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Abstract We consider a full information best-choice problem where an administrator
who has only one on-line choice in m consecutive searches has to choose the best
candidate in one of them.
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1 Introduction and notation

In the full information best-choice problem Gilbert and Mosteller (1966) we deal
with a discrete time stochastic process (Xi, ..., X,) where X1, ..., X, are i.i.d.
random variables with known continuous cumulative distribution function F. We
observe elements of (X1, ..., X,) one by one and our goal is to choose on-line the
largest element of X1, ..., X,, which is not a priori known. Stopping the process at a
given moment means choosing the object we have observed at this moment accord-
ing to the knowledge obtained in the hitherto observations. The best-choice problem
consists of finding a strategy of stopping the process that maximizes the probability
P[X; = max {X1, ..., X,,}] over all stopping times T < n. [see Gnedin (1996)]
Let us recall basic results for this case.
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278 M. Kuchta

Numbers dy, called decision numbers, are implicitly defined as satisfying the fol-
lowing equalities: dp = O and fork =1,2.. .,

k

kY 4 i1
ol =,
Z(j)” =

j=1

or, equivalently,
k .
@ it =1.
j=1

The optimal stopping time is given by the following formula:
Ty =min{t: X, = max{Xy,..., X;},1 <t <n and F(X;) > dy_},

if the set under minimum is nonempty, otherwise 7,7 = n.
Itis known [see Samuels (1991)], that the sequence (dy ) is increasingin k, klim dry =
— 00

1 and klim k(1 —dy) = c, where ¢ = 0.804352. .. is the solution of the following
—00

equation

o0 ] ¢
ZCT :/ x et — Ddx =1.
=17 0

The maximal probability (using the optimal stopping time)
v, = P[XT; = max {X1, ...,Xn}]

does not depend on F/, is strictly decreasing in n and
oo
Voo i= lim v, =€ “+ (e“ —c— 1)/ x e dx )
n—oo 1

(Voo = 0.580164 . ..) [see Samuels (1991)].

In this paper we consider a modification to the classical full information best-choice
problem. Namely, we consider m consecutive classical full information searches. Our
aim is to choose the largest element in one of them if we have only one choice. Our
goal is to find a strategy that maximizes the probability of achieving this aim.

The problem considered here is related to real life situations where contests may be
repeated several times but once in one of them the choice is made the procedure ends.
Usually selectors know how many times they can repeat the contest and intuitively,
the more contests are ahead the more selective they can be.

The solution of the no information version for the repeated contest problem was
presented in Kuchta and Morayne (2014a).

Here is a formal description of the problem considered.
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Iterated full information secretary problem 279

Letny,...,n, € Nand (X, x™=D . x®M) be a sequence of m consecutive
searches: fori =0,...,m — 1,
(m—i) _ , . .
X - (XH»Z;;%) I X2+Z;;}, M """ XZ;:O ”m7k> ’

where X Y g X2 A g XZZ o are independent random vari-
ables with known continuous cumulative distribution function F;,_;. (The inverse
numbering simplifies some technicalities in the proof and is adjusted to the recursion
we will use.) The continuous distribution F;,_; is known and since the largest mea-
surement in a sample remains the largest under all monotonic transformations of its
variable, we lose no generality by assuming that F,,,_; is the standard uniform for all
searches: F(x) =xon0 <x <1.
Letforl <i <m

y = (X("), XD, ”_’Xa))
and

Max(Y(i)) = {max <X(i)) ,...,Mmax (X(l)>} ,

where max (X (i)) is the largest element of the search X @ fori =1,. .., m.
Let 7 be an integer, | < ¢ < Y "' n;. For the time t = Zj;i) Nm—k + J,
where 0 < i <m—1,1 < j < ny,_;, the selector sees the whole sequences

xm xm=0_ x0m=i+D) and the first j values of the search X~ The goal
of the selector is to stop the search at a time ¢ maximizing the probability that
X; € Max (Y™). Formally, for ¢ > 1, let F; be the o-algebra generated by
Xt1,...,. X, Fr = 0(X1, ..., X;). Our aim is to find a stopping time T, with respect
to the filtration (F;) maximizing the probability P [X 7, € Max (Y (’”))] .

