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FAST SIMULATIONS OF PATIENT-SPECIFIC HAEMODYNAMICS OF
CORONARY ARTERY BYPASS GRAFTS BASED ON A POD–GALERKIN

METHOD AND A VASCULAR SHAPE PARAMETRIZATION

FRANCESCO BALLARINa,1, ELENA FAGGIANOa,2, SONIA IPPOLITOb, ANDREA MANZONIc,
ALFIO QUARTERONIa,c,3, GIANLUIGI ROZZAd, AND ROBERTO SCROFANIe

Abstract. In this work a reduced-order computational framework for the study of haemo-
dynamics in three-dimensional patient-specific configurations of coronary artery bypass grafts
dealing with a wide range of scenarios is proposed. We combine several efficient algorithms
to face at the same time both the geometrical complexity involved in the description of the
vascular network and the huge computational cost entailed by time dependent patient-specific
flow simulations. Medical imaging procedures allow to reconstruct patient-specific configura-
tions from clinical data. A centerlines-based parametrization is proposed to efficiently handle
geometrical variations. POD–Galerkin reduced-order models are employed to cut down large
computational costs. This computational framework allows to characterize blood flows for
different physical and geometrical variations relevant in the clinical practice, such as stenosis
factors and anastomosis variations, in a rapid and reliable way. Several numerical results are
discussed, highlighting the computational performance of the proposed framework, as well as
its capability to perform sensitivity analysis studies, so far out of reach.

1. Introduction and motivation

Coronary artery disease represents one of the leading causes of mortality worldwide. Coronary
arteries supply oxygenated blood to the heart, and the occlusion of one or more major coronary
arteries may lead to angina pectoris, heart attack and heart failure. Coronary artery bypass
grafting is a surgical procedure to restore sufficient blood flow to the heart, creating new paths
around narrowed coronary arteries [1].

Clinical experience suggests that coronary artery bypass grafts (CABGs) tend to fail some
years after the surgery due to the development of intimal thickening or restenosis. In fact, even
though early graft failure (within thirty days) might be related to possible surgical technical
errors and thrombosis, late graft failures are caused by progression of atherosclerosis and intimal
hyperplasia [1, 2]. In this respect, simulating blood flow dynamics in bypass grafts configurations
may provide a valuable tool in view of improving prosthetic devices such as CABGs. Indeed,
altered or unfavorable flow conditions near the anastomosis (that is, the junction between the
graft and the host artery) trigger the genesis and development of intimal thickening [3, 4] in
locations like distal anastomosis and the coronary artery wall near the anastomosis [5, 6].
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Even though clinical imaging, such as Magnetic Resonance Imaging (MRI) and Doppler
ultrasound techniques, can be used to provide a noninvasive quantification of flow indices (see
e.g. the review in [7]), an increasing interest in the medical and surgical community has been
oriented to the development of computational methods for cardiovascular applications (see e.g.
[8] and references therein). In this regard, the use of medical imaging allows to obtain patient-
specific geometrical configurations and nowadays stands at the basis of numerical simulations.
Classical computational methods, such as the finite element method, currently enable to explore
a huge variety of cases (possibly depending on different parameters of interest) that are not
readily available in vivo. However, one of their main drawback is the large computational time
required for each simulation. In particular, whenever interested in exploring a wide variation
of flow conditions and/or geometrical features on a complex, three dimensional configuration,
the solution of a finite element problem for each new physical or geometrical scenario is usually
very expensive and, in some cases (e.g. for sensitivity analyses or optimization, related for
instance to the clinical question of sensitivity of the surgery to different stenosis entities or graft
configurations), unaffordable.

The main goal of this work is to propose a reduced-order framework capable of handling
patient-specific clinical data using a wealth of computational reduction techniques. The clin-
ical problem at hand will be therefore cast into a suitable parametrized framework, and the
combination of shape parametrization and reduced-order models (ROMs) will then be applied
to cut down large computational costs [9]. The main advantage over classical methods is that
faster evaluations are made possible thanks to a database of representative solutions, previ-
ously computed and stored, used as basis functions. Early results on the coupling between
ROMs, parametrization techniques and idealized CABGs configurations have been proposed in
[10, 11, 12, 13, 14, 15, 16]. In this work ROMs will be applied to patient-specific CABGs configu-
rations for the first time ever. Even though different methodologies of ROMs for patient-specific
CFD have been applied for few other clinical problems [17, 18], CABGs feature remarkable
challenges related in particular to the complex network of coronary arteries and grafts, and its
possible variation in a parametric study.

Our approach is characterized by the original combination of three main features. The first
one is related to clinical data acquisition and medical imaging techniques, that are employed
to reconstruct a computational mesh from computed tomography scans of some selected cases,
among patients who have recently undergone coronary artery bypass surgery at Ospedale Luigi
Sacco in Milan (Section 2). The second one is related to the introduction of a parametrized
framework capable of handling several relevant aspects by means of few parameters, concerning
in particular the variation of the patient-specific geometry (Section 3). Indeed, recent reviews
[19, 20, 21, 22] have highlighted the relevance of several geometrical features in the study of
CABGs, such as stenosis severity or grafting angles, along with physical parameters related to
boundary conditions. The third one is the application of computational reduction techniques for
unsteady parametrized Navier-Stokes equations, based on proper orthogonal decomposition [23],
in order to evaluate the haemodynamics for different flow conditions or different geometrical
features in a rapid and reliable way (Section 4). Numerical results concerning the application
of the whole reduced-order computational framework to several patient-specific cases will be
analyzed in Section 5. Finally, Section 6 will detail some conclusions.

