parallel composition as a summand (the first summand on the
left hand side of each equation) as a sum of terms containing only smaller par-
allel combinations. In each case, in some sense only the minimum amount of
“ezcess baggage” is included in the law in order to reduce the large composition.
For instance, the third law above demonstrates the least (information-theoretic)
valid statement expressing the parallel composition (az + v) | (By + z) added to
terms involving only smaller parallel compositions as a sum of strictly smaller
compositions. That is to say, any valid statement which does express the paral-
lel composition (az + v) | (By + 2) added to terms involving only smaller parallel
compositions as a sum of strictly smaller compositions must contain on each side of
the equa..ti.on at least as much single-step behaviour as specified by the law above;
the left and right hand sides of the equation must have at least the abilities to

proceed as those of the minimal law above.
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Each different pair of sumforms taken as operands to the parallel operator
produces a new law independent of those given by less complicated sumform terms
placed in parallel. For instance, the third law in the above list is not simply an
instance of the second law, by replacing z by az and y by By. This is so as more

information about an indeterminate process gives rise to a more specific law.

Notice that when one of the factors in the term wanting to be reduced out is a
simple variable, then the reduction cannot be successful. We cannot express such
a parallel composition, added to only simpler parallel compositions, as a sum of
strictly smaller compositions. The large composition will in fact have to appear
on both sides of the equality sign. The simplest such case of this phenomena was

already encountered with the Absorption Law (Abs) above.

The degenerate case, when all of the summands in the two terms to be combined
in parallel are action-prefixed terms, reduces to the Expansion Theorem: no terms
have to be added to the composition, which is equated to its expanded version.
In fact, the complete sequence of laws can be generalised into an axiom schema
similar to that for the Expansion Theorem in the following way.

For P = Xm:aiu,- + Xr:xj
i=1 i=1

cand Q = ) B + Yy,
i=1 j=1

e PlQ + ZZa(u ly;) + ZZﬂa(v lz;) + erixeﬂ%

i=1 j=1 i=1 j=1 =1 j5=1

= Yol + i:ﬂ,-(P o)
+ 3510 + TPy,

Notice that this schema includes the Expansion Theorem axioms (FEzp,y,,), the
degenerate case of this sequence (by setting r = s = 0 in the definition of P and
@), but it does not include the Absorption Law (Abs). This is because the law
(Abs) is an absorption law and not a reduction law; both sides of the law contain

the largest parallel composition. As remarked above, since one of the factors in the
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largest composition in the law (Abs) is a simple variable, both sides of the equality
must contain the composition. Since this sequence of laws only attempts to present
the least amount of smaller compositions to use to express a term containing the
large composition as a term not containing the composition, nothing is implied by
this sequence when this is not possible. In fact, the closest we can get to (Abs)
using this sequence is the following reflexive identity (by settingm=n=r =1
and s = 0 in the definitions of P and Q in the axioms schema).
(ecz+y)|z + a(zz) + y| =
= (ez+y) |z + a(z]2) + y] =

The above axiom schema only deals with the case when two terms are combined

in parallel. There are analogous axioms which are independent of the above dealing

with three processes combined in parallel. For example, we have the following

three-factor reduction laws.

az|(y+2) | (u+v) + a(elyl@+v) + a(z]z](u+v))
+a(zl+2)u) + a(z]y+2)]v)

voalylu + azlylv + azlzlu + azfz]o
= a(el@+9) | (@+v) + a(elylu) + afzy]v)

fa(lzlu) + a(z]z]v)

fozlyl(utv) + oo ]z (udto)

taz|(y+z)|u + ez (y+2)|v;

ez (By+2)[(u+v) + afzlz](+v)) + (] (By+2)|u)
+a(z1(By+2)1v) + azlz]u + az]z]v

+ Blez|ylu) + Blaz |y |v)

= a(l(By +2) | (u+)) + Blac ]yl (u+v))

tazlzlu) + e(z]2]v)
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+az]z](u+v) + oz | (By+2) | u

+ az | (By + 2) | v;

ete.

Again these axioms give the minimum laws for reducing large parallel com-
positions, and as such are not direct consequences of the two-factor laws. These

axioms for three terms combined in parallel can be generalised into an axiom

schema similarly to the above in the following way.

FOTP = Zaiui + szl

x—l

and Q = Zﬂ,v + ZyJ

x—l

andR = Zo‘iwi + sz’

PlQIE + Zza(u lv; 1 R) + Zza(u 1Q1z)

i=1j=1

i=1 j=1
+ Z;Zpﬂ‘(wgnv [R) + Y3 8P v 2)
i=15=1 i=1 j=1

£ 3o 10w + 35 ouP Ly [ws)

i=1 j=1

i=1 j=1
g ny g n, np N4
+ 22 Plulz + XX wlQlz + LY =y | R
i=1 j=1 i=1j=1 i=1 j=1

Za(u IQIR) + Zﬂ(Pllv | B) + ZO’(PIIQIIw)

i=1

+ Zl‘,ﬂQIIR + ZPII.I/JIIR + ZPIIQIIz

mp nq Ny Tp ny

+ 2.2 au(usly; "Zk) + ZZZﬂ(% Fo: | 2)

=1 j=1k=1 i=1 j=1k=1

fp Tq p Tq nr

+ ZZZO‘(%HZ/LHUJ) + 2.2 zlyila

i=1j=1k=1 =1 j=1k=1

Similarly, there are axioms like these for n processes combined in parallel, for

each n > 1, none of which are instances of the others, and characterised by greatly
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increasingly complex axiom schemata as n increases. However, all of these laws
can be collected together into one terse (albeit totally unreadable) axiom schema

as follows:

(Red,

y112] 31,12, N2 .., 1T Nt )'

my n
For Pi = Zaquw + Z :Z:"j (for Z = 1, 2, ...,t),
=1 Jj=1

Y X (Mowl I17)

IC{1,2,...,t} o:I-w iel igr
|I] even = 150i<n;

+ X XX ¥ ay(uwl II 2,1 IIP)
IC{1,2,...,t} $€I 1<5<m;i o1\ {i} —w keI\{i} s¢I
|I| even 1<ok <ni

= > > (Hmea..IIHP,-)

IC{1,2,...,t} o l-w tel ¢l
{]odd 1Z0i<n;

LD DEED DD DD - (U.-,- | II <1 TIR.).
IC{1,2,..,t} i€l 1<i<m; g:1\ (i} —w keI\{i} &I
|I| odd . ].Sdk Snk

Notice here that Ezp,,, = (Redy,,04.0)-

Thus we have an abundance of valid equations which we cannot prove within
our theory 7,7 and which are all seemingly mutually independent. Hence these
would all need to be added to our theory T to approximate an w-complete theory

T, for strong observational congruence over P,. However, this is still not enough.

In all of the above reduction laws, we show how to reduce a term containing
a large parallel composition into one not containing the composition, by using
only strictly smaller compositions. There is also an abundan«  of laws whiéh show
under what conditions one (open) term can be absorbed into another (possibly
more complicated) term. That is, when terms P and @ are such that P+ Q = @,
whence we say that P is absorbed into Q. These arise when the capabilities of
some term to proceed are matched completely by a subset of the capabilities of
another term; in this case, the former term can be absorbed into the latter. For

instance we have the following law.
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| (W +y2) + (214 22) |y + =, I ¥1

=z [ (1 +92) + (2,4 25) | vy

Here, the z, | y, term is absorbed by the two terms to which it is added. The
motivation for suspecting this to be a valid law comes from the following rea-
soning: the possibility of the absorbed term z, | y, on the left hand side of the
equation proceeding via the process represented by the subterm z, is matched
on the right hand side of the equation by the possibility of proceeding with the
(z; + z,) | y, term via the same indeterminate process z;. Similarly, the possibil-
ity of the absorbed term proceedlng via the process represented by the subterm ¥
1s matched in'the z, || (y; + y,) term by the possibility of proceeding via the same

lndetermlnate process ;.

Another similar absorption phenomena is given by the following equation.

T | (ay1‘+ ¥2) + 22| (ey1 +y2) + (2, + ) | 2
-+ (331 + z,) " (ayl + yz)
= Il (ay1 + yz) + 25 | (¥ + y5)

+ a((xl + z,) | yl) + (z,+ -'52)" Ya-

Here one of the summands on the right hand side of the equation, a((zl + z,) | yl) ,
is missing on the left hand side. However, the summand is implicitly there, as
the absorbed term, (z, + z,) | (aykl";-“i.- Y2), can be expanded using the Absorption
Law (Abs) to mclude the missing summand. Hence we indeed in effect have an
~ absorption law. As before, the summand (z;, + z,) | (ay, + y,) is absorbed into
the other summands by almost identically the same reasoning as in the previous

example.

Indeed these two laws are valid ~-equivalences, as can be verified by a struc-
tural induction argument, or by translating them into the left merge language of
the previous section, where we have an w-complete axiomatisation. These two
laws do not in themselves suggest any new complexity in our search for an cw-

complete axiomatisation for our equivalence. However, as was the case with the
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above sequences of reduction laws, these absorption laws come in a whole se-
ries of increasingly complex, yet seemingly .independent varieties. In fact, we
can generate such an absorption law to treat specifically the absorption of any
parallel composition of indeterminate processes. For example, consider the term
) | ay, | (B2 + 2, + 23). The correspondlng absorption law tailor-made to absorb

this term is given as follows.
Ty | ey | (B2, + 2, + 23)
+ (@14 22) ey | (B + 2, +‘23)
+ zillaplze + 2oy |2
= (z1+ ;) | ay, | (B2 + 25 + 23)
+ 0‘("«'1 Ly 1 (Bzy + 2, + 23))
+ B ey lz) + zillay 2z + 2] ey lzsv
Again, as was the case with the reduction laws, these absorption equations can

be presented as a single complex axiom schema as follows.

(Abs

m,n.p,s,t1,2,t v"rapytp).
m n

P 8 t
H-’Ci | Haiyi | H (Ezij + Zﬂijvij)
=1 ‘j=1 i=1

i=1 =1

+ i[(ka'i'w;,) ﬁxzﬂ ﬁaiyi“ ﬁ(i % + Zﬂqvq)]

k=1 : :;11: i=1 i=1 \j=1
+ 33 ( ot [owtzu)
> [t o)t oot et JT($52 + > funs)|
=1 | ’ :;i | i=1 =1
# 2z ool Mewt T( 5 + X))

= =B
+ LZ=:11=1 ( H"’a I Ea,y; ]Zu)

+ iiﬁu( ﬁxa“ Ha,y, I Zkz)

k=11=1 i=1
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These sequences of reduction and absorption laws are not completely mutually

independent. For instance, given the reduction law

(z+v)|(y+2) +z]|y +zlz+v]y + v]=

= z](y+2) +v|(+2) + (e4+v) |y + (z+v) | 2,

we could easily deduce the absorption law

(z+o)|(y+2) + 2| (+2) + v|(y+2) + (c+v) |y + (z+v) ]2

= z|(y+2) + vl (y+2) + (+v) |y + (z+v) ] 2,

using the idempotence of +. This situation is not surprising, as the reduction laws
did set out to provide the least terms to add to a cornpdsition in order to eliminate
the composition; the corresponding absorption law would necessarily céntain at
least as much observable behaviour on each side of the equation. On the other
hand, we already know that the absorption schema allows us to eliminate paral-
lel composition with simple variable factors in the presence of more complicated
terms, which we were not capable of doing with the reduction laws. Hence it.

appears certain that the absorption laws do add power with which to reason.

There is one important point to note about these sequences. To prove the above
laws are valid, we need to invoke structural induction and the Expa,nsion Theorem
laws (Ezpy,,). However, in the above we gave arguments as to why they should
be expected to hold valid; namely, every possible single-step behaviour exhibitable
by one side of the equation is matched by éome singlé-step behaviour on the other.
In the laws which incorporate action symbols explicitly, the Expansion Theorem
laws (Ezp,,,) and the Absorption Law (Abs) are used to simplify the axiom.
However, when no actioﬁ symbols appear explicitly in the axiom, then it is valid
by our informal reasoning regardless of the validity of the interlea-ving Expansion
Theorem. That is to say, we can reason that the actionless laws are so basic as
to be considered reasonable in any notion of equivalence based on behavioural
properties of processes. Indeed, some of the above absorption laws were noted in

[CAS87] and [CAS88] as valid axioms in their noninterleaving theory of distributed
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bistmulation. In fact, not only the action-free absorption laws, but also the action-
free reduction laws are valid in their theory. We shall exploit the independence of
these laws with respect to the nature of any particular behavioural equivalence in

Section 5.3 whefe_: we discuss the axiomatisability of any reasonable equivalence.

Hence we now find ourselves at a standstill. In searching for an w-complete
set of laws for our semantic congruence over this simple process algebra P,, we
have uncovered a wide range of problems. Starting with the well-known complete
theory 7.0 for closed terms, we discovered we needed to include the following:
three straightforward laws for the parallel combinator, (C1), (Cy) and (Cj), ex-
pressing the associativity, commutativity and 0-absorption of |; an Absorption
Law (Abs) motivated by the Expansion Theorem laws (Expymy,); a whole series of
reduction laws, (Red, 1, 11 o na ...meme)> describing when a sum of terms involving
a large parallel composition could be expressed as a sum of smaller parallel com-
positions; and finally a whole series of absorption laws, (AbSpmnp.8 .t 92,821 pitp )3
describing when a particular parallel composition could be absorbed into another
term. Neither of the latter two classes of laws were obvious to discover. Nor is
it obvious that no other laws exist which are independent from the above collec-
tion. However, defining a normal form for the above theory in order to attempt td
prove w-completeness of this grandiose set of axioms with respect to our semantic

congruence is indeed far from trivial.
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4.1 Full Merge Langliage

The language of terms we consider here is the language P2, the set of closed terms
over the language P, given by the signature &, = {0,.,+,] }. The semantic
equivalence which we consider here will once again be the strong observational
equivalence ~. We rely on the well-known theory developed for this language
and equivalence which tells us. that the equivalence is completely characterised
by isomorphism between derivation trees, finite unordered trees whose arcs are
labelled by elements of Act, in which no two identically-labelled arcs lead from

the same node to two isomorphic subtrees.

The proof that follows will proceed by induction on the depth |-| of terms.
Equality throughout this section will represent semantic equality (strong observa-
tional equivalence). Thus in our proof, P = @ will mean P ~ @Q, not necessarily

syntactic identity.’

The important properties which we shall use are as follows, and are immediate

results of the definitions:

P = Q implies |P| = |Q|;
P#0 implies |P|Q|>1Q;
P =Qand P =5 P implies Q -2
for some Q' = P';

P =5 P implies |P|> |P|.

Definition 4.1.1 A term P is'irreducible iff whenever P = Q | R, we have that
either @ =0 or R = 0.

Definition 4.1.2 A term P is prime iff P is irreducible and P # 0.

Theorem 4.1.3 (Milner) Anyterm P € PJ can be expressed uniquely (up to ~)

as a product (parallel composition) of primes.
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Proof:

That any P can be expressed as a product of primes is straightforward:
if P =0, it is equal to the empty product; if P is prime, it is equal
to the singleton product, namely itself; otherwise P = Q | R where
Q, R # 0, so by induction on depth, each of @ and R can be expressed

as a product of primes:

Q=Q1||Q2II°“."Qm; R = RIIIRZH'“"Rn;

Then P can be expressed as a product of primes itself by:

P=QIR=0Q:1Q:l - 1QulR | R |- | R,.

The proof presented here that this factorisation is unique proceeds by

induction on |P)|.

Suppose that P = Q, but that P and Q have distinct factorisations into

products of primes given as follows:

P = Al | Ak |- ] Akn,
Q=Af|AZ ]| Ab,

where the A;’s are distinct primes (that is, i # ] = A, # A;), and
that ki’ li Z 0.

Assume that all terms R with |R| < |P| = |Q| have a unique factori-
sation into a product of primes, and let exp(A, R) be the ezxponent of

prime A (the number of times A appears) in the unique factorisation

of R.

~ Let m be chosen such that k,, # 1,,, and that |A;| > |A,,| implies that
kj = l;; that is, A,, is a mazimal-sized (wrt depth) prime appearing
in the factorisation of P or Q in which the exponents differ. Without
loss of generality, we can assume that k,, > I, (otherwise exchange

the roles of P and Q).
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The proof proceeds now by cases on the possible form of the factorisa-

tion of P:

1) Suppose P is a power of a prime: P = Akm
Firstly, if P is prime (that is, k,, = 1), then from P = Q, we
have that Q is prime, and since k,, > l,,, we have that Q = A;

for some 7 # m; but then A,, = A;, contradicting the distinctness

assumption on the A;’s.
Hence assume that k,>1;

We can do P =5 P' for some a, P!, and whenever P —°- P P!

has a unique factorisation with exp(A,,, P') = k,, — 1.

This is true since
A, 40 l
= A,, = R for some a, R
=> P P'=Ak-1|R,
and |P| > |P'| > |R| => R and P' have unique factori-
sations given by:
R=A41141--14,
Pr=Apm-t| Ay Ay -1 4,
and |A}| < |R| < |A,| = A, # A! for each i,
so exp(A,,, P') = k,,, — 1.

Suppose that [,, > 0;

Then similar to the above, we can do Q@ — Q' for some
a,Q’, and have a unique factorisation for Q' in which
eXp(Any @) = b — 1;
But from the above,

P2 P = exp(A,P)=k,—1>1_,—1,
so P'# Q;
Therefore AP' = Q' st P -~ P!, contradicting P = Q.

Hence assume that [, = 0.

73
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Then from the mazimality constraint in the deﬁnz;tion of m,
L>0 = |A| <|AL;
Hence whenever Q@ = Q', Q' has a unique factorisation in which
exp(Apm, Q') = 0;
This is true since
Q= q
=> A; = R for some j, R st [; >0 where
Q = M| A7 AR R
and R,Q)' have unique factorisations given by:
= Al |4,
Q= A 7T AR A ] A,
and |A}| < |R| < |A;] <Al (as [;>0) for each i,
so A} # A, for each i, s0 exp(A,,, Q) = l;n =0;
But from the above, we can do P -2+ P! for some a, P!, and P!
has a unique factorisation in which exp(Apm, P) =k, ~1>0;
Therefore BQ' = P' st Q %+ ', contradicting P = Q.
2) Suppose P is not a power of a prime: 35 # m st k; > 0;
Let b,T be such that P -5 T, and.whenever P =5 P!, we have
that (since |P| } |P'[,|T|, and hence P',T have unique factorisa-
tions) exp(Ap,, P') < exp(A,,,T).
Then exp(A,,, T) > k,,;

This is true since

A;#0
=> A; = R for some a, R
= P Pr=ab || AP | | 4l | R,

and |P| > |P'| > |R| => R and P’ have unique factori-
sations gi;)en by:

R= 141 ] 4,

Pr= AP |- L A7 o | Al AL 4
50 exp(Ap, P') > k,, (since m # j).
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Let Q -2 Q';
Then 3t,R st 1, > 0 and A, - R,
where Q' = Ab |- | AF [ A | B
Since |Q] > |Q'] > |R|, R and Q' have unique factorisations given
by:
R=4;14)-] 4, |
Q= A A A Ay A A
Suppose that exp(A,,, Q') = exp(A,,T) > k,, > 1 _;
Then 3i st AL = A,,;
Thus |A,| > |R| > [AYl = |A|, so by the mazimality constraint
in the definition of m, we have that ki =1, and t # m,
50 exXp(Ap, Q") = 1, + exp(Ap, R);
However now; since ky =1, > 0, we also have that
P—=>P' = AP |- AN .| 4k | R,
and
exp(Ap, P') = k,, +exp(A,,, R)
>+ exp (A, R) = exp(4,,, Q');
Hence exp(A,, T) > exp(A,,, P') > exp(A,,, Q"), so Q' £ T;
Therefore Q' =T st Q %+ Q, contradicting P — Q. o

We state one important corollary of this result here.
Corollary 4.1.4 (Simplification Lemma) For P,Q and R € PY,
PR = Q| R implies P = Q.
Proof:

Let P,Q and R have unique factorisations given by

P = P1"P2""'"Pm

= Ql"Q2""Qn
= R |R,|---| R,

I O
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- Then clearly the unique factorisations for P | R and Q | R must be
given by

| PR = P |Py|---| Pn| Ry | Ry |-+ | R,
QIR = Q1Q:1---1Qul R | Ry |- | R,

But since P | R = Q | R, these factorisations must be identical.

