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Abstract

It is known that the behavior of the Mitchell order substantially changes at the level
of rank-to-rank extenders, as it ceases to be well-founded. While the possible partial
order structure of the Mitchell order below rank-to-rank extenders is considered to
be well understood, little is known about the structure in the ill-founded case. The
purpose of the paper is to make a first step in understanding this case, by studying
the extent to which the Mitchell order can be ill-founded. Our main results are (i) in
the presence of a rank-to-rank extender there is a transitive Mitchell order decreasing
sequence of extenders of any countable length, and (ii) there is no such sequence of
length w;.

Keywords Mitchell order - Rank-to-rank extender - Infinite decreasing chain

Mathematics Subject Classification 03E55 (Large cardinals) - 03E20 (Other classical
set theory)

1 Introduction

Extenders are combinatorial objects which play a fundamental role in capturing the
strength of various large cardinal axioms, and specifically in capturing the strength of
elementary embeddings. Given an elementary embedding j : V — M with critical
point «, and an ordinal A > «k, the (k, A)-extender E derived from j is a system of
ultrafilters £ = (E, | a € [\]=“), where each E, is given by
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X e E,iff X C 1Y Aa e j(X),

where £ > « is the least ordinal such that A < j(§). Fora € [A]=“, u, denotes the
least w such thata C j(u). Suppose that a C b are elements of [A]=“, where |b| = n
and I C nisthe set of indices (given by the canonical order on A) for which b | I = a.
We note that the map mp 4 : [,ub]”’| — [/¢La]“‘| given by mp 4(x) = x | I satifies that
for every X € E,, T, ;(X ) € Ep. Each ultrafilter E, is k-complete, and the system
of ultrafilters naturally gives rise to a canonical system of ultrapowers Ult(V, E,).
The manner we derived each E, from j implies that Ult(V, E,) is isomorphic to
the subclass X, of M given by X, = {j(f)(a) | f : [al! — V}. The functions
7p o allow us to form a natural direct limit of the system of ultrapowers, denoted by
Ult(V, E), which is isomorphic to the subclass X = Uae[k]“" X, of M. We denote
the transitive collapse of Ult(V, E) (which is the same as the transitive collapse of
XE) and the resulting ultrapower embedding by ig : V — Mg. It follows from
the description of Xg that if the original embedding j : V — M is A-strong (i.e.,
Vi € M) then V), € Mg. In that sense, we see that the ultrapower of V by the
extender E captures the strength of j : V — M up to A. The properties of an
extender £ = (E4, pq | a S b € [A]™?) as a system of ultrafilters with suitable
connecting maps can be formulated directly, without the need of an ambient embedding
j : V. — M. We refer the reader to [9, Section 26] for an extensive introduction to
the theory of extenders.
A fundamental notion in the study of extenders is the one of the Mitchell order.

Definition 1.1 Let E, E’ be two extenders. We write E < E’ if E is represented in the
(well-founded) ultrapower of V by E’.

The Mitchell order < was introduced by Mitchell in [10] to construct canonical
inner models with many measurable cardinals. The Mitchell order, which was initially
introduced as an ordering on normal measures, has been extended to extenders and
plays a significant role in inner model theory. As a prominent notion in the theory of
large cardinals, the study of the Mitchell order and its structure has expanded in recent
decades. The behaviour of the Mitchell order on extenders depends on the type of
extenders in consideration and naturally becomes more complicated when restricted
to stronger types of extenders. A fundamental dividing line in the behaviour of the
Mitchell order is its well-foundedness: Mitchell [11] has shown that < is well-founded
when restricted to normal measures. The question of the well-foundedness of < was
further studied by Steel [13], and Neeman [12], who showed that it fails exactly at the
level of rank-to-rank extenders.

Definition 1.2 Let E be an extender. We say E is a rank-to-rank extender iff assuming
A > crit(E) is least such that ig (X)) = A, then V,, C Mg.

Due to their similarity with embeddings j : V — M with V412 € M, which have
been shown by Kunen to be inconsistent with ZFC, the large cardinal strength wit-
nessed by rank-to-rank extenders is considered to be located near the top of the large
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cardinal hierarchy. More precisely, rank-to-rank extenders naturally arise from the
large cardinal axiom 12.

The known dividing line of well-foundedness naturally breaks the question of the
general possible behaviour into two (i) which well-founded partial orderings can be
isomorphic to the Mitchell order on measures/extenders below the rank-to-rank level?
and (ii) which ill-founded partial orderings can be isomorphic to the Mitchell order
on a set of rank-to-rank extenders?!

