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Abstract. Abstract polytopes are combinatorial and geometrical structures with a
distinctive topological flavor, which resemble the convex polytopes. C-groups are
generalizations of Coxeter groups and are the automorphism groups of abstract
polytopes which are regular. We investigate general properties of quotients of abstract
polytopes and C-groups.

1. Introduction

It is a standard method to derive, from a given combinatorial structure, new
structures by making suitable identifications. This quotient construction also
applies to the general class of abstract polytopes. Abstract polytopes are combina-
torial and geometrical structures with a distinctive topological flavor, which
resemble the convex polytopes. In recent years much work has been done on the
classification by topological type of those abstract polytopes which are regular.
For background material, basic results, and more advanced classification results
the reader is referred to, for example, [1]-[8].

In this note we investigate quotients of abstract polytopes and C-groups. In
our earlier works [4]-[7] we often ran into trouble with constructions of quotients
where certain facts were intuitively clear but nevertheless required a tedious, if not
complicated, proof. It is the purpose of this note to give a short exposition on
general facts about quotients which we could not find in this form in the literature.

* Supported by NSF Grant DMS-9202071.
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2. Basic Notions

An (abstract) prepolytope of rank n, or an n-prepolytope, is a partially ordered set
# with a strictly monotone rank function with range { —1,0, ..., n}. The elements
of rank i are called the i-faces of P, or vertices, edges, and facets of ? if i =0, 1,
or n — 1, respectively. The flags (maximal totally ordered subsets) of 2 all contain
exactly n 4+ 2 faces, including the unique minimal (improper) face F_, and the
unique maximal (improper) face F, of 2. Also, if F and G are an (i — 1)-face and
an (i + 1)-face with F < G, then there are exactly two i-faces H such that
F < H < G. Equivalently, if 0 <i<n— 1 and ® is a flag of 2, exactly one flag
exists, the i-adjacent flag ® of ®, which differs from ® in exactly the i-face. For
two faces F and G with F < G we call G/F := {H|F < H < G} a section of . We
usually safely identify a face with the section F/F _,. For a face F the section F,/F
is called the coface of # at F, or the vertex-figure at F if F is a vertex. By % (%)
we denote the set of flags of 2.

A prepolytope 2 is called flag-connected if any two flags ® and ¥ can be joined
by a sequence of flags ® = @, ®,,..., ®,_,, ®, = ¥. which are such that ®;_,
and ®@; are adjacent (differ by exactly one face) for each j. A prepolytope £ is
strongly flag-connected if each section of # (including # itself) is flag-connected;
equivalently, for the above sequence we may further assume that ® ¥ < @, for
each j. By a polytope of rank n, or simply an n-polytope, we mean a strongly
flag-connected n-prepolytope.

In studying quotients we are mainly interested in polytopes. An n-polytope
P is regular if its automorphism group A(%) is transitive on the flags. The
group A(Z2) of a regular n-polytope 2 is generated by distinguished generators
Pos--+» Pu—1» Where p; is the unique involutory automorphism which keeps all but
the i-face of a base flag ® = {F_, F, ..., F,} of 2 fixed. In particular, A(%) has
the intersection property (with respect to pg, ..., p,_ 1), namely,

(1) <pilieD) n<{p;liedy={plieInT> foral I,J<{0,...,n—1}.
Also, the generators p; satisfy the relations
) (pip) =c¢ if 0<i<j—1<n-2
and
(pi_1p) =¢ if 0<i<n-1,

with the p;’s given by the Schlifli symbol {p,,..., p,-}.

By a C-group (“C” in honour of Coxeter) we mean a group which is generated
by involutions such that (1) holds. If (2) also holds, the group is called a string
C-group. Examples of string C-groups are the Coxeter groups with a string

diagram; however, there are lots of other examples. It is known that the string
C-groups are precisely the groups of the regular polytopes [5]. We remark that,
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in dealing with C-groups, it is usually the intersection property that causes
problems. On the other hand, this property is the crucial one for polytopality.

3. Quotients

Though the quotient construction applies more generally to other kinds of posets,
we restrict our attention to abstract polytopes and prepolytopes.