2. Medical imaging

The medical imaging pipeline1 that has been employed to reconstruct patient-specific CABGs
configurations is illustrated in Figure 1. We also refer to [26, Chapter 2] for more details on this
topic. Both a post-surgical Computed Tomography (CT) scan2 and a pre-surgery angiographic
study by means of a coronary angiography3 are performed. CT scan data are employed to obtain

1The Vascular Modelling Toolkit vmtk [24] and 3DSlicer [25] are employed.
2A Philips Brilliance CT 64-slice system is employed to perform a contrast enhanced computed tomography

scan study.
3A Toshiba angiography system is employed.
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Figure 1. Summary of the medical imaging pipeline

a three-dimensional reconstruction of the patient-specific geometry after surgery. A level set
segmentation is carried out for each patient [27, 24] to obtain a tentative geometry. Afterwards,
vessel centerlines are extracted [28]. We refer to centerline as to the curve γ(s) drawn from the
two outermost sections of the tentative geometry, which locally maximizes the distance from the
vessel boundary. Moreover, the value of the maximal inscribed sphere radius r(s) is associated
to each centerline point. A running average smoothing on the coordinates and a linearization
(with respect to the curvilinear abscissa) on the radius of the vessels have been operated, too.
Afterwards, the surface corresponding to each branch of coronary arteries and bypass grafts is
obtained by sweeping a circular section of variable radius r(s) along each centerline γ(s). The
resulting surface can be described as a generalized cylinder as follows:

B(ρ, ϕ, s) = γ(s) + ρr(s) [cosϕ n1(s) + sinϕ n2(s)] (1)

being γ(s) the centerline, (ρ, ϕ, s) “cylindrical” coordinates of the vessel (local radius, an-
gle, curvilinear abscissa, respectively) and (t(s(x)),n1(s(x)),n2(s(x)) is a reference coordinate
frame on the centerline. As it will be discussed in the next section, the cylindrical representa-
tion (1) will play a fundamental role in the proposed centerlines-based parametrization. Once
the union of the surfaces corresponding to each branch has been performed, its interior is filled
with volumetric elements in order to obtain a radius adaptive volume mesh. Moreover, clinical
information on the native coronary artery disease (and, in particular, its location), acquired
in a pre-surgery angiographic study, will be employed as well in the shape parametrization, as
detailed in Section 3.1.

3. A centerlines-based parametrization for patient-specific CABGs

In this section a vascular shape parametrization tailored for the current application is intro-
duced, in view of the combination with computational reduction techniques. We assume that
coronary arteries and bypass grafts can be represented as a network of tubular geometries and
that an efficient variation of geometrical quantities of clinical interest, such as stenoses entities
and anastomosis type, is required (see Figure 2). The shape parametrization that we propose
allows handling the deformation of three-dimensional vessels by displacing and/or rotating few
points on their unidimensional centerlines, or possibly varying the local radius. We denote by
α = [αi]i=1,...,nS and δθ = [δθi]i=1,...,nG the geometrical parameters we are interested in, express-
ing stenosis factors αi and variation of grafting angles δθi. A straightforward interpretation of
such input parameters (radius, angles) and high quality deformed meshes are obtained in this
way.
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A partitioned approach is pursued in this work for the definition of the shape parametriza-
tion. The network is divided into nB branches, denoted by the index b = 1, . . . , B, and A
anastomosis/bifurcations between branches, denoted by the index a = 1, . . . , nA; for instance,
nA = 1 and nB = 2 in the network of Figure 4, where a = 1 corresponds to the anastomosis,
highlighted in red, while b = 1 (b = 2, respectively) corresponds to branches represented in blue
(respectively, green) color. A shape parametrization map (e.g. to deform the configuration in
Figure 4a to the one in Figure 4b), which we will refer to as centerlines-based parametrization,
can be defined as follows:

T (x; α, δθ) =
{
Cb(x; η′(δθ), ω(α)) b = 1, . . . , nB,

V a(x; η′(δθ)) a = 1, . . . , nA,
(2)

where Cb is a curve-based parametrization determining the deformation of each branch and V a

is a volume-based map used to impose interface conditions between different branches. For the
sake of notation, auxiliary parameters η, η′ and ω have been introduced, and their meaning
will be clarified in the following sections, in which we will describe the two approaches. A
graphical illustration of the capability of the proposed centerlines-based parametrization (2) on
a patient-specific case is provided in Figure 2.

3.1. Curve-based parametrization of a single vessel. Let γ : [a, b]→ R3 be a C2 curve in
R3, which represents the centerline of a vessel (branch of coronary artery or bypass graft), and
r : [a, b] → R be the vessel radius. Curve-based approaches have been proposed in literature
for general objects [29, 30, 31], as well as in cardiovascular applications [32, 28, 33]. Our
approach, however, is the first one to combine curve-based and volume-based parametrizations.
A parametrized description and deformation of the vessel is performed according to the following
three steps, summarized in Figure 3:

(A) Preprocessing. A moving coordinate frame (t(s),n1(s),n2(s)) attached to γ(s) is de-
fined, by means of a parallel transport procedure (this procedure yields the so-called
Bishop frame, see e.g. [34, 35]). Then, “cylindrical” coordinates ρ(x) ∈ [0, 1], ϕ(x) ∈
[0, 2π), s(x) ∈ [a, b] are obtained for each point in the vessel reference configuration as
follows:

s(x) = arg mins∈[a,b] ‖x− γ(s)‖ = {s : [x− γ(s)] · t(s) = 0},
ϕ(x) = arctan

(
[x−γ(s(x))]·n2(s(x))
[x−γ(s(x))]·n1(s(x))

)
,

ρ(x) = ‖x− γ(s(x))‖ /r(s(x)).

(B) Deformation of the curve and variation of the radius. Let {η,η′,ω} be a set of auxiliary
geometrical parameters. We refer to {η,η′,ω} as auxiliary parameters since their value
is automatically obtained from the (clinically relevant) parameters {α, δθ}, as follows:

Figure 2. Application of the centerlines-based parametrization to a patient-
specific configuration.
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Figure 3. A centerline based parametrization

(B’) η = {ηi ∈ R3}i=1,...,N is related to the displacement of a (possibly, small) number
N of points located at curvilinear abscissas {si}i=1,...,N on the curve, and η′ = {η′j ∈
R3}j=1,...,M is the variation of the first derivative of the curve at another (possibly
overlapping) set of M points at curvilinear abscissas {rj}j=1,...,M . A deformed
configuration γ(s;η,η′) of the curve is thus obtained interpolating the prescribed
variations η and η′; in particular we employ a radial basis functions interpolation
(see A.1) because of its generality and versatility. Finally, after the deformation
an updated moving coordinate frame (t(s;η,η′), n1(s;η,η′), n2(s;η,η′)) can be
computed. We will discuss in Section 3.2 how to prescribe local variation η′ of the
tangent vector in order to parametrize different grafting angles δθ.

