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Abstract

A planar orthogonal drawing of a planar 4-graph G (i.e., a planar graph with vertex-
degree at most four) is a crossing-free drawing that maps each vertex of G to a distinct
point of the plane and each edge of G to a polygonal chain consisting of horizontal
and vertical segments. A longstanding open question in Graph Drawing, dating back
over 30 years, is whether there exists a linear-time algorithm to compute an orthogonal
drawing of a plane 4-graph with the minimum number of bends. The term “plane”
indicates that the input graph comes together with a planar embedding, which must be
preserved by the drawing (i.e., the drawing must have the same set of faces as the input
graph). In this paper we positively answer the question above for the widely-studied
class of series—parallel graphs. Our linear-time algorithm is based on a characterization
of the planar series—parallel graphs that admit an orthogonal drawing without bends.
This characterization is given in terms of the orthogonal spirality that each type of
triconnected component of the graph can take; the orthogonal spirality of a component
measures how much that component is “rolled-up” in an orthogonal drawing of the
graph.
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1 Introduction

Given a planar 4-graph G (i.e., a planar graph with vertex-degree at most four), a
planar orthogonal drawing of G is a crossing-free drawing that maps each vertex of
G to a distinct point of the plane and each edge of G to a polygonal chain consisting
of horizontal and vertical segments [4, 12, 15, 17]. A bend is a point where a vertical
and a horizontal segment of the same edge meet; see Fig. la, b, where bends are
depicted as ‘x’. Computing planar orthogonal drawings of planar graphs with the
minimum number bends is one of the most studied problems in Graph Drawing. Garg
and Tamassia [14] proved that this problem is NP-hard for general planar 4-graphs
if the algorithm can freely choose the planar embedding; an O (n)-time algorithm
exists for n-vertex planar 3-graphs [10] and an O (n> log? n)-time algorithm exists for
n-vertex series—parallel 4-graphs [6].

If G is a plane 4-graph, i.e., it has a planar embedding that the drawing algo-
rithm must preserve, the problem is polynomial-time solvable. A seminal paper by
Tamassia [21] describes an O (n? log n)-time algorithm based on an elegant min-cost
flow-network model. Cornelsen and Karrenbauer [2] reduced the time complexity to
O(n'*), through a more efficient min-cost flow-network technique. Deciding whether
there exists an (optimal) O (n)-time algorithm is a longstanding question that is still
unanswered (see, e.g., [1, 4, 7]).

Contribution. In this paper we positively answer the question above for series—parallel
graphs, which are a classical subject of investigation in Graph Drawing and Graph
Algorithms (see, e.g., [4, 20, 22, 23]). Namely, we give an O (n)-time algorithm that
receives as input an n-vertex plane series—parallel 4-graph G and that computes an
embedding-preserving orthogonal drawing of G with the minimum number of bends.
While O (n)-time algorithms that compute bend-minimum orthogonal drawings of
plane graphs with maximum vertex-degree three are known (see, e.g., [17-19]), our
result is the first linear-time algorithm for a graph family with vertices of degree four.
Indeed, even for series—parallel plane graphs with degree-4 vertices, the most efficient
solution known to date is the O (n!-3)-time algorithm by Cornelsen and Karrenbauer
[2].

Different from the approach of Cornelsen and Karrenbauer we do not use network-
flow techniques to minimize the number of bends. Instead, we rely on the observation
that the bend-minimization problem for an orthogonal drawing of a plane graph G is
equivalent to inserting in G the minimum number of subdivision vertices that make it
rectilinear planar, i.e., drawable without bends. Following this idea, we first charac-
terize those series—parallel graphs that are rectilinear planar. The characterization is
expressed in terms of the “orthogonal spirality” for the triconnected components of G.
Informally speaking, the orthogonal spirality of a component in an orthogonal drawing
of G measures how much the component is “rolled-up” (see, e.g., [5, 9—11, 13]). We
then consider the problem of efficiently adding the minimum number of subdivision
vertices along the edges of those series—parallel graphs that are not rectilinear planar.
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Fig.1 a A series—parallel graph G with a given planar embedding. b A bend-minimum orthogonal drawing
H of G with 5 bends, represented by cross vertices. ¢ The SPQ*-tree T of G with reference edge e = (1, 11);
series and parallel compositions are represented by S- and P-nodes; a Q*-node represents an edge or a series
of edges; the root P"-node is a parallel composition between e and the rest of the graph. d Three suboptimal
orthogonal drawings obtained by distributing the same number of bends of the highlighted subgraph G,
in a different way

In a nutshell, our bend-minimization algorithm executes a post-order visit of a
series—parallel decomposition tree T of the input graph G, also called SPQ*-tree.
Tree T represents the parallel and the series compositions that form G (see Fig. la, c,
and refer to Sect.2 for a formal definition of SPQ*-trees). Suppose that v is a node
of T and G, its corresponding subgraph in G. When the algorithm visits v, it must
efficiently determine whether G, is rectilinear planar and, if not, it must compute the
minimum number of subdivision vertices needed to make it rectilinear planar; how to
efficiently compute such a number is a first key ingredient of our approach.

A second key ingredient is proving that, when the algorithm processes a node v in
the bottom-up visit, the addition of the minimum number of subdivision vertices that
make G, rectilinear planar leads to the optimum in terms of total number of bends.

As a third key ingredient, the algorithm needs to concisely describe the set of recti-
linear drawings of G, that can be obtained by distributing these subdivision vertices in
all possible ways along the edges of G,,, which gives rise to a combinatorial explosion
of different possibilities. Indeed, different distributions of the same set of subdivision
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vertices along the edges of G, can lead to orthogonal drawings of G that have differ-
ent number of bends. For example, consider the highlighted subgraph G, (associated
with node v3 of T') in the graph of Fig. 1a. Any orthogonal drawing of G,, requires at
least three bends (subdivision vertices); placing all of them on edge (2, 11) yields the
optimal solution of Fig. 1b, which additionally requires two bends on edge (1, 11).
Conversely, placing the three bends on a different subset of edges of G, leads to
(suboptimal) solutions with more bends; see Fig. 1d. To efficiently handle the combi-
natorially many distributions of the subdivision vertices along the edges of a subgraph
G, we succinctly encode in O(1) space the “orthogonal shapes” that G, can have in
a bend-minimum planar orthogonal drawing of G. This is done by looking at the set
of possible orthogonal spirality values that G, can take in such a drawing.

The remainder of the paper is organized as follows. Section2 recalls basic defi-
nitions used throughout the paper. Section3 strengthens a result given in [5] about
the interchangeability of orthogonal representations with the same spirality. Section 4
characterizes those plane series—parallel graphs that are rectilinear planar. Section5
gives an overview of our bend-minimization algorithm. Section6 provides details
about the bottom-up visit performed by the algorithm. Section 7 summarizes our main
result. Concluding remarks and open problems are in Sect. 8.

Some of our proofs are based on case analyses; in some proofs, we moved part of
the case analysis to the paper appendix, when the analysis of a case resulted similar
to the analysis of a previous case; also, the appendix reports a glossary of the main
symbols used throughout the paper.

2 Preliminaries

We assume familiarity with basic concepts of graph planarity and graph drawing [4, 15—
17]. We only deal with connected graphs and we focus on orthogonal representations
rather than orthogonal drawings. An orthogonal representation H of a planar graph G
describes a class of equivalent planar orthogonal drawings of G in terms of planar
embedding, ordered sequence of bends along the edges (i.e., sequence of left/right
turns going from an end-vertex to the other) and clockwise sequence of geometric
angles at each vertex, each angle formed by two (possibly coincident) consecutive
edges around the vertex and expressed as a value in the set {90°, 180°, 270°, 360°}
(angles of 360° occur only at degree-1 vertices). An orthogonal representation H of
G can be described by a planar embedding of G plus an angle labeling specifying: (i)
for each vertex v of G, the geometric angles at v; (ii) for each edge e = (u, v) of G,
the ordered sequence of bends along e as a sequence of angles in the left face (and
hence in the right face) of e while moving along e from u to v (each bend determines
an angle of 90° in one of the two faces incident to e and an angle of 270° in the other
face). It is well known (see, e.g., [3]) that an angle labeling of G describes a valid
orthogonal representation if and only if the following properties hold: (H1) for each
vertex v, the sum of the angles at v equals 360°; (H2) for each face f, if N,(f) is
the number of a° angles in f, we have Nog(f) — Na7o(f) — 2N360(f) = 4 (resp.
Noo(f) — N27o(f) — 2N3e0(r) = —4) if f is an internal face (resp. the external face).
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Note that, since the set of faces of a plane graph G is a base for the set of simple
cycles of G, Properties (H1) and (H2) together are equivalent to say that for every
simple cycle C of G, the number of right turns minus the number of left turns, when
walking clockwise around the boundary of C, is equal to four. Namely, if v is a vertex
of C we count: a right turn at v if there is an angle of 90° at v inside C; a left turn
at v if the sum of the angles at v inside C equals 270°; two left turns at v if v has
degree one. Also, a bend on an edge of C corresponds to a right (resp. left) turn if it
determines an angle of 90° (resp., 270°) in C.

Given an orthogonal representation H of a plane graph G, a drawing of H (which
corresponds to an orthogonal drawing of G) can be computed in linear time [21]. If
H has no bend, H is a rectilinear representation.

Series—parallel graphs and decomposition trees. A two-terminal series—parallel
graph G, also called series—parallel graph, has two distinct vertices s and ¢, called
the source and the sink of G, respectively. A series—parallel graph can be inductively
defined by, and naturally associated with, a decomposition tree T: (i) a single edge
(s, t) is a series—parallel graph with source s and sink ¢, in which case T consists
of a single Q-node, whose poles are s and ¢; (ii) given p > 2 series—parallel graphs

G, ..., Gp, each G; with source s; and sink #; (i = 1, ..., p), a new series—parallel
graph G can be obtained with any of these two operations:
- Series composition, which identifies #; with s;1 (i = 1,..., p — 1); G has source

s = s1 and sink ¢t = t,. The composition is represented in 7" by an S-node, with
poles sy and t,, whose children are the roots of the decomposition trees T; of G;
i=1,...,p).