Hence P and QQ must themselves have identical prime factors, and so

P=qQ. ‘ =

4.2 A Simpler Proof

In this section we present. a much simplified proof of the above factorisation theo-
rem. The proof derives from the above simplification lemma, which is first proven

independent of the unique factonsatlon theorem.

Lemma 4.2.1 (Simplification Lemma) For P,Q and R € PY,
P|R = Q| R implies P=Q.

Proof:

We actually prove the following two results by simultaneous induction

on |P|+]Q| + |R|:

(i) P|R=Q| R implies P=Q;
(zz)R——»R’andPHR QI]R’
implies @Q — Q' for some Q' =

(i) Let P|R=Q| R, and P = Pr;
Then P|R—— P'|R, s03S=P'|Rst Q| R - S;
Hence either

(a) 3Q"st Q@ — Q' and Q' | R = P'|| R, or
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(b) 3R' st R R' and Q| R' = P' | R;
For (a), by induction hypothesis (i), Q' =
For (b), by induction hypothesis (ii), Q' = P’ st Q— Q.
Similarly, P|[R=Q | R and Q = Q'

implies 3P' = Q' st P 2 P'
Hence P | R = Q | R implies P = Q.
(ii) Let R R', and P | R = Q | R';

Then P|R—> P| R, s03S=P|R st Q| R % S;
Hence either

() 3Q' st Q = Q' and Q' | R' = P | R'; or

(b) 3R" st R =5 R" and Q| R" = P | R;
For (a), by induction hypothesis (i), Q' = P;
For (b), by induction hypothesis (ii), IQ' = P st Q -2 Q.

Hence in any case, 3Q' = P st Q 2 Q. O

Our result now follows quite simply.

Theorem 4.2.2 (Unique Factorisation of Processes) Any term P € P? can

be ezpressed uniquely (up to ~) as a product of primes.
Proof:
We shall not repeat the argument that the prime decomposition ezists,

but rather just argue uniqueness. This we shall do by induction on |P|.

Thus suppose first that P = Q, and that P and Q have prime factori-

sations given by

P = CIIAlllAzll---ﬂAk,
Q = C"Blﬂan”'"Bl;

That s, the two factorisations have a common prime factor.

Then by the Simplification Lemma 4.2.1, we have
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Al "Azﬂ"'Ak = Bl "Bz "“'"Bl;

By the inductive hypothesis, A, | Az | -+ | Ay and B, | By || -+ B, must
be identical prime factor deéompositions;

Thus the prime factor decompositions for P and Q above are identical.

Hence suppose that P = A, | A, |-+ Ay and Q = B, | B, || By are
prime factor decompositions such that for all i and J,» A; # By;

Ifk=1o0rl=1, then P = Q is prime, so k=1 =1, and A, = B,,
contradicting the distinctness of the A;’s and B;’s;

Hence assume that k,1 > 2;
Assume further that for all i and j, |A1| < |4, |B;l;

Let a, R be such that A, =+ R, and let R have a unique factomsatzon
(as |R| < |A, | <|P|) given by

R = R, "Rznf""R
Then P —» P' with unique prime factorisation
Pl = Rl Byl 1R DAy [ Ay
Thus Q@ = Q' = P!, so some B; = T with
Q' = Byl Bia [ T Byya |-+~ By

Assume that j = 1, and that T has a unique prime factorisation given

by
T =TT 1T;
Then Q' = P’ have unique factorisations given by

Byf--- IR N Az]--- 1A = Ty|--- | T,| By |--- | By
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Now these are identical prime factorisations;

B;tt for alli and j, A; # B;,
and for all i and j, |R;| < |R| < |A,| < |Bl,
so R; # B;;

Thus no term B; appears in the factorisation
R, |||| R, | A, I--- I Ag,

so | <2, contradicting the assumption that k,1 > 2. ]

4.3 Adding Communication

The theorem of the previous section is valid when we use the merge with commu-
nication operator | instead of the merge-only interleaving operator |- The proof
is similar to the original proof of the previous result, but we must be careful to

recognise the possibility of two processes communicating to allow a 7 transition.

The setup to the theorem is identical to the last section, except for the language
which we consider. Here we are taking the language P2, the set of closed terms over
the language P; given by the signature £; = {0, ., +,| }. The sernantié equivalence
remains as the strong observational congruence ~, and we can still characterise the
equivalence using derivation trees. Once again, equality throughout will represent
semantic equality (stfong observational equivalence). The definitions of irreducible

and prime are the same as before.

We shall use a,b,... € A C Act to range over the non-7 actions (that is,

T¢€A),and p,v,... € Act = AU {7} to range over all atomic action.

Theorem 4.3.1 (Unique Factorisation of Processes) Any term P € P2 can

be expressed uniquely (up to ~) as a product (parallel composition) of primes.

Proof:
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Again, that any P can be expressed as a product of primes is straight-
forward. The proof that this factorisation is unique again proceeds by
induction on |P|, and the cases we consider are the same, only more

care must be taken in each.

Suppose that P = @Q, but that P and Q have distinct factorisations into

products of primes given as follows:

P= Al Al o] Ak
Q=A7 47| A,

where the A;’s are distinct primes (that is, i # j = A; # 4;), and
that k", l; Z 0.

1

Assume that all terms R with |R| < |P| = |Q| have a unique factorisa-
tion into a produci of primes, and again let exp(A, R) be the exponent
of prime A (the number of times A appears as a factor) in the unique

factorisation of R.

Let m be chosen such that k,, # l,, and that |A;| > |A,,| implies that
k; = l_,,-,"that i, A is a mazimal-sized (wrt depth) prime appearing
in the factorisation of P or @ in which the exponents differ. Without
loss of generality, we can assume that k,, > l,, (otherwise exchange

the roles of P and Q).

The proof proceeds now by cases on the possible form of the factorisa-

tion of P:

1) Suppose P is a power of a prime: P = Akm ;
Firstly, if P is prime (that is, k,, = 1), then from P = Q, we
have that Q is prime, and since k,, > I,,, we have that Q = A;
for some j # m; but then A,, = A;, contradicting the distinctness

assumption on the A;’s.
Hence assume that k,, > 1;

Suppose that 1, > 0;
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IfA, > Al for some a € A,
| then Q —— Q' with exp(A,,Q") =1, —1;
But P % p!
= exp(Am P) =k, ~1>1 —1;
Hence AP'= Q' st P -2 P!,
contradicting P = (Q.
A, A = u=r,
then P — P! = exp(A,,,P') =k, — 1 stall;
and still Q — Q'
with exp(4,,, Q") =1,—- 1<k, —1;
So again AP'= Q' st P - P!,
contradicting P = Q.

- Hence assume that I, = 0.

2)

Then from the mazimality constraint in the definition of m,

L>0 = 4] < |A,);

Hence @ 5 Q' = Q' has a unique factorisation in which

exp(Apy @) = 0;
But we can do P — P! for some iy P’
such that exp(A,,,P") =k, —1>0
Therefore AQ' = P' st Q - Q', contradicting P = Q.
Suppose 37 # m st k; > 0; .
Let u,T be such that P -5 T, |P| = |T| + 1, and whenever
P — P!, with [P| = |P'|+ 1, we have that (since |P| < |P'|,|T|,
and hence P',T have unique factorisations)
exp(4,,, P') < exp(4,,, T).
Then clearly exp(An,, T) > k,,.
Suppose Q - Q' =T';
Then we have one of three cases:
i) 3s,Rstl, > 0 and A, - R,
where Q' = A4 |-.. | Al=t]...| Al | R;
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Hence |A,| = |R| +1;
Ifla,l<|A

ml)

then exp(A,,, Q") < I, < k,, < exp(A,,,T),
(contradicting Q' = T').
If|A,] > |An],
then exp(A,,, Q') = I, + exp(An,, R),
ands#m, and k, =1, > 0; |
SoP =5 Pr=A} |- | Ak=1]...| Ak | R
with exp(Am, P') = ky + exp(Ap, R);
and |P| = |P'| + 1; »
Thus exp(A,,, Q") < exp(A,,, P') < exp(4,,,T);
(contradicting Q' = T).
it) p =1 and 3s,t,R,, R,,a st 1,,1,> 0
and A, = R, and A, > R,,
where Q' = Al |- ] AL-1]- ..
| o] AETV || AL | R, | Ry
But then |Q| < |Q| -2 = |P| -2 < |T|
(contradicting Q' = T).
i) p=1 and Is,R,R',a st I, > 1
and A, = R and A, -5 R,
where Q' = A |- | Ale=2 ...
| A% | RIR;
But then again |Q'| < |Q| -2 =|P| -2 < |T|
(contradicting Q' = T).

Therefore ,HQ' T st Q@ - Q, contradicting P = Q.

Again we close this section by stating the same important corollary.

Corollary 4.3.2 (Simplification Lemma) For P,Q and R € Py,

P|R = Q|R implies P = Q.

82
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Proof:
As in Corollary 4.1.4. ]

Notice that the Prime Decomposition Theorem is again a rather simple corol-
lary of the Simplification Lemma. However in this case we would find it quite
difficult to prove the Simplification Lemma without recourse to the Prime Decom-

position Theorem.

4.4 Adding Silent 7’s

In this» section, we shall once again prove a unique factorisation theorem for our
language PJ, but this time under (weak) observational congruence ase. In this '
case, we face problems with the definitions we have been using. We cannot proceed
blindly, as the theorem fails immediately. For instance, consider the term 7.0; this

is not prime, as
7.0 =< 7.0|7.0.

But there is no decomposition of the term 7.0 into prime factors.

The above problem arises everywhere in which a r-prefix appears, due to the
following proposition.
Proposition 4.4.1 .P ~¢ 7.0 | P.

Proof:

By structural induction on P, using the alternate definition of ~¢ given

by Proposition 2.2.9. a

Hence it would appear that no process term of the (semantic) form 7.P can be
expressed as a product of primé factors. To remedy the situation here, we work
only with what Milner calls proper normal form terms, and we rely on the the

accompanying theory from e.g., [MIL85].
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Definition 4.4.2 A term Y u,P; is in proper normal form (pnf) of

=1
(i) 1t does not take the form .P;
(ii) Each P; is in proper normal form;

(iii) Fork # j, no pi-derivative of p;.P; is sumcongruent
to Pk' .

In this definition, a y-derivative of a term P is defined to be any term P’ such that
P =£5 Pt; and two terms are sa,ici to be sumcongruent precisely when they can be
proven to be equal using only axioms (4,) and (A;) from the previous chapter,
the associativity and commutativity of the nondeterministic choice operator +,
along with the usual laws of equational reasoning. An important property of

sumcongruence with respect to proper normal form terms is given by the following

proposition.

Proposition 4.4.3 For proper normal form terms P and Q, P =~ Q implies P

and ) are sumcongruent, and so in particular, P mc Q.

Proof:
See Case 1 of the proof to Theorem 3.1 of [MIL85]. O

What we shall show is that any proper normal form term has a unique factori-
sation into a parallel product of primes. With this we shall be as close as possible
to a complete decomposition theorem as we could possibly get, using the following

propositions.

PropOsition 44.4 If P = Zy,-.p,- is in pnf, then P < 7.P' for any P'.

i=1
Proof:
Firstly, if P ~¢ 1.P', then P =< 1.P, as

P =c 7. P'~¢ 7.7, P! =< 1. P.
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-

Thus suppose P =~¢ 1.P;

Then P == p' for some p' = P;

Hence for some j with1 < j < n, pg=T and p; = p';

By part (i) of Definition 4.4.2, p' must itself be in pnf;

Hence from Proposition 4.4.3, P ~c p/;

Ifn =1, then P = 7.p,, contradicting part (1) of Definition 4.4.2;

Hence n > l,gnd there exiét.é k#jwithl <k<n;

Now P —"L»pk, sop' £ p''~ p,, and again p" and p; are in fact
sumcongruent;

But then p" is a pi-derivative of p;-p; which is sumcongruent to p,

contradicting part (iii) of Definition 4.4.2. a

85

Proposition 4.4.5 (Normal Form Lemma) Any term P € P2 is congruent to

either a proper normal form term or a term 7.P', where P' is in proper normal

form.

Proof:

See [MIL85], Section 3.3. m

Proposition 4.4.6 (Hennessy) For terms P,Q € P, P~ Q iff either:

(i) P=cQ; or
(ii)) P =< 1.Q; or
(iii) 7.P ~c Q.

Proof:

(=) Straightforward, using P T.P;
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(=) By Proposition 4.4.5, there are pnf terms P’ and Q' such that
either P ¢ P' or P ~¢1.P!, and Q ~c¢ Q' or Q mc 1.Q';
In any case, P ~ Q implies P' =~ Q', so by Proposition 4.4.3,
P! e Q1
Then depending on the cases above, one of the the three conclu-

sions in the proposition must hold. a

Thus given any term P, either P %¢ 7.P, in which case we will be able to
express it as a proper normal form term, and hence by the result to follow as
a unique parallel composition of primes; or else P ~c 7.P, in which case by
Proposition 4.4.5, we can express P as P ¢ .P' for some P’ in proper normal
form, so by Proposition 4.4.1, P ~c 1.0 | P!, and so we will be able to express
P uniquely as a parallel composition of primes (corresponding to the factorisation

of P’), composed in parallel with the term 7.0.

When restricting our attention to proper normal form terms, we do not run up
against the difficulty in the mismatch between equivalence = and congruence as¢
in derivations of congruent terms as given in the alternate definition of a given
by Proposition 2.2.9. This is due to Proposition 4.4.3, which tells us that -
~ and =° coincide on the subset of proper ﬁormal form terms. Hence for proper"
normal form terms, the definition of our congruence = is exactly the largest (weak)
bisimulation relation defined over the set of proper normal form terms as given
in Definition 2.2.8. More importantly for us in what follows, the mismatch is
equally remedied in the alternate definition of observational congruence given by

Proposition 2.2.9.

Furthermore, syntactic depth of terms is preserved by congruence over proper

normal form terms, as congruent pnf terms are sumcongruent, and laws (A4,)

and (4,), as well as the laws of equational logic, respect syntactic depth. Also,
proper normal form terms are closed under transition derivations, by part (i) of

Definition 4.4.2. Finally, any factors of a pof term are themselves expressible as

pnf terms, as

PrerP = P|Q=~c7.(P|Q).
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This result is equally valid in the reverse direction, that is, if all factors of a
parallel composition are expressible as pnf terms, then the composition itself is
expressible as a pnf term. This reverse result is demonstrated by the following

propositions.
Proposition 4.4.7 For pnf terms P, Q and R, if P~ Q| R then |P| = |Q|+|R].

Proof:

By induction on |Q| + |R|.
Firstly, if P~ 0=~ Q | R,
then Q,R= 0, so [P| =|Q| = |R| = 0;

(as P, Q, R and O are sumcongruent)
Hence |P| = Q| + |R].

Also, if @ =~ 0,

then |Q| =0 aﬁd P~ R, so |P| = |R|'=|Q| + IRI
(as P and R are sumcongruent)
Thercfore, assume P,Q # 0;
Let pu and P’ be such that P - P’ and |P| =1+ |P/|;
Then Q| R== Q' | R' = P’ for some s € Act* st §=j;
Ifs=¢, then py=71 and P'~ Q| R~ P;

But then since P and P' are sumcongruent, |P| = | P'|

(contradiction)
Hence s‘aé g, 50 |Q'|+ |R'| < |Q| + |R|;
Thus by the inductive hypothesis, |P'| = |Q'| + |R| < Q| + |R|;
So |P| < |Q| +|R|;

Now let i and Q' be such that Q5 Q and|Q=1+ |Q’|;
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Then P == P' ~ Q'| R, so by the inductive hypothesis,
|P'| = 1Q'| + |R| = Q| +|R| - 1
Thus |P| 2 1 +|P'| > Q| + |R];
Therefore we have that |Q| + |R| < |P| < |Q| + |R|,
so |P| = Q|+ |R]. o
Proposition 4.4.8 For pnf terms P,Q and R, if P~ Q| R then P ~c Q| R.

Therefore in particular, if Q and R can be expressed as pnf terms, then Q | R can

be expressed as a pnf term as well.

Proof:
P#er(Q|R); . (by Proposition 4.4.4)
Suppose 7.P ~< Q | R;

Then Q|R== Q' |R' =~ P,
so [P = Q|+ R < |Q| +|R| = |P|;
(by Proposition 4.4.7)

(contradiction);
Hence by Proposition 4.4.6, P ~c Q | R. ]

These propositions then easily generalise giving the following proposition.

Proposition 4.4.9 For pnf terms P and P, (for1 <i<n), if P~ II B, then
i=1
|P|=)"|P|, and P~ 11 2.
i=1 i=1
Proof:

By induction on n, using the previous two propositions. a

Thus we can easily check that we indeed have the following desired properties

for our proof (where P, Q and R are parallel compositions of pnf’s):
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P~ Q implies |P| = |Q|;

P #0 implies |P|Q|>|Q|;

P'mcQ and P £ P implies Q! ~c P!
such that Q =2 Q';

P -5 P implies |P|> |P|.

The proof of the unique factorisation theorem that follows will proceed by
induction on the depth |-| of terms. Again, equality throughout the proof will
represent semantic equality (observational congruence). Thus in our proof, P = Q

will mean P = @), not necessarily syntactic identity.

Theorem 4.4.10 (Unique Factorisation of Processes) Any term P € P2 in
proper normal form can be expressed uniquely (up to ~c) as a product (parallel

composition) of primes (zn proper normal form).

Proof:

Again, that any pnf term P can be ezpressed as a product of primes
is straightforward. If P = O or P is prime, then P is equal to the
empty product or singleton product, respectively. If P = Q | R where
@, R # 0, then we can assume Q and R to.be pnf terms with depths
strictly less than that of P, so by induction, ®@ and R can be expressed
as products of primes; taking the product of these products expresses P

itself as a product of primes.

