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1 Introduction

Classical minimally-coupled gauge theories and gravity are governed by an infinite number
of asymptotic symmetries and conservation laws which constrain both the scattering am-
plitudes and the time evolution of initial data [1]. The symmetries are most easily derived
from soft theorems and most simply characterized by generalized higher-spin current alge-
bras1 which act on the data on the celestial sphere. For gravity this algebra has recently
been found to contain the well-known (loop group of the wedge algebra of) w1+∞, while
for gauge theory it is the related ‘s-algebra’2 [2, 3].

Beyond the classical minimally coupled limit, one expects this algebra to be deformed
in some fashion. A priori there are many possibilities: the symmetries could be anoma-
lous, the structure constants deformed, central terms generated or new generators coupled
in. However, since these symmetries are associated to the deep infrared they are fully
determined by the Wilsonian effective theory. Deformations are expected from both non-
minimal Wilsonian corrections to the low energy effective action and quantum loops. While
our current understanding is far from complete, work in this direction includes [4–9].

1We consider here the ‘holomorphic’ algebras generated by taking z → 0 with z̄ fixed, where (z, z̄) are
complex coordinates on the celestial sphere.

2Originally denoted by upper case S in [2].
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In this paper we consider a Wilsonian deformation of the s-algebra for gauge theory
coupled to a complex massless scalar φ. Only a short list of terms in the Wilsonian effective
action can affect the soft theorems or associated symmetries [10, 11]. We consider here
the deformation induced by the combination of terms φ(F+)2 + φ̄(F−)2, where F± are
the (anti)-self dual parts of F , appearing in supersymmetric theories as well as the study
of Higgs-gluon scattering [12]. This yields an associative3 algebra in which the s-algebra
is enlarged to include soft scalars as well as soft photons or gluons. We further exhibit
a scaling limit in which the scalar generators are shifted by a large amount while the
non-minimal coupling is taken to zero, yielding a centrally extended decoupled s-algebra.

Of special interest is the simple case of photons non-minimally coupled to a massless
complex scalar. Such couplings have appeared in phenomenological studies of, for example,
axions [13].4 In the absence of scalars, all soft photon symmetry generators commute.
Interestingly, the non-minimal scalar addition enlarges this abelian algebra with additional
soft scalar generators and deforms it to a non-abelian one.

We also consider, in the spirit of [6, 15–19], the expansion of the gauge-scalar theory
around a background scalar field vacuum expectation value (vev). If the vev is Lorentz
invariant, it will preserve two-dimensional conformal invariance and be dual to a marginal
deformation of the boundary CCFT. [16, 20] On the other hand if it breaks translation in-
variance, the amplitudes are less singular and the various currents can have non-degenerate
two point functions, making the theory easier to study. Such a background vev is provided
by φ = 1

x2 , which has shockwave type singularities along the light cone of the origin, and is
a Lorentz/conformally invariant cousin of the backgrounds explored in [19]. We show that
expanding around this vev is equivalent to shifting the soft scalar generators and centrally
extends the subleading generators of the s-algebra. We further show that, generalizing to a
fourth-order kinetic term for the scalar, a similar mechanism imparts a level to the leading
(Kac-Moody) generators. This reproduces results of [6] from an alternate perspective.

Section 2 contains notation, conventions and brief review. Section 3 computes the
enlarged and deformed algebra and the central extension of the s-algebra. Section 4 treats
the theory expanded around a Lorentz-invariant scalar vev.

2 Preliminaries

In this section we review celestial amplitudes in Klein space and the holomorphic soft gluon
symmetry algebra.