Let 2 and 2 be two prepolytopes of the same rank. An incidence-preserving
mapping ¢: #+— 2 is called a rap-map if ¢ is rank (preserving) and adjacency
preserving, the latter meaning that adjacent flags of 2 are mapped onto (distinct)
adjacent flags of 2. Note that ¢ is automatically surjective if 2 is flag-connected.
A surjective rap-map ¢ is called a covering. A covering ¢ is called a k-covering if
it maps sections of # of rank at most k by an isomorphism onto corresponding
sections of 2; thatis,if F, Ge # are such that F < Gandrank G — rank F = k + 1,
then ¢ induces an isomorphism of G/F onto Go/Fo. If a covering ¢: P+ 2 exists,
then we also say that 2 is a covering of 2, or that £ covers 2, or that 2 is covered
by #. We use similar terminology for k-coverings. A particularly interesting case
is that of (n — 1)-coverings; here, ¢ preserves the structure of the facets and
vertex-figures of 2.

(3) Theorem. Let 2 be a polytope, let 2 be a prepolytope, and let ¢: P> 2 be a
rap-map. Then 2 is a polytope (and ¢ is a covering) if and only if the image of each
section of # is a section of 9.

Proof. Suppose first that the image of every section of £ is a section of 2. Let
F, G be faces of 2 with F < G. Then G = Go for some face G of 2. Since, by
assumption, F e G/F _, = (G/F_,)o, we have F = F for some face F with F < G.
By assumption again, G/F = (G/F)g. Since G/F is flag-connected, it follows that
G/F is flag-connected. Since F, G are arbitrary, we see that 2 is strongly connected,
and hence a polytope.

Conversely, suppose that the image of some section of 2 is not a section of 2.
Let G/F be a minimal such section of 2. If F:= Fop, G:= Go, we then have
(G/F)p < G/F. Hence there is a face H of 2, such that F < H < G, but A ¢ (G/F)e.
However, if H is any such face, then no flag of G/F containing A can meet (G/F)g
(except at F and G), otherwise G/F would fail to be minimal. It follows that G/F
is not flag-connected, so that 2 is not a polytope. d

(4) Corollary. Let & be a polytope, let 2 be a prepolytope, and let ¢: P+ 2 be
a rap-map. Then 2 is a polytope if and only if, whenever F, G, H are faces of 2 with
F<H<G,and F = Fo, G = Go for some faces F, G of 2, then H = Ho for some
He G/F.

Proof. This really restates Theorem (3), since the condition F = Fo, G = Go with
F < G really defines G/F . O
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A common way to obtain coverings is the construction of quotients. Let 2 be
an n-polytope and let N be a subgroup of A(#). In most of our applications £ is
regular and N is a normal subgroup of A(#). However, we do not generally impose
these restrictions on £ and N.

By 2/N we denote the set of orbits of N in #. For a face F of & we write its
orbit in the form F-N. On #/N we introduce a partial order as follows: if
Z,,Z,eP/N, then Z, < Z, if and only if Z, = F-N and Z, = G- N for some
faces F and G of 2 with F < G. The set #/N together with this partial order is
called the quotient of # with respect to N. The mapping n: F—F - N from #
onto #/N is called the canonical projection.

(5) Proposition. Let 2 be an n-polytope and let N be a subgroup of A(%). Then
PN is a flag-connected (ranked) poset of rank n with a unique minimal face and a
unique maximal face.

Proof. Clearly, F_,-N = {F_,} and F;- N = {F,}. The rank function of /N is
given by rank(F - N):=rank F for F € #. The canonical projection n: > #/N
induces a surjective mapping #: F(P)— F(#/N) between the sets of flags of 2
and #/N; here, if ¥ = {G_,, G, ..., G,} € F(#), then

\F‘ﬁ:=‘{G_1'N, G()'N,-“’GH'N}:\PR'

The surjectivity of # is an immediate consequence of the definition of the partial
order on #/N. However, then the flag-connectedness of #/N follows from the fact
that & maps adjacent flags of 2 onto equal or adjacent flags of #/N. O

Similar arguments to those in the proof of Proposition (5) show that all sections
of rank n — 1 of /N are flag-connected. More generally, if F is a face of 2, then
any two flags of /N which contain the face F- N can be joined by a suitable
sequence of flags which all contain F - N. However, further connectivity properties
of #/N will depend on the choice of N.

