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Abstract In the present paper, we introduce generalized Geraghty (Proc Am Math Soc 40:604-608, 1973)
mappings on partial metric spaces and give a fixed point theorem which generalizes some recent results
appearing in the literature.
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1 Introduction

Partial metric spaces were introduced by Matthews in [16] as a part of the study of denotational semantics
of dataflow networks. These spaces are generalizations of usual metric spaces where the self distance for any
point need not be equal to zero.

Let us recall that a partial metric on a set X is a function p : X x X — [0, co) such that for all
x,v,2€ X:()x =y < px,x) = plx,y) = p(y,y) (Tp-separation axiom), (ii) p(x, x) < p(x,y)
(small self-distance axiom), (iii) p(x, y) = p(y, x) (symmetry), (iv) p(x, y) < p(x,z) + p(z,y) — p(z, 2)
(modified triangular inequality).

A partial metric space (for short PMS) is a pair (X, p) such that X is a nonempty set and p is a partial
metric on X.

It is clear that if p(x, y) =0, then x = y. Butif x = y, p(x, y) may not be 0.

At this point it seems interesting to remark the fact that partial metric spaces play an important role in
constructing models in the theory of computation (see for instance [9,11,13]).
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Example 1.1 Let X = [0, 00) and p(x, y) = max{x, y} for all x, y € X. Then (X, p) is a PMS.

Example 1.2 Let I denote the set of all intervals [a, b] for any real numbersa < b.Let p: I x I — [0, 00)
be the function such that p([a, b], [c, d]) = max{b, d} — min{a, c}. Then (I, p) is a PMS.

Example 1.3 Let X = R and p(x, y) = ™5 forall x, y € X. Then (X, p) is a PMS.

Other examples of partial metric spaces may be found in [11,14,16,18].
Each partial metric p on X generates a Ty topology 7, on X which has as a base the family of open p-balls

{Bp(x,¢e) :x € X, e > 0},
where

Bp(x,e) ={y € X : p(x,y) < p(x,x) + ¢},

forall x € X and ¢ > 0.
Observe that a sequence {x,} in a PMS (X, p) converges to a point x € X, with respect to 7, if and only
if p(x, x) =1lim,_ o0 p(x, Xx,).
If p is a partial metric on X, then the functions p*, p¥ : X x X — R given by
pix,y) =2p(x,y) — plx,x) = p(y,y)

and

pY(x,y) = max{p(x,y) — p(x,x), p(x,y) — p(y, )}
= p(x,y) —min{p(x, x), p(y, y)}

are ordinary metrics on X. It is easy to see that p® and p* are equivalent metrics on X.
According to [16], a sequence {x,} in a partial metric (X, p) converges, with respect to 7,s, to a point
x € X if and only if

lim p(x,, x,) = lim p(x,, x) = p(x, x).
n,m— o0 n—oo

A sequence {x,} in a partial metric (X, p) is called a Cauchy sequence if there exists (and is finite)
lim, o0 p(Xn, Xm). (X, p) is called complete if every Cauchy sequence {x,} in X converges, with respect
to 7, to a point x € X such that p(x, x) = lim, 00 P(Xn, Xm).

Finally, the following crucial facts are shown in [16]:

(a) {x,} is a Cauchy sequence in (X, p) if and only if it is a Cauchy sequence in the metric space (X, p*).
(b) (X, p) is complete if and only if (X, p*) is complete.

Matthews obtained, among other results, a partial metric version of the Banach fixed point theorem ([16]
Theorem 5.3) as follows.

Theorem 1.4 [16] Let (X, p) be a complete partial metric space and let T : X — X be a contraction
mapping, that is, there exists ) € [0, 1) such that

p(Tx,Ty) = ip(x,y)
forall x,y € X. Then T has a unique fixed point 7 € X. Moreover, p(z,z) = 0.

Later on, Abdeljawad et al. [1], Acar et al. [2,3], Altun et al. [4-7], Karapinar and Erhan [15], Oltra and
Valero [17] and Valero [23] gave some generalizations of the result of Matthews. Also, Ciric et al. [8], Samet
et al. [21] and Shatanawi et al. [22] proved some common fixed point results in partial metric spaces. The best
two generalizations of it were given by Romaguera [19,20].

Theorem 1.5 Let (X, p) be a complete partial metric space and let T : X — X be a map such that

p(Tx,Ty) < o(M(x,y))
forall x,y € X, where

1
M(x,y) = max [p(x, ), px, Tx), p(y, Ty), 5[p(x, Ty)+ p(y, TX)]]

and ¢ satisfies one of the following:
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(1) ¢ : [0, 00) = [0, 00) is an upper semicontinuous from the right such that ¢(t) <t forallt > 0 [19].

(ii) ¢ : [0, 00) — [0, 00) is a nondecreasing function such that " (t) — 0asn — oo forallt > 0 [20].
Then T has a unique fixed point z € X. Moreover, p(z,z) = 0.
On the other hand, Dukic et al. [10] proved the following nice fixed point theorem. Before, we introduce
the set S of functions g : [0, oo) — [0, 1) satisfying
B(t,) — 1 implies #, — 0.