2.1 Celestial amplitudes in Klein space

On-shell constructions of scattering amplitudes typically employ, implicitly or explicitly,
(2, 2) signature Klein space in which left and right spinors as well as the spatial coordinates
(z, z̄) of null infinity are real and independent. This allows one to take holomorphic collinear

3Associativity is known for this case but not a priori guaranteed [5–8].
4As dark matter candidates axions must have a mass, in which case our considerations apply only above

the axion mass scale. Similarly of phenomenological interest [14] are neutrino dipole couplings of the form
ν̄RMσλµνLF

λµ which generate deformations of the soft photon algebra involving soft neutrino generators.
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Figure 1. The toric Penrose diagram for (2,2)-signature Klein space. Each point represents
a nondegenerate Lorentzian torus, except the vertical (horizontal) boundary where the spacelike
(timelike) cycle of the torus degenerates.

limits with z → 0 and z̄ fixed, and self-dual gauge fields can be real. More physical
(3, 1) signature Minkowski space amplitudes may be conveniently obtained by analytic
continuation from Klein space.

The flat Klein space metric is

ds2 = −dx2
0 + dx2

1 − dx2
2 + dx2

3 (2.1)

where xµ are the usual Cartesian coordinates. Slices of constant x2 in both the timelike
and the spacelike regions of Klein space are geometrically AdS3/Z. Null infinity takes
the form of a Lorentzian torus fibered over a null interval, and the Kleinian equivalent of
the celestial sphere is the Lorentzian signature celestial torus. The toric Penrose diagram
of Klein space derived in [21] is shown in figure 1. A generic null momentum vector is
parameterized by

qµ(z, z̄) = ηωq̂µ(z, z̄) = ηω(1 + zz̄, z + z̄, z − z̄, 1− zz̄) (2.2)

where z, z̄ are independent real variables on the celestial torus, η = ±1 denotes an in/out
label and ω > 0 is the energy. Using the basis of Kleinian Pauli matrices

σµ =
([

1 0
0 1

]
,

[
0 1
1 0

]
,

[
0 1
−1 0

]
,

[
−1 0
0 1

])
(2.3)

and letting qαα̇ = (q · σ)αα̇ = λαλ̃α̇ where5

λα = iη
√

2ω
[
z

1

]
, λ̃α̇ = −i

√
2ω
[
z̄

1

]
(2.4)

5We choose a convention where the spinors are purely imaginary in order to match the spinor products
found in the referenced literature.
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we have the following identifications

〈ij〉 = −2ηiηj
√
ωiωjzij , [ij] = −2√ωiωj z̄ij . (2.5)

Throughout this paper we will write amplitudes in terms of these spinor-helicity variables
for convenience.

Starting from a massless-particle scattering amplitude in momentum space Aa1...an(qi),
where the ai are gauge group indices, the transform to the celestial conformal primary basis
is a Mellin transform with respect to the energies

A
(
1η1

∆1,a1
, . . . , nηn∆n,an

)
=

 n∏
j=1

∫ ∞
0

dωjω
∆j−1
j

Aa1...an (η1ω1q̂(z1, z̄1), . . . , ηnωnq̂(zn, z̄n)) .

(2.6)
The resulting amplitudes transform as correlation functions of conformal primaries on
the celestial torus. Here Aa1···an is implied to contain the momentum conserving delta
function. In what follows all celestial amplitudes will be denoted by A to differentiate
them from momentum space amplitudes. When convenient, we will write these amplitudes
as correlation functions of the associated primary operators Oa,η∆ :

A
(
1η1

∆1,a1
, . . . , nηn∆n,an

)
=
〈
Oa1,η1

∆1
· · · Oan,ηn∆n

〉
(2.7)

2.2 Holomorphic soft algebras

Celestial amplitudes contain poles where one of the weights approaches a negative integer
whose residues are controlled by soft theorems. In the case of gluons, soft poles occur at
∆ = 1, 0,−1, . . . [22]. For color-ordered gluon amplitudes, the leading soft theorem implies
that as ∆→ 1

lim
∆1→1

(∆1 − 1)A
(
1η1

∆1,+2η2
∆2,s2

· · ·nηn∆n,sn

)
= −1

2
zn2
zn1z12

A
(
2η2

∆2,s2
· · ·nηn∆n,sn

)
. (2.8)

In the operator language, soft theorems govern insertions of the soft celestial operators

Rk,a(z, z̄) = lim
ε→0

εOa,+k+ε, k = 1, 0,−1, . . . (2.9)

where Oa,+∆ describes a positive helicity gluon. The operator product expansion (OPE) in
CCFT can be derived via symmetry constraints or by considering the splitting functions
from collinear limits of bulk scattering amplitudes [11, 23]. Combining the definition of
the soft modes with the structure of collinear divergences in Yang-Mills one finds, for
gluon scattering without a background, that the positive helicity ∆ = 1 soft modes form a
Kac-Moody algebra with vanishing level [24, 25].