2 Optimal stopping time

Let us recall the Monotone Case Theorem [see Chow et al. (1971)], which is often a
very useful tool when looking for an optimal stopping time.

Theorem 2.1 If {(Z;, F;) : i < n} is a stochastic process such that the inequality
Z; > E(Z;i4+1|F;) implies the inequality Zi+1 > E(Zj+2|Fit1) foreachi <n — 2,
then the stopping time

p=min{i:Z > E(Zi+1|F)
is optimal for maximizing E(Z;) over all (F;)-stopping times t.
We apply this theorem to determine an optimal stopping time for m searches, i.e.

for Y™,
Let y,,_1 be the probability of success using an optimal stopping time for ¥ =D
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280 M. Kuchta

For 1 < k < n,, we define the sequence of multiple search decision numbers di in
the following way:

andif 1 <k <nm, — 1,

k 1 )
Z;( k_j_l)zl_ym—ls
or, equivalently,

i(k.)l(}:l ) e @

=N/

Notice that the numbers 3/( are to be used only in the first search X m) Form =1,
dAk =d.

Now let us define the following stopping times t,, for ¥ ).
Form = 1:

7] =min{t:X,=max{X1,...,X,},1§t§n1 and X, zd,“_,}

if the set under minimum is nonempty, otherwise 7| = nj,
and, form > 1:

min{t : X; = max{Xy,...X;},1 <t <n,, X; > c?nm_t} if the set
Ty = under minimum is nonempty,
N + Tim—1 otherwise.

In the first case of the definition above we choose from the first search X ™ =
(X Lyvnns Xnm) In the second case we choose from among the remaining m — 1
searches: Y™ ~1 g0 the recursion is used.

Theorem 2.2 The stopping time T, is optimal for Y "™ . When using t,, the probability
of success equals

Nm
nm—1 t ~ ¢ ~ n ~ n
s ( 1 Z((dnmo  (du, i) ) (@) )
Ny — 14 t Nm nm
=1 i=1
1 nm—1
+o- ; @)™ - Yim-1, 3)

where we set yy = 0.
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Iterated full information secretary problem 281

Proof In the proof we use recursion with respect to m. If t,,,_1 is an optimal stopping
time for the case ¥ ™~ then when looking for an optimal stopping time t,, for m
searches, i.e. for ¥ "), the only stopping times that should be considered are the times
of relative records for X ™ and the optimal stopping time 7, in the remaining m — 1
searches Y "—D Namely,

letpy =1land, for2 <i <y

m
j=1

nj if pi_1 < n,,, then
min{j > p;—1 : X; = max{Xi,...X;}, j < ny} if the set under

oi = minimum is nonempty,
N+ Tm—1 otherwise.

(Note that if p; < n,, then p; is the time of i-th relative record. If p;_; > n,, then

Pi = Pi—1-)
Let

wo— [ 1if Xy € Max(Y™),
"T0if X, ¢ Max(Y™),

and
Z; = E(Wi|Fp).

Let us notice that in our notation the probability of stopping on a maximal element
is equal to

P[X,, € Max(Y")] =P[W; = 1] = E(Z).

Thus, our aim is maximizing E(Z;) over all (]:Pi)i - stopping times t. By Theorems
2.3, 4.1 and Proposition 5.2 of Kuchta and Morayne (2014b) the process Z satisfies
the hypothesis of the Monotone Case Theorem.