- Parallel composition, which identifies all sources s; (resp. all sinks ¢;) together (i =
1,..., p); G has source s = s; and sink ¢t = ¢;. The composition is represented in 7'
by a P-node, with poles are s and ¢, whose children are the roots of the decomposition
treesT; of G; i =1,..., p).

In our algorithm we do not distinguish between Q-nodes and S-nodes whose chil-
dren are all Q-nodes. We just call any of these nodes a Q*-node. In other words, a
Q*-node represents a series of edges. For a node v of T, the pertinent graph G, of v
is the subgraph of G formed by all edges associated with the Q*-nodes in the subtree
rooted at v. We also call G, a component of G.

Let G be a plane (two-terminal) series—parallel graph with vertex-degree at most
four. Note that G is either biconnected or it can be made biconnected with the addition
of a single dummy edge; in this latter case we assume that the planar embedding of
G is such that the dummy edge can be added on the external face of G. For any edge
e = (s,t) (possibly a dummy edge) on the external face, we can associate with G a
decomposition tree 7 where the root is a P-node representing the parallel composition
between e and the rest of the graph. Thus, the root of T is always a P-node with two
children, one of which is a Q*-node corresponding to e. It will be called the (unique)
P"-node of T, to distinguish it by the other P-nodes. Edge ¢ is the reference edge of T,
and T is the SPQ*-tree of G with respect to e. Without loss of generality we assume
that the external face of G is to the right of e while moving from s to 7. Also, itis always
possible to make T such that each (non-root) P-node has no P-node child and each S-
node has no S-node child. Since G has vertex-degree at most four, a P-node has either
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Fig.2 The components associated with the P-nodes vy, v3, and vs, of the graph in Fig. 1. The alias vertices
are the little squares along dashed edges. For each node v;, i € {1, 3, 5}, we report Gy, Hy;, and the
spirality oy; of Hy; in H. In particular, the P-component of v3, with poles {# = 2, v = 11}, has spirality
%; the P-component of vs, with poles {u = 1, v = 11}, has spirality 2

two or three children. Finally, we assume that the left-to-right order of the children of
a P-node reflects the left-to-right order that their corresponding components have in
the planar embedding of G. See Fig. 1a, c. From now on we assume that 7" satisfies
the properties above for an n-vertex biconnected series—parallel graph. Observe that
the number of nodes of T is O (n).

Spirality of series—parallel graphs. Let G be a biconnected plane series—parallel
graph and let 7 be an SPQ*-tree with respect to a reference edge ¢ = (s, t). Let H
be an (embedding-preserving) orthogonal representation of G. Also, let v be a node
of T with poles {u, v} and let H, be the restriction of H to G,. We also say that H,
is a component of H. For each pole w € {u, v}, let indeg, (w) and outdeg, (w) be
the degree of w inside and outside H,, respectively. Define two (possibly coincident)
alias vertices of w, denoted by w’ and w”, as follows: (i) if indeg,(w) = 1, then
w' = w” = w; (i) if indeg, (w) = outdeg,(w) = 2, then w’ and w” are dummy
vertices, each splitting one of the two distinct edge segments incident to w outside H,;
(iii) if indeg, (w) > 1 and outdeg,(w) = 1, then w’ = w” is a dummy vertex that
splits the edge segment incident to w outside H,,.

Let AY be the set of distinct alias vertices of a pole w. Let P“? be any simple path
from u to v inside H,, and let #’ and v’ be an alias vertex of u and an alias vertex of v,
respectively. The path 54"V obtained concatenating (u’, u), P*?, and (v, v') is called
a spine of H,. Denote by n(S”/“/) the number of right turns minus the number of left
turns encountered along SV while moving from u’ to v'. The spirality o (H,) of H,
is introduced by Di Battista et al. [5] and it is defined based on the following cases
(see also Fig. 2 for the spirality values of some P-components in the representation H
of Fig. 1b):

o A= {u'}and A" = {v'}; then o (H,) = n(5"").

o AY = {u'} and A = {v/, v"}; then o (H,) = w

A" = {u', u"} and A® = {v'}; then o' (H,) = "= 1),

A" = {u',u"} and AY = {v/, v"}; without loss of generality, assume that (u, u’)

precedes (u, u”) counterclockwise around u and that (v, v”) precedes (v, v”) clock-
n(S”/U/)Jrn(Su”UH)
R B

wise around v; then o (H,) =
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Di Battista et al. [5] show that the spirality of H, does not vary with the choice of
the path P“". For brevity, in the following we often denote by o, the spirality of an
orthogonal representation H, of G,. If v is a Q*-node or a P-node with three children,
o, is always an integer. If v is an S-node or a P-node with two children, o, is either
integer or semi-integer depending on whether the total number of alias vertices for the
poles of v is even or odd. When we say that the spirality o, can take all values in an
interval [a, b], we mean that such values are either all the integer numbers or all the
semi-integer numbers in [a, b], depending on the cases described above for v.

3 Substituting Orthogonal Components with the Same Spirality

Let G be a biconnected plane series—parallel graph and let 7 be an SPQ*-tree of G
with respect to a given reference edge. Di Battista et al. [5] prove that two distinct
orthogonal representations of the same component G, that have the same spirality are
“interchangeable”, under some additional hypotheses. Roughly speaking, they prove
that if a component H,, has a certain spirality in a given orthogonal representation H,
it can be substituted with another representation H; having the same spirality, under
the assumption that the angles at the poles of v that are outside G, do not change.
In this subsection we formalize the concept of substituting an orthogonal component
with another one and give a stronger version of the result in [5], which proves the inter-
changeability of two orthogonal components that have the same spirality, regardless
of their angles at the poles.

Let H and H’ be two different orthogonal representations of G with the reference
edge on the external face, and let H, and H, be the restrictions of H and H’ to G,
respectively. If o (H,) = o(H)), the operation of substituting H, with H) in H,
denoted by Sub(H,, H,), defines a new plane graph H” with an angle labeling, such
that: (a) H” corresponds to a valid orthogonal representation of G; (b) the restriction
of H" to G, coincides with H,; (c) the restriction of H” to G \ G, stays as in H.

More formally, let u and v be the two poles of v. The external boundary of H,
contains a left path p; and a right path p,, such that p; goes from u to v while
traversing the external boundary of H, clockwise and p, goes from u to v while
traversing the external boundary of H, counterclockwise. Denote by f; the face of H
outside H, and incident to p;, and denote by f, the face of H outside H, and incident
to pr. Also, for each pole w € {u, v} of v, denote by ay, ; (resp. a,, ) the angle at w
in face fj (resp. f.) of H. Similarly, with respect to H,, and H’, define pj, p;., f/, f,

/

and @/, ,, a, , for each pole w € {u, v}. The operation Sub(H,, H))) defines H” as

w,l”> “w,
follows (schematic illustrations are given in Figs. 3, 4, 5):

o The set of vertices and the set of edges of H” are the same as in G.

e The planar embedding of H” is such that: all faces of H outside H, and distinct
from f; and f;, as well as all faces of H|, are also faces of H”. Also, H" has two
faces f/" and f; obtained by replacing p; with p; and p, with p; in the boundary
of f; and f,, respectively.

e The angle labeling of H” is such that: (i) all the angles at the vertices and along
the edges of G not belonging to G, are those in H; (ii) all the angles at the vertices
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of G, distinct from u and v are those in H}; (iii) all the angles along the edges of
G, are those in H); (iv) for each pole w € {u, v} of v, the angles at w that are
outside G, and that are neither in f;” norin f;” are those in H; the angles at w that
are inside G, are those in Hy; the angle a;, ; at w in f;" and the angle ay, , at w in
S are such that al’l’)’l = ay, and ay, . = ay,, if indeg, (w) = 1, while a;’)’l = az’ﬂ,l

and ay, , = a,, , if indeg, (w) > 1.

The next theorem proves that H” is a valid orthogonal representation.

Theorem 1 Let G be a biconnected series—parallel 4-graph, T be an SPQ*-tree of G
with respect to a reference edge e, and v be a non-root node of T. Let H and H' be
two different orthogonal representations of G with e on the external face, and let H,
and H), be the restrictions of H and H' to G, respectively. If o (H,) = o (H))) then
the graph H' defined by Sub(H,,, H)) is an orthogonal representation of G.

Proof We have to show that the embedded labeled graph H” defined by Sub(H,, H,)
satisfies Properties (H1) and (H2) of an orthogonal representation. Clearly, since H
and H' are orthogonal representations, (H1) holds for all vertices of H” distinct from
the poles {u, v} of G ; indeed, each vertex distinct from « and v inherits all its angles
either from H or from H'. Analogously, each face of H” distinct from f,” and f," is
either a face of H or a face of H’, thus its angles satisfy Property (H2).

It remains to show that (H1) holds for # and v, and that (H2) holds for f;" and f,".
To this aim, we analyze different cases based on the indegree of the two poles {u, v}
of G,.