The soft operators were shown, in the holomorphic limit, z → 0 with z̄ fixed, to have
the operator product expansions [3]

Rk,a(z1, z̄1)R`,b(z2, z̄2) ∼ − if
ab
c

z12

1−k∑
m=0

(
2− k − `−m

1− `

)
z̄m12
m! ∂̄

mRk+`−1,c(z2, z̄2) (2.10)

– 4 –



J
H
E
P
0
3
(
2
0
2
3
)
2
3
3

for k, ` = 1, 0,−1, . . .. We can repackage the relevant information contained in the singular
part of the soft gluon OPE into an algebra of the modes using the expansion

Rk,a(z, z̄) =
∑
n,m

Rk,an,m

zn+ k+1
2 z̄m+ k−1

2
, (2.11)

where (m) n is the (anti)-holomorphic index. The 2D commutators can be found through
contour integrals of the operator product expansion 2.10:[

Rk,an,m, R
`,b
n′,m′

]
=
∮
|z̄1|<ε

dz̄1
2πi z̄

m+ k−3
2

1

∮
|z̄2|<ε

dz̄2
2πi z̄

m′+ `−3
2

2

×
∮
|z2|<ε

dz2
2πiz

n′+ `−1
2

2

∮
|z12|<ε

dz1
2πiz

n+ k−1
2

1 Rk,a(z1, z̄1)R`,b(z2, z̄2).
(2.12)

Defining the wedge modes

sq,an,m = Γ(q +m)Γ(q −m)R3−2q,a
n,m ,

k − 1
2 ≤ m ≤ 1− k

2 (2.13)

we find that the holomorphic soft algebra for gauge theory is the s-algebra [2]:[
sq,an,m, s

p,b
n′,m′

]
= −ifabcs

p+q−1,c
n+n′,m+m′ . (2.14)

In what follows we consider deformations of the bulk theory that break translation in-
variance and generate central extensions as well as deformations arising from dynamical
particles in the bulk.

3 Non-minimal Yang-Mills with a scalar

In this section we derive the associative soft algebra for non-abelian gauge theory non-
minimally coupled to a complex scalar.

3.1 Deformed algebra

While the leading soft theorem is exact, coupling gauge theory to massless scalars can
modify the soft theorem at subleading level [10, 11], but only through the short list of
operators that are linear in the scalar and quadratic in the gauge field. We will see that
these modifications deform and enlarge the soft algebra by including soft scalar generators.
In this paper we study the simplest case of a complex neutral scalar with action [12]

S =
∫
d4x

(
−∂µφ∂µφ̄−

1
4TrFµνF

µν − µ

4
(
φTrF+

µνF
+µν + φ̄TrF−µνF−µν

))
. (3.1)

In Klein space, φ, φ̄ become independent real fields. The contributions to the relevant
OPEs arising from this interaction are [23]

Rk,a(z1, z̄1)R`,b(z2, z̄2) ∼ −µ2 δ
ab z̄12
z12

−k∑
m=0

(
−k − `−m
−`

)
z̄m12
m! ∂̄

mφ̄k+`

Rk,a(z1, z̄1)φ`(z2, z̄2) ∼ −µ2
z̄12
z12

−k∑
m=0

(
−1− k − `−m
−`− 1

)
z̄m12
m! ∂̄

mR̄k+`,a

(3.2)
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Here φ̄k = limε→0 εΦ̄k+ε, which is non-vanishing for k = 0,−1, . . . and the operator Φ̄∆ is
dual to a complex scalar. Likewise, R̄k,a = limε→0 εOa,−k+ε is a negative helicity soft gluon.
These operators admit the following mode expansions