Concerning question (i), the possible structure of the Mitchell order on normal
measures has been extensively studied in [1-5,11,14]. It has been shown in [2] that it
is consistent for every well-founded partial ordering to be isomorphic to the restriction
of < to the set of normal measures on some measurable cardinal « (the exact consistency
strength of this property has not been discovered).

In this work, we make a first step towards expanding the study of the Mitchell order
in the ill-founded case, and address question (ii). Specifically, we focus on the extent
to which the well-foundedness of the Mitchell order fails on rank-to-rank extenders,
by considering possible ordertypes of infinite decreasing chains in <. The main results
of this paper are the following two theorems.

Theorem 1.3 Assume there exists a rank-to-rank extender E. Then for every countable
ordinal y there is a sequence of rank-to-rank extenders of length y, (Eq | @ < y), on
which the Mitchell order is transitive and strictly decreasing.

Theorem 1.4 There is no wi-sequence of extenders which is strictly decreasing and
transitive in the Mitchell order.

Our presentation of the proof of Theorem 1.4 goes through a proof of a weak
version of Steel’s conjecture, which addresses transitive w-sequences of extenders.”
This presentation replaces a previous ad-hoc proof. The authors would like to thank
Grigor Sargsyan for pointing out the connection with Steel’s conjecture, which led to
the current concise proof of Theorem 1.4. The (full) conjecture was recently proved
by Goldberg ( [7]) building on his remarkable study of the internal relation.

2 Basic definitions and observations

For notational clarity it will be sometimes convenient for us to use the notation
Ult(V, E) for Mg, the transitive collapse of Ult(V, E). For an extender E in a tran-
sitive class N, write MY for the transitive collapse of Ult(N, E) and iy : M — M}
for the corresponding ultrapower embedding. For a rank-to-rank extender E we write
AE for the least A > crit(E) such that iz (1) = A. Moreover, we write K(‘f = crit(E)
and /an_H =ig (/cf) for n < w, and call (/c,‘lE | n < w) the critical sequence of E. For
any rank-to-rank extender E, A¥ = sup,_, kF = lh(E).

1 Beyond the possible (partial) ordering structure of the Mitchell order, the investigation can be further
extended to non-transitive relations, as the Mitchell order need not be transitive in general (see [13]). This
direction is not developed in this paper.

2 See Sect. 4 for a formulation of Steel’s conjecture.
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For every n < w let E | «F be the cutback of E to the measures E,, a € [xF]=®.
We have that Mg = | J,, X, where

Xo = {ie(f)@) | a € KE1=, f : [nal® — V).

By taking f = id, itis clear that x© C X,,. Let N,, denote the transitive collapse of X,
for each n < . We have that N, is isomorphic to M, . Moreover, for eachn < w,

Ny+1 contains V& 1 and in particular i E“/cf € Ny41. It follows from a standard
n+

E .. . .
argument that“» N, ;| € N, 1. As the critical point of the inverse of the collapse map
. .. . E
Nyy1 — Xpg1 18 > Kf, this implies “» X, 11 € X;41.
The following observations will be useful in comparing extenders in different ultra-
powers.

Lemma 2.1 Assume that N = Un<w X, is an increasing union of classes X,, N is
transitive, and there exists a sequence of cardinals (k, | n < w), such that “» X, C
Xyy1 foralln < w. Let E € N be a rank-to-rank extender of height Ih(E) = A

Un Kn-

(1) Foreverya € [A\]=“and f : [;La]‘“‘ — N afunction in V, there exists a function

fn € N such that {v € [11a]“! | f(v) = fn(v)} € Eq.
(2) Letig : V — Mg and ig N —> Mév be the ultrapower embeddings by E of V

and N, respectively. For every set x € N, ig(x) = ig (x).

Proof (1) As N = J,, X,, is an increasing union, and E, is o-complete, there exists
some n such that the set A, = {v € [,ua]“‘| | f(v) € X,} belongs to E, and
Ha < kE. Since X,41 is closed under xF-sequences, it follows that f | A, :
[all — X, belongs to X, 41 € N. The claim follows.

(2) Let 7 : Ult(V, E) — Mg and 7V : Ult(N, E) — Mgv denote the transitive
collapse embeddings. We have that in fact for any [a, f]g and [a, fy]g fora €
A=, f 2 (el — xin V and fy : [na]”! — x in N with {v € [a]1! |
f) = fn()} € E,,

n(a, f1g) = 7™ (la, fn1E).