The proof that this factorisation is unique again proceeds by induction
on |P|, and the cases we consider are the same as before, only again

much more care must be taken in each.
Suppose that P = Q, but that P and Q have distinct factorisations into -

products of primes given as follows:

P=Ay | AF || Al
Q=47 |AZ || Al
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where the A;’s are distinct primes (that is, i # j implies A; # A;), and
that k;,1; > 0.

Assume that every pnf term R with |R| < |P| = |Q| has q unique fac-
torisation into a product of primes, and let exp(A, R) be the exponent

of prime A (the number of times A appears) in the unique factorisation

of R.

Let m be such that k,, # 1, and that whenever |A;] > |A,| we have
that k; = L;; that is, A,, is @ mazimal-sized (wrt depth) prime appearing
in the factorisation of P or Q in which the ezponents differ. Without

loss of generality, we can assume that k,, > 1, (otherwise exchange

the roles of P and Q).

The proof proceeds now by cases on the possible form of the factorisa-
tion of P: '

1) Suppose P is a power of a prime: P = Akm
Firstly, if P is prime (that is, k,, = 1), then from P = Q, we
have that Q is prime, and since k,, > I, we have that Q = A;

Jor some j # m; but then A,, = j, contradicting the distinctness

assumption on the A;’s.
Hence assume that k,, > 1;

Suppose that I, = 0;

Then from the mazimality constraint in the definition of m,
l; > 0 implies |A;] < |A,l;

Hence Q =% Q' implies exp(Am, Q) =0;

But for some u,R, A, -* R,
50 P~ P' with exp(Am, P') =k, —1 > 0;

Therefore AQ' = P' st Q =£s @, contradicting P = Q.
Hence assume that I, > 0;

Let p,T' be such that A,, > T, and |A,,| = 7|+ 1;
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Then Q - Q, with exp(Am’ Ql) = lm - 1; and IQ,lz |Q| - 1;

Suppose that P =£» P! = Q';

Then |P'| = |P| —1, so clearly P' = Abm—1| Al
for some Al st A, 5 Al ;

Hence exp(Ap, P') = kp,—1> 1, —1= exp(An, Q"),
so P'# Q';

Therefore AP' = Q' st P =25 P, contradicting P = Q).

2) Suppose 3j # m st k; > 0;

Let p, T be such that P 5 T, |P| = |T| + 1, and whenever

P — P’ with |P| = |P'|+1, we have (since |P| < |P'|,|T|,
and hence P',T have unique factorisations)

exp(Ap, P') < exp(Anm, T).

Then clearly exp(A,, T) > k,,.

Suppose Q == Q' =
Then |Q'| = |Q| - 1, so clearly 3t,R st I, > 0 and A, > R,
where Q' = A} |---[AF7!|.--| Al | R;
and |A,] = |R| + 1;
If14, < |A),
then exp(Apm, Q") < I, < ky, < exp(A,, T),
(contmdzctzng Q=T)
If 1Al > 1A,
then exp(Am, Q') = I, + exp(A,,, R),
andt#m, and k, =1, > 0;
So P =5 Pr= Al || Ak-1 .. | Ak | R
with exp(Ap,, P') = k,, + exp(A,,, R);
and |P| = |P'| 4 1;
Thus exp(A,,,, Q') < exp(A4,,, P') < exp(Anm, T);
(contmdzctmg Q=T).

Therefore AQ' =T st Q - Q', contradicting P = Q. a
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Corollary 4.4.11 Any term P € P3 can be expressed uniquely either as the par-
allel product of primes, or as the parallel product of primes in parallel with the

process 1.0.

Proof:

| By the remarks preceding the proof of the above theorem, any term P
such that P # 7.P can be expressed uniquely as the parallel composi-
tion of primes which are proper normal form terms. Clearly these are
primes over the whole language PJ, and conversely, primes in PJ have
proper normal forms. Hence any P such that P # 7.P can be expressed

uniquely as a parallel product of primes.

For any term P such that P = 7.P, we can find a proper normal form
term P' such that P = 7.P' = 7.0 | P'. Thus we can express P uniquely
as the process 7.0 parallelly-composed with the parallel composition of

primes. ‘ O
Finally we again state the same irnpoftant corollary.
Corollary 4.4.12 (Simplification Lemma) For P,Q and R € P2,
P|R = Q|R implies P = Q.
Proof:
Stmilar to Corollary 4.1.4. a

Notice that because of the problems introduced by the silent 7 action, we
cannot state this corollary any stronger. For instance, a |7 = ra | 7, but a # 7a;

we can only infer here that a & 7a, not a ~¢ ra.

However, if we restricted the terms P, Q and R in the Simplification Lemma
to be parallel compositions of pnf terms, then the lemma would be stated as usual,

with equality (semantic congruence) rather than equivalence in the premise and

conclusion.



- Chapter 5

Nonexistence of Finite Axiomatisations

In this chapter we deal with problems of proving the nonexistence of finite ax-
iomatisations in various process algebras involving a symmetric parallel combi-
nator. Initially, we demonstrate the non-finite-axiomatisability of the Expansion
Theorem in the sublanguage P2 of closed terms of the language containing the full
merge operator in its signature, with respect to strong observational congruence.
That is to say, we show that no finite set of axioms will suffice for an equational
theory to completely characterise strong observationél congruence of our full merge
language. The proof will make no further aésumptions on the set Act of atomic
actions other than it being non-empty; we simply assume that there exists some
a € Act. Thus the proof will hold even for the most restrictive case where there
is only one distinguishable atomic action. We then note how the proof extends

easily to the case where we allow communication as well as merge.

Next we extend the first result to problems in the axiomatisation of stricter
noninterleaving semantic congruences. We shall show in fact that any reasonable
congruence defined over our full merge language P2 cannot be finitely axiomatise'd,.
where we define a congruence to be reasonable in a rigorous manner. The proof
presented in this final section will in fact cover the case of strong observational
congruence, and so subsume the result in the first section. However, the former
proof is included in the text as a stepping stone towards the more complicated

proof of the latter result.

93
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The proofs to follow will be very much proof-theoretic (as opposed to model-
theoretic) in nature. We shall be considering the possible natural deduction style
proof trees of certain valid statements, and shall often be making observations
about the forms of terms appearing in the trees. For this purpose, we shall find
ourselves making heavy use of the unique decomposition properties of the previous
chapter in order to restrict the possible syntactic forms which may appear in the

trees.

| 5.1 Saturated Axiomatisations

The equivalences to which we shall restrict ourselves will all respect 0-absorption
through both the + and | operators, and in the sequel we shall want to deal
exclusively with terms which do not contain any unnecessary 0 summands or
factors. With this in mind, we define £ to be the term ¢ with all 0 summands and

factors removed. Formally we have the following definition:

S

if [ul =0 A fo(u) =0

5 - o t+u = { @ iflt|=0Afu(t)=0
_ {4+ @ otherwise
T =z 5 .
— . t if lu] =0A fo(u) =0
at = at —_—

tju = U if|t|=0/\fv(t)=0

{|@ otherwise

We shall also restrict the type of axiom set which we shall allow in our proof
system, to exploit the above 0 absorption properties in our proofs. The special
class of axiomatisations will allow us to prove statements without invoking unnec-
essary O factors and summands. However, as we shall see, the restricted class will
not be a real restriction with respect to the properties of axiomatisability which
we a.ré analysing. That is, given any arbitrary finite, sound and complete axioma-
tisation, we can produce another finite, sound and complete axiomatisation which

1s in our special class of axiom sets.
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The axiom sets to which we shall restrict ourselves will be sdturated, as defined

as fbllows.

Definition 5.1.1 Let T be an arbitrary set of equational azioms. The saturation

of T is defined to be
Sat(T) = TUT,
where

@) Ufo(w) stt=u € T, |
to= t{a/i}, and ug = u{ﬁ/a—;}}

*\]
I
A

o
I
2
(<)
L
&
£
81
IN

Proposition 5.1.2 Sat(7T) = Sat(Sat(7)).
Proof:

Immediate from the dgﬁnition of Sat(T). o
Proposition 5.1.3 T+t = u' if and only if Sat(T) F t = u.
Proof:

Again immediate from the definition of Sat(7). | -El
Proposition 5.1.4 7 is finite if and only if Sat(T) is finite.
Proof:

Again immediate from the deﬁﬁition of Sat(T). o

Thus from now on, we shall restrict oursélves‘ to considering only saturated
axiom sets, th.at“';;, axiom sets 7 such that 7 = Sat(7). As we pointed out earlier,
the above results show that this assumption is not a restriction if we are interested
in finite, sound and complete axioms sets. However, an important simpliﬁcation

of proofs is given as follows.
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Proposition 5.1.5 If we have o proof of a statement P = Q in our natural deduc-
tion style proof system parameterised by a saturated aziom set T, then replacing
p = q throughout the proof tree by p = § gives us a valid proof of the statement
P=0Q. Thus using a saturated aziom set, a (shortest) proof of a result containing
no occurrences of 0 as a summand or as a factor need not contain any occurrence

of 0 as a summand or factor in any of its intermediate terms.
Proof:

It is not hard to see that any inference:

(rule)
Pp=q
can be changed to a valid inference:
. ﬁi = q’i . e
(rule).
p=q

The only nontrivial case is in dealing with azioms; here we have:

(t =)
pP=gq

where p = q is aziom t = u instantiated by some substitution o. This

inference can be replaced by:

({o = ﬁo)

~ ~

=4q
where
to = t{a/a—;} and uy = u{b-/g—;},
where T = {z l o, = 0};

Clearly, p = § is aziom to = iy instantiated with substitution &

~

(ie,o, =r = G, =T7). o

Thus we restrict our proof system to be as described in Section 2.3.1, param-

eterised by saturated axiom sets.
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5.2 Strong Congruence

The process language we are considering here is the language PJ, which is the
set of closed terms in the language P, gi\"en by the signature £, = {0,.,+,| }.
The semantic equivalence we are considering is again the strong observational
congruence ~. As we saw, this congruence is completely characterised by the

theory 7.7 consisting of the following (infinite) set of laws:

(A4) (+y)+z = z+(y+2) (43) z+z =2
(42) z2+y = y+= (A) 240 =z

(Expmn) For P = Zaiﬂ and Q = Z.Bija
. =1

i=1

=1

P1Q = S a(R1Q) + L A(P1Q)

In the sequel, we shall use = to represent ~ (semantic equality), and = to represent .
syntactic identity modulo associativity and commutativity of the operators + and
|. For ease of presentation, we shall also extend the transition system — to allow

P =5 R whenever 3P' = R such that P - P

We proceed first to present several technical results which we shall rely on in our

proof of the nonexistence of a finite equational axiomatisation of our equivalence.
Proposition 5.2.1 P =Q = |P|=Q| and Q(P) = Q(Q).

Proof:

This follows easily from invariance through the laws of equational logic,

and through our azioms. ‘ a

Proposition 5.2.2
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(i) P=0 < |P|=0 <= Q(P)=0;

(i) P = a for some a € Act <= |P|=1.

Proof:

These follow by structural induction on P. a
Proposition 5.2.3 If P is reducible, then Q(P) > 1.

Proof:

If P=Q | R where Q,R # O,
then Q(Q), UR) > 1,

so Y P) = Q) + QR) > 2, O

Definition 5.2.4 Let a € Act be fized (note that this only requires that Act # 0,
which we have said would be our only assumption on Act). Then let A, and o,
(n > 0) be defined as follows:

Ao < 0;

A ¥ aa, (n >0);

Pn q_f__f ZAt (RZO)

i=1

The proof of our main result in this section will rely heavily on special prop-
erties of these sequences of process terms. These important properties are as

presented in the following sequence of propositions.

Proposition 5.2.5 For all m,n > 0 with m # n we have that A, # A, and fo}‘
all m,n > 1 we have that A,, # ¢,.

Proof:
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m#n = [An =m#n= |4,
= A, # A,.
Upa) =1#n=p,| (forn>1),
but |An| = m = (A,,),

so for allm,n > 1, A,, # ¢,. | )
Proposition 5.2.6 ¢, is prime for each n > 0.
Proof:
This is easily seen to be true, as Q(yp,) = 1. 0
Proposition 5.2.7 P|Q=A, iff J,jstP=A;, Q= A;, andi+j=n.
Proof:

(=) Al A; = Ay by induction on i+ j;

(=) a is prime (as Q(a) = 1), so the unique factorisation of A,, into

primes is given by

An = ala|---]a.
N —
Thus if P | Q = A,,, and P and Q have unique factorisations

- given by
P = ‘I’lﬂ‘l’zﬂ"'"‘pi and Q = ‘I’-‘+1||‘I’i+2"“'"‘pm

then each ¥; = a, and so P = A; and Q = A,y and n = m.

a

5.2.1 Preliminary Results

In this section we state and prove the technical lemmata which we need to derive
our main result in the following section. Firstly however, we define a few proposi-
tions on pairs of sets of terms which will designate properties of equations which

we want to analyse in our proof system.
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Definition 5.2.8 Forn > 1 and U,V C PY being two sets of terms, let OL(U,V)
be the proposition which states the following:
PeUUV = P=P, and P#0, P'+ P,
and alyp, = U = YNV,
and JPeUstP = a|ep,,

and AQeVstQ = alop,.

- Thus OL(U, V) states (among other things) that the equation YU = YV expresses
a (valid) equality between terms equal to a | @, in which the term a | on is already
captured by a single summand on the left hand side of the equality, but not by any

single summand on the right hand side.

Then let ©,(U, V) = OL(U,V) v OL(V, ).

Proposition 5.2.9 Letn > 1 and U,V C PY be such that ©,(U,V), and let
P eUUYV be the term satisfying P = a | ¢,; Then P = A | P,, where
A=aandP,=¢,.

Proof:

al .~ ¢, and a| @, 2 A, for each k : 1 <k<n;
Hence P # aP' as aP' — P! only,

but ,, A (1 < k< n) are all distinct;
Thus P = P' || P" where P!, P" & 0;

Suppose the unique prime factorisations of P' and P" are given by
P' = P{|Py|---| P, and P" = Pr|Py|...|Pr;

Then since a and ¢, are prime, we have that for some primes A = a
P = PP = P|P|---| P| PPy | P
= A| PR,
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sok=1=1, P'=P| and P" = P/,
and either P! = a and P! = ¢,, or P = ¢, and Pl = a;
Hence either P' = a and P" = ¢,, or P' = ¢, and P" = q;
Thus P= A| P,, where A=a and P, = ¢,. O

The following proposition is the main technical result on which the nonexistence

of a finite axiomatisation proof rests, and has a correspondingly lengthy proof.

Proposition 5.2.10 Let F be a finite saturated set of sound (with respect to
strong observational congruence ~) azioms, and let n be bigger than the num-
ber of operators in any aziom of F. Then no aziom t = u in F can be instantiated

to a statement p = q where p= 35U and ¢ = 3V such that ©,(U,V).
Proof:

Let n be as above, and suppose t = u is an aziom in F such that under
substitution o, t = u instantiates top = q wherep =Y U andq= 3V
such that ©,(U,V). |

Without loss of generality, assume that OL(U,V);

Clearly, fv(t) = fo(u), as t = u is assumed to be a valid axiom,

~and if z € fo(t) \ fo(u), then choosing M > |u| and deﬁn.z'ng

_ substitution o by

0, if z € fo(u),

Aug, otherwise,

o(z) =
we would have that

[to] > M > |uo|,

so0 that to o uo, and hence that t o u.

=t +t+- -+l andu=uy +uy+ - +uy for some k, k' > 0,

where each t;,u; # v + v’;



Chapter 5. Nonexistence of Finite Axiomatisations 102
OL(U,V) = for some i, either t,o = A | P, ortio=A| P, +Q,
where A= a and P, =¢,;
Consider the structure of t;:
t; =0 = t;,0 = 0 (contradiction);

ti=2 = o0, =t,0 and z € fu(u;) for some j

= u; £ 0,au’,u' 4+ u",u' | u"

(y2ax S aatzlur > (Wet 2 Il = a+ 1y w2 whad= anziul Z el

“L\O,\7 lo’”\:ﬂtl%
‘ ) 3= '
= u;j=zandA|P, €V

(contradicting OL(U, V));

t; = at’ = ;0 = a(t'0) (contradiction);

t;=t'+1" = (contradiction);
Thust;=t' | t" and t;o = to |t"o = a | ¢,;
Hence t; _=. t |t witht'o = A= é andt'"o = P, = ¢,;
Now t" = v, + Uy + - -v; where I <n and each v, F v + v}
to=viotvo+ - yo=p, =A + A+ + A,
so some v,o = A, + A, +---+ A, for somem > 1 and

O<r<ry<---<r,;

Thus clearly v, # 0,av,v +Iv’,v [ v', so v, =z for some
variable z where 0, = A, + A, +---+ A,_;

Clearly z & fo(t'), as |to| =1 < r,, = lozl;

Let o' = a{a(pn/m}?'

Then t'o’ = t'o, and to’' -2 t'o | a =alpn;

Therefore for some j, u0' = al ,;

Now |u;o!| > n+ 1 = |uo|, so clearly z € fo(uy);

Consider the structure of u;:
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u; =0 = z ¢ fv(u;) (contradiction);
u; =2 = u;0' = ap, # a | ¢, (contradiction);
u; = au’ = u;o' = a(u'o’)
= u'o’ =a |, and z € fo(u)
= u' = w; +wy+ -+ w; for some | with each
wp Fw+ W', and z € fo(w,,) for some m;
Consider the structure of the W, with z € fo(w,,):
Wp=0 = z ¢ fo(w,,)
(contradiction);
W= aw => z € fo(w)
= n+1 < jwo'| < |w,,0|
<|uo'|=n+1
(contradiction);
m = w+w' = (contradiction);
Wy Ew|w = z € fu(w) orz € fo(w')
= n+1< |wo'| + |w'o'| = |lwo|
<luo'|<n+1
(contradiction);
Thus € fo(wy) => Wy =2 and w,0' = ap,;
But u'o' = i wno'=ale,
= = a‘Pn‘l'Az‘l'Aa‘l' +Anps
So Zw o+ ap, = aﬂwn,

m=]

=g fu(wm)
|
or Y w,o = Ap+ Az + -+ Ay s

m=1
2 fv(wm)
Thus n+1 < |u'o| < |uo| =n +1 (contradiction);

u; = u'+u" = (contradiction);
Hence u; = u' | u” with z € fo(u');
Now since u"o > p for some p, we have uo >+ u'c | »;

Thus u'o | p = ¢, oru'a [p=A, for somer:1<r<n;
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vo|p=¢, = p=0andu'oc =,
(since u'o # 0, and ¢, is prime)
= ujo=u'o |u'c=ale, ‘
(contradicting OL(U, V))
vo|p=A, = uwo= A, for some r' < r;
But z € fo(u'), and o, = A+ A+ + A,

Hence clearly w'o # A, for any r' (contradiction)

Therefore no aziom t = u in F can be instantiated to a statement p = q

where p=YU and ¢ = SV such that A(:)’,,(U, V). a

Hence we have that the axioms alone cannot generate arbitrarily complex valid
equations of the form we are analysing. The following proposition further restricts
the possible ways of generating these statements as resulting leaves of prdof trees.
With these results, our main non-finite-axiomatisability result will follow quite

immediately.