φk =
∑
n,m

ψkn,m
zn+k/2z̄m+k/2 , φ̄k =

∑
n,m

φ̄kn,m
zn+k/2z̄m+k/2 , R̄k,a =

∑
n,m

R̄k,an,m

zn+ k−1
2 z̄m+ k+1

2
. (3.3)

Performing the appropriate contour integrals of the OPEs finally gives us the following
deformed algebra[

sq,an,m, s
r,b
n′,m′

]
= −ifabc s

r+q−1,c
n+n′,m+m′ − µδ

ab (m′(q − 1)−m(r − 1)
)
σ̄q+r−2
n+n′,m+m′[

sq,an,m, σ
r
n′,m′

]
= −µ

(
m′(q − 1)−m(r − 1)

)
s̄q+r−2,a
n+n′,m+m′ , (3.4)

where we have redefined the modes according to

σqn,m = Γ(q +m)Γ(q −m)φ2−2q
n,m ,

σ̄qn,m = Γ(q +m)Γ(q −m)φ̄2−2q
n,m ,

s̄q,an,m = Γ(q +m)Γ(q −m)R̄1−2q,a
n,m . (3.5)

One may check directly from the Jacobi identity that this algebra is associative, consistently
with the more general analysis of [5, 9, 26]. It provides a simple example of an enlarged
and deformed s-algebra.

3.2 Centrally extended s-algebra

Now consider shifting the φ̄ modes

σ̄k0,0 → σ̄k0,0 −
αk

µ
(3.6)

and then taking µ → 0. The remaining algebra decouples into associative φ and s subal-
gebras, but the s subalgebra admits the following deformation[

sq,an,m, s
r,b
n′,m′

]
= −ifabc s

r+q−1,c
n+n′,m+m′ + δab

(
m′(q − 1)−m(r − 1)

)
αq+r−2δn+n′δm+m′ . (3.7)

In the interesting Lorentz/conformally-invariant special case with only α1 = −c3/2 nonzero
we get

[sq,an,m, s
p,b
n′,m′ ] = −ifabcs

p+q−1,c
n+n′,m+m′ + c3/2δ

p,3/2δq,3/2δabmδn+n′δm+m′ , (3.8)

which is a level for s3/2,a
n,m .

Shifting φ̄ is the same as expanding around a bulk background vev whose explicit form
is given below. Hence scalar vevs can generate current algebra levels. A similar shift in the
context of a quartic derivative scalar action generates a level for the leading s1,a

n,m as in [6].
We now construct bulk theories whose amplitudes realize the algebra (3.8).
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4 Translation non-invariant backgrounds

In this section we consider the scalar-Yang-Mills theory (3.1) in a non-translationally in-
variant scalar background.

Consider, first, backgrounds6 φB(x) as in [16] (without a mass) satisfying �φB = 0
(or �2φB = 0 for a scalar with a fourth-order kinetic term). The action (3.1) expanded
around such a background acquires an extra term

δSB = −
∫
d4x

µ

4φB(x) TrF+
µνF

+µν . (4.1)

In the case that φB is Lorentz invariant, computing amplitudes around such a linearized on-
shell background is equivalent to deforming the boundary celestial conformal field theory
by a dimension two marginal operator [16, 20].

In the following we are interested in backgrounds that generate central extensions to
the gauge symmetry algebra. As will be seen shortly, this turns out to require that the
massless wave equation has a source. The source J could, for example, be nonzero (F−)2,
D-branes as in [27] or a quantum violation of the classical equation of motion from contact
terms with an operator insertion. We remain agnostic about the precise origin and simply
add an explicit source term to the action

δSS = −
∫
d4x

[
J(x)φ̄(x)

]
. (4.2)

By examining Feynman diagrams with this action, one finds that this is equivalent to
computing amplitudes around a background that solves �φB = J

φB(x) =
∫
d4x′J(x)∆(x, x′) (4.3)

where ∆ is the Feynman propagator of the massless scalar. In momentum space, the
effective background can be written as7