To give an example that /N need not be a prepolytope, consider the square
tessellation 2 = {4, 4} with vertex set Z2, and take for N the group generated by
the translation t with translation vector (1, 1). Then the fundamental region of N
is an infinite strip and /N is a “tessellation” of this strip. If ® = {F,, F|, F,} is
the base flag of 2 with F, = (0, 0), F, = {(0, 0), (0, 1)}, and F, = {(0, 0), (0, 1), (1, 0),
(1, 1)}, then there are four faces of rank 1 in the 1-section F, - N/Fy- N of #/N,
namely, H- N with H an edge of F,.

Generally we are interested in quotients /N which are again polytopes and
have certain kinds of sections isomorphic to those of the original polytope #. This
property can be achieved by imposing certain conditions on N.

Let —1 <i<j < n, and let F be an i-face and let G be a j-face of & such that
F < G. Then Fr is an i-face and Gr is a j-face of /N such that Frn < Gn. Let I
be a chain of 2 of type {—1,0,...,i—1,i,j,j + 1,...,n} which contains F and
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G. By N we denote the stabilizer of I' in N. Then we have the canonical projection

B: G/F—(G/F)/N as well as the incidence-preserving mapping

©) y:(G/F)/Np+> Gn/Fm,
H-Ny—H'N (H e G/F).

In particular, fy = n (or, more exactly, fy is the restriction of n given by
n: G/F+» Gn/Fn). Further, y is injective if and only if two faces of G/F are
equivalent modulo N whenever they are equivalent modulo N. Note that if y is
bijective, it must be an isomorphism; in fact, the special nature of y guarantees
that y~! preserves incidence. Clearly, if y is an isomorphism, then it induces a
bijection

F(G/F)/Np) > F(Gn/Fr).

(7) Proposition. Let & be an n-polytope and let N be a subgroup of A(%). Then
/N is an n-polytope if and only if the following two conditions hold:

(a) y of (6) is surjective for all F, G, and T as above.
(b) B, y are injective if rank G — rank F = 2.

Proof. First, note that vy is surjective if and only if z (restricted to G/F) is surjective.
Also, each flag of 2/N has exactly one i-adjacent flag for each i if and only if 5,
y are isomorphisms when rank G — rank F = 2; in this case, 7 is a rap-map.
However, then the statement follows from Theorem (3) and Proposition (5). [

By #(#)/N we denote the set of orbits of #(4) under the action of N. Then
we have the mapping

u: F(P)/N— F(Z/N),

@8

) ¥ -N—W¥n (¥ e #(2)).

1t follows from the proof of Proposition (5) that u is surjective. Our next theorem
answers the question when #(#)/N and #(#/N) can be naturally identified
under p.

(9) Theorem. Let 2 be an n-polytope and let N be a subgroup of A(P) such that
2/N is a polytope. Then p of (8) is a bijection if and only if, for all F, G, and T as
above, y of (6) is an isomorphism.

Proof. By Proposition (7), the maps y are surjective. Now suppose that u is a
bijection, and let F, G, and I be as above. To prove that y: (G/F)/Np Gr/Fn is
injective, let K and L be faces in G/F such that K- N = L- N. Choose flags ¥ and
Q of 2 such that T ¥, Q and Ke¥, LeQ. Then ¥:= {H-N|He ¥} and
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Q:= {H-N|H eQ)} are flags of /N which contain the face K- N = L- N as well
as the chain [:= {H-N|HeTl}. Let k:=rank K (=rank L). Since #/N is a
polytope, a sequence

-~ -

$Y=-9,9%,.,%,._,9,=0

of flags of #/N, all containing K - N and I, exists such that ¥,_,, ¥, are adjacent
forl=1,...,m;then ¥,_,, ¥, are i-adjacent for some i, withrank F = i < i, < j =
rank G, i; # k. Nevertheless p is a bijection, so that, for all [ =0, ..., m, a flag ¥,
of 2 exists such that ¥, = (¥, N)u. Here we may assume that ¥, = W. However,
now, by condition (b) of Proposition (7), adjacent flags of £ are never in the same
orbit of N, so that the canonical mapping & (#)— % (#)/N followed by u sends
adjacent flags of 2 to adjacent flags of 2/N. It follows that, starting with ¥y = ¥,
we can choose the flags ‘¥, of Z in such a way that ¥,_, and P, are i;-adjacent
for I=1,..., m; here, i, is as above. This gives us a sequence

¥-N=¥,-N,¥,'N,...,¥,_, N,¥, N=QN

of orbits of N, where the sequence ¥ =%¥,, ¥,,..., ¥,, in #(#) has the same
adjacency properties as the corresponding sequence in % (#/N). Note that
here we cannot conclude that ¥, = Q. However, since i <i;<j and i, #k
for all /, each flag ¥, of # must contain both the face K and the chain I'. Also
¥,'N=Q-N, so that pe N exists such that ¥, ¢ =Q and thus K¢ = L.
However I' = Q, so that ¢ € Nr.. It follows that K- N = L- Ny. This proves that
y is injective.