Suppose we have seen the 7-th element x from the first search and this element is
maximal so far. Thus t = p; for some j. There are still n,, — t elements to come in
X ™ The probability that the next n,, — ¢ elements are not bigger than x is equal to
x"m~" and this is the probability of winning if we stop now. The probability of winning
in the time of the next relative record in X ™ is equal to

np—t n — 1\ 1
> ( " )—.x"m—’—’(l —x)',
o l 1

where the i-th summand is the probability that exactly i elements from the remaining
n,, — t ones are larger than x, and the maximum of those i elements appears first.
Choosing the times when they come corresponds to the factor (””‘l._l), the probability
that exactly these elements are bigger than x is equal to x™'~/(1 — x)’ and the
probability that the largest element from this group comes before the other ones is

equal to ll

@ Springer



282 M. Kuchta

If there is no relative record after x till the time n,,, i.e., within the first search
X we use the optimal strategy for the remaining part which consists of m — 1
searches X~1 . X The probability that this happens and that we succeed is
equal to x"m "y, _1. Thus, by the Monotone Case Theorem, we decide to stop at the
t-th moment if it is the first moment of the relative record when

N —t
— [(nm —1\ 1 ; ;

Zj = x"m—t > E(Zj—&-l']:pj) — E ( ’"i >?xnmll(1 _x)z +xnmit]/m—l-
i=1

“)

Since

AN RN A (|
. . y
i _1> - _( l_l)’
Z( ; ),-(x 2 7

i=1

(4) is equivalent to

Ny —t

1= Yy > Z%(x_i—l>. (5)
i=1

The function f(x) = Y/ " 4 (x=' — 1) is decreasing in x, where 0 < x < 1 and
1 <t < ny — 1. Thus the smallest x satisfying (5) is equal to the solution of the

equation

N —t

1 .
I —yYm-1= Z;(Xﬁl—l).

i=1

Hence 1, is an optimal stopping time.
The probability that we choose from X and we are successful is equal to

Nm

P [er = rnax(X(m))] = ; Drs 6)

where p; is the probability that we stop at time ¢ and it is successful, i.e. X; =
max {X1, ..., Xp, }.
Thus

1
. 1 .
Iy :f Ny = — (1= (@, ") %)
N

d,

i —1

Let 1 <t < n, — 1. The probability that no element among the first ¢ is chosen
and that the absolute largest is X, is equal to (see the explanation below)
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Iterated full information secretary problem 283

1 4 dhnmfi 1 gnmfi 1
Z / x'dx —/ x"'m ™ dx
ny —t im 0 0

I S AL C// L ¢ s L
T g —t Z < t o ’ ®)

i=1

where the first integral is the probability that the i-th element is below ﬁnm_,- and it is
the biggest among the first ¢ elements the second 1ntegral is the probability that the
i-th element is below dnm 1
the probability that the best element among the remaining n,, — t elements is exactly
the (¢ + 1)-th one.

The probability that X, is the largest in X ™ but does not pass the threshold, is

equal to
dnm—t—l dA L nm
/ =gy = M )
0

Nm
Note that if the last event (whose probability is given by (9)) happens then also the
previous one (whose probability is given by (8)) does, because the thresholds d,,,, —;
are decreasing with i. Thus by (8) and (9), for | <t <n, — 1,

1 (dAn —i )t (dAn —i )nm (dAn —t—1 )n,,,
_ Y R _ . 10
Pr+1 P— ( : (10)

nm nm

i=1

We Elo not stop at the first search X m) if and only if, forevery 1 <t <mn, — 1,
X; < dy,,—+ when X; = max{Xy, ... X,}. Thus the probability that using 7,, we do
not stop at the first search X is equal to

nm—1 nm —t nm—1 (dA )nm
Plon = = 3 / el = ) S
The above equality, (7), (10) and (6) yield (3). O

3 Asymptotics

In this section we examine the asymptotic behavior of the probability of success y,
and the multiple search decision numbers dy as n; —> oo forevery i € {1, ..., m}.
Let us define recursively the following sequence: ro = 0, and for i > 1:

o
ri=e “+ (eci —¢i — 1)/ x e % dx, (11D
1
where ¢; satisfies the following equation (i > 1):

Ci
/ xHet =) dx=1-riy, (12)
0
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284 M. Kuchta

or, equivalently,

J

c?
D G5 =1-rm
Pl

Let nf = min{ny,...,n;}fori =1,...,mandlet, for 1 <k <n, —1,
a = k(c?,;l - 1). (13)

Theorem 3.1 y,, —> r,, as n);, —> oo.