Case 1: indeg,(u) = 1 and indeg,(v) = 1. Refer to Fig. 3. In this case, the alias
vertices 1’ and v/, associated with u and v respectively, coincide with the poles, i.e.,
u = u and v = v'. Let ux and yv be the two edge segments of H, incident to u
and to v, respectively. Analogously, let ux’ and y’v be the two edge segments of H),
incident to u and to v, respectively. Without loss of generality, assume that H and H’
are oriented in such a way that both zx and ux’ are vertical segments and that u is
below x in any drawing of H and u is below x’ in any drawing of H’. By definition,
since u = u’ and v = v/, the spirality o (H,) (resp. o (H,)) equals the number of right
turns minus the number of left turns while moving from u to v along any simple path
of H, (resp. of H)). Hence, since by hypothesis o (H,) = o (H,), the edge segments
v and y’v are either both horizontal or both vertical, and more precisely they are
incident to v in H and to v in H’ from the same side (south, north, west, or east). In
this case, Sub(H,,, H}) defines “;/4/,1 =aul, a,, = aur, “;/,z =ays,and ay, = ay,,
which implies that all the angles around u and v in H” coincide with the angles around
u and v in H. Hence, Property (H1) holds for both u and v in H”. Also, let n(p;) (resp.
n(p;)) be the number of right turns minus the number of left turns along p; (resp. p;)
while moving from u to v in H. Similarly, let n( p;) (resp. n(p).)) be the number of
right turns minus the number of left turns along p; (resp. p;) while moving from u to
vin H'. Since o (H,) = o (H,), and since u = u" and v = v', we have n(p;) = n(p))
and n(p,) = n(p;). It follows that Noo(f;") — Nazo(f;") = Noo(f1) — Na70(f7) and
Noo(f") = N270(f)") = Noo(f;) — N270(f+), which imply Property (H2) for f;” and

" (note that, since G is biconnected, N3eo(f) = 0 for every face f of H and of H').
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Fig.3 Case 1 of Theorem 1: schematic illustration of the graph H” defined by Sub(H,, H,)

Case 2: indeg,(u) = 1 and indeg,(v) > 1. We distinguish two subcases:
outdeg, (v) = 1 or outdeg,(v) = 2. Assume first that outdeg,(v) = 1 (see Fig. 4a).
In this case, u and its alias vertex u’ coincide and the only alias vertex v’ associated
with v subdivides the edge segment incident to v in H and in H’. As in the analysis
of Case 1, assume that H and H' are oriented so that each of the two edge segments
ux and ux’ in H and in H' , respectively, is incident to # from north. By definition,
the spirality o (H,) (resp. o (H))) in this case equals the number of right turns minus
the number of left turns along any simple path of H,, (resp. of H)) from u to v'. Since
o (Hy) = o (H)), this implies that the segments vv’ in H and H ! are incident to v from
the same side. In this case, Sub(H,,, H}) defines a”l =au,a,, = ay,, 1/;/,1 = ‘1;,1’
and a; , = a, ., which implies that all the angles around u in H" coincide with the
angles around u and all the angles around v in H” coincide with those around v in H'.
Thus, Property (H1) holds for « and v in H”. It remains to prove (H2) for f;” and f,.
Denote by P; (resp. P,) the path of H obtained by concatenating p; (resp. p;,-) with the
edge segment vv’. Analogously, denote by P/ (resp. P/) the path of H’ obtained by
concatenating p; (resp. p;) with the edge segment vv’. Since o' (H,) = o (H), with the
usual notation we have n(P;) = n(P/) and n(P,) = n(P)). Since, as observed above,
the segments vv’ in H and H’ are incident to v from the same side, and since the angles
at u are the same in H” and in H, we have Noo( ;") — N270(f}") = Noo(f1) — N270(f1)
and Noo(f;") — N270(f") = Noo(f) — Nazo(fy), which imply Property (H2) for f;”
and f.

Suppose now that outdeg,, (v) = 2 (see Fig. 4b). In this case, « and its alias vertex
u’ coincide while v has two alias vertices v" and v”, which subdivides the two edge
segments incident to v in H and in H'. Since deg(v) = 4, the angles at v are all
90° degree angles, both in H and in H'. It follows that, the angles at u and v in H”
are the same as in H, i.e., Property (H1) holds. Denote by P; (resp. P,) the path of
H obtained by concatenating p; (resp. p,) with the edge segment vv’ (resp. vv”).
Analogously, denote by P/ (resp. P/) the path of H’ obtained by concatenating p;

(resp. p,) with the edge segment v’ (resp. wv”). Since o (H,) = o (H)), we have
n(P1)+n(P) n(P))+n(P))
2

. On the other hand, since all angles at v are right angles in
H and in H’ we have n(P,) = n(P;) + 1 and n(P/) = n(P/) + 1. This implies that
n(pP) = n(P ) and n(P,) = n(P/), which, together with the fact that the angles at u
are the same in H and H”, implies that Noo(f") — Na70(f") = Noo(fi) — N270(f1)
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(b)

Fig. 4 Case 2 of Theorem 1: schematic illustration of the graph H” defined by Sub(H,, H,) when a
outdeg(v) = 1 and b outdeg(v) =2

and Noo(f,") — Na7o(f)") = Noo(fr) — Nazo(f+). Hence, Property (H2) holds for f;”
and f.

Case 3: indeg, (1) > 1 and indeg, (v) = 1. This case is symmetric to Case 2.
Case4:indeg, (1) > 1 andindeg,(v) > 1.Inthis case, there are three non-symmetric
subcases to analyze, depending on the outdegree of u and of v, i.e., outdeg, (1) =
outdeg, (v) = 1,oroutdeg, (v) = 1 and outdeg,(v) = 2 (symmetrically outdeg,, (1) =
2andoutdeg,(v) = 1),oroutdeg, (1) = outdeg,(v) = 2. See “Appendix A” for details
and refer to Fig. 5 for a schematic illustration. O

Based on Theorem 1, in the following we can assume that two orthogonal compo-
nents with the same spirality are equivalent, and we can describe the set of possible
orthogonal representations for a component in terms of their spirality values.

4 Rectilinear Plane Series-Parallel Graphs

This section characterizes rectilinear plane series—parallel graphs. Let G be a plane
series—parallel 4-graph. If G is biconnected let e be any edge on the external face of
G; otherwise, we add a dummy edge e that makes it biconnected (recall that, if G
is not biconnected we are assuming that the dummy edge e can always be added in
the external face). Let T be the SPQ*-tree of G with respect to e and let v be a node
of T. We say that a component G, admits spirality o, or, equivalently, that v admits
spirality o,, if there exists a rectilinear planar representation H, of G, with spirality o,
in some rectilinear planar representation H of G. The following lemmas immediately
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Fig. 5 Case 4 of Theorem 1: schematic illustration of the graph H” defined by Sub(H,, H/) when a
outdeg(u) = outdeg(v) = 1, b outdeg(#) = 1 and outdeg(v) = 2, and ¢ outdeg(u) = outdeg(v) = 2

derive from the results of Di Battista et al. [S], which for any S-node or P-node v,
relate the values of spirality for an orthogonal representation of G, to the values of
spirality of the orthogonal representations of the child components of G, (i.e., the
components corresponding to the children of v). These types of relationships will be
crucial to characterize those components that are rectilinear planar in a bottom-up
traversal of 7. Namely, Lemma 1 concentrates on S-nodes, Lemma 2 on P-nodes with
three children, and Lemma 3 on P-nodes with two children. See also Fig. 6 for an
illustration.

Lemma 1 [5] Let v be an S-node of T with children 1, ..., uy (h > 2). The com-
ponent G, admits spirality o, if and only if 0, = Z?:l oy;, where oy, is a spirality
value admitted by G, (1 <i < h).

Lemma 2 [5] Let v be a P-node of T with three children u;, ., and . G, admits
spirality o, with G, G, G, in this left-to-right order if and only if there exist
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v =70
Gﬂs
G#A
GH3
G#z
u=u1Gp
/
v =1 v
o = 1] ol =0 =1
Oy = Ou, = 2 v = 1 o, = —2
Oy = Oy, = 0
0y =1 U
e u=1u "' = llaﬁ =1
Oy, = 0 u/
(a) S-node (b) P-node 3 children (¢) P-node 2 children

Fig. 6 Illustration of the relationships in: a Lemma 1 for S-nodes, b Lemma 2 for P-nodes with three
children, and ¢ Lemma 3 for P-nodes with two children

three values oy, oy, and o, such that: (i) G, G, G, admit spirality oy, oy,
oy, respectively; and (ii) oy = 0, —2 = 0y, = 0y, + 2.

If v is a P-node with two children, denote by u; and w, its left and right child in T,
respectively. If v is a P-node with three children, denote by w;, @, and u,, the three
children of v from left to right. Also, for each pole w € {u, v} of v, the leftmost angle
at w in H 1is the angle formed by the leftmost external edge and the leftmost internal
edge of H, incident to w. The rightmost angle at w in H is defined symmetrically.
We define two binary variables o, and o as follows: &, = 0 (!, = 0) if the
leftmost (rightmost) angle at w in H is 180°, while o/, = 1 (¢!, = 1) if this angle
is 90°. Observe that if deg(w) = 4 or if v has three children, o, = o/ = 1. Also,
if v has two children, define two additional variables k., and k as follows: k¢ = 1
if indeg,,, (w) = outdeg, (w) = 1, while ki = 1/2 otherwise, for d € {I, r}. For
example, in Fig. 2 the component of v3 is such that k. = k! = 1, k), = &/ = %,
“i =0,and o, = ozf) = o = 1; the component of vs is such that k,ﬂ =k, =1,
Ky =3.k =10, =0,and o, =l = o/, = 1.

Lemma 3 [5] Let v be a P-node of T with two children w; and ., and with poles u
and v. G, admits spirality o, with G, and G, in this left-to-right order if and only
if there exist six values oy, 0,,, o, &, o, and o such that: (i) G, and G, admit
spirality o, and o,,,, respectively; (ii) !, € {0, 1}, o’ € {0, 1}, and 1 < ol +al <2
Sfor any w € {u, v}, and (iii) o, = 0}, — k,lloti — kétxf} = oy, + ko, +klal.

In the following we prove a condition under which the plane graph G, is rectilinear
planar, assuming that its child components (if v is not a leaf of 7") are rectilinear planar.
This condition depends on the type of node v and is referred to as representability
condition of v (or, equivalently, of G,). Also, if the representability condition holds
for v, we denote by I, the set of values of spirality for which G, is rectilinear planar,
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o,=0 op=1 o,=2 op=3
Fig. 7 Tllustration of Lemma 4. For a Q* node v of length 4 we have I, = [—3, 3]

i.e., G, admits spirality o, if and only if o, € I,. We prove that ], is always an interval
(of all integer or all semi-integer values) and call it the representability interval of v
(or, equivalently, of G,).

4.1 Representability Condition for Q*-Nodes and S-Nodes

For a Q*-node v representing a chain of £ edges, we say that £ is the length of v. As the
next lemmas prove, the components of Q*- and S-nodes are always rectilinear planar,
i.e., the representability condition is always true.

Lemma4 Let v be a Q*-node of length €. Graph G, is always rectilinear planar
(i.e., its representability condition is always true) and its representability interval is
=[—¢+1,¢-1]

Proof G, is a path with £ — 1 degree-2 vertices. For any integer k € [—¢ + 1,0], a
rectilinear planar representation H, of G, with spirality k is obtained by making a left
turn at k degree-2 vertices of G, (going from the source to the sink pole), and no turn
at any remaining vertex of G,. Symmetrically, for any k € (0, £ — 1], we realize H,
with spirality k by making a right turn at exactly k degree-2 vertices of G . It is clear
that no values of spirality out of 7, can be achieved. O

Figure 7 illustrates Lemma 4 for a Q*-node v of length 4, for which I,, = [-3, 3].
The figure depicts a rectilinear planar representation of G,, with spirality o, for every
oy € 1,.