This follows from a straightforward induction on the rank of [a, f]g using that for
any [b, glr € [a, flE, g takes values in N, as N is transitive and we may assume
that g € N by the first part of the lemma. Now this implies ig(x) =i g (x).

O

Lemma 2.2 Suppose E;, E1, Eq are three rank-to-rank extenders of the same length
r=AEi i =0,1,2 such that E, is Mitchell order below E|, and both E,, E| are
Mitchell order below Eq. Then Mg, also witnesses that E; is Mitchell order below
E;.

Proof The fact E> < E| means that E; is represented in the V -ultrapower by E, by a

function f and a generator a of E. Take k < w such thata € [KkE J:l]“).
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The reason it is not immediate that the relation E> <1 E also holds in Mg, is that the
function f need not belong to Mg,. However, we can argue that Mg, does see some
witnessing function f* by using approximations. Assume without loss of generality
that f(v) is an extender for every v € dom(f). Indeed, notice that for every n < w,
the function f;, with dom(f;,) = dom(f) such that for every v, f;,(v) is the restriction

of the extender f(v) to length K,fl. Clearly, [a, f,,]g1 represents the cut back of E; to

length Kﬂl. Moreover, f, belongs to Mg, for every n < w since V) C ME,.

Let £(n) for some ordinal 1 denote the set of all («, n)-extenders. Now, working in
ME, and utilizing the fact that both Ey, E; belong to the model, we consider the tree

M
of all pairs (r,n) suchthatt : [k — C (K, ) satisties that |a, T represents
T of all pairs (z, n) such that T : [k[']%l — E(k,y"") satisfies that [a, 7], rep

the restriction of E; to length Kﬂl. The tree order <7 is given by (z, n) <7 (¢/, n') if
n < n’ and 7/ (v) extends 7 (v) for all v € dom(t). It is clear that a cofinal branch in T
translates to a function F' for which [a, F]g, represents E5, and vice versa. Therefore
f € V witnesses that T has a cofinal branch in V, and thus, by absoluteness of
well-foundedness, it must also have one in Mg,,. O

Steel gives in [13] a folklore example that for rank-to-rank extenders the Mitchell
order need not be well-founded. We recall it here because some of the ideas will be
used later.

Proposition 2.3 (Folklore) Let E be a rank-to-rank extender. Then there is a strictly
decreasing sequence of length w in the Mitchell order on which < is transitive.

Proof Consider the following sequence of rank-to-rank extenders (E,: n < w). Let
Ey = E and E,y1 = ig,(E,), where ig,: V — Mg, is the canonical embedding
associated to Ej,. Then it is straightforward to check that every E,, is a V-extender
and E, 1 < E, foralln < w.

Claim 1 The Mitchell order is transitive on (E, : n < w).

Proof Let n < w. We show that E, 1, < E,, the rest follows analogously. By con-
struction E, 17 € Mg, and E 41 € Mg,, we argue that E,, 1, € Mg,. Argue that

iEyy (Eng1) = igﬁ: (En41), where igi”l : Mg, — Mgi"l By Lemma 2.1, applied

. M
to E = E,yq and Mg, we see that E,, 15 =i, (Eyy1) = zEni"l (En+1), and hence
Eyi2 € Mg,. O
O

3 Countable decreasing sequences in the Mitchell order

In this section we prove Theorem 1.3 and show that there can be strictly decreasing
transitive sequences in the Mitchell order of any countable length.

Before we turn to the proof, we would like to emphasize why we cannot simply
extend the construction in Proposition 2.3 to obtain decreasing sequences of extenders
in the Mitchell order of arbitrary (countable) length. Let E be a rank-to-rank extender
and let (E,: n < w) be the corresponding sequence of extenders constructed in the
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proof of Proposition 2.3. The critical points of the extenders E,, are strictly increasing
with supremum AZ. A natural next extender to consider is the image of E under the
direct limit embedding obtained by successively applying the E,’s (internally, i.e., E
is applied to Mg, and so forth). This, however, does not work outright as this direct
limit embedding moves «, the critical point of E, to A. Instead, we will construct a
sequence of extenders (E), : n < w) such that the direct limit embedding j obtained by
successively applying the E), ’s (again, internally) has critical point strictly above «.
Now j(E) is a rank-to-rank extender with critical point x and 1E) = . Moreover,
J(E)< E, foralln < w, soif we let E, = j(E), (E,: n < o) is a decreasing
sequence of length @ + 1 in the Mitchell order. The proof of Theorem 1.3 elaborates
on this idea.