(B”) Moreover, ω is related to variation of stenoses entities α and locations, and the de-
formed local radius is encoded in a parametrized function r(s(x);ω). For instance,
in the case of a single stenosis,

r(s;ω) = r(s)
√

1− α exp
(
−(s− µ)2

2σ2

)
, ω(α) = α.

This function is used to represent a stenosis at the point located at curvilinear
abscissa µ, where the factor α is the surface reduction and the standard deviation
σ controls the “extension” of the stenotic region. In the following, µ and σ are
quantified from the available clinical data, and α is the clinical parameter of in-
terest related to stenosis variation. The proposed approach can be easily extended
to the case of multiple stenoses ω = ω(α) = (α1, α2, . . . , αnS ), or of additional
parametrizations, considering e.g. the location of the stenosis as an additional pa-
rameter ω = ω(α, µ) = (α, µ).

(C) Postprocessing: deformation of the vessel. The vessel is deformed by the mapC(·;η,η′,ω) :
R3 → R3,

C(x;η,η′,ω) = C({ρ(x), ϕ(x), s(x)};η,η′,ω)
= γ(s(x);η,η′) + ρr(s(x);ω)

[
cosϕ(x) n1(s(x);η,η′) (3)

+ sinϕ(x) n2(s(x);η,η′)
]
.
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The resulting map C(·;η,η′,ω) thus provides the deformation of the three-dimensional
vessel between a reference configuration (say, a branch of the patient-specific network)
and the deformed configuration, obtained as a function of the displacements η, variations
η′ of the tangent vector, and local radius variations ω of the centerline.

3.2. Volume-based parametrization of anastomosis/bifurcation regions. The main ad-
vantage of the centerline-based parametrization proposed in the previous section is the capability
to deform a three-dimensional shape acting on a unidimensional object. However, the unidimen-
sionality assumption does not hold near bifurcations of native vessels or anastomoses of coronary
arteries and bypass grafts. To this end, a volume-based parametrization (i.e. a description in
which input parameters are not necessarily related to a curve, but more generally to the entire
volume) is used in these regions, instead of a curve-based description. As for the curve-based
case, we interpolate the deformed position of few control points, so that the regularity of the
global map is ensured.

In particular, remarkable clinical interest is related to the variation of anastomosis between
antegrade (same direction for graft flow and native vessel flow in the anastomosis), T-shaped
(graft almost perpendicular to the native vessel) and retrograde (opposite directions for graft
flow and native vessel flow in the anastomosis) cases [36, 5], which can be related to the variation
δθ of the grafting angle. In this section we will describe the relation between δθ and η′ at step
(B’) of the centerline-based parametrization, and how to prescribe compatibility conditions
between different subdomains thanks to an additional step (D).

(B’) Denoting by tc and tg the tangent vectors of the coronary artery and the graft in
the reference configuration (blue and green subdomains in Figure 4a, respectively),
the rotation of the graft of an angle δθ can be obtained with the following choice of
η′ = η′(δθ)

k = tg × tc
‖tg × tc‖

, R(δθ) = I3×3 + [k]× sin δθ + (1− cos δθ)[k]2×, η′(δθ) = (R(δθ)− I3×3)tg,

where [k]× ∈ R3×3 denotes the cross-product matrix such that [k]×v = k × v for all
v ∈ R3.

(a) T-shaped anastomosis (reference domain). (b) Antegrade anastomosis (deformed domain).

Figure 4. Example of anastomosis variation: the mesh of a T-shaped anasto-
mosis (on the left) is deformed into an antegrade one (right).

(D) In this step, the deformation of the anastomosis/bifurcation (red subdomain in Figure
5a) occurs. The deformed position of L control points {pl}l=1,...,L (located not necessar-
ily on the centerlines, but e.g. on the interface between the subdomains) is interpolated
employing a volume-based parametrization V (x;η,η′), such as the one summarized in
A.2. Their displacement vectors {dl(η,η′)}l=1,...,L are automatically computed in or-
der to guarantee continuity of the global map. In fact, once steps (A)-(B)-(C) are per-
formed for both the coronary artery and the graft, the curve-based description of each
branch is employed to compute the known displacement dl(η,η′) = C(pl;η,η′,ω)−pl,

6



l = 1, . . . , L of each control point on the interface between branches and anastomosis
(e.g. control points denoted by green and blue markers in 5a).

Our experience suggests that at least nine additional control points should also be
added in the anastomosis region (see Figures 5a (red markers) and 5b) to prevent un-
desired variations of the radius in the parametrized graft, especially when performing
large rotations, resulting in L = Lint + 9. Also in this case their position in the de-
formed domain can be automatically computed, once step (B) has been performed for
each branch. For instance, the deformed position of the control point A in Figure 5b
is computed as the intersection between the straight lines AHG (lying on the plane
(tc, tg), parallel to tc at a distance rc from O, being rc the local radius of the native
coronary artery) and ABC (lying on the plane (tc, tg), parallel to tg(η′) at a distance
rg from O, being rg the local radius of the graft).

Although being applied in this work for the deformation of coronary artery bypass grafts (see
in particular Figure 2), the centerlines-based parametrization proposed here can be considered as
a general tool to perform deformations of blood vessels, by operating on few relevant parameters
related to the radius of the vessel or some control points on its centerline.

4. POD–Galerkin reduced-order models

Once a suitable mapping between a reference network and a deformed configuration is
achieved by means of the centerlines-based parametrization, a parametrized formulation of the
fluid dynamics problem can be obtained, as summarized e.g. in [23]. In particular, we consider
the following unsteady parametrized Navier-Stokes equations, under rigid walls assumption:



∂
∂tu− ν∆u+ (u · ∇)u+∇p = 0 in Ωo(µ)× (0, T ),
divu = 0 in Ω(µ)× (0, T ),
u = θD(µ)gD on ΓD × (0, T ),
u = 0, on Γo,W (µ)× (0, T ),

ν
∂u

∂n
− pn = 0, on ΓN × (0, T ),

ut=0 = g0(µ), in Ωo(µ).

The parameters are denoted by µ ∈ D⊂ RP , including both physical quantities (e.g. multi-
plicative factors θD(µ) on the inlet Dirichlet data gD(t)), and geometrical parameters, denoted
by α, δθ so fare, that provide the deformation of the patient-specific reference domain Ω to the
parametrized domain Ωo(µ). In the same way, also its lateral boundary Γo,W (µ) is mapped from
the reference configuration to the deformed one; without loss of generality, ΓD (inlet sections)

(a) Reference domain and corresponding do-
main decomposition (blue and green: monodi-
mensional parametrization (3); red: three-
dimensional representation (8)). Relevant
choices for control points of (8).