φB(p) = ∆(−p)J(p). (4.4)

This leads to, at linear order in φB, the n-gluon amplitudes

Aφn(1+ · · ·n+) =
∫
d4p0φB(p0)An+1(001+ · · ·n+) (4.5)

If φB(p) depends only on p2, the resulting amplitudes will be Lorentz but not translation
invariant and hence correspond to a marginal deformation of the boundary CCFT. The
amplitude Aφn+1(001+ · · ·n+) has been studied in the context of Higgs-gluon scattering [12],
and the color ordered amplitude takes the simple form

An+1(001+ · · ·n+) = µ(p2
0)2

〈12〉〈23〉 · · · 〈n1〉δ
(4)(p0 + p1 + · · ·+ pn). (4.6)

The celestial amplitude of n positive helicity gluons is then the Mellin transform of Aφn. We
now compute these amplitudes in the specific case where all external particles are taken to
be soft positive helicity gluons.

6We consider only a background for the holomorphic φ; the case where φ̄ can be found by parity-
conjugating the results of this work.

7One could add a homogeneous contribution to this background, but such a term will not deform the
soft algebra.
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Figure 2. A two-gluon scattering process at first order in the background.

4.1 All-soft amplitudes in a background

For all particles ingoing, these celestial amplitudes describe n gluons scattering into nothing
by interacting with a background, such as the two-gluon scattering amplitude illustrated in
figure 2 As such, the background deformation will deform the soft gluon algebra by giving a
non-zero two point function to soft gluons, describing a process where two positive-helicity
soft gluons annihilate in the presence of the background. We consider the simplest case of
the two-point function first. One finds8

〈
Rk,a(z1, z̄1)R`,b(z2, z̄2)

〉
φ

= Tr
(
T aT b

)
lim

ε1,ε2→0
ε1ε2Aφ

(
1+
k+ε1

2+
`+ε2

)
= 2µδk`δaba−1−k

(−4)kz2
12|z12|2(k−1)

(4.7)
where we have assumed that φB is damped in the UV and that, near p = 0, φB(p) has the
expansion

φB(p) =
∑
k

ak(p2)k. (4.8)

The details of this computation can be found in appendix A.
It should be noted that, in the presence of an effective background with nonzero a−1−k,

equation (4.7) implies that the operator Rk,a creates states of finite norm when acting on
the vacuum. This result can be generalized to higher point functions. As an example, the
three point function is computed explicitly in appendix A.

The deformations of soft gluon amplitudes will always contain a factor of µak. Of
special interest to us is the limit µ→ 0 with µak fixed, in which scalars decouple from the
soft gluons while the latter acquire central extensions.

4.1.1 Leading soft gluons

For conformal dimension k = 1 we get the two and three point functions between leading
soft currents which are 〈

R1,a(z1)R1,b(z2)
〉
φ

= c1δ
ab

z2
12

,

〈
R1,a(z1)R1,b(z2)R1,c(z3)

〉
φ

= − c1f
abc

z12z23z31
.

(4.9)

where
c1 = −µa−2

2 = −µ2

∫
d4x�2φB(x). (4.10)

8For notational simplicity we consider only ingoing particles and drop the ingoing/outgoing label ηj .
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As an example, consider the choice φB(x) = α log |x|2, which solves the equations of motion
for a scalar with kinetic term φ̄�2φ with a δ-function source at the origin. This creates a
non-vanishing soft two-point function with c1 = 8π2µα, in agreement with the topological
field theory analysis of [6].

A simple generalization of the above calculation yields the n-point function of positive-
helicity leading soft gluons:

〈
R1,a1(z1) · · ·R1,an(zn)

〉
φ

= −c1(−1)nTr[T a1 · · ·T an ]
2n−1z12 · · · zn1

+ · · · (4.11)

where · · · include other color orderings and terms that are higher-trace. This takes the
form of a correlation function of n holomorphic currents in a WZW model [28] of level
k = −µa−2

2 . This is reminiscent of results in [6, 17, 18, 27].