Proposition 5.2.11 Suppose in a sound proof, we have an inference:

(trans)

wherep=3YU, ¢q=TV, r=TW,
and Re W = RER, andR;éO, RI_*_RII;

\Then
0.(U,V) = 0,(U, W)v e, (W,V).

Similarly for the (sub,) rule; corresponding to the inference:

p=qp =4¢
(suby)
p+p = q+¢

where p=Y U, q=V, p' = YU, and ¢ = V', we have the result that
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O.(UUU, VUV = 0,(U,V)Ve,U,V).

Therefore, a statement p = q where p="U and q=YV for some U and V
satisfying ©,(U, V') cannot be initially introduced into q proof tree as the result of

the application of either the (trans) rule nor the (suby) rule.

Proof:

Consider the (trans) rule case:

Assume OL(U,V); We know immediately that

PeUUVUW
=> P=P and P#£0, P’ P,

and (from OL(U,V), and the soundness of the proof in which
the inference appears) that
alen = XU = TV = =W,

Now if BR€ W st R=a| ¢, then clearly OL(U, W);
And if IR € W st R=a | p,, then clearly OL(W,V);
Similarly, OL(V,U) = OL(W,U) v OL(V,W);
Hence ©,(U,V) = ©,(U,W)V 0.(W,V).

The (sub,) rule cuse is similarly straightforward:

Assume OL(UUU', VUV"); Again we know immediately that
PeUuUUVUV!
=> P=P and P#£0, P' 4 P,
and that | |

APeUUU' st P=aly,;

Suppose this P € U; then (from OLUuU, VUV, and
the soundness of the proof in which the inference appears)

we have that
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ale, = XU = TV,
so clearly OL(U,V);
And similarly, if this P € U', then OL(U", V"),
Similarly, OL(V UV, UUU') = OL(V,U) Vv OL(V",U")
Hence ©,(UUU,VUV") = 0,(U,V)VeO,U,V). o

)

5.2.2 Main Result

Here we state and prove our main theorem, the nonexistence of a finite axiomati-

sation for our congruence.

Theorem 5.2.12 Let F be a finite saturated set of sound (with respect to strong
observational congruence ~) azioms, and let n be large enough (as allowed by

Proposition 5.2.10) so that no aziom in F can be instantiated to express any

truth p = q where
Pp=3U and =YV such that ©,(U,V).

Then our system cannot prove the valid statement

ale, = app+ Ay + Az + -+ Ay,
Hence no finite complete aziom system can exist for strong congruence ~.
Proof:

Suppose we have a (shortest) proof of the statehzent
a|l¢n = a‘Pn+A2+A3+"‘+An+1

which involves no terms containing 0 as a summand or a factor. The

proof takes the following form:

D,
—O——(rule),
P =4q
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where p= 3" U, and ¢ = 3V, for

UO = {a " Son} and % = {asom A27 A3> v 7An+l};

so clearly ©,(U,, V,) holds.
Since this must be a finite proof, somewhere in the proof tree is an
inference
D
22U =YV

(rule) where  ©,(U,V),
such that the premise D of the inference contains no equality
XU = V' where O,(U',V');

By Proposition 5.2.11, (rule) can be neither of (trans) nor (suby);

Furthermore, by Proposition 5.2.10, we know that (rule) cannot be

(t = u) for any aziomt =u € f:’
Also clearly (rule) cannot be (symm), as ©,(U,V) <= 0,(V,U);

Finally, (rule) cannot be any of (refl), (suby), or (suby), as this would
contradict ©,(U,V);

Hence we have shown that the original statement cannot be proven.

o

5.2.3 Adding Communication

We could repeat the above proof for the nonexistence of a finite axiomatisation
for strong congruence over the language P, which contains the paraﬂel combinator
which allows communication (synchronisation of complimentary actions) as well
as merging of actions. The proof would be identical under the assumption that
our atomic action a was not its own complimentary action (that is, @ # a). The
reason that the proof would remain unchanged is that a is the only action symbol

which appears in any term used throughout the proof, so no communication could
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occur, and the communicating case would degenerate to the non-communicating

full merge case. Hence we do not bother repeating the argument here.

5.3 Noninterleaving Semantic Congruences

In this section, we shall in one fell swoop prove that any “reasonable” congru-
ence which is at least as discriminating as observational congruence is not finitely
axiomatisable over the language P whose signature contains the symmetric full
merge operator but not the left merge operator. In particuiar, we shall show that
any attempt at axiomatising such a “reasonable” notion of noninterleaving seman-
tic equivalence is doomed to suffer the pitfalls of non-finite-axiomatisability. The
only hope for such systems is either to go outside of the system to introduce new
operators, for example, to incorporate the left merge operator |, or else to find

some “nice” axiom schemata in the spirit of the Expansion Theorem.

The observations on which we build here are those made in Section 3.3 while
working with the language Pz; looking for an w-complete axiom set. There we
discovered an abundance of unexpected arbitrarily-complex independent axioms
which had to be included in a complete set of axioms. Some of the same ob-
servations in a different line of study -— that of axiomatising a certain noninter-
leaving semantic equivalence, distributed bisimulation equivalence — were made in
[CAS8T7]. Using the insight gained from those observations,‘ v-'vht-e:“shall here modify
the proof of this chapter to apply not just to observational congruence, but to any

reasonable congruence which is at least as discriminating.

We must state precisely what we mean for a congruence & over P2 to be “rea-
sonable”. Much thought has gone into the problem of settling the question of
exactly what identities should hold in a good semantic equivalence. Firstly, as
stated already, the equivalence should definitely be a congruence, thus alldwing
the validity of substitutivity of program parts. Secondly, there are very strong
arguments that any terms which are identified should at least be observation-

ally congruent; the arguments which distinguish observationally distinct processes
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should hold valid for our hypothetical “reasonable” equivalence. Notice here how-
ever that we are not abstracting away from internal events which should not be

observable to the environment.

Outside of this, there is little agreement as to how fine a congruence should
be. The greatest arguments stem from the Petri net community and other propo-
nents of noninterleaving semantics. The objections to the grossity of observational
congruence arise due to its property, introduced by the Expansion Theorem, of
identifying terms involving distinct causal dependencies on their actions. For in-
stance, a simple application of the Expansion Theorem would quickly lead us to

conclude that
a|b = ab + ba.

However, whereas on the left hand side of this statement, there is no causal depen-
dencies expressed between the two actions ¢ and b — the two actions are simply
performed independently — the summénds of the term on the right hand side each
express a definite causal relationship between the actions; in the first summand,
action a must occur before action b, whereas this situation is reversed in the second
summand. Such an interleaving semantic understanding of processes reduces par-
allelism to a nonprimitive operation definable in terms of nondeterministic choice
and causal dependency. Objections arising against this viewpoint stem from the
belief that parallelism should not be expressed as above, but rather that it has

properties which should guarantee it a place among the set of primitive concepts.

Thus we contend that the reasonable congruence which we are seeking is strictly
finer than observational congruence. But how far must we cut down on this equiv-
alence in order to reach a “reasonable” congruence? We want to cut down on
it far enough to avoid all possible objections to the treatment of concurrency.
For instance, we would not want to allow the following partial application of the

Expansion Theorem:

allb = al|b + ab.
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This could possibly be considered a valid law in some noninterleaving semantic
theory, as the concurrent nature of the atomic processes are still present on both
sides of the equation. However, it still allows the introduction of causal dependency
where it had not previously existed, and as such is faced with the same arguments

faced originally by the Expansion Theorem.

However, we do not want to allow our “reasonable” congruence to be too fine.
For instance, Winskel’s event structure semantics ([WINB3]), as well as the original
event structure semantics of Boudol and Castellani (Section 3 of [BOUS6]) only
allow process terms to be identified if they are identical modulo the associativity,
commutativity and 0-absorption of the + and | combinators, as well as the asso-
ciativity of a sequential combinator in the latter case. Clearly these approaches
are too strict, as they do not allow for any non-trivial identities, not even the

well-accepted idempotence of +.

What we in fact argue here is that some of the reduction laws introduced in
Section 3.3 are acceptable identities to make in any reasonable congruence. For

instance we want to allow the following identity:

@+o)ly+2) + zly + 2]z + v]y + v]2

= zly+z2) + oly+2) + @+v) |y + (z+v) ]2

As argued in Section 3.3, this reduction law can be informally justified as follows:
every possible single-step behaviour which one side of the equation can exhibit is
matched by an identical single step behaviour on the other side of the equation
within an identical parallel context. For example, the possibility of the indeter-
minate process z proceeding in the second summand z | y on the left hand side
of the equation is matched by the possibility of the same indeterminate process
proceeding in the third summand (z +v) | y on the right hand side of the equa-
tion: both allow the indeterminate process = to proceed in the context where it is
running in parallel with the indeterminate process y. This reduction law, as with
many of the other reduction and absorption laws introduced in Section 3.3, does

not introduce causal dependency where it did not previously exist. Indeed, it does
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not mention any action terms explicitly. Thus it is not open to the objections

faced by the Expansion Theorem. ;

Hence, to summarise, we want our “reasonable” congruence to be at least as
fine as observational congruence, and to satisfy reduction phenomena of the above

form. That is, we would like any congruence to satisfy the following sequence of

reduction laws.

(iw:) ll(ilyj) + i_n;i(z.ny,)

n

SR (S0)] + (e 1w

=1 i=1 i=1 i=1

Notice that this is just a small subset of the laws from Section 3.3 which we
could argue to be reasonable. However, we only need to consider this sequence
to prove our result. Thus by taking m = 2 in the above schema, and allowing
the substitutions z;,y; := A;, we want to consider it to be reasonable that our

congruence satisfy the following sequence of reduction laws (one for each n > 0):

: 2. n ’ 2 n
(Redn) w2len + 33 AlA = S Alen + Yool A;
i=1 i=1

i=1 j=1

For instance, for n = 3 we have the law (Reds) given as follows:

(a+aa) | (a+aa+ aaa)
+ala + a]aa + alaaa
+aala + aalaa +.aa | aaa
= al(a+aa+ aaa)‘ + aa|(a+ aa + aaa)
+ (d;I—aa) la + (a+aa)|aa + (a+aa) | aaa.
Recall now that our proof of the nonexistence of a finite axiomatisation for
strong observational congruence ~ proceeded as follows: We demonstrated a cer-

- tain set of equivalences {s; ~ ¢, l ¢ > 0} such that given any finite set F of ~-valid

axioms, we could choose n big enough so that F Vs, =1,.
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~y

Suppose we consider now a new congruence = which is stronger (finer) than
observational congruence ~. Suppose we also have that Vi > 0 : s, & ;. Then as a
corollary of the above result, we would have that = was not finitely axiomatisable,
for if it were (say some set F finitely axiomatised &), then we would have that
FFs,=1t, ¥n20. As 2C~, F would be a finite set of ~-valid laws, so our

property that F' I/ s, =1, for some n would contradict the completeness of F' for

the congruence 2.

Thus to extend this proof to our wider class of equivalences, we need to replace
the set {s; = ¢; I ¢ > 0} of ~-equivalences with one containing ~-equivalences.
We will in fact use the sequence of reduction laws Red, mentioned above for this

purpose, thus allowing our proof to apply to any “reasonable” equivalence.

5.3.1 Preliminary Results

In this section we make some technical definitions and state and prove the tech-
nical lemmata which we need to derive our main result in the following section.
We shall continue in this section to use = to represent strong congruence ~ and

= to represent syntactic identity modulo associativity and commutativity of the -

operators + and |.

Firstly, we want to restrict our attention to a certain subset of process terms

as defined as follows.

Definition 5.3.1 For any arbitrary integer n > 2, we define gﬂ to be the deriva-.
tion and a-prefiz of derivation closure of the set {p, | ¢,}. That is, S, is the

smallest set satisfying:

‘L) P2 n(pn € g‘n;
ii) PeS,, P> P = P aP' €S,

We can express this set explicitly as follows.

Proposition 5.3.2
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So={ealen} U {14 0<i<2, 055 <n}
| U{A,-||tpn|0§i§2}u{tp2||.A_,-IOSan}
U{a(Ailen) | 0<i<2} U {a(p, ] 4)) | 0<j<n}

u{a(A,.uA,.)|ogi52,osjgn,i+jgn+1}.
Proof:

Straightforward. . m]

Proposition 5.3.3 If P+ Q = 3.5 for some S C S;, then P = 3T for some
TCS,. |

Proof:

Let P —"—»IP’;
Then 8 - P" = P,
50 Py == P" for some Py€ S C S,,;
But then by Definition 5.3.1, aP" € S,,;
Thus letting T = {aP" € 5, | 3P' = P" st P -2, P1}

we have P=YT. ' ]

Corollary 5.3.4 If P = 5" S for some S C S‘;, and P -2 P! for some 57 > 0,
then there is some R € gﬂ such that R = P'.

Proof:

Suppose P - pr @7} P,
Then by Definition 5.3.1, =5 - Py = P" for some Py € g,,;

Hence by Definition 5.3.1, P, <7 R = P' for some R € gﬂ. 0o
0
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Another technical property which this set satisfies in which we shall be inter-

ested is given by the following proposition.

Proposition 5.3.5 Let m > 2, and 0 < Ty <7y < -+ < r,. If there is some
Pec 6-'; such that for some Q, A, + A, +---+ A, +Q =P, with |P| < n, then

P=A,+A,++A,_+Q =
Proof:

Straightforward check through all of the possibilities for P € 5’:, given
by the alternate definition ofé_"u of Proposition 5.3.2. ]

We now again make a definition of a property of equations in which we shall

be interested, similar to that in the previous section.

Definition 5.3.6 For U,V C P2 being two sets of terms, let us deﬁne OL(U, V)
to be the proposition which states the following:
PeUUV = PEP, and P #0, P' + P,
and U = ¥V = 8 for some S"Q‘S_",,,
and AP eU st P = ¢, p,,

. and AQEV stQ = @, |,.

Thus ©L(U, V) states (among other things) that the equation YU = SV ezpresses
a (valid) equality between terms in which the term @, | @, is captured by a single

summand on the left hand side of the equality, but not by any single summand on

the right hand side.

Then let ©,(U, V) = OL(U, V) V OL(V,U).

Proposition 5.3.7 Let n > 1 and U,V C P? be such that ©,(U, V), and let
P eUUV be the term satisfying P = ©2 | m; Then P = P, || P,, where
P2:902 andP,,ch,,.
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Proof:
P2 " Pn — Pn and P2 " (lvonv — a " Pn 3& Pns

Hence P # aP' as aP' = P' only.
Thus P = P'|| P" where P',P" # 0;

Since ¢, and @, are prime, we must have that P! and P" are precisely

P2 and Pn-

Hence P = P, | P, where P, = ¢, and P, = ¢,. a

Proposition 5.3.8 Let t be an open term in P,, and let o be a substitution such

that to = to, and such that fo1f some z € fu(t),

O, = ap, + aap,;
Then to # ¢, | @p.
Proof:

Let t, o and = be as above;

t is of the form

t =ty 4ty o 2,
where each t; # t' + t;
Let k be such that z € fo(ty);
Thus t, # 0;
Ifte = bt then x € fo(t'), so lta| > |t'o| > |o,| = n + 2;
But @ | pul =142, soto # ¢, | <pn;'
Ifte =t|t", thenz € fu(t) orz € fo(t),

so |to| = |t'o| + |t"o| > |o | =n +2;

s0 again to # ¢, | @,;
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Finally, if tr = x then to —= ap,,;

but @3 | o £ ap,, s0 again to # ¢, | ,. 0

Proposition 5.3.9 Let F be a finite saturated set of sound azioms, and let n be
bigger than twice the number of operators in any aziom in F. Then no aziom

t =u in F can be instantiated to a statement p = q where p=2U and qg= ZV
such that ©,(U,V).

Proof:

Let n be as above, and suppose t = u is an aziom in F such that under
substitution o, t = u instantiates to p = q where p = U and =3V
such that ©,(U,V)..

Without loss of generality, assume that OL(U,V);
Clearly, fu(t) = fo(u), as t = u is assumed to be a valid aziom.
t=t +ip+-- -+t andu=u; +uy+ - +uy for some k, k' > 0
where each t;,u; v+ v';
OL(U,V) = for some i, either t,oc = P, | P, ortio =P, | P, +Q,
where P, = ¢, and P, = ¢,;
Consider the structure of t;:
t;=0 = t,0 = 0 (contradiction);
L= = 0, =10 and z € fuo(u;) for some j
= u; #0,au,u' + u", o | w"

= u}sw and P, | P, €V
(contradicting OL(U,V)),

)

t; = at' = {;0 = a(t'c) (contradiction);

t;=t'+t" = (contradiction);

Thust;=t'|t" and t,0 = t'o | t"oc = P, | P,;
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Hence t; =¢' | t" with t'o = P, = ¢, and t"0 = P, = ¢,;
Now t"=v+ v+ v where [ < % and each v, £ v +v';
tho=v0+v0+ o=@, =A + Ay +---+ A,

s0 some v,;a =A,+A,+ -+ A, for somem > 2 and

O<r<ry,<---<r

m;
Thus clearly v, # 0,av,v + v',v | V', s0 v, =z for some

variable z where 0, = A, + A,, + - + A, ;

Clearly x ¢ fu(t'), as |t'o| =2 <r,, =|o

25
Let o' = a{a‘Pﬂ + aat'o"/:z};
Then t'o’ = t'o, and to’ - t'0" | @, = @4 | n;
- Therefore for some j, u;0' — @, | @,;
Now |uja" >n+2=|uo|, so clearly z € fo(u;);

Consider the structure of u;:

u; =0 = z ¢ fv(u;) (contradiction);
U =T = w0’ = ap, +aap, £ 0, | ¢,
(contradiction);
u; = au’ = u;o' = a(u'o’)
= u'o! =, | ¢, and z € fo(u')
(contradiction) (by Proposition 5.3.8)

u; = u'+u"” =3 (contradiction);
Hence u; = u' | u" with u'e’' % p st w'o' | p = ¢, | 0, ;
If z € fo(u'),

then n+2 = [u'o’| + |p| > [0 | + |p| > n+ 2 + [p];
sop=0 and u'o' = @, | p,;
(contradicting Proposition 5.3.8)
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Hence z ¢ fo(u'), and so z € fo(u");
Now w'c |2 =@, | ¢, and w'o # 0,
50 u'o = @y or U'T = @, or u'o = @, | p,;
But [u'o| = |ujo| - |u'o| < |uo| = |o,] < (R +2) =2 =n;
Therefore u'oc = ,;
Thus also |u"o| < n;
Now, z € fo(u") = u'o LR o, + Q for some Q, 7 > 0;
Hence uo 25 a,; + Q;
Thus by Proposition 5.3.4, 3P ¢ §,, sto,+Q = P;
Buto, = A, + A, +---+ A, for somem > 2
| with0V<r1<r2<---<rm;
Hence by Proposition 5.3.5, 0, + Q = ¢,;
Thus u'o 2, Pns
Now n > |u"a| > j+n, so j =0;
Therefore u"o = ¢,,;
But then u'o |u"o = P, | P, € V for some P, = pg and P, = ¢,
(contradicting ©L(U, V));

Therefore no aziom t = u in F can be instantiated to a statement p=gq

where p=3U and ¢ = TV such that ©,(U,V). =

Proposition 5.3.10 Suppose in a sound proof, we have an inference:

(trans)
wherépEEU, =y V,r=3xW,

and Re W = R =R, and R # 0, R' + R";

Then

118
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0.(U,V) = 0,(U,W)V 0. (W,V).