(b) Relevant choices for a subset of the control
points of (8).

Figure 5. Reference domain and relevant control point choices.
7



and ΓN (outlet boundaries) are assumed to be fixed. Finally, the initial condition g0 is assumed
to be the solution of a steady-state problem for the same parameters.

Since the number of parameters is relatively small thanks to the compact representation of
the proposed parametrization (stenosis factors and grafting angles) a Proper Orthogonal De-
composition (POD)–Galerkin reduced-order model (ROM) can be efficiently queried to provide
fast evaluation of the flow patterns. In this section we provide a summary of POD–Galerkin
ROMs that we have applied to solve unsteady parametrized Navier-Stokes equations.

Since the solution of a new high-fidelity (e.g. finite elements) problem for each new value of the
parameters (e.g. in a sensitivity analysis) is too expensive to be computed in a fast way, we rely
on ROMs to obtain a faster, yet accurate, approximation. Computational savings are possible
thanks to (i) a parametrized formulation of the problem of interest, which has motivated the
development of the centerlines-based parametrization, and (ii) an offline-online computational
splitting. During the offline stage, few high-fidelity approximations of the computational fluid
dynamics problem are solved, for different parameters values. At the end of this stage, a POD
is performed to build a reduced basis for the problem at hand. During the online stage, for
each new value of the parameters, the reduced-order solution is obtained through a Galerkin
projection over the space spanned by these basis functions, thus entailing the solution of a much
smaller system. Recent contributions on these topics can be found in [9].

4.1. Algebraic formulation of the full-order approximation. In this section the formu-
lation of a high-fidelity approximation of the parametrized problem at hand is recalled. This
is indeed a fundamental ingredient of any ROM technique. For the sake of brevity, only the
algebraic formulation of the problem will be provided; see e.g. [26, Chapter 4 and Section 5.3]
for further details on the underlying continuous formulation and several test cases on simplified
geometries, and [37, 38, 39] for other approaches.

Let us denote by V h and Qh two finite-dimensional spaces for velocity and pressure, of
dimension Nh

u and Nh
p , respectively, based on a finite element (FE) discretization of the patient-

specific geometry of mesh size h. Also, denote by {ϕh
i }i=1,...,Nh

u
and {ζh

k }k=1,...,Nh
p
two bases

of the FE velocity and pressure spaces, respectively. The nonlinear system of ODEs resulting
from a FE discretization is: given µ ∈ D, find (u(t),p(t)), being u = (u(1)

h , . . . , u
(Nh

u )
h )T ∈ RNh

u ,

p = (p(1)
h , . . . , p

(Nh
p )

h )T ∈ RNh
p the vector of unknown FE coefficients, such that[

M(µ) 0
0 0

] [
u̇(t;µ)
ṗ(t;µ)

]
+
[
νA(µ) + C(u(t;µ);µ) BT (µ)

B(µ) 0

] [
u(t;µ)
p(t;µ)

]
=
[

f(t)
0

]
, (4)

where u(0) is chosen equal to the FE interpolant of the initial condition, and the right-hand
side term f(t) encodes non-homogeneous Dirichlet boundary conditions through a lifting. The
parametrized tensors appearing in (4) are defined as follows: for 1 ≤ i, j ≤ Nh

u and 1 ≤ k ≤ Nh
p :

Aij(µ) =
´

Ω∇ϕ
h
j κ(x, t;µ) : ∇ϕh

i dx, Bki(µ) = −
´

Ω ζ
h
k tr(χ(x;µ)∇ϕh

i ) dx

Cij(u(µ); t;µ) =
∑Nh

u
m=1 u

(m)
h (t;µ)

´
Ω(∇ϕh

j χ(x;µ))ϕh
m ·ϕh

i dx;
Mij(µ) =

´
Ω π(x;µ)ϕh

j · ϕh
i dx,

(5)

here we denote by

κ(x;µ) = (JT (x;µ))−1(JT (x;µ))−T |JT (x;µ)|
χ(x;µ) = (JT (x;µ))−1|JT (x;µ)|, π(x;µ) = |JT (x;µ)|,

the tensors κ,χ, and the scalar π encoding both physical and geometrical parametrization. We
recall that JT ∈ R3×3 is the Jacobian matrix of the map T (·; α, δθ) defined by (2), and |JT |
denotes its determinant.
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The resulting nonlinear system after a time discretization with the Implicit Euler scheme is:
given µ ∈ D and (u(tn),p(tn)), find (u(tn+1),p(tn+1)) such that[

M(µ)
∆t + νA(µ) + C(u(tn+1;µ);µ) BT (µ)

B(tn+1;µ) 0

] [
u(tn+1;µ)
p(tn+1;µ)

]
=
[

M(µ)
∆t u(tn;µ) + f(tn+1)

0

]
;

at each time-step n = 0, . . . , T/∆t − 1, the nonlinear system is solved by means of a Newton
method (see e.g. [23, 40] for more details).

4.2. Reduced basis construction through Proper Orthogonal Decomposition. Let us
denote by Ξtrain = {µ1, . . . ,µNtrain} ⊂ D a training sample of Ntrain points chosen randomly
over the parameter space D. For each point (i = 1, . . . , Ntrain) in the training sample a FE solve
of unsteady Navier Stokes equations is performed. Moreover, following the approach analyzed
in [23, 41, 42], to enhance the stability of the resulting reduced-order approximation in order to
obtain a more accurate pressure recovery, at each time step the following elliptic problem

Xus(p(tn;µi)) = BT (µi)p(tn;µi), i = 1, . . . , Ntrain (6)

is solved to obtain the so-called supremizer solution s(p(tn;µi)), where Xu ∈ RNh
u×Nh

u is the
FE matrix of the inner product on V h.

The temporal evolution of the full-order solutions is stored in the following snapshot matrices
on the temporal trajectory:

Si
u = [û(t1;µi) | . . . | û(tNt ;µi)] ∈ RNh

u×Nt
, ∀i = 1, . . . , Ntrain,

Si
p = [p(t1;µi) | . . . | p(tNt ;µi)] ∈ RNh

p×Nt
, ∀i = 1, . . . , Ntrain,

Si
s = [s(p(t1;µi)) | . . . | s(p(tNt ;µi))] ∈ RNh

u×Nt
, ∀i = 1, . . . , Ntrain.