Lemma5 Let v be an S-node with h > 2 children w1, ..., w,. Suppose that, for
every i € [1, hl, the representability interval of G, is 1,, = [m;, M;]. Graph G,
is always rectilinear planar (i.e., its representability condition is always true) and its
representability interval is I, = [Zlh:l m;, Zf;l M;].

Proof We use induction on the number of children of v. In the base case h = 2. By
hypothesis I, = [m1, M{]and I, = [m2, M>]. By Lemma 1, a series composition of
arectilinear representation of G, with spirality o, and of a rectilinear representation
of G, withspirality o, results in arectilinear representation of G, with spirality o, =
0y, +0u,. Hence, if M1 = m +ry and My = m3 +r7, for two non-negative integers
r1 and rp, then the possible values for o, are exactly m +mo, mi+1+my, ..., m;+
ri+mo,....,m+ri+mpy+1,...,m;+r; +my+ry,i.e., all values in the interval
[m1 4+ ma, M| + M;]. In the inductive case i > 3; consider the series composition
G| of Gy, ..., Gy,_,. Graph G, is the series composition of G’ and GMh By the

inductive hypothesis the representability interval of G| is [Y_/— m;, '~ M;] and
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Fig. 8 Illustration of Lemma 5. a An S-node v with children py, @, and w3. b The com-

ponents Gy, GMI, Guz’ and GM. Since 1u1=[0, 0], 1M2=[—1,—IJ, and 1M3=[—3,31, we have

1 V:[Z?:l mj, Zl’-‘:l M;]=[-3, 1]. (c) A rectilinear planar representation of G, with spirality o, for every
oy €l

by Lemma 1 applied to G| and G, we have I, = [Zlh:l m;, Zl}-lzl M;], using the
same reasoning as for the base case. O

Figure 8 illustrates Lemma 5. Figure 8a shows an S-node v and its three children
1, L2, and w3, where py and 3 are Q*-nodes and p; is a P-node. Figure 8b shows
the components G, G, Gy,, and G, where: I,,, = [0,0] and 1, = [-2, 2] by
Lemma 4; I,,, = [—1, —1], as G, only admits a rectilinear planar representation of
spirality —1. By Lemma 5, I, = [Zf’zl mi, Z?:l M1=[0-2-1,0+2-1] =
[—3, 1]. Figure 8c depicts a rectilinear planar representation of G, with spirality o,
for every o, € I,.

4.2 Representability Condition for P-Nodes with Three Children

Different from S-nodes, if v is a P-node and the pertinent graphs of the children of v
are rectilinear planar, G, may not be rectilinear planar. In this subsection we consider
the case when v has three children.

Lemma 6 Let v be a P-node with three children w;, ., and u,, ordered from left
to right. Suppose that G, G, and G, are rectilinear planar and that their rep-
resentability intervals are I, = [m;, Mj), 1,, = [m¢, M¢], and I,,, = [m,, M,],
respectively. Graph G, is rectilinear planar if and only if [m; —2, M; —2]N[m., M:]1N
[m, + 2, M, + 2] # (. Also, if this representability condition holds then the repre-
sentability interval of G, is I, = [max{m;—2, m¢, m,+2}, min{M;—2, M., M, +2}].
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Fig.9 Illustration of Lemma 6. a G, is rectilinear planar and 7, = [1, 3], b G, is not rectilinear planar

Proof Representability condition. Suppose first that G, is rectilinear planar and let H,,
be arectilinear planar representation of G, with spirality o,,. By Lemma 2, the spirality
values o, 0, and o, for the representations of G, G, and G, in H, are such
thato,, = o, +2,0,, = o0y,ando,, = 0,—2.Sinceoy, € [m;, M|],0,, € [mc, M.],
and o, € [m,, M,], we have oy, € [m; —2, M; — 21N [m¢, M) N [m, +2, M, + 2].
Suppose vice versa that [m; —2, M; — 21N [m¢, M] N [m, +2, M, +2] # @, and let
k be any value in such intersection. Setting 0y, = k +2,0,, = k,and o, =k — 2
we have o, € [my, Mj], o, € [m¢, M¢], and 0y, € [m,, M,]. By Lemma 2, G, is
rectilinear planar for a value of spirality o, = k.

Representability interval. Assume that G, is rectilinear planar. Clearly [max{m; —
2, me, my + 2}, min{M; — 2, M., M, +2}] = [m; — 2, M; — 2] 0\ [me, M 10 [my +
2, M, + 2], and by the truth of the feasiblity condition we have [max{m; —2, m., m, +
2}, min{M; — 2, M., M, + 2}] # . Similarly to the first part of the proof of the
representability condition, any rectilinear planar representation of G, has a value
of spirality in the interval [max{m; — 2, m., m, + 2}, min{M; — 2, M., M, + 2}].
On the other hand, let k € [max{m; — 2, m., m, + 2}, min{M; — 2, M., M, + 2}].
Analogously to the second part of the proof of the representability condition, we can
construct a rectilinear planar representation of G,, with spirality o, = k, by combining
in parallel rectilinear planar representations of G, G, and G, with spirality values
oy =0y +2,0, =o0y,andoy,, =0, — 2. O

Figure 9 illustrates Lemma 6. In Fig. 9a, v has three children that are Q*-nodes.
By Lemma 4, I, = [-5,5], I,. = [-3,3], and I,,, = [—1, 1]. We have [m; —
2, My =21N[me, M 1N [mp +2, M, +2]1 =[-7,31N[-3,3]1N[1,3] ={1,2,3} #
¢ and, consequently, G, is rectilinear planar. Also, I, = [max{m; — 2, m,, m, +
2}, min{M; —2, M., M, +2}] = [1, 3]. In Fig. 9b, the left child of v is an S-node such
that 7, = [—2, —2]. We have [m; — 2, M; — 2] N [m¢, M1 N [my +2, M, 4+ 2] =
[—4, —4] N [-3,3] N [1, 3] = @ and, consequently, G, is not rectilinear planar.
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Fig. 10 Schematic illustration of the different types of P-nodes with two children

4.3 Representability Condition for P-Nodes with Two Children

For a P-node v with two children u; and u,, the representability condition and interval
depend on the different configurations of indegree and outdegree of the poles of vin G,
G, and G, . To distinguish the different configurations, we define the fype of v and
of G,, using a self-contained notation; refer also to Fig. 10 for a schematic illustration.
Each type is denoted using one or two symbols, I (indegree) and O (outdegree), along
with suitable indices. More precisely, the possible types are defined as follows:

e 1,0;4: both poles of v have indegree two in G,; also one pole has outdegree A in
G, and the other pole has outdegree 8 in G, for | < X < 8 < 2. This gives rise
to the specific types 1,011, [oO12, and 1,07;.

e I3,0;4: one pole of v has indegree two in G, while the other pole has indegree
three in G, and indegree two in G, for d € {I, r}; also one pole has outdegree A
in G, and the other has outdegree S in G,,for1 <A < <2, whereA=p8=2
is not possible. This gives rise to the specific types I3;011, 13,011, I3;012, I3,013.

e I3,,: both poles of v have indegree three in G, ; one of the two poles has indegree
two in G, and the other has indegree two in Gud,, for dd’ € {ll,Ir, rr} (both
poles have outdegree one in G,). Hence, the specific types are I3, I3/, I3,

In the next three subsections, we analyze separately the properties of the different
types of P-nodes with two children.
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4.3.1 Nodes of Type 1,0, 5

Lemma 8 states the representability condition and interval for P-nodes of type 1,0;4.
Its proof is based on the preliminary property stated by Lemma 7.

Lemma7 Let G, be a P-node of type 1,0, with children p; and . G, is rectilinear
planar if and only if G, and G, are rectilinear planar for spirality values o, and
oy, such that oy, — oy, € (2,4 —y], wherey = 1+ f —2.

Proof We distinguish three cases, based on the values of A and 8, namely the cases
1,011, 1,012, and 1,075.

Case1: . = B8 = 1,1i.e., G, is of type [,0;. We have to prove that G, is rectilinear
planar if and only if G, and G, are rectilinear planar for spirality values o;,, and o,
such that o, —0,,, € [2,4]. Foral,Oy; component we have k, = k! = kI =k = 1.

If G, is rectilinear planar then 1 < oz,ld +oa, <2and 1 < alv + ) < 2inany
rectilinear planar representation of G,,. Hence, by Lemma 3, for any value of spirality
o, wehave oy, — 0y, = oz,ll +aé +oay, +a €[2,4].

Suppose vice versa that G, and G, are rectilinear planar for spirality values o,
and oy, such that o, — 0y, € [2,4]. We define a rectilinear planar representation
H, of G, by combining in parallel the two rectilinear planar representations of G,
and G, and by suitably assigning the values of osz and osz (d € {l, r}), depending on
the value of o, — oy,. This assignment is such that for any cycle C of G, through
u and v, the number of 90° angles minus the number of 270° angles in the interior
of C is equal to four. Poles u and v split C into two paths 7; and .. The spirality
0y, equals the number of right minus left turns along 7; while going from u to v,
which corresponds to the number of 90° minus 270° angles in the interior of C at the
vertices of ;. Similarly, —o,,, equals the number of right minus left turns along 7,
while going from v to u, which corresponds to the number of 90° minus 270° angles
in the interior of C at the vertices of .. By also considering the angles at u and v
inside C, the number of 90° angles minus the number of 270° angles inside C can be
expressed as a, = 0, — 0y, +4 —al, —a —al —a’, and three cases are possible:

() if o, — 0, = 2, for every pole w € {u, v} we set ozfu and o7, such that
ol +al = 1; (i) if o, — 0y, = 3, for one pole w € {u, v} we set &), and o, such
that afv + ol = 1, and for the other pole w’ € {u, v} we set afu, = a;, = 1; (iii) if
oy, — oy, =4, for every pole w € {u, v} we set d, =al =1.