4.1.2 Subleading soft gluons

Similarly, the conformal dimension k = 0 soft gluons, which govern the subleading soft
theorem, have two point function

〈R0,a(z1, z̄1)R0,b(z2, z̄2)〉φ = c3/2δ
ab z̄12
z12

(4.12)

where
c3/2 = 2µa−1 = −2µ

∫
d4x�φB(x) = −2µ

∫
d4xJ(x) (4.13)

The effective background φB(x) = α
x2 , with iε prescription solving the massless Klein-

Gordon equation with δ-function source at the origin, gives the subleading soft gluon a
two point function with c3/2 = 8π2µα. Note that adding a solution to the homogeneous
equation of motion �2φ = 0 does not contribute to c1.

Lorentz invariance forces the two-point function 〈Rk,aRk,b〉 to be non-singular as z12 →
0 for k ≤ 0, so these are the only two deformations that will modify the soft algebra.

4.2 Background induced central extensions

Observation of the scattering amplitudes given in subsection 4.1 reveals a simple structure:
at linear order in µak, the background deforms the soft OPE by adding a term proportional
to the identity

Rk,a(z1, z̄1)R`,b(z2, z̄2) ∼ − if
ab
c

z12

1−k∑
m=0

(
2− k − `−m

1− `

)
z̄m12
m! ∂̄

mRk+`−1,c(z2, z̄2)

−µ2 δ
ab z̄12
z12

−k∑
m=0

(
−k − `−m
−`

)
z̄m12
m! ∂̄

mφ̄k+`

+ 2µδk`δaba−1−k
(−4)kz2

12|z12|2(k−1) (4.14)

This deforms the soft algebra when the identity term is singular as z12 → 0, which occurs
at leading and subleading level. We can explicitly compute this deformation by performing

– 9 –
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the appropriate contour integrals outlined in Equation (2.12). The centrally extended
algebra in the µ→ 0 and µak fixed limit is

[sq,an,m,s
p,b
n′,m′ ]=−if

ab
cs
p+q−1,c
n+n′,m+m′+c1δ

p1δq1δabnδn+n′δm+m′+c3/2δ
p,3/2δq,3/2δabmδn+n′δm+m′ .

(4.15)

5 Discussion

Deformations to soft algebras in celestial CFTs have recently been an area of much interest.
In this work, we have shown that interesting deformations of soft algebras can arise from
deforming celestial CFTs by computing scattering amplitudes with scalar sources and a non-
trivial background. To first order in the source, these deformations centrally extend the soft
algebra, or, in a complementary picture, give nonzero vacuum expectation values to weight
0 scalar boundary operators as expected from the analogy with conformal perturbation
theory, provided that the source arises from dynamical element of the theory. Interestingly,
on-shell backgrounds (with vanishing J(x)) do not deform the soft algebra.

Along the way, we have replicated an interesting result from [6], where correlation
functions of chiral WZW models appeared to describe correlation functions of positive-
helicity leading soft gluons computed around a logarithmic background. The derivation
presented in this paper is a direct computation by taking the soft limit of a celestial
amplitude, rather than an indirect gauge-invariance argument, providing an interesting
check that these two perspectives on 4D/2D holography are equivalent, and extends their
derivation to correlation functions of subleading soft gluons and more general sources.

This work also invites us to investigate soft scattering with sources as a testbed for
celestial duality. Because the two-point functions of soft gluons in a background can be
nonvanishing, soft gluons create states of finite norm when computed around a non-trivial
background, and at leading order, have correlation functions reminiscent of chiral WZW
models. It would be interesting to see whether this correspondence can be extended to
higher orders in the background to include negative helicity gluons and dynamic scalar
while maintaining a duality with a known boundary theory.9

We expect to follow up with the somewhat analogous results in gravity in the near
future.
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A Computation of correlators in a background

In this appendix we provide details for the computation of two and three point functions
of soft operators in Yang-Mills with a scalar background. The celestial n-point function in
a background can be computed as follows