The notation û(tn;µi) refers to the difference between the full-order solution u(tn;µi) and
lifting functions at t = tn and µ = µi to account for inhomogeneous boundary conditions.

The following snapshot matrices on the temporal trajectory and parameter space are assem-
bled,

Su = [S1
u| . . . |SNtrain

u ] ∈ RNh
u×(T/∆t·Ntrain),

Sp = [S1
p | . . . |SNtrain

p ] ∈ RNh
p×(T/∆t·Ntrain),

Ss = [S1
s | . . . |SNtrain

s ] ∈ RNh
u×(T/∆t·Ntrain).

and a POD is performed for each matrix. The first Nu, Np, Ns (respectively) left singular vectors
are considered as basis functions {ϕn}Nu

n=1, {ζn}
Np

n=1, {ηn}Ns
n=1. The reduced spaces for velocity

V N and pressure QN , of cardinality Nu,s = Nu +Ns and Np are then obtained as

V N = span({ϕn}Nu
n=1, {ηn}Ns

n=1) and QN = span({ζn}
Np

n=1).
In view of the Galerkin projection, the corresponding basis functions matrices

Zu,s = [ϕ1| . . . |ϕNu |η1| . . . |ηNs ] ∈ RNh
u×Nu and Zp = [ζ1| . . . |ζNp ] ∈ RNh

p×Np

are also introduced.

4.3. Algebraic formulation of the POD-Galerkin ROM. A reduced-order approximation
of both velocity and pressure fields is obtained by means of a Galerkin projection on the reduced
spaces V N and QN . In particular, we seek an approximation of the form

u(t;µ) ≈ Zu,suN (t;µ), p(t;µ) ≈ Zpp
N

(t;µ),
In the online stage, the resulting reduced-order approximation of the parametrized unsteady
Navier-Stokes problems reads: for any µ ∈ D, given uN (tn;µ), solve[

MN (µ)
∆t + νA(µ) + CN (uN (tn+1;µ);µ) BT

N (µ)
BN (µ) 0

] [
uN (tn+1;µ)
p

N
(tn+1;µ)

]
=
[

MN (µ)
∆t uN (tn;µ) + fN (tn+1)

0

]
,
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for any n = 0, . . . , T/∆t− 1, where, similarly to [23],

AN (µ) = ZT
u,s A(µ) Zu,s, BN (µ) = ZT

p B(µ) Zu,s, CN ( · ;µ) = ZT
u,sC( · ;µ)Zu,s.

As in the FE approximation, the initial condition uN (0;µ) is the solution of a reduced-order
steady-state Navier-Stokes problem.

In order to guarantee an offline-online splitting, and thus high computational savings, an
affine parametric dependence assumption on (5) is made, e.g.

A(µ) =
QA∑
q=1

ΘA
q (µ)Aq, C(w;µ) =

QC∑
q=1

ΘC
q (µ)Cq(w)

for some parameter dependent factors Θ∗q(µ), and in a similar way for the other terms. Thanks
to this assumption, only the matrices and vectors

Aq
N = ZT

u,s A
q Zu,s, Bq

N = ZT
p Bq Zu,s, Cq

N ( · ) = ZT
u,sC

q( · )Zu,s,

need to be stored. Due to the non-affinity of the centerlines-based parametrization, the Empir-
ical Interpolation Method [43] is applied to the parametrized tensors κ,χ, and the scalar π in
order to recover the affine parametric dependence. The number of terms QA, QB = QC and
QM in the affine expansion, and its relation to online computational times, will be discussed in
the next section. As for the full-order approximation, at each time the online nonlinear system
is solved by means of Newton iterations.

5. Numerical results

In this section we exploit the reduced-order computational framework introduced so far to
study the haemodynamics with respect to the following parameters:

• inlet flow rates: different rest or stress conditions are taken into account by means of
a variation of inlet flow rates. In fact, an increased blood flow to the heart is required
under stress conditions, and blood flow in coronary arteries is increased in response to
this need. Physical parameters are related to the variation of inlet flow rates of left
coronary artery, right coronary artery (if studied) and bypass grafts. These parameters
will be denoted in the following by f b, for b = LITA, LCA, RCA and are multiplicative
factors on inlet flow rates adapted from literature (LCA and RCA [44], LITA [45]);
• stenosis severities α: graft patency rates are related to proximal stenosis severity [1].
The centerlines-based geometrical parametrization of a single vessel, proposed in Section
3.1, allows an easy and intuitive application to the variation of the severity of the stenosis
by performing local variations on the radius of the vessel. Analyzing the sensitivity
of the haemodynamics with respect to the severity of a stenosis is interesting from a
clinical standpoint. In fact, current medical experience suggests that surgery should be
performed only for critical occlusions;
• grafting angles δθ and local anastomosis configuration: tissue remodeling and intimal
hyperplasia are highly sensitive to the graft configuration near the anastomosis [36, 5].
To investigate possible different anastomoses, the variation of the angle between the
graft and the native vessel is studied as proposed in Section 3.2.

Numerical results in this section will be presented for pressure drop across stenoses4 and wall
shear stress near anastomoses. Indeed, pressure drop across stenoses is a possible indicator, yet
invasive in the clinical practice, of the presence and severity of a stenosis, and wall shear stress
has been related to the process of reocclusion of grafts [6].