Similarly for the (sub,) rule; corresponding to the inference:

p=9q p =4¢q
; (sub,)

p+p = q+g

wvhere p=3 U, q= YV, p =X U", and ¢’ = 2 V', we have the result that
0, (UulU, VUV = 0,(U,V)ve,.U, V).

Proof:

Consider the (trans) rule case:

Assume OL(U,V); We know immediately that

PeUUVUW
= P=P and P#£o,P | P,

and (from OL(U, V), and the soundness of the proof in which
the inference appears) that for some S C 5,,,
XU=3YV=5YW=7%S5;

Nowif AREW st R=a|,, then clearly OL(U,W);
And if IR € W st R = a | p,,, then clearly OL(W,V);

Similarly, OL(V,U) = OL(W,U)V OL(V,W);
Hence ©,(U,V) = 0,(U, W)V O, (W,V).

The (suby) rule case is similarly straightforward:

Assume OL(UUU', VUV'); Again we know immedidtely that

PeUuU'UVUV!
=> P=P and P#£0,P' + P,

and that for some S C g,,,

DUUU) = S(VUV) = £8;
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and
3P € UUU' such that P = a | ¢,,

Suppose this P € U; then from OL(UUU', VUV, and the
soundness of the proof in which the inference appears, and
Jrom Proposition 5.3.3, we have for some S' C g,,,

12U =XV =1Y5
so clearly OL(U,V);
And similarly, if this P € U', then oL(U.,vr).
Similarly, OV UV, UUU") = OL(V,U) v eL(v',U");
Henee ©,(UUU,VUVY) = O,(U,V)VO,(U,V). O

5.3.2 Main Result

Here we state and prove our main theorem, the nonexistence of a finite axiomati-

sation of any “reasonable” equivalence.

Theorem 5.3.11 Let F be a finite saturated set of sound (with respect to any
fized reasonable congruence) azioms, and let n be 'large enough (as allowed by
Proposition 5.3.9) so that no aziom in F can be instantiated to express any

truth p = q where
p=3U and ¢ = 3V such that ©,(U,V).

Then our system cannot prove the statement
i=1 j=1

2 n 2 n
O lbn + DD Al A = S Adlen + Y]l A
i=1 j=1

Hence no finite complete aziom system can exist for any reasonable congruence

which is at least as strong as strong congruence.

Proof:
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Suppose we have a (shortest) proof of the statement
2 n 2 n
P2l + 2D AdA = Ao + D02l 4
i=1 j=1 i=1 , i=1 .
" which involves no terms containing 0 as a summand or a factor. The

proof takes the following form:
D

—L—(rule),
p =49
where p =Y U, and ¢ = 3V, for
Up = {¢nea} U {4l 4] 1<i<2,1<j<n}

and

Vo = {alemaalen} U {rl4; | 1<) <n}
so clearly ©,(Uy, V) holds.
Since this must be a finite proof, somewhere in the proof tree is an
inference
D
YU =%V

(rule) where  ©,(U,V),
such that the premise D of the inference contains no equality
LU = Y V' where O,(U',V');

By Proposition 5.3.10, (rule) can be neither of (trans) nor (sub.);

Furthermore, by Proposition 5.3.9, ‘we know that (rule) cannot be

(t = u) for any aziom t = u € F;
Also clearly (rule) cannot be (symm), as 0,(U,V) <= 0,(V,U);

Finally, (rule) cannot be dny of (refl), (sub,), or (suby), as this ‘_would
- contradict ©,,(U,V);

Hence we have shown that the original statement cannot be proven.

a



Chapter 6

Sequencing with the O Process

Up until this point, we have been interested solely in CCS-based process algebras.
In this chapter, we shall consider a slightly different range of process algebras, those
cdntaining not CCS action prefixing, but rather sequential composition in the form
of a binary operator - which takes two process terms and produces the new process
which performs the actions of the first term, followed by those of the second.
Such process algebras include for instance those based on ACP, the Algebra of
Communicating Processes of Bergstra and Klop (e.g., [BER84], [BER85]), as well
as that of Boudol and Castellani’s partial order semantics ([BOUS6]).

The major proponents of equational studies of process algebras are certainly
by far the Dutch researchers developing the ACP-based algebras. Much has been
developed and published within this framework so a study of equational axioma-
tisations for process algebras would certainly be lacking if due attention were not

awarded this family of languages.

Throughout the development of the ACP algebras, the basic components of
a process were atomic actions, given by a set Act as in CCS. The major differ-
ence from CCS, apart from using sequencing rather than action prefixing, was the
lack of a 0 process term in their algebras. For the basic algebra of terms, these
were really the only variations froxﬁ thé CCS-type algebras and equivalences; by
defining a form of sequencing within the CCS framework, and imposing (strong
and weak) observational congruences on the resulting algebras, we would arrive

at exactly the ACP notions of congruences, which initially are defined by axiom
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systems without a previous operational model-based intuition built into the equa-
tional axioms. Thus we see presentations of ACP-type languages defined as the
initial models of equational theories which in the CCS framework are precisely

the complete axiomatisations of the operationally-based congruences.

Recently, a 0 process has been incorporated into the A CP algebras, in the form
of an empty process term € ([VRA86]). At this point, the CCS and ACP notions
diverge greatly. The equivalence defined in [VRAS6] for the ACP algebras with
the € term is ho longer immediately recognisable as én observational congruence;
the operational intuitions on which the CCS notion of equivalence is based is not

explicitly present.

In this chapter, we quickly review the relevant portions of the ACP algebras
for our investigation — namely, the Basic Process Algebra BPA, before and after
the addition of the O-type process €. From this brief exposé, we motivate a small
change in the semantics of terms in order to bring the equivalence more in line
with the usual CCS-based observational equivalences. We thus define a new
semantic equivalence on terms, and examine questions regarding axiomatisations
for our modified system. We then compare our system with BPA®, first defining _
the BPA® congruence as an observational congruence, and then considering the
relative ease which we have in adding merge and communication to our system, a
state which as we shall see is not so true with BPA®. Finally, we finish off this
chapter with a modified proof of the previous chapter on the nonexistence of a finite
axiomatisation for the BPA congruence when the full merge operator is added to
the signature. To do this, we point out first that the unique decomposition result

of Chapter 4 holds in this algebra.

6.1 Introduction

In this section, we introduce the process algebra BPA (Basic Process Algebra),
and the modified language BPA°® involving the empty process e introduced by
[VRAS86]. After the definitions of these algebras and the equivalences defined
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for them are presented, we make some observations and arguments for modifying
the equational system BPA* from where it stands to something mimicking more

closely the concepts and intuitions of CCS.

For a long time, researchers working on the ACP family of process algebras
have dealt with languages not involving a 0-like process. Their basic process
algebra BPA is similar to a subset of CCS, with action prefixing replaced by
atomic action processes and sequential composition, without the 0 process. They |
give a set of axioms, and define the equivalence within the process system as
given by the initial model for these axioms. They present this system by means
of an algebraic specification BPA = (Zgpa,Eppa) in the style of [EHR85], as

presented in Figure 6—1. Notice by convention that the sequential composition

| Yppa
Sort P (processes)

Functions + : Px P — P (choice)
-t PxP—P  (sequential execution)

Constants a € Act (atomic actions)

Eppa
rty=y+z
(z+y)+z=z+(@y+2) -

rt+rc==c

(:cj—y)z::cz+yz
(zy)z = z(y2)

- Figﬁre 6-1: Specification of BPA = (Zppa,Egpa)

operator - will often be dropped from terms, thus being represented simply by the
Juxtaposition of terms. The congruence generated by these axioms corresponds
precisely to strong observational congruence, as it would intuitively be defined in

this context, and as we shall define it in the next section.
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In [VRASG6], this algebra is extended by the addition of a O-like process, the

empty process €. When the empty process ¢ is added to the signature, the modified

system BPA® = (Xppa¢,Eppa¢) is defined as presented in Figure 6-2.

LBPA
Sort p (processes)
Functions + : Px P — P (choice)
1 PxP— P  (sequential execution)
Constants € (empty process)
a€Act (atomic actions)
Eppa-
Tty=y+z

(z+y)+z=2+(y+2)
(z+y)z=zz+yz
(zy)z = (y2)

E+eE=c¢
Er ==z
TE=2

Figure 6-2: Specification of BPA® = (Sppp<, Eppa¢)

In going from BPA to BPA®, a few points immedié,tely arise. Firstly, we

appear to lose the idempotence axiom,

T+ =2z

However, in fact, this law is derivable in the system Eppac, using distributivity

and the e-laws. Secondly, if we expected the ¢ process to be intuitively analogous

to the CCS 0 process, we quickly discover that there is no 0-absorptive law of th

form
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r+e=uzx.

This law cannot in fact be proven, and in the system BPA* is not valid, for if it
were, we could for example prove (using the distributivity of - over + on the right)

that
ab = (a+¢€)b = ab+eb = ab+ b,

which we clearly would not desire. In the system BPA®, the option of doing
nothing (performing the ¢ process, allowing termination) is considered to be a
valid choice. In CCS, such a process is liken to the process 7.0. Hence the
approach taken by BPA® is motivated more by the work done on CSP ([HOAS85]),
where a 0-like process exists representing termination, allowing an unobservable
termination, or “tick”, action 4/. In this case, one might expect that the process

a + € might be allowed to terminate silently in the context
(a+e)]b,

allowing the term to evolve silently into the process term b. However if this were
to be the case, we could argue that in the BPA® framework we would arrive
at a nonassociative parallel composition operator |. Indeed, in [VRA86] we find
remarks giving evidence that an earlier attempt at introducing the empty process

€ into the process algebras of ACP ran up against this very problem.

Thus the equivalence given by BPA* (or the empty process €) neither resem-
bles much that of CSP nor that of CCS’s strong observational congruence (i.e.,
the distributivity law fails here, whereas the absorptive law is valid). A. new notion
of e-bisimilarity is introduced in [VRAS6] to mimic the BPA* equi‘)alence given
by Eppa¢ using a modified notion of bisimulation. However, we are interested
here in giving an axiom system for true observatioﬂal congruence of their system,
with the understanding that ¢ can perform no obsefvable actions, thus restor-
ing the opera,tiona.l‘intuition given by CCS. Indeed, we find that we need the

operationally-based semantic understanding in order to proceed with the proofs of
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our results on the unique decomposability and the nonexistence of finite axioma-
tisations for the original language of BPA with the full merge operator added to

its signature, as shall be presented later in this chapter.

6.2 CCS With Sequencing

The first step towards our goal is to define our language and its operational seman-
tics as a labelled transition system in the usual fashion so that we can define our
congruence using the usual notion of bisimulation. This much is almost straight-

forward.

' The terms in our language are exactly as given by the signature Y¥ppae in
Figure 6—2. The process ¢ will represent the usual 0 process of CCS. Hence the

only new notion here is the sequential composition operator.

The operational semantics for this languages will be given as usual by a transi-
tion system —C P x Act x P defined to be the least relation satisfying a certain
collection of laws. In this case, we would intuitively like the transition system to

satisfy the following laws:

— (a€Act);
a ¢
p—p q—q
_; —_—
p+q—p p+qg—¢q
a b a
p—p Vo,p'ip/—~p, 9—¢
LG S— )

p-g—p'q pqg—q

However, in light of the negative information in the premise of the last law, we
cannot define our transition system to be the least relation satisfying these laws.

- For instance, if we added another law to the a,bove; namely for some a € Act,
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then the subprocess ¢ in the process £-¢ would never proceed., as we would have
€-¢ — €-q. A relation which satisfied this extended set of laws would of course
satisfy our original set of laws, but would in fact be incomparable to the relation
which we are defining. For instance, we would not want £-b - ¢-b, but we would
want €-b — ¢. Hence it would not make sense to require the existence of the
least relation satisfying the original set of laws, as we have just exhibited two
incomparable relations which each satisfy them, for neither of which is it the case
that there exist a subset satisfying the laws. So we are forced to proceed in another

way.

Our solution results from the fact that we can easily tell purely syntactically
if a process is equivalent to the empty process €. Thus we need simply to define
syntactically when a term is equivalent to the € process, and then to use this
definition in the place of the negative information in the premise of the definition

of our transition system above.

Proceeding in this way, we define the function isempty as follows:

isempty(e) = true;

isempty(a) = false (a € Act);

isempty(p + q) = isempty(p-q) = isempty(p) A isempty(q).
Intuitively, we would like it to be the case that p ~ ¢ iff isempty(p), where ~ is the

strong observational equivalence which we are trying to define. Then our transition

system can be validly defined as the least relation satisfying the following laws:

———(a € Act);
a—E€
p—p g-—=q
ptqg-p pta-q
p—p isempty(p), ¢ —— ¢
pqg-pq pg—¢ .

With the above transition system defined, our strong observational congruence

~ 18 defined in the usual way via the notion of strong bisimulation using this
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transition system. That is, ~ is the largest relation such that whenever P ~ Q,

we have that for all a € Act,

(i) P — P’ implies 3Q' ~ P’ such that Q - Q'; and
(it) @ = Q' implies P’ ~ Q' such that P -2+ P,

We can now check that our definition of isempty indeed satisfies our desired

requirement.
Proposition 6.2.1 p ~ ¢ if and only if isempty(p).

Proof:
Straightforward.

With the problems faced in deﬁnirig the transition system above, it is worth
checking that this definition does in fact yield a congruence relation. This is in

fact not too difficult, as is outlined in the following proposition.
Proposition 6.2.2 ~ is a congruence.

Proof:

That ~ is an equivalence relation is straightforward, as it is defined via

the notion of a bisimulation.

To check that it is substitutive, we need to confirm that the following

inferences are valid:

Po~4qo, P17~4q Po™~ ¢ Pr~q
3 1 1 (sub+), 0 09 1 1 (sub,).
PotPr ~ g+ qy Po'P1 ~ Qo %a

The (sub,) case is straightforward;

Assume that Po~ Go and py ~ qy;

Suppose that py + p; — p;
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Then either pg — p or p; = p;
Hence for some q ~ p,
either go — q or ¢, == q;
Therefore go + q1 — g;
Similarly, go+q, — q implies py+p, — p for some p ~ q;

Hence po+py ~ g0+ q;.

The (s.ub.) case is more involved, relying on a proof by induction on

.~ the depths of terms;

Assume that py ~ qo and p, ~ q,, and that for all Pos P13 965 4}
such that Do ~ 9 Py ~ qi, and |P6| + |P'1| < |pol + |p1, we
have that Do'Py ~ 95795
Suppose that po-p; — p;
If py = p' such that p = p'-p,,
then g — ¢' for some ¢' ~ p!,
50 Qo q1 -, q-q1~p"p=p;
(by the inductive hypothesis)
If po~ € and p; = p,
then g9 ~ € and g, — q for some q ~ p,
50 Go @1 — ¢ ~ p;
Similarly, qo-q; — q implies Do'Py — p for some p ~ gq;

Hence py-py ~ ¢o-¢;. o

Having succeeded in defining our observational congruence in the fashion which

we desired, we can now proceed to its equational characterisation and properties.

6.2.1 Equational Axiomatisation

A complete axiomatisation for our congruence ~ would naturally contain the ax-

ioms characterising the usual language of nondeterministic terms, that is:
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(A1) @+y)+2 = o+ (y+2) (A4)) z+2z =3
(A2) z+y = y+=2 - (A) zHe=2

But we now need other a.xiofns.to deal with properties of sequencing (which never

arose with action prefixing). In particular we need the three axioms
(51) (zy)z = z(yz) (S3) ze =z (S5) ez =2

as well as the axiom schema

(D) (iasza) Y = ia;z;y (form >0, a; € Act)
i=1 i=1

The motivation for introducing this axiom schema is that it mimics the distributiv-
ity law (z + y)z = 2z + y2z of Egpa¢. This law holds as long as z,y # ¢, and this
is certainly true if z and yb are both prefixed by atomic action terms. In this case
though we must account for an arbitrary number of action-prefixed summands in

the first term.

We shall refer to the above set of laws collectively by T7; that is, we let

T = {(4),(4), (4s),(40), (51),(52),(S5)} U {(D.n) | m >0}

That these laws are all valid is a straightforward thing to prove, and we shall take
this fact to be granted. However, there are problems about the completeness of

these axioms which we would now like to address, namely:

1. Are these laws complete for reasoning about closed terms?

2. Are these laws w-complete, that is, complete for reasoning about

open terms?

3. In view of the axiom schema (D,,) introduced, is the equivalence
in this signature finitely axiomatisable for reasoning about closed
terms, using some other axioms to replace the axiom schema
above? If so, is it also finitely axiomatisable for open term rea-

soning?
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The next section will answer the first question in the afﬁrmafive, giving a com-
pleteness proof for reasoning about closed terms. The following séction will then
answer the first part of the third question also in the affirmative, giving a finite ax-
ljomatisation for this system. After that, we shall investigate the axiomatisability
of the extensional theory in this system, presenting some open statements Which

cannot be proven in the closed theories we develop.

6.2.2 Completeness for Closed Term Reasoning

The proof that the above laws 7 completely characterise the theory of closed
terms over the language in question relies on a normal form for terms defined as
usual by derivation trees. To get at the normal form, we shall again employ a
denotation function which gives a set theoretic representation of the derivation

tree corresponding to a given term.

A derivation tree again is simply a finite unordered tree whose arcs are labelled
by eiements of the action set Act, in which no two identically-labelled arcs lead
out of the same node to two isomorphic subtrees. Such a model is well-known to be
a complete characterisation of closed finite CCS terms, including the terms in our -
present framework. The domain of derivation trees can be represented formally as

the least fixed point solution D to the set equation
D = Ppy(Act x D)

where P, y(S) again represents the set of finite subsets of S.

Some of our proofs will depend on induction on the depth of the derivation trees
of terms, which as usual in our set-theoretical formulation corresponds basically
to the rank of a set. With this in mihd, we define the rank of a derivation tree as

follows.

Definition 6.2.3 The rank of an element P € D is defined inductively by

rank(P) = max ({0} U {1 + rank(P") I Ja st (a,P') € P})
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In particular, rank(P) =0 iff P = 0, and for any P, P' where there is some a such
that (a, P') € P, we have that rank(P) > rank(P'). |

Our denotation defined for a term will simply be the set representation of the
derivation tree representing the term. The definition of the denotation is straight-
forward, except in the case of sequential composition. Before giving the definition
of the denotation on terms, we must state what the sequential composition of two
derivation trees is. Intuitively, it is simply the first derivation tree with a copy
of the second derivation tree tacked onto each of its leaves. More formally, for

P,Q € D, we define P-Q inductively as follows:

mQ = @,
P-Q = {(a,PQ) | (a,P)e P} (P+0).