Conversely, let all maps y be isomorphisms. To prove that u is injective, let
¥ ={F_,Gq....,G,,F}, ¥y ={F_y,Hgy,..., H,_, F,} be flags of # such
that ¥,n = ¥,n. Then ¥,- N =%, N if we can prove by induction on j that
¢ € N exists such that G,;¢ = H; for 0 < i <j. Forj = 0 this is true by assumption.
To prove it for j + 1, assume ¢ € N has been chosen such that G, = H; for i <.
Then H; < G;, ¢, H;, . However, G;.;"N = H;, - N,so that G;, ;¢ and H;,,
are faces of the section F,/H; which are in the same orbit of N. On the other hand,
the map y defined by G:=F,, F:=H;, and I''= {F_{,H,,...,H;,F,} is an
isomorphism, so that G;, ¢ and H;,, are also in the same orbit of Ny; that is,
G;i 191 = H;,, for some 1€ Ny. Thus, if i <j we also have G;¢pt = H;r = H;, so
that ¢t has the required property with respect to j + 1. This completes the proof
of Theorem (9). [

Theorem (9) explains why in most applications it is natural to require that the
mappings y of (6) are isomorphisms. We usually impose this condition. For regular
polytopes we also give a further justification in Theorem (15). The following
theorem identifies the groups of quotients of regular polytopes.

(10) Theorem. Let 2 be a regular n-polytope and let N be a subgroup of A(%).
Assume that, for all F, G, and T as above, y of (6) is an isomorphism, and that
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B is injective if rank G —rank F = 2. Then #/N is an n-polytope with group
A(?/N) = B/N, where B is the normalizer of N in A(%). In particular, Z/N is regular
if and only if N is normal in A(P), in which case A(P/N) = A(P)/N.

Proof. By Proposition (7) and Theorem (9), /N is an n-polytope and u of (8) is
a bijection. Now, to prove the statement about 4(#/N), observe that for each
@ € B the mapping ¢: F- N+ Fgp - N defines an automorphism of 2/N. Thus there
is a homomorphism «: B+ A(#?/N) given by o = @. Let 1 € ker(a). Then, for any
Y e #(#) we have Wr = (W1)n. Hence, since p is injective, ¥t = Wo for some
@€ N, and thus 7 = @ € N. It follows that ker(x) = N. It remains to show that «
is surjective.

Let pe A(Z/N)and let & = {F_{, F,, ..., F,} be the base flag of 2. Since 2 is
regular (by assumption) and p preserves flags of 2/N, we have (On)p = (Op)rn for
some @€ A(#P). We shall prove that this implies (Oy)n)p = (P @)r for each
Y € A(2).

To see this, join the flags ® and Y of 2 by a sequence

P=0, P,...,0,_,, D, =Dy,
in which any two consecutive flags are adjacent. Then
Dy =0y, Vy0,..., 010, Do = DYo
is a similar such sequence joining ®¢ and ®y ¢, in which the flags ®,,_,¢ and
®,, ¢ differ in a face of the same rank as @, _, and ®,, (m = 1, ..., k). However,

the images of adjacent flags in 2 under the canonical mapping & () % (#/N)
cannot coincide, so that the sequences

O = Oy, Oy7m,..., O y7, Oy = (PY)m
and
(@)t = (o), (D19), ..., (P — 1 @), (P @) = (DY p)m
have the same adjacency properties as their preimages. Hence, since (On)p = (Oo)n
and p preserves the type of adjacency, we must have (®,,7)p = (®,,¢)n for all m.
For m = k this proves (Dy)n)p = (P @)r, as required.
Now, for ¥ € N, this equation implies

(@Y p)n = (DY)m)p = (Pr)p = (D).