In all the cases above, we have that a. = 4. Also, any other cycle not passing

through # and v is an orthogonal polygon because it belongs to a rectilinear planar
representation of either G, (with spirality o) or G, (with spirality o, ).
Case 2: A = l and 8 = 2, i.e., G, is of type [,02. We have to prove that G, is
rectilinear planar if and only if G, and G, are rectilinear planar for spirality values
oy, and oy, such that o, — o, € [2, 3]. Suppose, w.l.o.g., that outdeg, (#) = 1 and
outdeg, (v) = 2. We have k, =k’ = 1 and k!, = k! = %

If G, is rectilinear planar then ocf) + ol =2 and oc,ll + o), € [1,2]. By Lemma 3,
oy —0y, = klal +klal +k ol +ka!, andhence 0y, —0,, = o+ %af) +aj + %aﬁ €
[2,3].

Suppose vice versa that G, and G, are rectilinear planar with spirality o, and
oy, suchthato,, —o,, € [2,3]. Asinthe previous case, we define a rectilinear planar
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representation H, of G, by combining in parallel the two representations of G, and
G,,, and by suitably setting & and a? (d € {I, r}). Namely, we set o) = o =1,
and the values of o, and o’ as follows: (i) if 0, — 0, = 2, we set &/, and o/
such that o, + o/ = 1; (ii) if 0, — 0, = 3, we set &, = o/, = 1. With an
argument similar to the previous case, for any cycle C through u and v, the number
of 90° angles minus the number of 270° angles in C can be expressed in this case by
ac =0y, — 0y, +4 —al —al — 1 (the angle at v in C is always of 90°). In case (i)
we havea, =2+4—1—1=4;incase (ii)) we havea, =3+4 —2 — 1 =4. Any
other cycle not passing through « and v remains the same as in the representations of
Gy, and Gy, .

Case3: L = B8 =2,1ie., G, is of type [,0,,. We prove that G, is rectilinear planar
if and only if G, and G, are rectilinear planar for spirality values o,,, and o, such
that o, — 0, = 2. We have kl, = kI, = 1.

If G, is rectilinear planar then &, + o/, = ! +a! = 2. By Lemma 3, 0, = 0, + |
and 0, =0, — 1; hence o, — 0, = 2.

Suppose vice versa that o, — 0, = 2. Again, we obtain a rectilinear planar
representation H,, of G, by combining in parallel the representations of G, and G,
and by suitably setting ozg and al‘f (d € {l, r}). In this case, for any cycle C through
u and v, the number of 90° angles minus the number of 270° angles in C can be
expressed by a. = oy, — 0y, + 1+ 1 (both the angles at u and v inside C is always
of 90° degrees). We then set o, = o/, = o, = o/ = 1, which guarantees a, = 4. Any
other cycle not passing through # and v remains the same as in the representations of
Gy, and G, . O

Lemma8 Let v be a P-node of type 1,0, with children w; and jv,. Suppose that
Gy, and G, are rectilinear planar with representability intervals 1, = [m;, M;]
and 1, = [m,, M,], respectively. Graph G, is rectilinear planar if and only if [m; —
My, M; —m1N[2,4 —y] # @, where y = ) + B — 2. Also, if this representability
condition holds then the representability interval of G, is I, = [max{m; — 2, m,} +
L, min{M;, M, +2} — 1.

Proof We prove the correctness of the representability condition and the validity of
the representability interval.

Representability condition. Suppose that G, is rectilinear planar. By Lemma 7, G,
and G,, admit spirality values o,, and oy, , respectively, such that o, — 0, €
[2,4 —y]. Hence,m; — M, <oy, —oy, <4—yand M; —m, > oy, — 0y, =2,
ie, [m— My, M —m,1N[2,4—y]#0.

Suppose, vice versa that [m; — M,, M; — m,] N [2,4 — y] # (. By hypothesis
G, (resp. G, ) is rectilinear planar for every integer value of spirality in the interval
[m;, M;] (resp. [m,, M, ]). This implies that for every integer value k in the interval
[m;—M,, M;—m,], there exist rectilinear planar representations for G ,, and G, with
spirality values o, and o}, such that o}, — 0, = k. Since by hypothesis there exists
avalue k € [m; — M., M; —m,] N [2,4 — y], there must be two spirality values o,
and oy, for the representations of G, and G, such thatoy,, —o,, =k € [2,4—y].
Hence, by Lemma 7, G, is rectilinear planar.

Representability interval.
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As in the proof of Lemma 7, we distinguish three cases, based on the values of A
and 8.

Case 1: A = 8 = 1, ie., G, is of type [oO1;. We prove that I, = [max{m; —
2, m,}, min{M;, M, + 2}].

Assume first that o, is the spirality of a rectilinear representation of G,. By
Lemma 3, 0, € [m; — 2, M, + 2]. Also, since for a I0;; component kf{ = kf) =
k!, = ki, = 1, we have 0, = 0, + «), + «!, which implies o, > m,. Analogously,
oy =0y, — oz,ll — oef} < M;. Hence, 0, € I, = [max{m; — 2, m, }, min{M;, M, + 2}].

Assume vice versa that k is any integer in the interval /, = [max{m;—2,m,}, M =
min{M;, M, + 2}]. We show that G, admits a rectilinear planar representation with
spirality o, = k. By hypothesis k < min{M;, M, + 2} < M;; also, k > max{m; —
2,m;} > m; —2,ie., k+2 > m;. Hence [k, k + 2] N [m;, M;] # . Analogously,
k <min{M;, M, +2} < M, +2,i.e.,k —2 < M,; also, k > max{m; —2,m,} > m,.
Hence [k — 2, k] N [m,, M, ] # @. We now distinguish the following subcases:

e Case 1.1: k < M; — 2. Consider any two rectilinear planar representations H,,, of
G, and Hy,, of G, withspirality o, = k+2and oy, € [k—2, k]N[m,, M,] # 0,
respectively. As already observed, k + 2 > m; and by hypothesis k + 2 < M;;
hence oy, € [m;, M;]. With this choice we have 2 < o, — 0, < 4, and we
can combine H,, and Hy, in parallel as in the proof of Lemma 7 to obtain a
rectilinear planar representation H, of G,. By Lemma 3 the spirality of H, equals
oy —af —af =k+2—oa — o and it suffices to set o) = af = 1 (which is
always possible, as these two values correspond to 90° angles) to get o), = k.

e Case 1.2: k = M; — 1. Consider any rectilinear planar representation H,,, of G,
with spirality oy, = k + 1 = M. To suitably choose the spirality of a rectilinear
planar representation H,,, of G,,, observe that by the representability condition
M; — 2 > m, and, as already proved, M, > k — 2,i.e., M, > M; — 3. It follows
that [M; —3, M; —2]N[m,, M,] # . Hence, either M; —3 € [m,, M,] (possibly
my = M, = M;—3)or M; —2 € [m,, M,] (possibly m,, = M,, = M; — 2). In the
first case, choose any representation H,,, with spirality o, = M;—3, which implies
oy, —0oy, =3 € [2,4]. In the second case, choose H,,, with spirality o, = M;—2,
which implies 0y, — 0, =2 € [2,4]. H,, and H,, can be combined in parallel
to get a representation of G, with spirality o, = k. Namely, by Lemma 3 we can
seta, = 0and o/ = 1 (or vice versa); also, if o, = M; — 2 we set o/, = 0 and
ol =1 (or vice versa), while if 0, = M; —3 we seta!, = ol = 1.

e Case 1.3: k = M;. We can combine in parallel a representation H,, of G,
with spirality o, = k = M, and a representation H,,, of G, with spirality o, =
k—2 = M;—2, whichimplies thato,,, —0,,, = 2. By the representability condition
we have M; —2 > m,,i.e., 0,4, > m,;also, k < min{M;, M, +2} < M, +2,ie.,
0., < M,.Hence, o, € [m,, M,]. By Lemma 3 we can set &/, = o} = 0 and
o, = af) = 1 to get a representation of G, with spirality o, = k.

1A

Case2: . =1land 8 =2,1i.e., G, is of type [,01>. The arguments are similar to the
previous case; see “Appendix B” for details.

Case3: L = g =2,i.e., G, isof type [,O2. We prove that [, = [max{m; —2, m,} +
1, min{M;, M, + 2} — 1].
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Assume first that G, is rectilinear planar and let H,, be a rectilinear planar represen-
tation of G, with spirality o,,. Let H,, and H,,, be the rectilinear planar representations
of G, and G, contained in H,, and let 0, and o, be their spirality values. Since
both u and v have outdegree two in G, we have that oc,ll +a, = oclv +oy = 2.
By Lemma 3, 0, = o, + 1 and 6, = o, — 1. By the representability condition,
oy, = oy, —2.Henceo,, > my—2ando,, > max{m;—2,m,}. Alsobyo, = o, +1,
oy > max{m;—2, m,}+1. Similarly, by the representability condition, o, = o, +2.
Hence 0,, < M, + 2 and o), < max{M;, M, + 2}. Since o, = 0, + 1 we have
o, < max{M;, M, +2} — 1.

Assume vice versa that k is an integer in the interval 7, = [max{m; — 2, m,} +
1, min{M;, M, + 2} — 1]. We show that there exists a rectilinear planar representation
of G, with spirality o, = k. We have k + 1 € [max{m;, m, + 2}, min{M;, M, + 2}]
and therefore k + 1 € [m;, M;]. Hence there exists a rectilinear planar repre-
sentation H,,, of G,, with spirality o, = k + 1. Similarly, we have k — 1 €
[max{m; — 2, m,}, min{M; — 2, M, }] and therefore k — 1 € [m,, M,]. Hence there
exists arectilinear planar representation H,,, of G, with spirality o;,, = k—1. By the
representability condition G, has a rectilinear planar representation H,; also, follow-
ing the same construction as in the proof of Lemma 7, the spirality of H, is 0, = k.

O

4.3.2 Nodes of Type 1350, 8

Lemma 10 states the representability condition and interval for P-nodes of type 1,0;4.
Its proof is based on the preliminary property stated by Lemma 9.

Lemma9 Let G, be a P-node of type 1330,4 and let ; and ., be its two children.
G, is rectilinear planar if and only if G, and G, are rectilinear planar for spirality
values oy, and o, respectively, suchthato,, —o,, € [%, %— v, wherey = A+B—2.