5.1. Computational performances of the proposed reduced-order framework. Details
of the reduced-order model are summarized in Table 1. The number of considered physical

4Since the standard deviation σ, introduced in Section 3.1, is a measure of the “extension” of the stenosis, the
pressure drop is computed as the difference between the average pressure of sections at distance −3σ and +3σ
from the center µ of the stenosis.
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Patient 1f 1s 4f 7s 13s 15a
Num. physical parameters 6 6 4 4 6 0
LCA inlet flow rate parameters 1 1 1 1 1 no
RCA inlet flow rate parameters 1 1 no no 1 no
LITA inlet flow rate parameters 1 1 1 1 1 no

Num. geometrical parameters 0 3 0 3 4 2
LCA parametrized stenosis no no no 1 no no
LAD/Diag parametrized stenosis no 1 no 1 2 1
LCX/OM parametrized stenosis no 1 no 1 1 no
RCA parametrized stenosis no 1 no no 1 no
Parametrized anastomosis no no no no no 1

FE velocity order 2
FE pressure order 1
Total number of FE dofs 1 325 530 1 325 530 1 325 044 970 618 1 426 060 1 219 918
Temporal step 0.01
Num. time steps/cardiac cycle 80
FE CPU time/cardiac cycle 11 ∼ 13 h 11 ∼ 13 h 11 ∼ 13 h 9 ∼ 12 h 9 ∼ 11 h 11 ∼ 13 h
ROM CPU time/cardiac cycle 2 ∼ 3 min 5 ∼ 15 min 2 ∼ 3 min 5 ∼ 15 min 5 ∼ 15 min 25 ∼ 35 min
Ntrain 50
Nmax 50
QM , QA, QB = QC 1, 1, 1 14, 36, 37 1, 1, 1 19, 42, 40 19, 48, 33 37, 133, 53

Table 1. Details of the reduced-order model for six different representative
cases. Patient suffix f stands for flow rate parametrization; s for stenosis and
flow rate parametrization; a for anastomosis parametrization.

(a) Patient 1f and 1s. (b) Patient 4f . (c) Patient 7s.

Figure 6. Results of the offline stage for four cases of Table 1: POD singular
values for velocity, supremizers, pressure (dotted lines: flow rate parametrization
only, solid lines: flow rate and stenosis parametrization).

and geometrical parameters is reported for each patient. The location of the stenoses is also
summarized in the table, and has been obtained from available clinical data.

A Taylor-Hood P2−P1 FE discretization is employed for the space discretization; an Implicit
Euler method is considered for the time discretization. Ntrain unsteady FE problems are solved
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for randomly chosen parameters values; each FE solution accounts for 80 time steps per cardiac
cycle, for 2 cardiac cycles. A POD–Galerkin ROM is obtained, considering the first Nmax modes.

The offline stage is performed in parallel, taking advantage of 32 processors on modern HPC
clusters. In case of geometrical parametrization, the offline stage of the POD–Galerkin method
contains also the offline stage of the EIM preprocessing to obtain the affine expansion of the
Navier-Stokes operators. The resulting number of affine expansion components QM , QA and
QB = QC are shown in Table 1. EIM offline stage requires usually about 5 ∼ 7 hours to
reach a tolerance of 10−3, for an EIM training set of 500 points. This a preprocessing stage,
which is done only once. The truth solution for each sample point (and for each cardiac cycle)
requires approximately 10 hours (to be multiplied by the number of processors to obtain the
actual CPU time). The online stage, instead, is performed on a single processor. Each online
online ROM solution requires only few minutes, thanks to the considerable reduction in the
number of degrees of freedom (Nu = Ns = Np = Nmax) and efficient offline-online procedure,
with computational savings in terms of user time up to 99%. Online CPU times are higher in
the case of geometrical parametrization because of larger affine expansions and higher number
of nonlinear iterations, but computational savings are nevertheless remarkable also in this case
(more than 95%).

Figure 6 shows a plot of the POD singular values for velocity, supremizers, pressure variables
for a single patient. The pattern is also similar for the other studied patients; in all cases
velocity (and supremizers) feature a considerably slower decay than pressure. A comparison,
on the same patient, between the case of flow rate parametrization only (dotted lines) and flow
rate parametrization and stenosis variation (solid lines) is also shown. Slower decay is the result
of additional geometrical parameters.

5.2. Comparison between full-order and reduced-order simulations. The comparison
between full-order and reduced-order simulations is provided in Figure 7 for Patient 4f, consider-
ing a flow rate parametrization (multiplicative factors fLCA and fLIT A on a prescribed flow rate
profile). A summary of the surgery is provided in Figure 7(a): a mammary artery bypass graft
is employed in a sequential fashion to revascularize the left coronary tree, and in particular a
diagonal branch and the left anterior descending one. The full-order solution is provided in Fig-
ure 7(b). Figures 7(c)-(f) show reduced-order solutions for different number of basis functions.
This analysis shows that the full-order solution is accurately described increasing the number
of online degrees of freedom N = Nu = Ns = Np. This analysis also shows that if too few basis
functions are considered, say N = 1, then the reduced-order solution does not agree with the
full-order one. The pattern of the WSS in the anastomosis is not represented accurately, and
peak values in the anastomosis are considerably underestimated, being less than 50% of the full-
order peak WSS. In contrast, increasing the value of N good qualitative agreement of the WSS
patterns can be obtained at N = 5. The pattern in the anastomosis now more closely resembles
the one of the truth solve, although the magnitude of the WSS is overestimated (relative error
of approximately 30%). Better quantitative agreement are obtained increasing further N = 20
(error of approximately 5%), and, in particular, a good approximation of the full-order solution
is obtained in this case at N = 30 (error below 1%), which is still considerably lower than the
number of full-order degrees of freedom, of the order of 106.

5.3. Comparison of flow patterns in parametrized patient-specific configurations.
In this section we further elaborate on the flow patterns obtained employing the reduced-order
framework on two parametrized patient-specific configurations.

Different flow patterns are found in Patient 1f depending on the parametrized flow rate.
Although this patient features an highly complex surgical procedure (quadruple bypass), for
the sake of exposition we will focus on a single anastomosis in Figure 8(a), between a mammary
artery bypass graft (LITA) and the left anterior descending (LAD). Figure 8(b) and (c) show
a comparison of time-averaged wall shear stress near anastomosis for different inflow boundary
conditions, corresponding to standard (fLIT A = 1) and increased graft flow rates (fLIT A =
1.33). The proposed reduced-order framework captures different physical behavior: a region of
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(a) Coronary arteries and bypass grafts near
the studied anastomoses. Colored arrows de-
note blood flow direction.

(b) Full-order solution.

(c) Reduced-order solution, N = 1. (d) Reduced-order solution, N = 5.

(e) Reduced-order solution, N = 20. (f) Reduced-order solution, N = 30.

Figure 7. Patient 4f - LITA-Diag anastomosis. Comparison of wall shear
stress: full-order solution and reduced-order solutions, for increasing N . The
multiplicative factor fLCA and fLIT A are chosen equal to 1.

locally high wall shear stress is found on the graft near the anastomosis, and in the arterial bed;
higher WSS on the graft and a larger region of WSS on the arterial bed are due to increased
graft flow rate.