Proof We prove this theorem by induction with respect to m.
For m = 1 we have only one search and

lim y; = v =717.
nj—00

Of course, this is the asymptotic solution (1) of the classical full information best-
choice problem.

Let m > 2 and assume that i lim  yu—1 =rpm—1.

n, —>0o0

Note that o is, in fact, a function of m variables: k,n,_1,...,ny; o =
ar(Mpm—t,...,n1).

Claim 1 oy — ¢, as (k, n))) — (00, 00) and k < n,, — 1.
Proof of Claim I For 1 <k <n,, — 1, (2) and (13) yield
AN,
=2 ()5 (7)

Thus

Since the function )lc ((1 + %)k — 1) is increasing in k for x > 0 and, for k = 1,

foal ldx =a1 =1—yu—1 <1,wealwayshave 0 < o < 1forl <k <n, — 1.
Let U = imsup ,«) ., (00,00) % and L = liminf & uz ) (00,00) X-
By Lebesgue’s bounded convergence theorem

U
1 —rp_1 = / llo,le_l(ex — Ddx =/ x 71" — Ddx
R 0
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Iterated full information secretary problem 285

and

L
1 —rm_q =/ llo,L]x_l(ex — Ddx :/ x e = dx,
R 0

which implies L = U. Hence the limit from the statement of the claim exists. In view
of the definition of ¢,, we also obtain lm g % ) (00,00) ¥k = Cm- O

Further we follow the method used by Samuels (1982), [see also Samuels (1991)].

Consider the first search X . Let M; = max {X1, ..., X;}, 1 <t < ny,, and let
My = 0. Let o,,,, be the arrival time of the largest element in X 0m) and 0y, be the
arrival time of the largest element in X M) pefore the time Op,,» 1.€.

Xs, =M,, and X5, = Mo, —1.

Onm Onm

Because ‘?nm—t is decreasing and M, is increasing in 7 for 1 <t < n,,, the probability
that we choose from X ™ and we are successful is equal to

P[Xe, = My, ] =P[ M, = du—0r, & Moy, <dn, s, ]
and the probability that we do not choose from X ™ is equal to
Plt, >nul=P [Mnm < c?nm_gnm] .
Thus,

lim y, = lim P[X,, =M, ]+ lim P[M,,m B ] Wm Yot
5 m n*

* *
ny,—>00 ny,— 00 ny,— 00 m_1—>00

(14)
Claim 2

oo
(@) lim P[X; =M, ]=e + (e —cp — 1)f Lt gy

*
n,,—> o0 1

o0
—Tm—1 <e_c’” — cm/ x_le_c’”xdx) (15)
1

(o 0]
(i)  lim P[M,,m - ]:e‘c’” — m f xle=m¥ax.  (16)
* m 1

n,,—oo

and

Proof of Claim 2 We change variables:

Snm =nNm (1 - Mnm); Tnm = )

N

M nm —1 ~ & m
S, = (om, — 1) (1 _ ;4—'") Fyy =
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286 M. Kuchta

Then n, — 04,y = nw (1 = Tp,,) and ny — 65, = Ny (1 — Ty, f‘nm> + T, Thus,
applying (13),

M., >d S 1—7T, + S (1=To) <
Nm = "Ny, —0n, < Nm nm n — anm(l—Tnm)
m

and

Mg, -1 < d

Nm—0n;y

N 1 N
[ N . < (Sp, +L 1-Ty, Tn, + — | N .~ +T s
nm (I_Tnm m >+Tnm ( " " ) |: e Tt ( ftm (I_Tnm Tn"’)+Tnm " >:|