Proof We distinguish four cases, based on the values of A, 8, and d.

Casel: L =B =1landd =l,i.e., G, isof type I3;01;. We prove that G, is rectilinear
planar if and only if G, and G, are rectilinear planar for spirality values o, and o,
such that o, — 0, € [%, %]. For an I3;01; component we have kf, =k, =k =1
and K, = §.

If G, is rectilinear planar then 1 < ozi +a), <2and afj = o}, = 1in any rectilinear
planar representation of G,,. Hence, by Lemma 3, for any value of spirality o, we have
oy — oy, = al + %af) +o, +a, € [%, %].

Suppose vice versa that G, and G, are rectilinear planar for spirality values o,
and o, such that o, — 0, € [%, %]. We define a rectilinear planar representation
H, of G,, by combining in parallel the two rectilinear planar representations of G,
and G, and by suitably assigning the values of afl and o/, depending on the value of

r

Uﬂl - Oﬂr .

Let v’ be the alias vertex of G, thatisin G,. Any cycle C that goes through u and
v also passes through v’. We show that the number of 90° angles minus the number
of 270° angles inside C is equal to four.
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Vertices u and v’ split C into two paths 7; and 7. Suppose to visit C clockwise.
The number of right minus left turns along 5; while going from u to v" equals o, + %
The number of right minus left turns along 77, while going from v’ to u equals —o,, .
Hence, the sum o, + % — 0y, +2 — a — a corresponds to the number of 90°
angles minus the number of 270° angles inside C at the vertices of ;. Notice that
al +al, € {1,2) since u is a vertex of degree 3. If 0, — 0, = % we seta! +al =1
and we have o, + 5 — 0, +2—af, —al, = 34+ 1 +2—1 = 4. Else, if o, — 0y, = 1
weseto/, +a), =2andwehave oy, + 5 —o0y, +2—al —al =7 +1+2-2=4.

Any other cycle not passing through # and v remains the same as in the represen-
tations of either G, (with spirality o,,) and G, (with spirality o,,,).

Case2: . = 1,8 =2,and d = [, ie., G, is of type I3;012. We prove that G,
is rectilinear planar if and only if G,, and G, are rectilinear planar for spirality
values o, and o, such thato,, —o,, = % (note that this corresponds to the interval

kl = ki = kL = % and

[%, % — y] claimed in the lemma). For an I3;01, component, k;,

kl =1.
L= a! = 1 in any rectilinear planar

If G, is rectilinear planar then o/, = o = o}, =
representation of G,. Hence, by Lemma 3, for any value of spirality o, we have
N ) 1.1 1 _ 5
Op = O, = 50, + 30, + 70 + oy = 5.
Suppose vice versa that G, and G, are rectilinear planar for spirality values

o, and oy, such that o, — 0,, = % As usual, we define H, by combining in
parallel the two rectilinear planar representations of G,, and G, and we assign
values o), = o, = o, = a! = 1.

Let v’ be the alias vertex of G, thatis in G,. Any cycle C that goes through u and
v also passes through v’

Vertices u and v’ split C into two paths 7; and 7. Suppose to visit C clockwise.
The number of right turns minus left turns along 7; while going from u to v’ equals
oy + % The number of right turns minus left turns along 7z, while going from v’ to u
equals —o,, . Also, pole u forms a 90° angle in C. Hence, the sum o, + % —ou, +1
corresponds to the number of 90° angles minus the number of 270° angles in C at the
vertices of ;. Since 0y, — 0, = % we have o, + % —oy +1= % + % +1=4.

Any other cycle not passing through u# and v remains the same as in the rectilinear
representations of G, (with spirality o,,) and G, (with spirality o, ).

Case 3: . = 8 =1 and d = r. Symmetric to Case 1.
Case4: A =1, 8 =2, and d = r. Symmetric to Case 2. O

Lemma 10 Let v be a P-node of type 1340, with children p; and . Suppose that
Gy, and G, are rectilinear planar with representability intervals 1, = [m;, M;]
and 1, = [m,, M,], respectively. Graph G, is rectilinear planar if and only if [m; —
M,, M; —m,]N [%, % —v] # @, where y = A+ B — 2. Also, if this representability
condition holds then the representability interval of G, is I, = [max{m; — % m, +
1} + %M, min{M; — %, M, + 2} — %M)], where ¢(-) is a function such that

¢(r)=1and $() = 0.

Proof We prove the correctness of the representability condition and the validity of
the representability interval.
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Representability condition. Suppose that G, is rectilinear planar. By Lemma 9, G,
and G, admit spirality values o, and oy, , respectively, such that o, — 0, €
[%,%—y],wherey = A+ B —2. Hence, m; — M, < oy, — 0y, < %—yand
My —m, >0y —0y = %,i.e., [m; — M., M; —m, 1N [%, % —vy] #0.

Suppose, vice versa that [m; — M., M; —m,]N [%, % —y] # @. By hypothesis G,
(resp. G, ) is rectilinear planar for every value of spirality in the interval [m;, M;]
(resp. [m,, M, ]). This implies that for every semi-integer value k in the interval [m; —
M, M; — m,], there exist rectilinear planar representations for G, and G, with
spirality values o, and o, such that o, — 0, = k. Since by hypothesis there
exists a value k € [m; — M,, M; — m,] N [%, % — y], there must be two values
of spirality values oy, and o,, for the representations of G,, and G, such that
oy —ou, =ke [%, % — v]. Hence, by Lemma 9, G, is rectilinear planar.
Representability interval. As for Lemma 9, the case analysis is based on the values
of A, B, and d; w.l.o.g. we assume that v is the pole of degree four.

Case 1: A = 8 = 1,and d = [, ie., G, is of type 13;011. We prove that I, =
[max{m; — 3, m, + 1}, min{M; — 1, M, +2}].
Assume first that o, is the spirality of a rectilinear planar representation of G,,.

Since for an I3,01; component we have kK, =k’ =k = 1 and K, = %, by Lemma 3

we have 0, = 0, + o/ +a! and 0, = 0, — o}, — %af). Since o/, + o’ € {1,2} and
o:f] =o =1,wehaveo, >m, + 1,0, <M, +2,0, >m — %,andav <M, — %

Conversely, we show that if o, € [max{m; — %, m, + 1}, min{M; — %, M, +2}],
there exists a rectilinear planar representation of G, with spirality o,,. We have o, €
[m; — %, M; — %]. Hence, o0, + % < M; and o, + % > my, ie., [0y, + %, oy, + %] N
[m;, M;] # @. Also, since m; and M; are both semi-integer numbers while o, is
integer, it is impossible to have o), + 1 = m; = M;. It follows that o, + % € [my, Mj]
oro, + % € [my, M;]. With the same reasoning, we have o, € [m, + 1, M, + 2] and
[oy — 2,0, — 110 [m,, M,] # @. Hence, 0, — 2 € [m,, M,]oro, — 1 € [m,, M,].
We now observe that either o, + % € [m;, Mj] or 0, — 2 € [m,, M,]. Indeed, if
it were o, + % ¢ [m;, Mj] and o, — 2 ¢ [m,, M,], then o, + % € [my;, M;] and
oy, — 1 € [m,, M,] and consequently, o, + % = M; and 0, — 1 = m,; hence, it would
be M; — m, = % and, by the representability condition, G, would not be rectilinear
planar.

Based on this observation, we can construct a rectilinear planar representation H,,
of G,, with spirality o, and a rectilinear planar representation H,, of G, with
spirality o, , by distinguishing the following cases, one of which must be verified:

e Case (a): 0, + 3 ¢ [m, M;]. This implies that o, + 3 € [m;, M;] and 0, — 2 €
[m,, M,], and therefore we set o, = o, + % and o, =0, — 2.

e Case (b): 0, — 2 ¢ [m,, M, ]. This implies that o, + % €[m;,Mjlando, — 1 €
[m,, M,], and therefore we set o, = o, + % andoy,, =0, — 1.

e Case (¢): 0, + % € [my, M;] and 0, — 2 € [m,, M,]. We set o, = o), + % and
oy, =0y — 2.

r

In all the three cases we have o, — 0y, € [%, %], hence, there exists a rectilinear
planar representation H,, of G, given the values of 0, and o,,,. We have to prove that
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in the three cases the spirality of H,, is 0,,. By Lemma 3 we have 0, = 0, — o, — %af),

where o, is the spirality of the representation H, of G, given a choice of o, af), and
ol In Case (a) we have o], = oy, + % —a - %af); choosing o, = 0 and & = 1
we have o) = oy In Cases (b) and (c) we have o), = o, + % - oz,i - %ozf,; choosing
o) = land o/ = 1 we have 0, = 0.
Case2: A = 1,8 =2,and d = [, i.e., G, is of type 13;012. We prove that 7, =
[max{m; — 3,m, + 1} + 5, min{M; — 5, M, + 2} — 3] = [max{m; — 1,m, +
3}, min{M; — 1, M, + 3}.

Assume first that o, is the spirality of a rectilinear planar representation of G,,. Since
for an I3;017 component we have k,ll =k, = kf) = % and k), = 1, by Lemma 3 we

_ 1 _ 1010 g I gl — o — o —
have o, = 0y, +50;, +a; and oy, = oy, — 50, — 50, Since o, =, =, = ay =1,

we have: 0, > m, + %,a,, <M, + %,ov >m;—l,and 0, < M; — 1.
Conversely, we show that if o, € [max{m; — 1, m, + %}, min{M; — 1, M, + %}],
there exists a rectilinear planar representation of G, with spirality o,,. We have o, €
[m — 1,M; — 1] and o, € [m, + 3, M, + 3]. Hence, o, + 1 € [m;, M;] and
o, — % € [m,, M,]. We can construct a rectilinear planar representation H,, of G,
with spirality o, = o0, + 1 and a rectilinear planar representation H,, of G,, with
spirality o, = 0y, — % Notice that, for this choice, we have 0, —0,,, = %, hence, there
exists a rectilinear planar representation H, of G, given the values of 0;,, and o;,,. We
have to prove that the spirality of H, is ,,. By Lemma 3 we have o}, = 0, — 3o, — 3ol
where o/ is the spirality of the representation H, of G, given a choice of o, al,
and o). Since 0, = oy, — 1, ai =1l,and o), = 1, wehave o, =0, +1—1=0,.
Case 3: . = 8 =1 and d = r. Symmetric to Case 1.
Case4: A =1, 8 =2, and d = r. Symmetric to Case 2. O

4.3.3 Nodes of Type l344/

Lemma 12 states the representability condition and interval for P-nodes of type 1,0,4.
Its proof is based on the preliminary property stated by Lemma 11.