A similar analysis can be performed on Patient 13s, varying the entity of stenosis and flow
rates. The surgery features a quadruple bypass, revascularizing both the left and right coronary
artery by means of a Y-graft (a bifurcation between two grafts, created during the surgery)
between the LITA and a saphenous vein graft (SVG). The anastomosis analyzed in Figure 9(a)
is a latero-lateral cross anastomosis between SVG and the left circumflex branch (LCX) in the
left coronary tree. A region of high WSS is located on the arterial bed distal to the cross
anastomosis. Increased LCX flow rates, both as a consequence of increased native LCA flow
rates or decreased stenosis, have a significant impact on the local pattern of the WSS in this
region. This is particularly evident especially in figures (d) and (e), for increased flow rates in
the graft.

5.4. Evaluation of heamodynamic indices on stenosis variation in the pre-surgical
case. The fast evaluation of the proposed reduced-order framework allows to provide, in a cheap
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(a) Coronary arteries and bypass grafts near the
studied anastomosis. Colored arrows denote blood
flow direction.

(b) Standard graft flow rate. (c) Increased graft flow rate.

Figure 8. Patient 1f - LITA to LAD anastomosis. Comparison of time-
averaged wall shear stress [Pa] for different inflow boundary conditions.

and very fast way, insights on how relevant haemodynamics quantities, such as wall shear stresses
(Figure 10 for Patient 7s) and pressure drops (Figure 11 for Patient 1s) at stenosis, depend on
stenosis factors and flow rates. The maximum value of wall shear stress at two stenoses (LCA,
LCX) is computed. Resulting patterns are reported in Figure 10, and show a monotonically
increasing value of WSS, both with respect to inlet flow rates and stenosis severity. WSS is
higher in the LCA stenosis than in the LCX one; this is motivated by the fact that the blood flow
in the LCA is split between two branches (LAD and LCX). Figure 11 shows the computation
of the the pressure drop at the stenosis. For each one of the considered stenosis an increasing
pressure drop is observed both with Reynolds number and stenosis severity. The availability of
such kind of plots in the pre-surgical phase is of utmost interest in the clinical practice. In fact,
clinical exams to detect the presence of a stenosis, such as cardiac catheterization, are based on
experimental measures of pressure drops. Once pressure drop across stenosis is measured, plots
in Figure 11 can then be employed to precisely quantify the severity of the stenosis, locating
the isoline corresponding to the measured pressure drop. We further remark that, without
the proposed computational reduction framework, the computational times to obtain similar
plots would be unbearable in the clinical practice; in contrast, our framework allows to obtain
considerably faster computations.

5.5. Sensitivity analysis on anastomosis variation in the post-surgical phase. A sen-
sitivity analysis on the surgical procedure is presented as a final application of the proposed
reduced-order parametrized formulation of haemodynamics in patient-specific CABGs. The
analysis is carried out for Patient 15a, who has undergone a single bypass surgery on the
left anterior descending artery. The anastomosis between native artery and bypass graft is
parametrized as a function of the grafting angle θ, and the centerlines-based parametrization is
employed to perform the required geometrical variation. Thanks to the fast evaluation of the
reduced-order model it is possible to study the behavior of the WSS for several different con-
figurations characterized by different grafting angles θ: antegrade (or flow-direction, θ � 90◦),
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(a) Coronary arteries and bypass grafts near the studied
anastomoses. Colored arrows denote blood flow direction.

(b) Standard graft flow rate, 90% stenosis. (c) Standard graft flow rate, 70% stenosis.

(d) Increased graft flow rate, 90% stenosis. (e) Increased graft flow rate, 70% stenosis.

Figure 9. Patient 13s - SVG-LCX anastomosis. Comparison of time-
averaged wall shear stress for different inflow boundary conditions and stenosis.

T-shaped (θ ≈ 90◦) and retrograde-flow (θ � 90◦) anastomoses. Figure 12(a) shows the maxi-
mum WSS at the arterial bed as a function of the anastomosis angle and time. This plot shows,
that WSS increases with the grafting angle at t = 0.15 s and t = 0.55 s. Figures 12(b)-(c) also
show the WSS at the heel of the anastomosis. For small anastomosis angles (antegrade anas-
tomoses) WSS at the heel and at the arterial floor are comparable in the whole time interval,
except that in a neighborhood of t = 0.4, when WSS at the heel is smaller than WSS at the
bed. This is the most favorable condition. In contrast, for larger anastomosis angles, the ratio
between WSS at the heel and WSS at the arterial floor is smaller than one, except for t = 0.4 s.
Local minima are found near T-shaped configurations: this is caused both by the increasing
WSS at the arterial floor, and WSS at the heel that is decreasing for θ < 90◦ and increasing for
θ > 90◦.

6. Conclusions

In this work a computational reduction framework for the study of the haemodynamics in
patient-specific configurations of coronary artery bypass grafts (CABGs) has been proposed,
based on the combination of a new vascular shape parametrization technique and reduced-order
models for parametrized PDEs in CFD. A medical imaging pipeline for clinical data integration
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(a) LCA stenosis (b) LCX stenosis

Figure 10. Patient 7s. Dependence of the maximum wall shear stress [Pa]
near the stenosis on Reynolds number and stenosis factors.

(a) LAD stenosis (b) RCA stenosis

Figure 11. Patient 1s. Dependence of the normalized pressure drop at the
stenosis on Reynolds number and stenosis factors.

and reconstruction has been introduced, assuming that coronary arteries and bypass grafts can
be represented as tubular structures around vessel centerlines, in order to obtain a cylindrical
representation of each branch. This assumption is the motivating idea of the new centerlines-
based parametrization proposed in this work, which combines a curve-based deformation of
each branch to a volume-based parametrization near anastomoses and bifurcations. The main
feature of the proposed technique is the very small amount of geometrical parameters neces-
sary to perform clinically relevant deformations on patient-specific geometries, such as stenosis
and anastomosis variation. A sensitivity analysis study can then be carried out, thanks to
the mapping between a patient-specific reference and a virtual deformed configuration. To
avoid computationally expensive numerical simulations based e.g. on finite element approxima-
tion for each new configuration, a POD–Galerkin reduced-order model is employed, providing
considerable computational savings and preserving very good accuracy when compared to full-
order finite element simulations. The resulting reduced-order framework is then applied to
several patient-specific cases, discussing computational performances with savings up to 99%
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(a) Maximum wall shear stress [Pa] at the arterial bed as a function of the anasto-
mosis angle.