1\! Sp\ A
L,, = <Tnm - —> <1 - '"> Sy -
Nm N

Let us define the following events (depending on n,,):

o m l_Tnm
A = I:Snm <1 - Tn,,, + M) S anm(lTnm)i| ?

where

N
B = [aKnm < (Sup + L) (1 — T, T, + nim (oeK,,m n Tnm>>:| ,
where
K =nn (1= Ty, T, ) + T,
Then

P[Xe, = My, ] =P M, = du—,,, & Mo, -1 <o, s, | = PIANB]

—Onm

P [Mnm < cinm_anm] =1—P[A].

By the properties of the uniform distribution,

A ~ A

Sim — S, Sp,, — S, T, — T, T, —>f‘,

m Nm m

in the weak convergence as n);, —> 00, where S, S , T, T are mutually independent
variables, S, S have the exponential distribution with parameter 1, and 7, T have the
uniform distribution on [0, 1].

@ Springer



Iterated full information secretary problem 287

We have

lim P[X;, =M,,]= lim P[ANB]

*
n,,—0oo Ny, —> 00

=P[S(1—T)§cm§ (S+§) (1—Tf)]

and

lim P[M,,m < c?,,m,(,nm] — lim (1—P[A)=P[S(1=T) > cnl.

* *
n¥—00 n,—00

The conditional probability

S . A
P|:S(1—T)§cm§<S+T> (1—TT)|S=S,T=I,T=ti|

is equal to
1 if cm/(l—tf)—s<0 and s <cp,/(1—1),
0 if cm/(l—tf)—s<0 and s >c,/(1—-1),

e~ 1(en/(1=t1)=5) " otherwise.

Now we integrate this probability multiplied by the exponential density of S and we
obtain the conditional probability for given T =t and T = ¢:

S . P
P|:S(1—T)§cm§<S+?)<1—TT)|T=t,T=ti|

m/(1—tf N ) (1=1)
_ /C /( )eftcm/(lftz)efs(lft)ds +/C / e—Sds
0 cm/(1—tf)

= (1 — 1)~ letem/(1=1D) (1 _ e—cm(l—z)/(l—zf)) 4 emem/(=th) _ e /(1=1),

In the next step we integrate this expression over the unit square:

1,1 S R N
//P SA=T)y<en<[5+2 <I—TT)|T=t,T=f didf
0 0 T

1 pl . . R
:/ / ((1 — 1) te—tem/(1=1d) (1 _ e—cm(l—t)/(l—tt)) +e—cm/(1—tt)) didi
0 Jo

1 1
_ f / e=on/ =D gy 4. a7
0 0
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It is easy to see that

1 1 00
/ / e~/ =D4tdf = e=m — cm/ xlemm¥ gy,
0o JO 1

Making the following change of variables in the first integral of (17)

we obtain

1 1 . N ~
/ / ((1 -~ t)—le—cmt/(l—tt) (1 _ e—cm(l—t)/(l—tt)> +e—c,,,/(1—tt)) didi
0o Jo

00 1
= / / v2(w—uw) e gyudy
1 0

9] Cm
+ (e"" - cm/ xle”‘"xdx> / x! (¢ —1)dx.
1 0

We set w = v — u. Interchanging the order of integration we obtain

00 1 00
/ / v 2w —uw) e VT gudy = e + (e —cpm — 1)/ xlem ¥ dx.
1 0 1

By (12) we obtain (15). A
The conditional probability of {S > ¢,/ (1 —t)} for T =t and T = { is equal to
. R o0
P[SZcm/(l—t) | T=t,T=t]=/ e Sds = e~ Cm/(1=1)
cm/(1=1)
Analogously,
A 1 1 N o0
lim P[Mnm < dnm_%]:/ / e~/ U=0 g qf — g=Cm —cm/ I