Lemma 11 Let G, be a P-node of type 1344 and let ju; and w, be its two children.
G, is rectilinear planar if and only if G, and G, are rectilinear planar for spirality
values oy, and o,,, respectively, such that o, — oy, = 3.

Proof We distinguish three cases, based on the values of d and d’. The proof for type
I3, is symmetric to the one for type I3;;.
Case1l:d = d' =1,ie., G, is of type I3;;. We prove that G, is rectilinear planar if
and only if G, and G, are rectilinear planar for spirality values o, and o, such
that o, — 0, = 3. For an I3 component we have k., = k! = % and k}, = k] = 1.
If G, is rectilinear planar, we have o, = o/ = o/ = o/, = 1 in any rectilinear
planar representation of G,,. Hence, by Lemma 3, for any value of spirality o, we have
Oy — Op, = %a,’l + %aé +a) +of =3.
Suppose vice versa that G, and G, are rectilinear planar for spirality values o,
and oy, such that o), — o,, = 3. We define a rectilinear planar representation H,
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of G,, by combining in parallel the two rectilinear planar representations of G, and
G,, withvalues o, = o/ =a’ =a! = 1.

Let u” and v’ be the alias vertices of G, that subdivide edges of G,. Any cycle C
through u and v also passes through u” and v'.

Vertices u” and v’ split C into two paths 7; and 7,. Suppose to visit C clockwise.
The number of right turns minus left turns along 7; while going from u’ to v equals
oy, + 1. The number of right turns minus left turns along 7, while going from v’
to u’ equals —o,, . The sum of these two values corresponds to the number of 90°
angles minus the number of 270° angles in the interior of C at the vertices of m;; we
have 0, + 1 — 0y, = 3 + 1 = 4. All other cycles not passing through u and v are
orthogonal polygons as they remain the same as in G, (with spirality o) and G,
(with spirality oy,).

Case 2: d = d’ = r. Symmetric to Case 1, observing that k], = k], = % and k!, =
Ko=1.

Case3:d =/landd =r,i.e., G, isof type I3;-. We prove that G, is rectilinear planar
if and only if G, and G, are rectilinear planar for spirality values o, and o,,, such
that o, — 0, = 3. For an I3, component we have k, = k/, = % and k), =k = 1.

If G, is rectilinear planar, we have o/, = o/ = &) = a! = 1 in any rectilinear
planar representation of G,,. Hence, by Lemma 3, for any value of spirality o, we have
Oy — Op, = oti + %af) + %(x; +al =3.

Suppose vice versa that G, and G, are rectilinear planar for values of spirality
oy, and o, such that o, — 0, = 3. We define H, by combining in parallel the two
rectilinear planar representations of G, and G, with values &/, = &/ = &/ = o’ =
1.

Let v be the alias vertex of the pole v of G, such that v’ subdivides an edge of
G,. Similarly, let u’ be the alias vertex of the pole u of G, such that u’ subdivides
an edge of G,. Any cycle C through u and v also passes through u” and v’.

Vertices u’ and v’ split C into two paths 7; and 7. Visiting C clockwise, the
number of right minus left turns along 7; while going from «’ to v’ equals oy, + %
The number of right minus left turns along 7, while going from v" to u’ equals
—oy, + % The sum of these two values corresponds to the number of 90° angles
minus the number of 270° angles in the interior of C at the vertices of 77, and we have
oytr—ou, +i=3+3+5=4

O

Lemma 12 Let v be a P-node of type 1344 with children ju; and ji,. Suppose that G,
and G, are rectilinear planar with representability intervals 1, = [m;, M;] and
1, = [m,, M, ], respectively. Graph G, is rectilinear planar if and only if 3 € [m; —
M,, M; — m,]. Also, if this representability condition holds then the representability
interval of G, is I, = [max{m; — 1, m, 4+ 2} — w, min{M; — 1, M, + 2} —
¢D+od) 1, where ¢ () is a function such that ¢ (r) = 1 and ¢ () = 0.
2

Proof We prove the correctness of the representability condition and the validity of
the representability interval.

Representability condition. Suppose that G, is rectilinear planar. By Lemma 11, G,
and G, admit spirality values o, and o, , respectively, such that o, — o,, = 3.
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Hence, m; — M, < oy, — oy, < 3 and M; —m, > oy, — o0y, > 3,1e.,3 €
[m — My, M; — m,].

Suppose, vice versa that 3 € [m; — M,, M; —m,]. By hypothesis G, (resp. G, ) is
rectilinear planar for every value of spirality in the interval [m;, M] (resp. [m,, M;]).
This implies that there exist rectilinear planar representations for G, and G, with
spirality values o, € [m;, M;] and o, € [m,, M,] such that 6,,, — o, = 3. Hence,
by Lemma 11 G, is rectilinear planar.
Representability interval. We distinguish three cases, based on the values of d and
d’. Note that a possible forth case for the type I3,; is symmetric to the case for the
type I3,
Casel: d = d =1,1ie., G, is of type I3;;. We prove that [, = [max{m; — 1, m, +
2}, min{M; — 1, M, + 2}].

Assume first that o, is the spirality of a rectilinear planar representation of G,,.

Since for an I3;; component we have k/, = kl = % and k), =k}, = 1, by Lemma 3 we

have o, = 0, +a, +a) and o, = 0y, — %ai — %ai. Sincea, =al =af =a’ =1,
we have: oy, >m, +2,0, <M, +2,0, >m; — 1l,and o, < M; — 1.

Conversely, we show that if oy, € [max{m; — 1, m, + 2}, min{M; — 1, M, +
2}], there exists a rectilinear planar representation of G, with spirality o,,. We have
o, € [mp—1,M; — 1] and 0, € [m, + 2, M, + 2]. Hence, 0, + 1 € [m;, M;] and
oy — 2 € [m,, M,]. We can construct a rectilinear planar representation H,, of G,
with spirality oy, = o, + 1 and a rectilinear planar representation H,, of G, with
spirality o, = 0, —2. Note that, for this choice, we have 0,,, — 0, = 3, hence, there
exists a rectilinear planar representation H, of G, given the values of 0, and o;,,. We
have to prove that the spirality of H, is o,. By Lemma 3 we have o, = o, — %ai - %oefj,
where o/, is the spirality of the representation H, of G, given a choice of o, a!, and
al.Since oy =0y, — Loy = L,and o), = I, wehave o) =0, + 1 = 1 — L =0,
Case 2: d = d’ = r. Symmetric to Case 1.

Case3:d = landd’ = r,i.e., G,isof type 3. We prove that I, = [max{m;—1, m,+
2} — % min{M; — 1, M, +2} — %] = [max{m; — % m, + %}, min{M; — % M, + %}].

Assume first that o, is the spirality of a rectilinear planar representation of G,,. Since
for an I3;, component we have k], = kf) = % and kft =k}, = 1, by Lemma 3 we have
! ! I

10 Q; — — o = oy —
u— 70 Since o, = oy =, = oy, =1, we

oy =0y, + %a; +ayando, =0y, —«o
have: o), > mr—i—%, oy < Mr—i—%, oy > my —% ando, < M;— % Conversely, we show
that if 0, € [max{m; — %, m, + %}, min{M; — % M, + %}], there exists a rectilinear
planar representation of G, with spirality o,,. We have o, € [m; — %, M; — %] and
oy, € [m, + %, M, + %]. Hence, o, + % € [my, M;] and o, — % € [m,, M,]. We can
construct a rectilinear planar representation Hy,, of G, with spirality o, = oy, + %
and a rectilinear planar representation H,,, of G, with spirality o;,, = o), — % Notice
that, for this choice, we have o,, — 0,, = 3, hence, there exists a rectilinear planar
representation H, of G, given the values of o, and o,,,. We have to prove that the
spirality of H, is 0,. By Lemma 3, 0}, = 0, — o — Lol

« — 3y, Where o] is the spirality of

3
1 l 3 1 2
— — r_ —

a,=l,anday =1, wehaveo, =0, +5 -1 -5 =o0y. O

. . . l l . _
the representation H, of G, given a choice of 0, a;,, and ,,. Since 0, = 0y, —
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4.4 Representability Condition for the Root

To finally achieve a characterization of rectilinear series—parallel graphs we need to
consider the representability condition that must be verified at the level of the root,
when the reference edge is not a dummy edge. Denote by ¢ = (u, v) the reference
edge of G and let p be the root of T with respect to e. Let 1 be the child of p that does
not correspond to e, and let u” and v’ be the alias vertices associated with the poles u
and v of G,. Suppose that G, is rectilinear planar with representability interval /,,.

We say that G satisfies the root condition if I, N A, # {J, where A, is defined as
follows: (i) A, = [2, 6] if u’ coincides with u and v’ coincides with v; (ii) A, = [3, 5]
if exactly one of ' and v’ coincides with u and v, respectively; (iii) A o = 4if none
of u’ and v’ coincides with u and v. We prove the following.

Lemma 13 Let e = (u, v) be the reference edge of G and let p be the root of T with
respect to e. Let ) be the child of p that does not correspond to e. Suppose that G,
is rectilinear planar with representability interval I,. G is rectilinear planar if and
only if it satisfies the root condition. Also, if G satisfies the root condition, it admits
a rectilinear planar representation H for any value of spirality oy, of H, such that
oy € I, N A, where H,, is the restriction of H to G,.

Proof Let fin be the internal face of G incident to e. Observe that u and v are the poles
of G,. Let u’ and v’ be the alias vertices associated with u and with v, respectively. H
is a rectilinear planar representation of G if and only if the following two conditions
hold: the restriction H), of H to G, is arectilinear planar representation; the number A
of right turns minus left turns of any simple cycle of G in H containing e and traversed
clockwise in H is equal to 4. We have A = o, + «,/ + «a,/, where: oy, is the spirality
of Hy; forw € {u',v'}, ay = 1, &y = 0, and «, = —1 if the angle formed by w in
fint 1s equal to 90°, 1807, or 270°, respectively.