However, this in turn shows that ®y¢ = @t and thus Yo = @1 for some e N.
It follows that ¢ € B. Also, since (PyY)n)p = (PY)p)n for each Y € A(P), we have

(F:N)p = (Fr)p = (Fo)n = Fo N = (F-N)p
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for each F in £, and thus p = §. This proves that « is surjective, and hence
A(#?/N) = B/N.

Finally, consider the base flag ®n of /N. Then any flag of Z/N is of the form
(®p)n with ¢ € A(#P). Hence, #/N is regular if and only if, for each ¢ € A(?), t¢ B
exists such that (QPg)n = ()t = (P1)r and thus (Pg) - N = (®1)- N, or, equi-
valently, ¢ e N < B. It follows that 2/N is regular if and only if B = 4(#), in
which case B/N = A(#)/N. This completes the proof. |

Note that in Theorem (10) the hypothesis on f is equivalent to requiring that
N does not contain a conjugate of a distinguished generator p; of A(%). The
following proposition deals with an interesting special case in which all mappings
y are isomorphisms. See also Theorem (16) for an equivalent version of Theorem
(11), in the regular case.

(11) Theorem. Let 2 be an n-polytope and let N be a subgroup of A(?) such that
each orbit of N intersects each proper section of # in at most one face. Then, for
all F, G, and T" as above, the map y of (6) is an isomorphism (with Np = 1 if G/F is
proper) and the sections Gn/Fn of #/N and G/F of P are isomorphic. In particular,
. P> P/N is an (n — 1)-covering of n-polytopes.

Proof. Let G/F be a proper section of #. By our assumptions, Ny = 1, so that
in (6) we may identify H - N with H. Since G/F n H- N = {H} for all H € G/F,
the map v is clearly injective. To prove surjectivity let H- N e Gn/Fn = G- N/F - N.
Here we may assume that F < H. Also, ¢ € N exists such that H < Gg. However,
if F# F_,, then G and Gg are faces in the proper section F,/F of 2 which are
in the same orbit; hence we must have G = G and He G/F. If F = F_,, then
G # F, and similar arguments work with the roles of F and G interchanged. It
follows that y is surjective. Note also that f is injective if G/F is proper. 0O

Concluding this section we discuss analogues of the intersection property for
the groups of regular polytopes.

(12) Proposition. Let 2 be a regular n-polytope with group
A('@) = <p0’ rees pn‘1>’

and let N be a subgroup of A(P) such that N does not contain a conjugate of a
generator p; and, for all F, G, and I as above, y of (6) is an isomorphism. Then, for
each i, j with —1 < i <j < n, and each ¢ € A(P), we have

<pulk > DN N {plk <jPoN = {pfi <k <j¢N.
Proof. By assumption, /N is a polytope andA u of (8) is a bijection. Let
©={F_,,F,,..., F,} bethe base flag of #. Write F,:= F,¢o-Nfork= —1,...,n
Consider the orbits (®z¢) - N, with

TON < (piv 15 Pa-170N N {po, .., pj—17¢N.
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Their images under g all contain {F_,, F,,..., F,, Fj, ﬁjH, ..., £}, so that their
restrictions to sections of /N of type {i, ..., j} form flags of Fj/ﬁi. However, the
map y with

F =F,o, G = Fo, IF={F_,,Fyo,....,Fi0,F;0,F;, 0,...,F}

is an isomorphism, so that these flags are the images under u of orbits of the form
(@t} N with te{p;;y,..., p;~, ). Nevertheless, u is bijective, so that the orbits
must actually coincide. Thus t¢N < {p;,,,..., py-1>¢@N. This proves one inclu-
sion, and the opposite inclusion is trivial. 0O

Note that, if N is normal in A(%), Proposition (12) just gives the intersection
property for A(?/N) = A(P)/N, the group of the regular polytope #/N. For a
general N, the condition of Proposition (12) is really a condition for orbits of flags
of 2, and thus cannot be expected to characterize polytopality of /N completely.
In contrast, the condition of our next proposition can be seen as a condition for
flags of /N, and does indeed characterize polytopality.

(13) Proposition. Let & be a regular n-polytope with group

A(P) = <p0""’pn—1>9

and let N be a subgroup of A(#). Then ?/N is an n-polytope if and only if the
Jollowing two conditions hold:

(a) For each i, j, k with —1 < i<k <j<n, and each ¢ € A(P),

oill # ky<pi|l > DN n {p |l # kX{pi|l <j>oN
=l # kX<{pili <l <j>pN.