With this we can now define the denotation [-] : P — D by cases on the structure

of terms as follows:

€] = 0; [p+d = [p]Uldl;
[l = (@0) @eActy;  [pd = [

An important property of this denotation, which is reflected in the derivation .

trees which the denotations represent, is given by the following proposition.
Proposition 6.2.4 [p] = {(a,][p’]]) | p ——“—»p'}.
 Proof:
By structural induction on p.
o fe] =0 = {(a,[[p’]]) l € ——“—»p'}; (as € /2 p' for‘any a,p')
o [b] = -{(b,@)} = {(a,l[p’]]) I b:—”—» p'}; (as b = & only)

e [p+d] = [p] U [d]
={@lh | p = r}u{@D | ¢ »)
= {@lD | p+¢-p);

(asp+q—p iff p-p orq—sp)
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o If[p] =0, then by the inductive hypothesis,

p /= p' for any a,p', so isempty(p);
thus

[p-a] = [pl-Ig] = 0-[q] = [d]
= {(&PD) | ¢ »}
(by the inductive hypothesis)
= {(o,[pD) | g p};
: (by definition of —)

If [p] # 0, then by the inductive hypothesis,
p — p' for some a,p', and hence —isempty (p);

thus

[r-ql = {pl-ldl
= {(aP)la) | » = »)
(by the inductive hypothesis)
= {(a,lpa) | » = »)
= {(a&,Ir]) | g = p}.
(by definition of —)
0O

134

A unique (modulo associativity and commutativity of +) normal form can be

extracted from the denotation of a term in the following fashion:

nf(p) = o([p]),

where

o(P) = Y aa(P).

(a,P')eP

As usual, by convention, we let o(f) = ¢. That a term can be equated to its normal

form relies on the following proposition.

Proposition 6.2.5 For P,Q € D, we have
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T F o(P)o(Q) = o(P-Q).
Proof:

By induction on rank(P).

If rank(P) = 0, that is P =0, then the result is immediate, as

o(0)-0(Q) = e0(Q) =, o(Q) = o(0-Q).

For P # 0, we have that

o(Pro@ = ( ¥ a-.a(P’)>‘0(Q)

(a,P')eP

= a-(a(P')-a(Q)) (using (D,,))

(a,P')eP

= Y a(o(PQ)
(a,P')eP
' (by the inductive hypothesis)

= a({(a,P'-Q) | (a,P) € P})
= o(P-Q). - ' 0

Proposition 6.2.6 T F p = nf(p).

Proof:

By structural induction on p.

o =0(0) = olel) = nf(e);
ee= e = o({(@0) = offal) = nf(a);

*p» =, nf(p) = o(lp]) and ¢ =, nf(q) = o([q])
= p+q =, o([p]) + o([q])
=, o(Ip] U [q])
= o(lp+4dl) = nf(p+9q);

135
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* » =, of(p) = o(lp]) and q =, nf(q) = o(lq])
= pq =, o([p])-o(lq])

=, o([pl-[q]) (by Proposition 6.2.5)

= o(fpa) = nf(p-g). o

Corollary 6.2.7 [p] =[¢] = T F p=g.
Proof:
p =, nf(p) = o([p]) = o(lg]) = nf(q) =, q. =

Finally, the proof of completeness of the axioms relies on the following propo-

sition.
Proposition 6.2.8 p~ ¢ = [p] = [q].
Proof:

We shall actually show by induction on rank([p]) that

[Pl #1d = pa

Thus suppose that [p] # [q], and that (without loss of generality)
(e, P) € [p] but (a, P) & [q];
Then by Proposition 6.2.4, Jp' st P = [p] andp = p';

Suppose that ¢ - ¢';

Then again by Proposition 6.2.4, (a, l¢D) € 4],

Hence since (a,P) & [q], [¢] # P = [»'1;
Therefore by the inductive hypothesis, p' + ¢';

Thus Bq' ~p' st ¢ — ¢', s0 p £ q. =
Corollary 6.2.9 (Completeness) p~q => T p=gq.

Proof:

Follows from Proposition 6.2.8 and Corollary 6.2.7. a
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6.2.3 A Finite Axiomatisation

In this section we shall present a finite axiomatisation for closed terms of our
language. What we shall do is present two new rules which will together subsume
the power of the axiom schema (D). That is, we shall show that given the other
sum and sequencing laws, together with these two new laws, we can prove any

instance of the schema (D,,).

The two laws which we need are as follows. Firstly we have an absorption law
(Abs) (az+y)z = (az+y)z + ozz,
which is very similar to the absorption law of CCS
ez 43z = (az+3) |2 + alz]2),
introduced in Section 3.3. Secondly we have a reduction law
(Red) (x+y+z)cq +yw + 2w = (z4+y)w + yw + 2w.

Again these two new laws are easily seen to be valid. Notice here that if we let

r = g, we get the derived reduction law
(Red') (y+2)w + yw + 20 = yw + 2w,
which we shall use in the proof of the following proposition.
Proposition 6.2.10 Let
F = (A1), (A2),(49), (40, (51), (5, (85), (Abs), (Red))
then for anym >0, F + (D,,).

Proof: ‘

By induction on m.
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* Form = 1, the result follows from (S,) (associativity of -);
o For m =2, we have

(nz1+eza)y =, (42 + a2y)y + a2y + ayzgy
(using (Abs) twice)
=y Ty + agzyy;

(using the derived law (Red"))

o For m > 2, we have

( f: aixi) y
i=1
m—2

=, (Z or; + ap 1T, 1 + am:z:m)y
=1

+ V1T 1Y + ATy

(using (Abs) twice)

m—1

= (X )y + tmZmay + apzy
i=1
(using (Red))

m—1

=r Z Ty + U 1Tin-1Y + ATy
Ti=1

(by the inductive hypothesis)

m
=, DTy =
i=1 :

Thus since by the previous section, F U {(D,,) l m > 0} is a complete theory
for reasoning about closed terms over this language, we have shown that the finite
theory F is itself complete for closed term reasoning, as every instance of (D,,) is

derivable from F. ‘
T Lack, a5 goinved ok \°)' Feiks Vc‘““é"‘&ger) e cold Waue reaced Pe Qneuv\ox

CDM\ \) D SVLS\K one \GJ»J) ﬂ&\'v\.e,\\)
(ax+by ) = oxw + (oyyz)e

6.2.4 Reasoning About Open Terms

The question which we wish to address now is that of the axiomatisability of the
theory of open terms over this language. In particular we wish to know if we can
w-completely axiomatise the theory, and if so if we can do it with a finite number

of axioms.
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Our original system for closed term reasoning, involving the axiom schema
' (Dyn) was clearly not complete for reasoning about open terms, as it could not

prove the validity of the two laws we introduced in the previous section, namely

(Ab.s) (az+y)z = (az+y)z + azz;
(Red) (z+y+2)w + yw + 2w = (4 y)w + yw + 2w0.

The form of the law (Red) makes analysis of the system for open terms compli-
cated, as it is not immediately clear where to look for a normal form for this

system in light of this law.

If we consider the forms of the (Abs) law and the derived law,
(Red') (z4+y)w + 2w + yw = zw + yw

we see that we can introduce some notion of saturation to attempt to get a grasp on
a normal form. That is, a normal form can be assumed to contain every instance
of azz as a summand whenever it contains (az 4+ y)z as a summand (from the
(Abs) law), and to contain every instance of (z + y)w as a summand whenever it
contains zw and yw as summands (from the (Red') law). But saturation using the |

(Red) law does not fall out so easily.

However, let us consider the form of the derived law (Red') more closely. It ‘

very much resembles the classic testing equivalence law from [DEN84],
a(z+y) + az + oy = az + ay.

If we consider the analogous law corresponding to the second of the two classic

testing equivalence laws, namely
a(z+y+2) + az = a(z+y+2) + oz +y) + az,
~ then we get the following new law

(Red") (z+y+2)w + 2w = (T+y+2)w + (z+y)w + 7w,
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which again is easily confirmed to be a valid law. However, it appears not to be
derivable from the previous laws including (Red); but along with the law (Red"),

it is indeed as strong as (Red), as shown by the following proposition.

Proposition 6.2.11 {(4,), (A,), (As), (As), (Red), (Red")} (Red).
Proof:

@E+y+2jw + yw + 2w
= (@+y+2)w + (T+y)w + pw + 2w (by (Red"))
= (@+y)+2)w + (Z+yw + 20 + yw
= (z4+y)w + 2w + Y (by (Red"))

= (z+y)w + yw + zw. 0

Thus we can (and do) replace the original law (Red) by the two laws (Red")
and (Red") to get a more powerful system. Fufthermore, the newest law (Red")
also fits nicely into our scheme of saturating terms to derive a normal form; that
is, now saturation will include the condition that a terrﬁ contain every instance of

(z + y)w as a summand whenever it contains zw and (z +y + 2)w as summands.

The question now is whether these laws completely characterise the open the-
ory. If this were so, then our saturation technique could perhaps be used to define
a caﬁonical form for expressions to facilitate a completeness proof. Alas though,
we can show that we still do not have a complete system. For instance, we cannot

prove the following valid open statements:

(xaz' + y)z = (zaz' +y)z + zaz'z

((am + z’)y‘ .+ z)w = ('(am +z)y + z)w + (az + z’)g)w

In the general case, we want our absorption law to extend to cover the pseudo-

inference law:

Sort(t) #0 (i.e., t{¢/z} # ¢)
(t+uwv = (t+u)v + tv
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To accomplish this, it would appear that we need an infinite set of new axioms.

However, we can accomplish the same result using the three conditional axioms:

t+uvw = (t+v)w + tw

(Cy) )
(t+t+tu)w = t+t'+u)w + (4w
() t+uww = t+u)w + tw ;
(st+u)w = (st+u)w + stw
(C3) (t+u)w.= t+v)w + tw

(ts+u)w = (ts+uw)w + tsw .

Proposition 6.2.12 (C,), (C;) and (C3) above are sound conditional laws.

Proof:

We shall only deal with case (C5), as the other two cases are identical.

We just need show that for closed terms p,p',q,r and P,

if (p+pYe ~ (P+P)e + pg, and prg— P,
then (pr + p')g —— Q for some Q ~ P.

If —isempty(pr),
then pr — py st P = pyq;

hence (pr + p')q ——= poq = P.
If isempty(pr),

then ¢ -2 P and isempty(p);
thus pg = P, so (p + p')qg - Q for some Q~P;
hence either p' — p, st Q = Po9,
whence (pr + p')q -5 Q;
or isempty(p') and ¢ —— Q,

whence isempty (pr+p') and so (pr+p')g 2 Q. O
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These three conditional laws are in fact enough to give us our desired result,

as shown by the following‘proposition.

Sort(t) # 0

Proposition 6.2.13 {(A2),(C1),(Cy),(C3)} +
(t+u)y = (t+u)v + tv

Proof:

By structural induction on t.
e t=cort=z = Sort(t) = 0;

® 1=t +1, and Sort(t) #0 = Sort(t,) # 0 or Sort(t,) £ 0;

Sort(t;) #0 = (t; +u)v = (t; + w)v + t,v
(by the inductive hypothesis)
= (t+u)v=(t+u)v+tv; (using C,)

Sort(ty) #0 = (t+u)v = (t + w)v + tv.
(Similarly, 'ﬁsing Ay)

* t =11, and Sort(t) # 0 => Sort(t,) # 0 or Sort(t,) # 0;

Sort(t,) #0 = (¢, +u)v = (t; + u)v + t,v
(by the inductive hypothesis)
= (t+u)v=(t+u)v+tv; (using Cs)
Sort(ty) #0 = (t+ u)v = (¢t + u)v + tv;
(Similarly, using C,)
]

Thus we find ourselves using unconditional axioms to cover all of the possible
cases implied by the above conditional rule. Having done this, we are still left
with a nontrivial task of finding a canonical form for terms to show that we now

have an w-complete axiomatisation, which we leave here as a still open problem.
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6.3 Comparison with BPA¢

We have now redefined the semantics of the process algebra BPA® to define the
equivalence between terms as an observational congruence. Unlike the original
theory for BPA® presented as a simple equational theory in Figure 6-2, the
disfributivity law (z + y)z = x2z + y= is not valid in our semantic model. waever,
we have discovered a simple ﬂnit¢ set F of equational laws characterising the new
congruence, so the original theory for BPA* does not much benefit over this new

framework in ease of equational presentation.

In [VRAS6], a graph model is presented which characterises the BPA* congru-
ence which uses a modified notion of bisimulation, called e-bisimulation. What we
shall show in this section is a method of vcharacterising the BPA® congruence as a
true observa.tionAa.l congruence, by defining a natural labelled transition system on
terms of the algebra which when used as the basis for a bisimulation equivalence
will not exactly be the congruence of BPA®, but will contain this congruence as
the largest congruence within it. However the characterisation is difficult to prove,
as the defined bisimulation equivalence is not a congruence, and several alternate

characterisations of the congruence will need to be invoked in the proof.

We shall then consider including the merge operators, first without and then
with communication, into the signature, and compare how our new semantic model

and the original BPA® model of [VRAS86] fare in this experiment.

6.3.1 The BPA® Equivalence as an Observational

Congruence

In this section, we shall present a bisimulation characterisation of the BPA® equiv-
alence described in Section 6.1. That is, we shall present a transition system
defined on our process algebra such that the largest éongruence contained in the
bisimulation equivalence defined by the transition system will be precisely the

congruence generated by the axioms of Egpac.
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Similar to the definition isempty of the previous sectioﬁ, we can define a
“hasempty” predicate on terms specifying when a term contains the empty process

€ (or anything equivalent to it) as a summand, as follow.

hasempty(e) = true;

hasempty(a) = false (a € Act);

hasempty(p + q) = hasempty(p) V hasempty(q);
hasempty(p-q) = hasempty(p) A hasempty(q).

With this predicate, we can define a transition system — as the least relation

satisfying the following laws.

a—¢ (a€Act), and
PP = P+Q-% P Q+P - P, P.Q-% P.Q, and
hasempty(Q) = Q-P - P!
From here we could define an equivalence = in the usual fashion via bisimu-

lations by letting ~ be the largest binary relation such that whenever P = Q we

have that for all a € Act,

(i) P — P! implies 3Q' ~ P’ such that Q -2+ Q’; and
(i) @ = Q' implies 3P’ ~ Q' such that P - P,

However this equivalence relation is not a congruence. This is because we would

have for instance a + & ~ a but (a + €)a % aa. Hence we define the relation which

we are interested in to be the largest congruence ~c contained in =.

This congruence relation, as we shall show, is precisely that of the BPA* sys-
tem. Unfortunately, it is not a straightforward task to prove that this congruence
coincides with that defined by the axioms of Egp A¢- To do this, we use yet another

characterisation, which we now describe.

Let = be the largest binary relation such that whenever P & @, we have that

for all a € Act,

(i) P - P' implies 3Q" 2 P’ such that Q — Q



Chapter 6. Sequencing with the 0 Process ' 145

(i) @ — Q' implies AP' 2 Q' such that P —°» P'; and
(i) hasempty(P) = hasempty(Q).

We can easily show that this relation, defined by a modified bisimulation, is a
congruence relation. Also, it is clearly contained in the equivalence relation = (as
it satisfies the definition of ~, being defined by a more restrictive definition). We
shall continue from here to show that  is in fact precisely the congruence defined
by Egpac. Upon doing that, we shall show that a js contained in 2. From this it
shall follow (since ~¢ is the largest congruence contained in ~) that ~¢ coincides

precisely with £, and so also with the congruence generated by Egpae.

That the equations of Egpa¢ are valid- =-equivalences is a straightforward
matter to verify. The proof that these laws completely characterise the equivalence
= relies on a normal form for terms defined by flagged derivation trees, where the
flags are used to specify when a process has the empty process as a summand. To
get at the normal form, we shall once again employ a denotation function which
gives a set theoretic representation of the flagged derivation tree corresponding to

a given term.

A flagged derivation tree is simply a finite unordered tree whose arcs are la--
belled by elements of the action set Act, and whose nodes are labelled by the
set {true, false}, in which no two identically-labelled arcs lead out of the same
node to two isomorphic subtrees. As usual, the arcs eminating from the root of
a flagged derivation tree represent the possible actions which the corresponding
process can perform, narhely, those which label the arcs. The flag associated with
the derivation tree specifies whether or not the empty process is a summand in

the process term represented by the tree.

The domain of flagged derivation trees can be represented formally as the least

fixed point solution D to the set equation
D = Ppiv(Act x D) x {true, false}

where P, \(S) again represents the set of finite subsets of S. For an element

D = (T, ) € D, let
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tree(D) = T, and flag(D) = tt.

Again, some of our proofs will depend on induction on the depth of the flagged
derivation trees of terms, which in our set-theoretical framework corresponds ba-

sically to the rank of a set. With this in mind, we make the following definition.

Definition 6.3.1 The rank of an element D € D is defined inductively by
rank(D) = max ({0} U {1 + rank(D") l Ja st (a,D") € tree(D)})

Thus in particular, rank(D) = 0 iff D = (0,tt), and for any D, D' where there
exists some a such that (a,D’) € tree(D), we have that rank(D) > rank(D').

Our denotation defined for a term will simply be the set representation of
the flagged derivation tree representing the term. Before giving the definition
we must state what the séquential composition of two flagged derivation trees is.
Intuitively, it is simply the first flagged derivation tree with a copy of the second
flagged derivation tree tacked onto each node which is labelled by true, with the
flag of that node reset to equal the flag of the second tree. More formally, for
P,Q € D, we define P-Q inductively as follows:

tree(P-Q) = {(a,P'-Q) | (a,P") € tree(P)}
u {(a, Q@) I (a,Q'") € tree(Q) A flag(P) = true};"
flag(P-Q) = flag(P) A flag(Q).