Theorem 1.6 Let (X, p) be a complete partial metric space and let T : X — X be a self-map. Suppose that
there exists B € S such that

p(Tx,Ty) < B(p(x,y)px,y)

holds for all x, y € X. Then T has a unique fixed point 7 € X and for each x € X the Picard sequence {T" x}
converges to 7 when n — o0.

Remark 1.7 The function ¢(t) = % belongs to S, but it does not satisfy the condition ¢(¢) < ¢ forall + > 0.
On the other hand, the function

arctan ¢

o(t) = !

belongs to S, but ¢ is not nondecreasing.

The purpose of this paper is to present a fixed point result in partial metric spaces by using functions
belonging to S and contractions of Ciric type.

2 The main result

Our main result is the following.

Theorem 2.1 Let (X, p) be a complete partial metric space and let T : X — X be a self-map. Suppose that
there exists B € S such that

p(Tx,Ty) < B(M(x, y)) max{p(x, y), p(x, Tx), p(y, Ty)} 2.1)
holds for all x, y € X, where

1
M(x,y) = max [p(x, ), px, Tx), p(y,Ty), E[p(x, Ty)+ p(y, Tx)]] .

Then T has a unique fixed point z € X.

Proof We take xo € X and consider x,, = Tx,—; = T"xq for every n € N. If x, = x| forsome n € N,
then x,, is a fixed point of 7 and the existence part of the proof is finished. Suppose that x,, # x, 41 for every
n € N. Then by using the contractive condition (2.1), we have for every n € N

p(xns xn—i—l) = P(Txn—h Txp)
< B(M(xp—1, xp)) max{p(xp—1, Xn), p(Xn, Xnt+1)}-
Since 8 : [0, c0) — [0, 1), we have
P,y Xnt1) < BM (xp—1, xn)) max{p(xp—1, Xn), p(Xn, Xn+1)}
< max{p(xn—l , Xn), p(xn’ xn+l)}~
This shows that
p(xn’ xn—i—l) < p(xn—l, Xn)

and so

PXns Xni1) < B(M (Xp—1, X)) P(Xn—1, Xn) < p(Xn—1, Xn) 2.2)
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for any n € N. On the other hand, since

1 1

E[p(an, Xn+1) + p(xp, xp)] < E[p(an,xn) + p(xp, Xpy1)]
< max{p(xy—1, Xn), p(Xn, Xp4+1)}
= p(xn—h xn),

then,
M (xy—1, x,) = max {p(an, Xn), P(Xn—1, Xp), p(Xn, Xnt1),

1
E[p(xn—la Xpt1) + p(xp, xn)]}
= p(Xu—1, Xn)

and, moreover, {p(x,, Xx,+1)} 1S a nonincreasing sequence of nonnegative real numbers. Hence lim,,—, oo p(x;,
Xp+1) =y > 0 for certain y € [0, 00).
Now we will prove that ¥ = 0. In the contrary case, from (2.2)
P(Xn, Xnt1)

< BM(xp—1,x)) = B(p(xp—1,x,)) <1
P (Xp—1,xp)

and letting n — oo

1= = gim 29 i gt < 1.
y n—o00 p(xn_l,xn) n—o00

Consequently, lim,_, » B(p(x,—1,x,)) = 1 and, since B € S,y = lim,_ 0o p(xn—1,x,) = 0. This
contradicts that ¥ > 0. Therefore, lim,—, oo p(x,—1, x,) = 0.

Now we will prove that lim, ;u—o00 p(Xn, Xm) = 0. In the contrary case, lim sup,, ,,_, oo P(Xn, Xm) > 0.
Using the modified triangular inequality of a partial metric, we have

Pxns Xm) < p(Xny Xp1) + Pnt1s Xim) — PXnt1, Xn+1)
< p(Xn, Xng1) + p(Xnt1, Xim)
< Py Xpp1) + Pt 1y X 1) + Pt 1, Xm) — PXmt 15 Xt 1)
< p(xa, xn—i—l) + p(xn—&-l» xm—i—l) + P(xm-s-l, Xm)- (2.3)
Since
p(xn—l-l’ xm—H) = p(Txy, Txp)
< B(M (xy, X)) max{p(xn, Xm), P(Xns Xn+1), PXm» Xm+1)}
from (2.3) we get
PXny Xm) < p(Xn, Xpt1) + P(Xpmt1s Xm) +
BM (xp, X)) max{p(Xp, Xm), PXn, Xnt1)s PXms Xmy1)}
< p(xa, xn—i—l) + p(xm—H» Xm) + BM (X, X)) p (X, Xim)
+B(M (xp, X)) max{p(xn, Xn+1)s PXms Xmy1)}
< pXpy Xpg1) + pXng1s Xm) + BM (X, X)) p(Xis X))
+max{pxu, Xn+1)s PXms Xmy1)}
< 3max{pC,, Xn+1), PCm, Xmt1)} + BM (X, X)) p (X, X))

or equivalently
[1— BM (xp, X)) p(Xn, Xm) < 3max{p(x,, Xnt1), P(Xm, Xm+1)}

From the last inequality, it follows

Py Xm) < [1 = BM Gy X)) B max{ p(xn, Xn41), PGy Xms1)].
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Now, since

lim sup p(xy, xy) >0
n,m—o00

and
lim p(x,, xp+1) = lim p(xy, xpe1) =0,
n—o0 m—00

the lastinequality implies lim sup,, ,,, , oo [1—B(M (xp, xm))]~! = 0o. This means that lim SUP,, s 00 B(M (X,
xm)) = 1. Since B € S, limsup, ,,, _, oo M (xp, xn) = 0. Since