(b) Foreachk =0,...,n— 1 and each ¢ € A(P),

pill #k>pn @™ 'No = .

Proof. We use Proposition (7). First we prove that (a) of Proposition (7) and
(a) of Proposition (13) are equivalent. Let ® = {F_,, F,,..., F,} be the base
flag of 2. Then general chains of # are equivalent under A(%) to subsets of
®, so that for Proposition (7) we may assume that F = F,p, G = F;¢, and
F={Fepll#i+]1,...,j— 1} for some ¢ € A(#), and thus we have the mapping
y:(F;0/F9)/NrF;p-N/F;¢-N.Leti <k < j. The k-faces of /N incident with
F;p N are just those of the form F,a;¢-N with «;€{py,...,p;- 1), while
those incident with F;¢ - N are of the form F o, ¢ N with a,€{p;,1, ..+ Pu—1)-
In particular, the k-faces in F;¢ - N/F;¢- N can be expressed both ways, and if
F,a,0"N = F.a,¢- N, then we have o, € {p,|l # k)a,oN.
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Hence, if the condition in (a) holds, then a,¢ e {p,|l # kDasoN for some
aze{pli <l <j>, and thus Fya;¢ N = F,ay9 - N; but Fas9 € F;0/F; ¢, so that
y is surjective. Conversely, if y is surjective, then a k-face Fya,0 N = Fro, 0 N
in F;p-N/F;¢-N is of the form F,a,¢-N with a;e{p]|i <! <j) Hence,
if By, Broelpll #k), ayelpy,....,p;-1>, and a,€{p;\y,...,p,—1) are such
that B,0,0oN = f,a,@N, then F,a,¢0 N =F, 0,0 N = F,a5¢0 N for some
aze{pli <l <j>, and thus B,¢,¢N < {p,)|l # k){p,Ji <! < j>pN. This proves
one inclusion of (a), and the other is trivial.

Next we need to show that parts (b) of Propositions (7) and (13) correspond
to each other. First note that N does not contain a conjugate of a p; (this is a
weaker requirement than (b)) if and only if orbits under N of adjacent flags of #
are distinct; in fact, if ¢ € A(#), then (Og) - N = (®p)p 'p, - N. Hence, if (b) of
Proposition (13) holds, then the orbits of adjacent flags of £ must be distinct, so
that 8, y of (b) in Proposition (7) must be injective. Conversely, assume that (b) of
Proposition (13) does not hold for some k and ¢, thatis, p,o~ 1 e{p,|l # k>p " N.
However, then F,p,¢0 ' N = F,¢ - N, so that the two faces F,p,¢ ! and

F.p~! of the section F,, ¢ '/F,_,¢ ' are identified under = = By. Hence 8, y
cannot both be injective. This completes the proof. O
4. C-Groups

In verifying that a given group is a string C-group the following quotient lemma
is sometimes useful.

(14) Lemma. Let A= {po,...,p,—1» be a group with property (2), and let
A =<0y, ..., 0, be a string C-group (with respect to the distinguished generators
;). If the mapping p;—0; (j=0,...,n— 1) induces a homomorphism a: A A,
which is one-to-one on A,_:=<Pgy.- s Pu_2y OF 00 Ag:= Py, ..., Pu—1), then A
is also a string C-group, and o induces a covering P(A)r— P(A) of the corresponding
polytopes.

Proof. Assume that « is one-to-one on A, _; (say). Since A, _, is a string C-group,
it suffices to check

An—l i <pj’-'-7pn—1> = <Pj,---,Pn—z>
foreachj=1,...,n—1. Let o 4,_{ n<pj,..., pn—1). Then
QLELTg, .., Opa3) NKBjy.y, Oy ) = (Gjy .oy Oy

and hence @o has a preimage in {p;, ..., p,_,>. However, a is one-to-one on 4, _,
so that ¢ is the only preimage of ¢a in 4,_,. It follows that ¢ € {p;,..., p,- 2>
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This proves one inclusion, and the other is trivial. Therefore A is a string C-group.
Finally, it is immediate that

$pjlj # Do Lojlj#Dlga)  (i=—1,0,....n,9€A4)
gives a covering #(A)— P(A). |

Our next two propositions relate quotients of string C-groups to quotients of
polytopes. In particular, in Theorem (15) it is explained why in our discussion in
Section 3 it was usually assumed that the maps y of (6) are isomorphisms. Finally,
Theorem (16) is an equivalent version of Theorem (11).