Aφn(1+,η1
∆1
···n+,ηn

∆n
)= µ(−1)n

2nz12 ···zn1

∫ ∞
0
dωjω

∆j−2
j

∫
d4p0(p2

0)2φB(p0)δ(4)(p0+η1ω1q(z1,z̄1)+···)

= µ(−1)n

2nz12 ···zn1

∫ ∞
0
dωjω

∆j−1
j (p2)2φB(p)

∣∣∣∣
p=−η1ω1q(z1,z̄1)−···−ηnωnq(zn,z̄n)

. (A.1)

Specifying to n = 2, the two point function of soft operators is given by the Mellin transform
combined with the appropriate soft limits of the above

Aφ
(
1+
k 2+

`

)
= lim

ε1,ε2→0
ε1ε2A

(
1+
k+ε1

2+
`+ε2

)
= − µ

4z2
12

∫ ∞
0

dω1
(
ε1ω

k−2+ε1
1

)
dω2

(
ε2ω

`−2+ε2
2

)(
(ω1q(z1, z̄1)+ω2q2(z2, z̄2))2

)2

×φB (−ω1q(z1, z̄1)−ω2q(z2, z̄2)) . (A.2)

Assuming that φ is damped in the UV, we can use the following property of the Dirac delta
function

2(−1)n

n! δ(n)(x) = lim
ε→0

ε|x|−1−n+ε. (A.3)

Additionally assuming that, near p = 0, φB(p) has the expansion

φB(p) =
∑
k

ak(p2)k, (A.4)

we can substitute back into our expression to obtain

Aφ
(
1+
k 2+

`

)
= − µ

4z2
12

∫
dω1dω2

(−1)2−k−`δ(1−k)(ω1)δ(1−`)(ω2)
(1− k)!(1− `)!

∑
j

aj
(
−4ω1ω2|z12|2

)2+j

= µδk`a−1−k
(−4)kz2

12
(A.5)

In fact, the three point function can be computed in a similar fashion. For generic soft
gluons we find, defining β = k1 + k2 + k3 − 3,

Aφ(1+
k1

2+
k2

3+
k3

) = lim
εj→0

ε1ε2ε3A(1+
k1+ε1

2+
k2+ε2

3+
k3+ε3

)

= − lim
εj→0

µ

8z12z23z31

∫ ∏
j

dωjεjω
kj−2+εj
j (p2)2φB(p)

∣∣∣∣
p=−ω1q1−ω2q2−ω3q3

= − µ

8z12z23z31

∫
dω1dω2dω3

(−1)−βδ(1−k1)(ω1)δ(1−k2)(ω2)δ(1−k3)(ω3)
(1− k1)!(1− k2)!(1− k3)!

× (p2)2φB(p)
∣∣∣∣
p=−ω1q1−ω2q2−ω3q3

(A.6)
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The effect of the soft limit is to pick out the coefficient of ω1−k1
1 ω1−k2

2 ω1−k3
3 in the Laurent

expansion of p4φB(p)|−ω1q1−ω2q2−ω3q3 . Therefore, our three-point function takes the form

Aφ(1+
k1

2+
k2

3+
k3

) =
(−1)1−β(−4)−β/2a−2−β/2

8z12z23z31

∫
dω1dω2dω3

δ(1−k1)(ω1)δ(1−k2)(ω2)δ(1−k3)(ω3)
(1− k1)!(1− k2)!(1− k3)!

×
(

−β
2

k1−k2−k3+1
2 , −k1+k2−k3+1

2 , −k1−k2+k3+1
2

)
ω1−k1

1 ω1−k2
2 ω1−k3

3

× 1
|z12|k1+k2−k3−1|z23|k2+k3−k1−1|z13|k1+k3−k2−1

= −
a−2−β/2

(−1)3β/22β+3z12z23z31

(
−β

2
k1−k2−k3+1

2 , −k1+k2−k3+1
2 , −k1−k2+k3+1

2

)

× 1
|z12|k1+k2−k3−1|z23|k2+k3−k1−1|z13|k1+k3−k2−1 (A.7)

This is nonvanishing if ki + kj − kp ≤ 1 for i 6= j 6= p and β even.
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