With this we can now define the denotation [-]: P — D by cases on the structure

of terms as follows:

[el = (0, true); |

[l = ({(a, (0, true))}, faise), (a € Act);

[P+l = (tree([p]) U tree( [q]), flag([p]) v fag( [q]));
[p-q] = [p][a]- |

An important property of this denotation, which is reflected in the flagged

derivation trees which the denotations represent, is given by the following propo-

sition.
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Proposition 6.3.2 [p] = ({(s,[p]) | p - p'}, hasempty (p)).
Proof:

By structural induction on p;

o [e] = @true) = ({(a,[¥]) | €~ p'}, hasempty (c));
(as € /= p' for any a,p' and hasempty (&) = true)

o 8] = ({(b, ®, true))},false)
= ({(a,Ip]) | 0= P'}, hasempty (5));
(as b —br_e only, and hasempty(b) = false)

 lp+al = (tree(lpl) U tree((a]), fag(Ip]) v fas([a]) )
= (@D | p=»} U {(aleD | ¢ -2 ¢},
hasempty(p) V hasempty (q))
(by the inductive hypothesis)
= ({(@Ir'D) | p+ g -2 ), hasempty(p + q));

¢ [p-q] = [pl-[q] |
= ({ta,PIa]) | (a, P) € tree([p})}
U{(a,Q") | (a,Q") € tree([g])
Mag([p]) = true},
flag([p]) A flag(Ia]))
= ({(a, [p1-[al) | p = p}
U{(a, [¢']) l g — ¢' A hasempty(p) = true},
hasempty (p) A hasempty (g))
(by the inductive hypothesis)

= ({(a,[p-al) | » = p1}
U{(e, [¢']) | g — ¢' A hasempty(p) = true},
| hasempty (p-g))
= ({(a,Ir]) | p-g =+ r}, hasempty(p-g)).
(by definition of —2-)

147
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O

A unique (modulo associativity and commutativity of + and associativity of
- normal form can be extracted from the denotation of a term in the following

fashion:

nf(p) = o([p])

where

o(D) = z({a-a(pf) | (0, ") € tree(D)}
U {e l flag(D) = true}).

That a term can be equated to its normal form relies on the following proposition.
Proposition 6.3.3 For P,Q € D, we have
o(P)-0(Q) = o(P-Q).

Proof:

By induction on rank(P).

#P)o@) = (= ({oo(P) | 0,7 € tre()}

U {E | flag(P) = true})) - o(Q)
= = ({a(o(P)0(Q)) | (2, P") € tree(P)}
U {O'(Q) I flag(P) = true})

(using distributivity)

- g({a.a(Pf-Q) | (@, P") € tree(P))
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U{ao(@) | fag(P) = true A (a,Q) € tree(Q)}

U {e l flag(P) = flag(Q) = true})
(by the inductive hypothesis)

= S ({wo(®) | (a.B) € tree(P-Q)}

U {e l flag(P-Q) = true})
% o(P-Q). | . 0
Proposition 6.3.4 p = nf(p).

Proof:

By structural induction on p.

o & = o(8true)) = o([e]) = nf(e);
¢ a= a;s = o(({(a, (0, true))}, false))
= o(lal) = nf(a);
o p = nf(p) = o(lp]) andq = nf(a) = o(la])
— pt+q = o(lo]) +olal)

= o(tree([p]) U tree([q]),
flag([p]) v flag([q]))

= o([p+4]) = nf(p+9q);
e p = nf(p) = o([p]) and g = nf(q) = o([q])
= p-q = o([p])-o([q]) |

= o([p]-[4])
(by Proposition 6.3.3)

= o(lp-q]) = nf(p-q). =
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Corollary 6.3.5 [p] = [¢] = p= q.

Proof:

p = nf(p) = o(fpl) = o(lal) = nf(q) = ¢. o

Finally, the proof of completeness of the axioms relies on the following propo-

sition.
Proposition 6.3.6 p= ¢ = [p] = [q].

Proof:

We shall actually show by induction on rank([p]) that |
[p] # lg] implies p % q.

Thus suppose that [p] # [q].

If flag([p]) # flag([q]), then by Proposition 6.3.2 we would have that
hasempty(p) # hasempty(q), so clearly p % q.

Hence we just need show that if tree([p]) # tree([q]) then p % q.

Suppose then that tree([p]) # tree([q]), and that (without loss of gen-
erality) (a, P) € tree([p]) but (a, P) & tree([q]);

Then by Proposition 6.3.2, 3p' st P = [p'] andp — p';

Suppose that ¢ - ¢';

Then again by Proposition 6.3.2, (a, [¢']) € tree([q]);

Hence since (a, P) & tree([q]), [¢'] # P = [];
Therefore by the inductive hypothesis, p' % ¢';

Thus Aq' = p' such that ¢ — ¢, so p % q. | =

Corollary 6.3.7 (Completeness) p~ ¢ = p=gq.
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Proof:
Follows from Proposition 6.3.6 and Corollary 6.3.5. a

It now remains to show that ~°C=, In order to do this, we shall show that'
~s¢ satisfies the definition of =, and as such, since = is defined to be the largest

relation satisfying its definition, our result will follow.

Firstly it is straightforward to show that ~c satisfies the final clause in the
definition of &; namely, that P asc @ = hasempty(P) = hasempty(Q). This is

true as

hasempty(p) = false implies Va,r st p-b -2 r,dp' st r =p'-b, but

hasempty (p) = true implies p-b — ¢ # p'-b.
Hence it remains to show that

P zciq and p - p’ implies d¢' ~° p' such that ¢ -2 ¢
and vice versa. This follows from the following final characterisation of ~xc
Proposition 6.3.8 p ~ ¢ implies Vr : TR Tq.
Hence Vr : pr~ q-r = p=cgq.

Proof:

By induction on depth(r). Let p =~ g. r-p = p' iff either of the
following:

() r—=r" Ap=r-p or
(i) hasempty(r) A p -2 pr;
For (2), r =, r A p’ = T'-p = r.q LN r’-q ~ T'-p — pl;
(by the inductive hypothesis)
For (ii), hasempty(r) A p -2 = d¢'=p stqgq

= rq—gq'~p. O
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Proposition 6.3.9 p~°q A p — p' implies 3¢’ ~¢ p' such that qg—q.
Proof:

Let p~cq and p — p'.
Furthermore, let r be any arbitrary process.

By Proposition 6.3.8, we need only show that
dg'st g5 q' A plregr.

But we know that p-r == q-r and p-r - p'-r;

(by Proposition 6.3.8)
Hence g-r = r' = p'-r;

Therefore 3¢’ st g q' and ¢""r = p'-r. -

Thus we have managed to characterise the BPA® congruence as an observa-
tional congruence. However, the approach ran upon difficult points which were
not be met by the more natural congruence defined in the previous section. Fur-
thermore, as we shall see in the next section, the original congruence does not |
fit as well into the theory as our new observational congruence when the parallel

combinator is added to the signature of the language.

6.3.2 Adding Merge and Communication

In this section, we increase our language by adding the full merge | and left merge |
operators, as is done in [VRA86]. The full merge operator is in fact the interesting
new concept, whereas the left merge operator is added as usual simply to facilitate

the easy (finite) axiomatisation of the resulting system.

The terms in our new language are thus given by the extended signature
% = Act U{e, +,], |}, with the labelled transition system operational behaviour
of the operators defined as usual. When we define the new bisimulation equiva-

lence based on this extended transition system, we get the theory which is well
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known to be characterised by the theory F given for the sequential language above,

along with the new merge laws

(My) z]y = zly + yl= (My) (z+y)lz = z|z + y|=
(M;) elz = ¢ (Ms) (zly)lz = z|(y]2)
(M3) ozly = o(z]y)

That these laws are valid is again straightforward to prove. That they along
with the previous laws suffice to characterise the closed theory follows from the
conservativity of the extension (the true statements in the original signature will
be the same as before), and the fact that using the merge laws, you can express

any term as a term in the original signature.

Hence in the case of ~, we are done. However, the congruence defined in
[VRA86], which admits the distributivity law, simplifying the axiomatisation of
the sequential language, suffers with the addition of the merge operators. For
instance, if we added the above set of merge laws as is, due to the axiom M, we

would be able to derive
(a]b)c = a(be+c) + bac+ ¢),

which is clearly undesirable. Thus we cannot reduce elz to e. The situation is
remedied in [VRAS86] by the introduction into the signature of another constant
6, a symbol used in the full ACP language to represent deadlock. Along with this

new constant, we have the following axioms:
(D)) 64z = =z, (Dy) b6z = 6.

With this, we can bypass the problem with the occurrences of e in expanding out
merged terms by letting e[z = 6. However, if we were to use this law universally,

we would run into an equally disasterous situation, as then we would be able to

derive

(a]bd)c = abé + baé.
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Thus care had to be taken in [VRA86]. There we find that the single law (M)

~above is replaced by the following list of laws:

(M) ele = ¢ (My) elaz = §;
(My) elé6 =6 (M34) el(z+y) = elz + ely;
(My5) 6]z = 6.

Thus we can see that whereas in our new semantic model for this process algebra
with sequencing we had no problems in introducing the new operators for merging
processes, the approach in [VRASG] had to take care in how these new operators

are dealt with in its model.

From here we can add communication in the usual ACP fashion. First we
define a communication functiony : Actx Act — Act satisfying v(a,b) = v(b,a)
and y(v(a,b),c) = 7(a,7(b,c)). Then we add a communication operator } to our
signature, and add to our labelled transition system operational semantics the

following rules:

a '} b ! o ] b T}
P—p q—q P—p q—¢q
G,b) ' a'lb)
pla™ p g pt¢ ™y g

Again it is straightforward for us to axiomatise this extended system; we simply

replace (M,) above by

(M) zly = zly + ylz + ziy

and add the usual communication laws

(C1) aif = v(e,p) (Cy) etz =€
(Co) ziy =yiz (Cs) aziy = (aiy)lz
(Cs3) (ziy)tz =zi(yiz) (Cs) (z+y)iz==ztz+ ytz

Again, the approach taken in [VRA86] had to take care in how it handled its
equivalence. Its axiomatisation again required the use of the deadlock constant §

b

and the replacement of law (C,) above with the following laws:

(C}) etz =4, (C") 6tz = 6.
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In conclusion, though the approach to adding the empty process to BPA taken
in [VRAS6] allowing the right distributivity of - over + eases the axiomatisation of
the sequential language, problems arise with the addition of the merge operators.
The study must resort to going outside of the sigﬁature to introduce a constant
6 representing deadlock to be able to axiomatise the system. In our case, we re-
tained the well-respected observational equivalence, and tackled the problem of
replacing the distributivity law with valid laws which would completely charac-
terise the equivalence; in the end we indeed succeeded in finding two simple axioms
which would do just that. From there we had no problem with adding the merge

operators and axiomatising the resulting equivalence within the signature.

6.4 The Non-Finite-Axiomatisability of BPAII

In this section, we consider the theory BPA, of the algebra BPA extended with
the full merge operator | but not the left merge operator L. The congruence
defined for this language by the ACP community and as presented above as an
observational congruence coincide in the absence of the empty process €. This -

theory is given by the equational theory

T = {(41),(A2),(43),(S1), (D)}

U {(Expm,M,n,N) I OSTTI,SM, OSTGSN, M,N)O}

as specified as follows.

(A1) (z+y)+z =z+(y+2) (51) (zy)z = z(yz)
(A4z) z+y = y+=z (D) (z+y)z = z2+yz
(A3) z+z ==z

(E‘Tpm,M,n,N)

m M
FOT‘t = ZQ,-x,- + Z (o7
=1

i=m+41
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n N
and u = Z,Bjyj + Z ,Bj’ (M’N>0)’

i=1 j=n+1
m M n N
tu = Zai(xi I u) + D ou + Zﬂj(t I yj) + ) Byt
=1 i=m+1 i=1 Jj=n+1
We shall show in this section that this infinite equational axiomatisation cannot
be replaced by any finite axiomatisation. Our proof method will be similar to that
of Section 5.2, except we shall have to use a more subtle argument. In particular,
the proof in Section 5.2 relied on the fact that in the algebra in question (that

using action prefixing), we could not express the process term
al(a+aa+---+an)

as a sum of fewer than n+1 terms without one of those terms jtself being equivalent

to the whole term. In this case, this result is no longer valid, as

al(a+aa+---+an)

= a(la+aa+---+an) + (a+aa+---+an)a.

Thus we must be careful in how closely we mimic the proof of Section 5.2.

6.4.1 Preliminary Results

Before we tackle our problem, we must address a few formalities. F irstly, we are
going to view BPA| as a CCS-like algebra, and work with our defined transition
system over it, as well as exploit the properties‘ of bisimulations. To do this we
must augment the language with the empty process €, to allow the transitions
a — €. Then our equivalence over this augmented language will be defined as
in Section 6.2. This equivalence, when restricted to process terms not involving

the ¢ term yields precisely the BPA -congruence 7 from above.

Our proofs are often going to use induction on the depths |-| of terms as

defined as follows.

Definition 6.4.1



Chapter 6. Sequencing with the 0 Process 157

la| = 1; - lp-ql = Ipl +1q);
lp+4l = max (Ipl, q]); lplal = Ipl+lql.

We also extend the definition of depth to include depth(€) = 0. Some important
properties of depth which we shall exploit in our inductive proofs are given by the

following proposition.

Proposition 6.4.2 For all p,'q € BPA,,

(z)  |p|>0; | (zv) pl=1 if p=a for some a € Act;
()  Ip-ql > |pl, lql; (v) p—=yp zmplzes Ip| > IpI
(i) |p|q] > Ipl,lql.

Proof:
Straightforward. .

Next, we can define a couple special semantic classes of prime terms which shall
be useful in our analysis. As before, they will give us a handle on syntactically

classifying terms.

Definition 6.4.3 4 term p e BPA, is seq-prime iff it cannot be expressed as
p=gq-r foranyq,r € BPA|. Atermp e BPA, is prime iff it cannot be e:z:pressed
asp=gql rfor any g,r € BPA,.

Simple tests for primality (seq-primality) are given by the following proposition.
Proposition 6.4.4
(i) If p —> ¢, then p is both prime and seg-prime.

(#) If p =+ p' and p 2 p", where p' and p" are distinct seg-primes, then p itself

must be a seq-prime.

(155) If p = p' and p - p", where p' and p" are distinct primes such that

p# p' | p", then p itself must be a prime.
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w) Ifp - p, p LN p" and p -5 p™, where P, p" and p" are distinct primes,
P P P

then p itself must be a prime.

Proof:
Straightforward. ]

The useful result about these prime (seq-prime) terms is given by the following

proposition regarding the decomposition of terms.

\

Proposition 6.4.5 (Unique Factorisation Theorems) Anytermp e BPA,
can be expressed uniquely as a sequential composition of seq-primes, and uniquely

as a parallel composition of primes.

Proof:
As in Section 4.1 or Section 4.2. ' O

Generally, we shall work with processes defined using only a single atornié
action symbol a € Act. As we explained above, this is the only assumption we |
shall make on the action set Act, that such an action exists, and this assumption
is valid and necessary. Two important sequences of terms which we shall make

extensive use of are given in the following definition.
Definition 6.4.6

$Pn =a+ aa + --- + an;

Qn = a(Pl + a‘P2 + - + aPy,-

Example primes and seq-primes which will be useful to us are given by the

following propositions.

Proposition 6.4.7 Forn > 1,
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(1)  ©n is seg-prime; (iv) a |, is seq-prime
(i) D, is seq-prime; (v) a|Q®, is seq-prime;
(iii) D, is prime; (vi) a|®,+ Q is seg-prime VQ.

Proof:
Straightforward, using Proppsition 6.4.4.
Proposition 6.4.8 For h > 1 aﬁd 0<r <ry<-ee <1y,
ap,, +ap,, +---+ap,,
is prime and seq-prime.

Proof:

Straightforward, using Proposition 6.4.4 and Proposition 6.4.7.
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The utility of these propositions will become evident in the proofs to follow. By

saying that a term is prime (seq-prime), we are restricting the possible syntactic

form of the term.

6.4.2 Technical Lemmata

In this section we state and prove the technical lemmata which we need to derive

our main result in the final section. Firstly however, we define a proposition on

pairs of sets of terms which will designate a property of equations which we want

to analyse in our proof system.

Definition 6.4.9 For n > 1 and U,V C BPA, being two sets of terms, let

OL(U,V) be the proposition which states the following:
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PeUUV = P# P+ P,
and U = YV = a| @,
and3Pe U st P = a|®,,
and BQEV stQ = a|®,.
Thus ©L(U, V) states that the equation YU = YV expresses a (valid) equality
between terms equal to a | ®, in which the term a | ®. is already captured by

a single summand on the left hand side of the equality, but not by any single
summand on the right hand side of the equality.

Then let ©,(U, V) = OL(U,V) V OL(V, U).

Proposition 6.4.10 Letn > 1 and U,V C BPA| be such that ©,(U,V), and let
P e UUYV be the term satisfying P =a | ®,; Then P= A | P,, where A = a and
P,=o,.

Proof:

P £ P.p", as P =a|®, lz's seg-prime. (by Proposition 6.4.7(v))
Also, P # a, P' + P,

Hence P = P' | P".

Now a | ®, — &, which is prime; (by Proposition 6.4.7(i3))
Without loss of generality, assume that P' -2 Q where Q| P" =&, ;
Then Q@ =¢, P"=®,, and P=P' | ®_;

Hence P' = a;

(by Proposition 6.4.2(iv), as |P'| = |a I .| —|P"|=1)
Thus P = A| P,, where A=a and P, = ®,,. o
Proposition 6.4.11 Let F be a finite set of (valid) equational azioms, and let n

be bigger than twice the number of operators in any ariom in the set F. Then no

ariom t = u in F can be instantiated to a statement 21U =3V where 0,(U,V).
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Proof:

Let n be as above, and suppose t = u is an aziom in F such that under

substitution o, t = u instantiates to U = >V where 0,.(U,V).