Proof of Theorem 1.3 Let E be a rank-to-rank extender with critical sequence (k;, |
n < w) and A = A. In what follows, all extenders will have the same length A. We
start by introducing some notation for sequences of extenders as constructed in the
proof of Proposition 2.3. For a rank-to-rank extender F, write S YF) = ip(F) and
SRy =i s1(F) (8" (F)). Now, the decreasing sequences in the Mitchell order we
construct will be of the following form.

Definition 3.1 Let E = (Ey | @ < y) be a sequence of rank-to-rank extenders. Then
we say that E is guided by an internal iteration iff there are well-founded models
(Mg | @ <y), My | @ < y)with My = M§ = V and elementary embeddings
j;f,,s: M} — Mg foralla < B < y such that
(1) Egy1 = S"(Ey) forsomen > landalla + 1 < vy,
(2) M, = M for all limit ordinals v < y is given as the direct limit of the directed
system (M, jo g la =B <v).
(3) My+1 = Mg, and M} | is the transitive collapse of Ult(M,,, Ey). For notational
convenience (see the diagram below) we will use M é\' 1 to denote the transitive

collapse of Ult(N, E,), therefore M;H = Mi{gl.
(4) for all limitordinalsv < y, E, = jg,u(EO) and Ult(V, E,) is well-founded, and
(5) thefollowing diagram commutes and all maps in the diagram are given by internal

ultrapowers.

V *)MQ %]\'{ékfg*) e Mw %A/[i\/[;a —_—— e e
|4

The term guided by an internal iteration refers to the fact that the iteration
(Mg, jg P | @ < B < y) is internal, as shown by the next claim.
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Claim1 Foreacha < y, Eq € M.

Proof The claim is immediate when « is a limit ordinal or« = 0. Leta = 8+ 1 be a
successor ordinal and assume inductively that Eg € M.

Suppose first that E, = S"(Ep) for n = 1. Then Ey = ig,(Ep), where

M*

igg: V — Mgy isthe V-ultrapower embedding given by Eg. Recall that My = M Eﬁﬁ .

M*
By applying Lemma2.1to M = ME and E = Eg, we conclude that £, = iEﬂﬂ(E,g) €
M*
ME; = M. We now know that s! (Eg) € M}, and so forn > 1, we can further com-
pute (S~ HMa (g1 (Ep)) inside M5, which by applying Lemma 2.1 (n — 1) consecutive
times, results in

(§"HMa(SY(Eg)) = S"(Ep) = Eq.

m}

Before we prove the existence of sequences of extenders guided by internal itera-
tions, we show an abstract claim which will allow us to extend any such sequence by
one further element. This is shown as in the proof of Theorem 2.2 in [13] (where this
particular argument is attributed to Martin). We sketch the proof here for the reader’s
convenience.

Claim2 Let N = Ul(V, E’) for some rank-to-rank extender E’ of length A, and
E < F rank-to-rank extenders of length A with E, F' € N. Then the following diagram
commutes and all maps are given by internal ultrapowers.

MY Ult(MY, B) = Ult(MY ,ip(F))

| T

N My

Proof First, we note that Ult(MY , ig(F)) = iE(Mf,-V), where we consider Mf,v as a
class of N. Second, we assume E < F in V, which by Lemma 2.2 implies that E < F
in N as well, i.e., E e M }V . We can therefore form the internal ultrapower of M }V
by E. Let i g/lg M IIVV — Ult(MY, E) be the resulting ultrapower embedding. Finally,
we have that every x € ig(M }V ) can be identified with equivalence classes [a, f]E,
where a € [A]"“ and f: [/La]‘“| — MII,V, and by Lemma 2.1, [a, f1g = [a, gl for
some function g € M }V . It follows that i g (M }]FV ) identifies with the internal ultrapower

. oMY
Ult(MY, E),and ip | MY withi,". o
Next, we argue that sequences as in Definition 3.1 are in fact as desired.