(b) Maximum wall shear stress [Pa] at the heel of the anastomosis as a function of
the anastomosis angle.

(c) Ratio between maximum wall shear stress at the heel of the anastomosis over
maximum wall shear stress at the arterial bed as a function of the anastomosis angle.

Figure 12. Patient 15a - LITA to LAD anastomosis (termino-lateral).
Dependence of the maximum wall shear stress [Pa] on the anastomosis angle, at
different locations near the anastomosis.
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of CPU time. Moreover, comparison between full-order and reduced-order simulations showed
that O(10 ∼ 100) degrees of freedom are required to obtain a reliable approximation of the
haemodynamics. Visualization of flow patterns in some representative cases and applications
in the clinical practice have also been provided. Similar computations would have been com-
putationally unfeasible without the proposed reduced-order framework. The reader interested
in additional clinical results obtained with the proposed reduced-order framework is referred to
[46]. The reduced-order framework proposed in this work offers a powerful tool for simulations
of patient-specific haemodynamics that may be applied to further problems characterized by
(i) complex geometries, (ii) variation of some parameters of interest and (iii) need for fast
evaluations, possibly favoring a more widespread usage of mathematical models in the study of
complex patient-specific geometries.
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Appendix A. Additional details on the radial basis functions interpolation
procedure

A.1. Curve deformation of a single branch. A radial basis functions (RBF) [49] interpo-
lation is employed in the proposed framework to perform the deformation in step (B’) from
the reference curve γ(s) to the deformed one γ(s;η,η′), when dealing with the curve-based
parametrization of a single vessel (Section 3.1). In particular, the deformed curve is obtained
as follows:

γ(s;η,η′) =
[
W T (η,η′) UT (η,η′) c(η,η′) A(η,η′)

] 
r(s)
−ṙ(s)

1
γ(s)

 ,
where the radial functions on the right-hand side are defined as

[r(s)]i=1,...,N = σ(ε |s− si|), [ṙ(s)]j=1,...,M = ∂sσ(ε |s− rj |),
being ε > 0 a shape factor and σ : R→ R a radial function such that σ′(0) = 0 (see Table 2 for
some common radial functions). The unknown coefficients

W (η,η′) ∈ RN×3, U(η,η′) ∈ RM×3, c(η,η′) ∈ R3, A(η,η′) ∈ R3×3

Gaussian σ(r) = e−r2

Inverse Multiquadric σ(r) = (1 + r2)−1/2

Multiquadric σ(r) = (1 + r2)1/2

Polyharmonic spline σ(r) = rk, k odd
σ(r) = rk log r, k even

Wendland σ(r) = (1− r)4
+(1 + 4r)

Table 2. Some common functions σ(r).
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are obtained as the solution of the following symmetric linear system of small size M +N + 4
R(0,0) R(0,1) 1N Γ
R(1,0) R(1,1) 0M T
1T

N 0T
M 0 0T

3
ΓT T T 03 O3×3



W (η,η′)
U(η,η′)
cT (η,η′)
AT (η,η′)

 =


Γ + [η]
T + [η′]

0T
3

O3×3

 (7)

being

Γ = [γ(s1)|γ(s2)| . . . |γ(sN )]T ∈ RN×3, [η] = [η1|η2| . . . |ηN ]T ∈ RN×3,

T = [γ ′(r1)|γ ′(r2)| . . . |γ ′(rM )]T ∈ RM×3, [η′] = [η′1|η′2| . . . |η′N ]T ∈ RM×3,

[R(0,0)]
I=1,...,N
i=1,...,N = σ(ε |s− sI |)|s=si , R(0,0) ∈ RN×N ,

[R(0,1)]
J=1,...,M
i=1,...,N = −∂sσ(ε |s− rJ |)|s=si , R(0,1) ∈ RN×M ,

[R(1,0)]
I=1,...,N
j=1,...,M = ∂sσ(ε |s− sI |)|s=rj , R(1,0) ∈ RM×N ,

[R(1,1)]
J=1,...,M
j=1,...,M = −∂ssσ(ε |s− rJ |))|s=rj , R(1,1) ∈ RM×M .

We recall thatN is the number of points with prescribed displacement, whileM is the number
of points with prescribed tangent vector. Interpolation of parametrized displacements (deriva-
tives, respectively) is a consequence of the first (second, resp.) line of (7), while the remaining
lines are related to additional constraints to guarantee the uniqueness of the interpolation [49].
We remark that, in contrast to the standard approach in RBF interpolation, in our case we also
interpolate the first derivative of the curve, in order to be able to impose a prescribed normal
direction at anastomoses, as discussed in Section 3.2.

A.2. Anastomosis deformation in a network. Let us now turn to the case of anastomosis
deformation in a network, as described in Section 3.2. Considering a similar approach as in A.1,
once the displacement of the volume-based control points {pk}k=1,...,L is known, the deformed
anastomosis is sought as [49, 50, 51]

V (x;η,η′) =
[
Y T (η,η′) f(η,η′) B(η,η′)

] s(x)
1
x

 , (8)

being
[s(x)]k=1,...,L = σ(ε ‖x−pl‖);

the unknown coefficients

Y (η,η′) ∈ RL×3, f(η,η′) ∈ R3, B(η,η′) ∈ R3×3

are the solution of the following linear system S 1L P
1T

L 0 0T
3

P T 03 O3×3


 Y (η,η′)
fT (η,η′)
BT (η,η′)

 =

P +D(η,η′)
0T

3
O3×3


for

P = [p1|p2| . . . |pN ]T ∈ RL×3, D(η,η′) = [d1(η,η′)|d2(η,η′)| . . . |dL(η,η′)]T ∈ RL×3,

[S]K=1,...,L
k=1,...,L = σ(ε ‖x−pK‖)|x=pk

, S ∈ RL×L.

where L is the number of control points and dl(η,η′), l = 1, . . . , L, are known displacements
(e.g. computed employing the curved based approach for control points on the interface). Two
suggestions for the choice of control points, to guarantee both continuity at the interface with
other branches and smoothness near the anastomosis, have been discussed in Section 3.2.
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