Without loss of generality, assume that OL(U,V)

;
Clearly, fo(t) = fo(u), as t = u is assumed to be a valid aziom.

t=t+i,+--+t, and USUy+uy+---+uy  for some k, k' > 0

J

where each t;,u; # v + v';
Ox(U,V) = for some i, cither t;o0 = A | P, or to=A| P, +Q,

where A=a and P, = ®,;
(by Proposition 6.4.10)

Thus tio is seq-prime; (by Proposition 6.4.7)

Consider the structure of t;:

ti=a = t;0 = a (contradiction);
L= = 0= (to)(t"o)
(contradiction, as t, is seg-prime)
ti=t'+ 1" = (contradiction);
L=z = o, =%,0 and z € fo(y;) for some j
— u#a (352 & fo(a)
and u; # u' + u” (by assumption oﬁ u;’s)
and u; # u'-u", u' | u"
(as otherwise n + 2 = |uo| < lujo] <lo,|=n+2)
= u;=rand A|P, eV
(contradicting OL(U,V))

Thust; =t |t" and t,0 = t'o |t"0 = a | ®

ﬂ;
Hence t; = t' | t" with t'oc = A = a and t"o = P, =9,
(by Proposition 6.4.7(%) and Proposition 6.4.5)



Chapter 6. Sequencing with the 0 Process : 162
Now t" = vy + v, +---v; where I < 2 and each v, Z v +v';
t"o=v0+v0o+-vo = @, = ap; +ap,+ -+ ap,,

$0 some v,0 = ap,, + ap,, + -+ ap,, for somea > 2, and

SOME 71,79+, T SE0< ) <Py < oo < 1y;
Thus clearly v, # a,v +v',vv",v | v/,
(by primality/seq-primality of vyo, from Proposition 6.4.8)

so v, =z for some variable =

with 0, = ap,, + ap,, + -+ + ap, ;
Clearly = & fu(t'), as |t'o| = la| =1 < r, = |o,];
Let o' = U{aq)"/x};
Then t'o' = i’a, and. to! >t |®, =a|®,;
Therefore for some j, u;o’ —al®,;

Now |u;o’| > n +2 = |ug|, so clearly x € fo(u;);

Consider the structure of u;:

u; =z = u;o' = a®, /> a|p, (contradiction);
u;=a = z ¢ fo(u;) (contradiction);
u; = v = u;o = (u'o)(u'o) —— al @,
which is prime;
= u'o' —> ¢ andu"o' =a | ®,
with = € fo(u");
(as fu'o| < |u"d’|)
u" = w; +wy+ -+ w; for some |
with each wy, Z w + W',
and z € fv(w,,) for some m;
Consider the structure of the w,, with z € fo(w,,):

Wn=a = z & fo(w) (contradiction);
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Wm Ew+w' => (contradiction);
Wy S W orw, =w | w
= z € fo(w) orz € fo(w')
= n+2=u'o!| > |wy,o'|
= |wo'| + |w'o|
>lo!|=n+2
(contradiction);
Thus x € fo(wm) = W, =7 and w,o' = ad,;
Now u"o' = a | ®, —— a | ¢,,
50 W,0' — a || ¢, for some m;

Clearly ol £~ a | ¢n;

Hence w,,0' — a| ¢, for some m
such that = & fo(w,,);
But then w,,0 —— a | @,;
Thus n + 2 < |w,,0] < |[u"o|
< |ujo| < |uo| =n+2

(contradiction)
u; =u'+u"” => (contradiction);
Hence u; = u' | u" with z € fo(u');
j
Now since u"o —— p for some p, we have uo -2+ u'c | p;

Thus v'o |p=®, oru'c|p=a| g for somek:1 < k<n;

Ifu'o|p=29,, thenp=c and u'oc = ®,, and so also u"c = a,

(since ®,, is prime, by Proposition 6.4.7(4i3))

0 u;0 = w'o | u'o = a| @, (contradicting OL(U,V));
Hence w'o |p=a| ¢ for some k:1 <k <n;
Since z € fo(u') and o, = ap,, + ap,, + -+ ap,,,

we have that for some | > 0 and for some q € P,

1
w'o —— ¢, q for each s:1 < s < a;

163
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Now forl' > 1, wo|p=alp; <, p' implies p' = a?
for some s:0<s <k;

But u'c | p '—'i: ¥r.q, where p —“i» €,
and o, ¢# a*=aa---aq, (By Proposition 6.4.5)
sol+1' <2, which mean.; I'=0 and thus p = ¢;

Hence u'oc = a | py;

But then u'oc = a | ¢, N @p,q tmplies r, =1 orr, =k;

‘(contmdicting a > 2 where u'o 25 O,
foreachs:1<s<a,and0<ry<r,<---<r,)

Therefore no aziom t = u € F can be instantiated to a statement

XU =3V where O,(U,V). ‘ 0

Proposition 6.4.12 Suppose in a sound proof, we have an inference:

XU =YW YW =3V
XU =3V
where Re W = R# R'+ R"; Then

(trans)

0.(U,V) => 0,(U,W)VO,(W,V).

Similarly for the (sub,) rule; corresponding to the inference:

SU =%V SU =V

(subdy),
YUuU = ¢vuve

we have the result that
0,(ul,VuV) = 0,(U,V)vo,U, V.
Proof:

Consider the (trans) rule case:
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Assume OL(U,V);

We know immediately that
PeUUVUW = P# P+ P,

And (from ©L(U, V), and the soundness of the proof in which
the inference appears) that

|8, = XU = ¥V = ©W,

Now if BRE€ W st R=a|®,, then clearly OL(U, W);
And if IR € W st R = a| ®,, then clearly OL(W,V);
Similarly, ©L(V,U) = OL(W,U) Vv OL(V,W);
Hence 0,(U,V) = 0,(U,W)Vv0O,(W,V).

The (suby) rule case is similarly straightforward:

Assume LU uU,Vuvy;
Again we know immediately that
PE’UUU'UVUV’ = P#P'+ P,
and
JPeUUU'st P=a]|d,;

Suppose this P € U; then (from LU uU, VUV, and
the soundness of the proof in which the inference appears)

we have that
YU =YV =alo,
so clearly OL(U,V);
And similarly, if this P € U', then OL(U",v).
Similarly, OL(V UV, UUU") = OL(V,U)V oL(v,u);
Hence ©,(UVUU,VUV') = 0,(U,V)V0O,U, V.
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6.4.3 Main Result

Here we state and prove our main theorem, the non-finite-axiomatisability of our

equivalence.

Theorem 6.4.13 Suppose that F is a finite set of (valid) equational azioms. Let
n be large enough (as allowed by Proposition 6.4.11 so that no aziom in F can
be instantiated to express any truth 22U =3V where ©,(U,V). Then our natural

deduction style equational proof system cannot prove the true statement
o] @ = a®,+a(alp)+a(ale)+ - +ala]pn)
Therefore no finite complete aziom system can exist for BPA,.
Proof:
S’f,sppose wé have a (shortest) proof of the statement

al®, = a®,+a(e|p) +alales)+ - +a(a]pn).

The proof takes the following form:
Dy
21U = £V,

(rule),

where

Up={a] ®,}

and

V, = {a2,, a(aler), ala] @), -+, a(a]e,)},
so clearly ©,,(Uy, Vy) holds.
Since this must be a finite proof, there is somewhere in ihe proof tree
‘an inference
D
YU =%V

(rule) where  O,(U, V),
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such that the premise D of the inference contains no equality
YU =3y Vv where  ©,(U',V);

By Proposition 6.4.12, (rule) can be neither of (trans) nor (subdy).

Furthermore, by Proposition 6.4.11, we know that (rule) cannot be

(t = u) for any aziom t = u € F;
Also clearly (rule) cannot be (symm), as ©,(U,V) <= O,(V,U);

Finally, (rule) cannot be any of (refl), (subd,), or (suby), as tﬁis would
contradict ©,(U,V);

Hence we have shown that the original statement cannot be proven.

]



Chapter 7

Conclusions and Open Problems

We present here a brief summary of what was accomplished, and what was not

accomplished, in the main body of the thesis.

In Chapter 3, we investigated axiomatisations of the extensional theories for
several la.ngua.gés for nondeterministic and concurrent processes. In that chapter,
we were able to present finite w-complete axiomatisations for a simple language
for nondeterminism, and a language with concurrency in the form of the full and
left merge operators. However, we failed to find such an axiomatisation, finite or -
otherwise, for a language with full merge in the absence of the simplifying left
merge operator. We do know in fact from a result proven in Chapter 5 that such

an axiomatisation would have to at least be infinite.

In Chapter 4, we proved several results on the decomposability of processes
into parallel components. In particular, we showed unique factorisation results for
our simple concurrent language with and without communication with respect to
strong and weak observational congruence. However, in the case of weak observa-
tional congruence, the results had to be taken modulo the existence of a r-factor

in the decomposition.

In Chapter 5, we proved the nonexistence of a finite axiomatisation for any
reasonable congruence for our concurrent language which is at least as strong as
strong observational congruence. This result gives us some indication as to where

the difficulty arose in Chapter 3 in trying to w-completely axiomatise our system,

168
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and furthermore explains the origins of the difficulty faced in tfying to completely
axiomatise some noninterleaving semantic congruence over this language, when

the simple axiom schema given by the Expansion Theorem of CCS is not valid.

In Chapter 6, we investigated the above questions in the framework of process
algebras using sequential composition as opposed to action prefixing. Starting with
a model] defined by [VRA86], we refined the semantic interpretation and presented
a model based on operational semantic methods as in CCS. We found a finite
complete axiomatisation for the nondeterministic language, but failed to find an w-
complete axiomatisation. With our operational approach, we were able to extend
our results on the unique decomposability of processes to this new framework, and
prove the nonexistence of a finite axiomatisation for the language with the full

merge operator in the absence of the left merge operator.

In the rest of this chapter, we shall outline some of the problems which were

not solved in this thesis, but whose solutions would have been included.

7.1 w-Complete Axiomatisation for the Full

Merge Language

In Chapter 3, we investigated extensional axiomatisations for several process
algebras. We managed to find a relatively easy w-complete axiomatisation for our
language containing both full merge and left merge operators, but we ran upon
severe difficulties with the language containing just the full merge operator, in
the absence of the simplifying left merge operator. We discovered sequences of
independent and arbitrarily-complex Reduction and Absorption Laws which must

be accounted for in an w-complete axiomatisation.

There is very little difference in the above two languages for concurrency. The-
left merge operator is a slightly restricted version of the full merge operator, which

in turn is easily definable in terms of the left merge operator and nondeterministic

choice by
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zly = zly + yle.

The complicated axioms discovered in Section 3.3 are in fact derived from this
close relationship between the two algebras. For instance, to derive the Reduction

Law

oz |(By+2) + a(z|z) = a(z](By+2) + Blaz|y) + az]z,

we take the largest parallel composition, az | (By + ), which is the term being
reduced, and translate it into the left merge language, and then simplify the result

using the left merge laws from Section 3.2 to get

oz | (By+2) = oz|(By+2z) + (By+2)|az

= a'(a;][(ﬂy+z)) + Blaz]y) + z|az.

Adding to both sides of the equation the reverse of the nonsimplifying left merge
term z|az, namely az|z = a(z | 2), and then again simplifying in the obvious

way, we arrive at our desired axiom.

Every Reduction Law introduced in Section 3.3 caﬁ be viewed, and indeed
was first conceived of, in the above manner. By translating a term into the left
merge language and then distributing the left merge operator through the non-
deterministic choice from the right, we can express all of the possible first-step
behaviours of the process term separately. This gives us the minimal amount of
first-step behavioural properties which must exist in a. process term which repre-
sents an expression containing our reduced-out term as a summand. ‘This is the
sense in which we argued in Section 3.3 that our axioms were minimal. Further-
more, whenever some term z |t appears as a summand in this minimal first-step
behaviour expression, we know that the process represented by the term must have
the g:apa,bility of proceeding via the indeterminate process z in the context where
it is running in parallel with the term ¢. Thus we know that the behaviour t|z
must be present in the minimal first-step behaviour expression. The Absorption

Laws were originally conceived of in an identical fashion.
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Using this as a guide, we can attempt to prove the w-completeness of the infinite
set of axioms presented in Section 3.3 including the sequences of Reduction and
Absorption Laws. That is, we can perhaps utilise the left merge language, for
which we have complete knowledge of the extensional theory, as a metalanguage
for defining a normal form, and use properties derived from considerations of the
special properties of full merge to arrive at our completeness result. For instance,
we can start by using the left merge denotation function to distinguish terms.
That is, we have the denotation function [I]] from Definition 3.2.5 restricted to
terms in the sublanguage P, of 'P'l where the left merge operator does not appear.
Recall that this denotation maps elements of P; (and hence elements of P, as
well) to the domain D, given as the least fixed-point solution to the set-theoretic

equation
Dl = 'PFIN(Val‘ X Dl U Act X Dl)’

where P,y(S) represents the set of finite subsets of S. The denotation of a
term gives the set of action—derivative pairs specifying what initial actions are
possible along with the resulting derived terms which the process would evolve into, -
and the variable-process pairs specifying what indeterminate processes appear
unguarded in the term along with the processes representing the parallel context
within which the variable processes appear. For instance, the term a + & | z would

have a denotation represénting the normal form a + bz + z .

We know immediately that this dénotation function is consistent with respect
to our equational theory. That is, due to the soundness of the axioms, we know
that whenever the axioms can prove ¢ = u, we have that [¢] = [u]. The problem
here is to show the reverse implication. The difficulty lies in that not every element
of the domain D, is the image of a term in P,. For instance, the domain element
{(z,a)} represents the left merge term z|a which has no equivalent form in the
subalgebra P,. Thus we need to place restrictions on the possible forms of domain
elements which can be the images of P, terms. With the motivation forming the

basis of our axiom construction above, we can immediately come up with the
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following conjecture on a restriction for the denotations of terms from the full

merge language.

Conjecture 7.1.1 For terms t,t' € Py, (z,[t']) € [t] implies [t'|(z + )] C [t
for some t" € P,.

What this conjecture is telling us is that whenever within a term t, we can
proceed with an indeterminate process z within the parallel context (z+t) |,
then we must also be able to procéed in that context with any initial transition of-
fered by . This is reflected in our (minimal) Reduction Law construction method
above, where we add the term #'[z to both sides of our equation when one side

has the nonsimplifying term z||#' as a summand.

‘We can then proceed to define the normal form of a term t € P, by

nf(t) = U([[t]]),'

where o would be defined somehow like the following:

o) = Y ao(S)+ 3 z|o(S).
(a,S)eT ‘ (z,S)eT
The only difference betwéen this definition and the one of Definition 3.2.10 is
that here we have z | ¢ instead of z|¢. This is not a correct definition, as it fails
to take account of the extra ¢” term from Conjecture 7.1.1. How to define that
extra term is where we find the first problem to this approach. However, given
that we could repair the definition, with the help of Conjecture 7.1.1, we would

next like to prove the following conjecture.
Conjecture 7.1.2 With our azioms, we can prove the statement t = nf(t).
This would be where our greatest prdblems would lie, as it is where we must

make our axioms work for us. The difficulty would arise in a. large part due to the

indeterminate nature of the ¢” in Conjecture 7.1.1. However, assuming it to be
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true, we would have as an immediate corollary that we could prOVé the statement

t = u with our axiom set whenever [[t] = [u].

From here it would just remain to show that the denotation is sound with
respect to our congruence, that is, that [t] = [u] whenever ¢ ~ u. However, we

get this result almost for free from Proposition 3.2.14 and Corollary 3.2.15.

Hence, this approach to the solution to our w-completeness problem looks very
promising. However, we have not been able yet to follow out the details to a

successful end.

7.2 The Non-Finite-Axiomatisability of

Observational Congruence

In Chapter 5, we managed to prove the nonexistence of any finite axiomatisation
- first for strong congruence, and then for any reasonable congruence at least as
strong as strong congmenoe, over the languages PJ and PY, the languages con-
taining full merge and merge with synchronisation respectively in their signatures.
As we recall, the usual complete axiomatisation for strong congruence ~ over P
is given by 7,,, consisting of the following axioms.

(A1) (+y)+z = z+(y+2); (A3) z+z = =

(A2) z+y = y+ua; - (Ay) 40 = g

(Ea"pmn Foru = Z[l‘l‘ andv = Z ViYjs

i=1 i=1

ulv = Zl‘z(m |v) —I—Zl/.,(u|y] ) + ZT("E ly;)-

i=1 ni=v;

What we did not do, and which is sorely lacking in the chapter, is prove an
analogous result for the weaker observational congruence over these languages.
Recall that the usual complete axiomatisation for observational congruence as
over P? is given by 7, consisting of the axioms of 7,, above, along with the

following 7 laws.
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(Th) prz = pz;
(T3) z4+712 = 728

(T5) plz+71y)+py = p(z +1y).

Though the conjecture is that these systems are equally not finitely axiomatisable,
the proof technique used for the previous results falls thrbugh in the presence of

silent T actions.

One immediate problem is that we no longer have the property that congruence

respects syntactic depth. For instance,
a.T.t ~°¢ a.t,

whereas
lart] = 24 [t] # 14|t| = |a.t|.

However, this particular problem can be easily remedied by redefining the depth
function | - | to allow it to ignore 7 actions. We can then show that observational

congruence, as indeed -observational equivalence, respects this new definition.

Oﬁr bigger problem arises with actually arguing about terms derived from
congruent terms, which can be assumed to be observationally equivalent, but
not necessarily congruent. -Furthermore, we cannot easily manipulate syntactic
terms which derive under an indeterminate number of silent T actions into ‘somrer |
term equivalent to a behaviour in which we are interested. In relation to our
proof in Chapter 4 on the unique decomposition of agents in P with respect to
observational congruence, we cannot assume given a proof tree of a statement that
all subterms which appear in the tree are going to be expressible as proper normal
forms, even when the statement which is being proven by the proof tree expresses
a relationship between proper normal form terms. In particular, we would still

like to prove that all statements of the form

al(a+aa+---+an)

= a(a+aa+---+a") + aa + aaa + - + an+l
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cannot be proven using any finite set of valid equational axioms.

Ideally, we would like to show some relationship between strong congruence
and observational congruence which would allow us to infer that given a finite
axiomatisation for the latter, we could deduce a finite axiomatisation for the for-
mer. Given this, our problem would be solved, as we have already shown the
- non-finite-axiomatisability of strong congruence. Notice that the reverse direction
can be seen to hold: given a (finite) axiomatisation for strong congruence, we
would simply need to add to this axiomatisation the three 7 laws {(T}), (T}), (T3)}

from above in order to get a (finite) axiomatisation for observational congruence.

Unfortunately, such a relationship is not obvious. One may think it sufficient to
rémove any and all laws which manipulate silent T actions from an axiomatisation
for observational congruence in order to derive a (smaller) set of axioms for strong
congruence. However, we can see that such an approach fails immediately, by
noting that 7,,,\{(A43)} is a complete axiomatisation for observational congruence,
all ground instances of the idempotence of + being derivable using the other laws.

For example,

a+a = art + ar (using (Ty) three times)
= a(r +77) + ar (using (T3))
= a(7 +77) (using (T3))
= arT (using (T,))

= a. (using (Ty) twice)

However, by removing the 7 laws from 7, \ {(A3)}, we would arrive at T..-\{(A3)},

in which we could not prove that ¢ + a = a.

An equally ideal situation would be to reason that given a finite complete
axiomatisation for ~¢, we could add a finite number of sound laws in order to derive
a modified axiomatisation in which we could prove any statement p = ¢ in which
p and q only contain the action a in their sorts (Sort(p) = Sort(g) = {a}) without
using any term pt;ssessing a sort_different from {a}. With this, our analysis could

mimic the strong congruence case (we would no longer need to worry about silent 7



Chapter 7. Conclusions and Open Problems | _ 176

transitions, as no 7 actions would appear explicitly, nor could any communications

occur, given the further assumption that @ # a).

An analogous trick was used in Section 5.1 to eliminate any unnecessary 0’s
appearing as subterms in proofs. We started with a (supposedly) finite, complete
- and sound set of equational axioms for ~, and added to these a finite number of
additional.axioms which allowed us to prove any valid statement not containing
any 0 summands or factors in either agent using only similar agents in the proof
tree. In this case, we would like to assume given a finite set F' of sound and
complete laws for x¢, and extend this to some superset F of sound laws by adding
a finite collection of new laws, so that we can guarantee that there will be proof

trees for the valid statements

al(ea+aa+---+an)

= a(at+aa+---+a") + aa + aaa + -+ + antl,

in which every term P appearing in the proof trees satisfy Sort(P) = {a}.

Following the technique employed in Section 5.1, what we would like to deduce
is that any proof of a statement P = Q in a system parameterised by a finite and
complete set of axioms F, where P and Q each have sort {a}, could be replaced by
a valid proof of the same statement over the extended set F of laws by replacing

each inference

*Pi=¢q; 0
(rule)
b=q
by an inference
=G -
(rule),
P=q

where p is p with all 7 actions removed. Formally,

0 = 0; Ptq = p+3;
— ,LLﬁ, Zfﬂ$é7-1 - ~] o~
pp = plg = p|q

p, dp=r;
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