Claim 3 If a sequence E = (Ey | o < y) of extenders is guided by an internal
iteration, the embeddings in the diagram witness that Eg <1 E, foralla < 8 < y.In

particular, E is a decreasing transitive sequence in <.
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778 0. Ben-Neria, S. Miiller

Proof Given a finite ordinal n < w and a countable ordinal o > n,quaim 1 implies
that £, <1 E,. This is since all maps in the diagram witnessing that E is guided by an
internal iteration, are internal ultrapowers, and therefore there are internal iterations
from M, 1 (the ultrapower of V by E;;) to M,/ | (i.e., vertical maps), and from M, |
to M}, from which E,, is taken.

More generally, given countable ordinals 8 < o, we see that E, < Eg by moving
first to the last limit ordinal n < B (i.e., B = n + n for some n < w), and apply the
proof of Claim 2 to show that the following diagram commutes and its top row is given
by an internal iteration of M Epin = Ult(V, Epin).

ULt(V, Eytn) — UMY, Eyyn) — ULG(M3, Epyn) — W(M;;a Enin)

v M} M; My

The extenders used to obtain the bottom row of the diagram are Ej, Ej,
E,, ..., while the extenders used to obtain the top row of the diagram are

. My M3

6,00 (B0, i, (EV,ip, (E2), ...
Finally, we get from M; to M;’]‘ | using the same argument described above, for

n < o. This suffices to show that E, <1 £y, = Eg. O

We now turn to proving the following claim, which immediately yields the theorem.

Claim 4 Assume there is a rank-to-rank extendere E. For every countable ordinal
Y < o and an ordinal k < A = AE, there is a sequence of rank-to-rank extenders
E = (Ey4 | @« < y) which is guided by an internal iteration, such that the induced
embedding j(j"yz V > M;j satisfies k¥ < crit(j(’)"’y) < Aand jg,y()‘) = A

Proof We prove the claim by induction on y < w;. There is nothing to show for
y = 0. Suppose that y = 1. Let k. < X be arbitrary and fix some n < w such that
K < Kf. Then Eg = S"T!1(E) and E; = S'(Ey) giving rise to jék,l: V — Mk, are
as desired.

Now, suppose ¥y = o+ 1 and the claim holds for o witnessed by (E, | v < «).Letn
be such that x < /cf" , the n-th element of E,,’s critical sequence, and E, 1 = S"(Ey).
Then crit(Eq+1) > & and hence, using that inductively crit( j(;" o) > k, we have
crit(jg’aﬂ) > k. Using Claim 2 the extended sequence (E, | v < o + 1) is as
desired.

Finally, suppose y < w; is a limit ordinal and fix an increasing sequence (&, | n <
w), cofinal in y, with g = 0. We also fix a well-ordering <, of H;+ in V.

By the inductive hypothesis applied to «, there is a sequence E° of rank-to-rank
extenders which is guided by an internal iteration and an elementary embedding
Jow © V. — Mg, with critical point vo > « and j(’)‘"al()») = A. We pick E° to be
the minimal such sequence with respect to <,,. By elementarity of jo’"al, we can
apply the inductive hypothesis again inside M, to get a sequence E' of rank-to-
rank extenders which is guided by an internal iteration and an elementary embedding
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Mg, — Mg, with critical point vi > jg, (vo) and jg, ., () = A. We take

% .
‘]‘11’052 :

E! to be the minimal such sequence in M;l,

with respect to j(’)“a{l (<w). Repeating
this procedure yields a sequence ((E" " j(§{“m%Jr ) | n < ) of sequences of extenders
together with elementary embeddings. .

Let (E, | @ < y) be the concatenation of the sequences E", n < w. The choice

of E"*! to be minimal in M, with respect to the well ordering j; o, (Sw) guarantees

that the sequence (I;" "™ | m > n) belongs to M;‘n, and thus also the tail of the iteration
(M}, j;"ﬂ | ap < a < B < y). Note that crit(jg"y) > K since crit(j(;‘n,an“) > i for
alln < w. Let jj V= M3 = M, be the direct limit embedding of the system.

The reflecting a minimal counterexample argument used to show that internal iter-
ations by normal ultrafilters are well-founded (see e.g., [8, Theorem 19.7] for normal
ultrafilters or [6, Proposition 5.8] for rank-to-rank extenders), can also be used to show
that M, is well-founded.

Subclaim 1 j(’)"ﬁy()\) = A

Proof Suppose not. Then there is some 1 < A such that j(n) > A. But for every
n < A, there is by choice of the embeddings j; . ., somen < o such that v, =

crit(j;‘n’am) > 7, i.e. jgfn’y(n) =. O

Moreover, it is clear from the construction that, letting E,, = jii y (E), the resulting
sequence (E, | « < y) of rank-to-rank extenders is guided by an internal iteration.
The only condition that needs a small argument is the following.