My —> 00 o Jo 1

This completes the proof of the claim. O

By (14), (15) and (16) and the induction hypothesis, we get

oo
lim y, =e " + (ec’” —Cm — 1)/ x e Y dx =1y, (18)
nh—00 1
This completes the proof. O

The following proposition describes the asymptotic behavior of the sequences (¢, )
and (r,;) whenm — oo .
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Iterated full information secretary problem 289

Proposition 3.2 The sequence (cy,) is decreasing and lim c¢,, = 0. The sequence
m—00

(rm) is increasing and lim r, = 1.

m—0oQ
Proof The function
o0
gy =e V4 (e —y— 1)/ xle™¥dx, 0<y<1
y
is decreasing in y, (the derivative of this function is negative i.e. Z—§ = (7 — 1)

y
to see that the sequence (r,) is increasing and ¢, is decreasing with m — oo and

both sequences are bounded by 0 and 1. Thus, both sequences are convergent. Let
B = lim c¢,. By (11) and (12) the sequence (c;,) satisfies the following recurrence
m— o0

(f°° e xldx — e_yy_1> < 0). By (11), (12) and ro = 0, ¢; ~ 0.804. It is easy

Cm+1 00
0 1

Thus, B is the solution of the following equation

ﬁ o0
[ im0 [
0 1

It is easy to check that the only g satisfying this equation is 8 = 0.
By (18), it is now easy to check that lim r,, = 1.
m—0oQ

This completes the proof. O

Approximations of the first ten elements of the sequences (r,,) and (c,,) are given
in Table 1, see also Fig. 1. For comparison, the first column gives the correspond-
ing probability of success (a,,) for the iterated no information version (the classical
secretary problem) [see also Kuchta and Morayne (2014a)].

Table 1 The values of ry;, ¢,

and a;, form =1, ..., 10 " Gm ™ fm ™~ Cm ™
1 1/e 0.5801 0.8043
2 0.5315 0.7443 0.3803
3 0.6259 0.8200 0.2404
4 0.6879 0.8629 0.1722
5 0.7319 0.8903 0.1325
6 0.7649 0.9091 0.1067
7 0.7905 0.9228 0.0888
8 0.8110 0.9332 0.0756
9 0.8277 0.9412 0.0656
10 0.8418 0.9477 0.0578
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0.8 -

0.6 1

0.4

0.2

Fig.1 The graphofr;,i =1,...

Table 2 Approximations of
probabilities of success for two
searches of the same lengths: n
=2,3,...,12and n =20

W

10

10

=

=~

O 0 N AN W R W N

N = = =
S N = O

0.8956636342
0.8423563181
0.8159421134
0.8006581275
0.7907759043
0.7838725263
0.7787751482
0.7748534206
0.7717399044
0.7692062973
0.7671032840
0.7579203475

The following proposition describes the asymptotic behavior of the decision numbers

dr when k — oo and n), —> 0.

Proposition 3.3 d; —> 1 as (k,n*) — (00, 00) and k < n,, — 1.

@ Springer



Iterated full information secretary problem 291

1.0
091 o
=~ .
.
0.8 1 -
-
-
- ., -
L]
0.7 - T T T T 1
5 10 15 20 25
n
Fig. 2 The graph of y; for two searches of the same lengths: n =2, 3, ..., 12 and n = 20

Proof By (13) we have dy = (% + 1)71. By Claim 1 limoy = ¢, as (k, n}) —
(00,00)and k < n, — 1. Since 0 < ¢, < 1, cf(k) — 1 as (k,n})) — (00, 00)
and k <n, — 1. O

Example Let us consider the case of two searches of the same length n. According
to the optimal strategy using (13) for multiple search decision numbers d(k) forn =
2,3,4,5,6,7,8,9, 10, 11, 12, 20, we obtain the approximations of y, from Table 2
(see Fig. 2). (y» —> 0.7443... forn — 00.)
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tional License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
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