M (x,, x;y) = max {p(xn, Xm)s PXns Xn1)s Py Xing 1),

1
E[p(xna Xm+1) + p (X, xn+l)]}’

in particular, we get lim sup,, ,,_, oo P(Xn, X,) = 0 and this contradicts our assumption that lim sup,, ,,_, »,
p(xn, xm) > 0. Therefore, lim, ;o0 p(xn, Xm) = 0 . This means that {x,} is a Cauchy sequence in the
complete partial metric space (X, p) and, consequently, there exists z € X such that

0= lim p(x,,xy) = lim p(x,, z) = p(z, 2).
n,m—oo n— 00

Now we will prove that z is a fixed point of 7. For this assume p(z, Tz) > 0. Then, we have

p(z,Tz) < p(z, Txn) + p(Txn, Tz) — p(Txpn, Txn)
= p@, xnt1) + p(Txp, T2)
=< p(z, Xng1) + BM (xp, 2)) max{p(xy, 2), p(xn, Xn41), p(z, T2)}
< p@, Xpq1) + BM (xy, 2)) max{p(x,, 2), p(Xn, Xny1)}
+B(M (xn, 2))p(z, T2)
< p(z, Xp41) + max{p(xn, 2), p(Xn, Xp+1)} + B(M (xp, 2)) p(z, T2)

and so
[1—BWM(xn, 2)]p(z, T2) < p(z, Xpg1) + max{p(xy, 2), p(xn, Xnt1)}

or equivalently

p(z,T2) < [1 — B(M(xp, D)1 Hp(z, xp1) + max{p(xn, 2), p(Xn, Xn1)}}-

Now, since
p(z,Tz) >0
and
Jim p (e, Xn1) = lim p(x, 2) =0,
the last inequality implies lim,—oo[1 — B(M (x,,2))]~! = oo. This means that lim,_, o B(M (x,, 2)

) =1
Since B € S, lim, o M(x,, z) = 0. This contradicts the inequality p(z, Tz) > 0, so that p(z, Tz) = 0,
which implies z = T'z. Suppose that z and w are fixed points of T then, if z # w,

p(z,w) = p(Tz, Tw) < B(M(z, w)) max{p(z, w), p(z, 2), p(w, w)}
< p(z,w)
and this is a contradiction. This proves the uniqueness of the fixed point of 7. O

We can obtain the following corollary from Theorem 2.1.
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Corollary 2.2 Let (X, p) be a complete partial metric space and let T : X — X be a self-map. Suppose that
there exists B € S such that

p(Tx,Ty) < B(M(x,y))p(x,y)
holds for all x, y € X, where

1
M(x,y) = max {p(x, ), px, Tx), p(y, Ty), E[p(x, Ty) + p(y, TX)]}-

Then T has a unique fixed point 7 € X.

Remark 2.3 If we take the function 8(z) = A, A € (0, 1), which is in S, then we obtain Theorem 1.4.
Now, we give an example which illustrates our results.

Example 2.4 Let X = [0, 1] and p(x,y) = ™Y} _ 1 Then (X, p) is a complete partial metric space.
Define T : X — X by

0, x=1
Tx = .
5, x #1
We show that the contractive condition of Corollary 2.2 is satisfied for 8(t) = %
To this end, we have to consider the following cases.
Case 1.If y < x < 1, then

p(Tx, Ty) = ™XTETY 1 =7 _
e —1 1
== Ep(x, y)

= BM(x,y))p(x,y).

Case 2. Let y < x = 1, then

p(Tl, Ty) — emaX{Tl,Ty} 1= e«% _1

<e—l_l (1. )

< BWM 1, y)p(,y).

A

Case 3. Letx = y = 1, then
e—1
p(T1,T1)=0=< —
. (1,1
= 2p ,
= pWM(, D))p,1).

Hence, all conditions of Corollary 2.2 are satisfied. Therefore, T has a unique fixed point in X.
Note that if we use the ordinary metric d(x, y) = |x — y| instead of p, we cannot find a function 8 € S
satisfying the considered contraction condition. Indeed, in this case

3 3 3 1 3.3 3
d\T-,Tl)=—-,d|-,1)=-,d|-,T-)=-andd(1,T1) =1
4 8 4 4 4" 4 8
and so there is no any function 8 € § satisfying % < ﬂ(M(%, 1))}‘.
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