(15) Theorem. Let 2 be a regular n-polytope with group A(P) = {Pos--+s Pu—1»
and let N be a normal subgroup of A(P). If A(P)/N is a string C-group (with
distinguished generators Npy,...,Np,_,), then the two polytopes P/N and
P(A(P)/N) are isomorphic, with group A(?/N) = A(P)/N, and all maps y of (6) are
isomorphisms.

Proof. Let ® = {F_,,F,,...,F,} be the base flag of 2. Write A:= A(#)/N
and let a: A(#)— A be the canonical projection. For i = —1, 0,...,n define
A;={p;lj #1i) and A;:== (Np,|j # iy. Note that 4,a™' = 4,N for each i. By
assumptlon A is a string C-group, so that #(A) is defined, with base flag
{A_,, A, ..., 4,}. Consider the mapping

k:  P/N—PA),
F,0- N A(¢a) (i=—10,...,n; g€ A(P)).

For ¢, yy € A(#), we have F;p- N = F,yy- N in /N if and only if A,Np = A;Ny;
that is, if and only if A pa) = A(Ya) in P(A). It follows that x is a bijection.
However, k also preserves incidence in both directions. In fact, in 2/N a pair of
incident faces is of the form F;¢-N and F;t¢ N with i <j, (peA(g‘) and
T€{Pis1s-+» Pn_1p; DY K they are mapped onto the faces A{px) and A (ra)(pa)
of #(A4), which are again incident because tx€ {Np;,1,..., Np,_>. Conversely,
if A(pa) and ﬁ{m)(q)cx) are incident in 2(A4), with ta e (N Pit1r--+» Np,_1), then
T€<{Pis1,---» Pu—1»>N and thus F;o-N and F;1¢ N are 1nc1dent in #/N.

It follows that #/N and 2(A4) are 1somorphlc polytopes and thus have the
same group A. By Theorem (9), all maps y are isomorphisms if the mapping
u: F(P)/Nr— F(P/N) of (8) is a bijection. To prove this, consider the chain of
maps

-~

F(PA)> A5 F(P)NS F(@IN),
{Afpn)}i o2 > ®o N > {F,¢ N} (=(®¢)n).

Here, yu, is a bijection because 2(4) is a regular polytope with (the simply
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flag-transitive) group A; and p, is a bijection because ®¢ - N = ®y - N in F(#)/N
if and only if pa = N¢ = Ny = ya. Nevertheless, u, u, pt is also a bijection because
it is the map induced by the isomorphism k ~!: 2(4)— #/N. Hence u must be a
bijection, and the proof is complete. O

(16) Theorem. Let P be a regular n-polytope with group A(P) = {pPgs---» Pn-17>
and let N be a normal subgroup of A(P) such that

Nn<p1""’pn~l><p0""s pn~2> = {6}

Then

(a) A(P)/N is a string C-group, and P/N and P(A(P)/N) are isomorphic regular
polytopes with group A(P/N) = A(P)/N.

(b) The facets and vertex-figures of /N are isomorphic to the facets and
vertex-figures of 2, respectively; that is, 2 is an (n — 1)-covering of #/N.

Proof. We use the same notation as in the proof of Theorem (15). First note
that Nn A4, _, = {¢} = N n A, so that the restrictions of « to the subgroups
A, .., and A, are isomorphisms. In particular, 4,_,a = {(Np,,..., Np,_,> and
Aga ={Np,,...,Np,_,> are string C-groups.

To prove that A4 is a string C-group observe that (2) holds trivially. For (1) it
suffices to check

An—la N AO“ = <p1a [ERE} Pn—2>0‘,

because both groups on the left are string C-groups. Let pe A, ;, Yy €A4,,
and ¢o=ya Then Yo 'eker(®) N AgA,_, = NN AygA,_, = {¢} and thus
o=yYeA,_NnA;g =<0 -, Py-2y. However, this proves (1). Now we can apply
Theorem (15) to complete the proof of part (a). Part (b) follows from 4,_, = A4, _;
and 4, = A,. O
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