Subclaim 2 Ult(V, E,) is well-founded.

Proof As M, is well-founded and E, is an extender in M, Ult(M,, E,) is well-
founded. We prove the subclaim by defining an elementary embedding 7 : Ult(V, E,)
— Ult(M,, E,) as follows. For [a, f]gy e Ul(V, Ey), let

7([a, f]gy) = la, j5,(f)o J(Bky]llglyy

7 is well-defined since fora € [A]=“, iy < A. Therefore, j(;‘,y I [,bLa]lal eVi.cM,.

In addition, j(’)"y( fojg y = Jo, yof.som is elementary. O
O
This finishes the proof of Theorem 1.3. O

4 A bound on the length of decreasing sequences in the Mitchell
order

Steel proved in [13] that in a Mitchell order decreasing sequence of rank-to-rank
extenders, the extenders cannot all have the same critical point. He conjectured the
following stronger statement.

Conjecture 1 Suppose that (E,, | m < ) is a sequence of rank-to-rank extenders
which is strictly decreasing in <I. Let A be the unique ordinal such that A = A£» for
all sufficiently large m. Then sup,, _,, crit(E,,) = A.
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780 0. Ben-Neria, S. Miiller

Theorem 4.1 below establishes Steel’s Conjecture for the special case that the
Mitchell order is transitive on the sequence (E,, | m < w).

Theorem 4.1 Suppose that (E,, | m < w) is a sequence of rank-to-rank extenders,
which is strictly decreasing and transitive in <. Let ) be the unique ordinal such that
A = AEm for all sufficiently large m. Then sup,, _,, crit(E,,) = A.

Proof Suppose otherwise, and let yq be the minimal ordinal for which there exists a <-
decreasing and transitive sequence E = (E,, | m < w) suchthat yp = sup,,_,, /c(f "<

AE = sup,,_, AF". We assume without loss of generality that AE = AE» for all
m < w.Letn < w be the integer for which «, Eo < Yo < Kf_H We move to the

ultrapower M g,. By our assumption, E,, € Mg, for every m > 0, and by Lemma 2.2,
ME, sees that E,, is Mitchell order below Ey forevery 0 < k < m < w. Since Mg, is
not closed under w-sequences of its elements (in V') the sequence (E,, | 1 <m < w)
need not belong to Mg,. Nevertheless, we may define in M, the tree 7" of all finite
sequences of rank-to-rank extenders (E;, | m < N), which are strictly Mitchell order
decreasing, transitive, have length )tE and satisfy yp > max,, <y KO . The sequence
(Em | 1 < m < w) witnesses that T* has a cofinal branch in V. So by absoluteness
of well-foundedness there is a cofinal branch in Mg, as well. We can now reflect this
from M, back to V. Using the fact that kFo < Y < /cfi] =g, (1 E), we conclude
that in V, there exists some y_| < kFo < 10, and a sequence E* = (Ey | m <
) of rank-to-rank extenders which is strictly <i-decreasing and transitive such that

*

SUP, Ko " < V-1 < AE"_ This is a contradiction to the minimality of yp. O
Now we can obtain Theorem 1.4 as a corollary.

Proof of Theorem 1.4 Suppose otherwise. Let E = (Ey | @ < w1) be a sequence of
extenders which is strictly decreasing and transitive in the Mitchell order. We may
assume that all £, are rank-to-rank extenders and that there exists some )tE such that
AEa = AE forall @ < wy. In particular, cf (A\E) = w and we may choose a cofinal
sequence (p, | n < w) in AE. By a straightforward pressing down argument, we can

find an uncountable set I/ C w; and some n* < w such that K(f ¢ < ppx foralla € 1.
Taking (o, | n < w) to be the first w many ordinals of 7, it follows that (Ey, | n < w)is

strictly decreasing and transitive in the Mitchell order, with sup,, _, ko " < pp+ < AE.
This contradicts Theorem 4.1. O

5 Questions

After studying the length of the Mitchell order for rank-to-rank extenders, a natural
question that arises is about the structure this order can have.

Question 5.1 Suppose there is a rank-to-rank extender. Can the tree order on the
infinite binary tree 2= be realized by a Mitchell order?

We can even ask the following more general question.
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Question 5.2 Suppose there is a rank-to-rank extender. Can any tree order on w be
realized by a Mitchell order?
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