According to the definition of root condition, there are three cases to consider: (i)
A, =1[2,6],(31) A, = [3, 5],and (iii) A, = 4. Consider Case (i). Since in this case the
alias vertices coincide with the poles, we have ;s € [—1, 1], ¢y € [—1, 1], and hence
o, + oy € [=2,2]. If G is rectilinear planar, we have that A = o, + o,y + 0ty = 4
for some o, € I, and for ot + oy € [—2, 2]. Hence, 0, = 4 — o,y — oy € [2, 6],
i.e., the root condition I, N A, # @ holds.

Suppose vice versa that the root condition I, N A, # @ holds. For any value
oy € I,N A, there exists a rectilinear planar representation of H,, of G, with spirality
o0y. Also, since A, = [2,6], we have that 4 — 0, € [—2,2], and therefore, for
any possible choice of o), € I, N A,, we can suitably choose o, and «,/ such that
o +oy =4—o0y,ie., A= o,;+a, +oy =4 Itfollows that G is rectilinear planar
and it admits a rectilinear planar representation for any value o, € I;, N A,.

Cases (ii) and (iii) are proved analogously; in Case (ii) o, + oty € [—1, 1] and in
Case (iil) o, + oy = 0. O

The next theorem summarizes the main result of this section.

Theorem 2 Let G be a plane series—parallel 4-graph and let T be an SPQ*-tree of
G. Graph G is rectilinear planar if and only if, for every node of T the corresponding
representability condition of Table 1 is satisfied.
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5 Overview of the Bend-Minimization Algorithm

Let G be a plane series—parallel 4-graph. If G is biconnected let e be any edge on the
external face of G; otherwise, we add a dummy edge e that makes it biconnected. Let
T be the SPQ*-tree of G with respect to e. Our bend-minimization algorithm works
in two phases. It first visits 7 bottom-up (in post order) to determine the number of
bends of a bend-minimum orthogonal representation of G. Then it visits 7 top-down
to construct such an orthogonal representation.

When a node v is considered in the bottom-up visit, the algorithm assigns to v
a budget b, of bends. This budget corresponds to the minimum number of extra
bends that must be added to the budgets of the children of v to realize an orthogonal
representation of G,. In other words, b, can be regarded as the minimum number of
extra subdivision vertices that must be inserted along the edges of G, (besides those
already inserted for the children of v) to make it rectilinear planar. The budget b, is
larger than zero if and only if the representability condition of the rectilinear planarity
testing for v is not satisfied. Hence, according to Table 1, b, = 0 if v is a Q*- or an
S-node, while it can be positive if v is a P-node or the root of 7. For instance, for the
graph of Fig. 1a and the tree T of Fig. 1c, the first component that requires some bends
in the bottom-up visit of T is G, namely b,, = 3; two more bends are required at
the root level, i.e., b, = 2. When b, > 0, a crucial and non-trivial aspect is how to
efficiently compute b,,. The other key aspect is how to succinctly describe the set I,
of spirality values that a rectilinear representation of a subdivision of G, can take, by
considering all possible distributions of the b, subdivision vertices along its edges.
We will show that 7] is still an interval, which allows us to represent it in O (1) space.

Section 6 describes how to compute the budgets b, and the sets I, in the bottom-up
visitof T, and it proves the optimality of the solution. Section 7 describes the top-down
visit and summarizes our main result.

6 Budgets and Optimality

In the following we denote by m and M the minimum and maximum values of the
representability interval I, of v when G, is rectilinear planar, as defined in Table
1. Also, since when we visit v, all its children have already been visited and have
received their own budget of bends (i.e., of subdivision vertices for the corresponding
component), we will simply assume that each child of v is rectilinear planar.

As observed, if v is either a Q*-node or an S-node, b, = 0. Hence, we assume that
v is a P-node. A child u of a (non-root) P-node v is either a Q*- or an S-node. To
compute b, and I, we define the concept of exposed edge of . If i is a Q*-node,
every edge of G, is an exposed edge of u (and of G ). If 1 is an S-node with at least
one Q*-node child ', every edge of G, that belongs to G, is an exposed edge of
w (and of G ). Else, p is an S-node that has no exposed edge. Lemma 14 states a
crucial property. It implies that when we need to insert some subdivision vertices in
an S-component p that is a child of v, these vertices can always be added along an
exposed edge of w, if one exists.

@ Springer



Algorithmica (2023) 85:2605-2666 2633

(a) Hy, (b) Hy,

Fig. 11 Illustration of Lemma 14. a An orthogonal representation H,, of an S-component with spirality 3
and having 3 bends. An exposed edge, shown as a red thick segment. b A different orthogonal representation
H], of the same component having the same spirality and number of bends as H,, but such that all the
bends are along the red thick exposed edge (Color figure online)

Lemma 14 Let (v be an S-node such that G, is rectilinear planar and p has an exposed
edge e. Let H, be an orthogonal representation of G, having b > 0 bends. There
exists an orthogonal representation H/; of G, with b bends such that: (i) all the b
bends ofH;L lie on e; (ii) U(H;:) =0 (Hy).

Proof Let u and v be the poles of G . Any path from u to v inside G, contains the
exposed edge e. Consider an orthogonal representation H, of G, with b > 0 bends.
Let ¢/ # e be an edge with at least one bend in H,. Let P’ be any simple path
from u to v of H,, passing through ¢’. Suppose, without loss of generality, that the
bend on ¢’ corresponds to a right turn along P"Y while going from u to v. Since by
hypothesis G, is rectilinear planar, we can derive from H, a different orthogonal
representation H l/l«/ with b bends by simply moving the right bend from €’ to e, i.e.,
by inserting a right bend along e and by straightening the right bend of H,, along ¢’.
With this transformation, the number of right and left turns along P"? is the same in
H)/ and H,, and the angles at u and v in the two representations are also the same.
This implies that o (H /Z ) = o (H,). By repeatedly applying this transformation on H //L/
until all the b bends of H, are moved on e we get the desired representation H l’l O

An illustration of Lemma 14 is given in Fig. 11. In Fig. 11a an orthogonal repre-
sentation H,, of an S-component is shown. It has spirality 3 and 3 bends. In Fig. 11b
a different orthogonal representation H l’L of the same component is given, having the
same spirality and number of bends as H,,, where all the bends are along an exposed
edge.

Observe that, if v is a P-node with three children, each of them has an exposed
edge (as the poles of v have degree at most four). If v has two children, it might have
a child without exposed edges only if v is of type I3;; or I3, (see Fig. 10). Section 6.1
and Sect. 6.2 focus on the budget of P-nodes with three children and on the budget of
P-nodes with two children, respectively. Section 6.3 concentrates on the budget of the
root.
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max{m-2, m,, m,+2}=m,+2 — z=r
min{M;-2, M, M,4+2}=M. — z=c
z=r, x=c — y=I

* My =Mp=M=-2
* My=M,=M,=0
® T, =m,-2=m;-2=-6

v =k
, o M ,=M,-2=M-2=2
u > - N ‘ O M,=m,+2=m,+2=2
M;=4 ==~ m,=0 M,=0 o M=M.+2=M,+2=2
(2)

A

I Ot |

b, =2 o,=0 o,=1 o, =2
1-100,2)

(b)

Fig. 12 a Illustration of the notation 7y, M; for t € {x,y,z}. b [ustration of the statement of
Lemma 15 for the graph G,. By Property (i) of the lemma b, = m; — My = 2 and by Property (ii)
I, = [max{M,my}, min{m;, My}] = [0, 2]

6.1 Budget of P-Nodes with Three Children

Lemma 15 handles the case of a P-node v with three children p;, ., and w, such
that the corresponding components are rectilinear planar, while G, is not rectilinear
planar. Denote by 1, = [m;, M;], I,,. = [m, M.], and I, = [m,, M,] the repre-
sentability intervals of u;, u., and u,, respectively. Since G, is not rectilinear planar,
the representability condition for v is violated, i.e., [m; — 2, M; — 2] N [m¢, M1 N
[m, + 2, M, + 2] = @ (see the third row of Table 1). Rename the three intervals
involved in the representability condition as [y, M ], [my, M y],and [, M ], where
x,y,z€{l,c,r}and x # y # z, in such a way that m, = max{m; — 2, m., m, + 2}
and Hx = min{M; — 2, M., M, + 2}. Namely, z =l ifm, = m; — 2,z = c if
m, = me, and z = r if m, = m, + 2. Similarly, x = [ if M, = M; — 2, x = c if
My =M., and x = rif My = M, + 2. See Fig. 12a for an example. The following
simple property holds.

Proposition 1 [y, M, | and [m, M .] are disjoint, with m, > M.

Proof Suppose for a contradiction that 7, < M,. Since M, is the minimum of the
three maxima, we have that My and M are to the right of M. Also, since 7. is the
maximum of three minima, we have that 7, and m, are to the left of m,. Hence the
three intervals [71y, M1, [my, My], and [m;, MZ] share the interval [m;, ‘M ], which
contradicts the fact that G, is not rectilinear planar. O
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The next lemma gives the rule for computing the budget of a P-node with three
children and for determining the corresponding interval of spirality values, once a
number of bends equal to the budget has been added.

Lemma 15 Letv be a P-node with three children u;, (i¢, and ju,. Let Gw, Gu.and Gy,
be rectilinear planar with representability intervals 1, = [m;, Mi], I,,. = [m., M.],
and I, = [m,, M, ], respectively. If G, is not rectilinear planar then (z) the budget
for v is b, = m, — My, and (ii) the interval of spirality values for an orthogonal
representation of G, with b, bends is I, = [max{M,, my}, min{m;, My}].

Proof Since by hypothesis G, is notrectilinear planar, by the representability condition
in Table 1 we have [n1, Mx]ﬂ[ﬁy, My]ﬁ[ﬁz, MZ] = ). By Proposition 1, [, M.IN
[m,, M;] = @. We prove Property (i) and (ii) separately. Figure 12b provides an
illustration for the graph in Fig. 12a, where x = ¢,y =/,and z = r. O

Proof of Property (i). We show that b, = m, — ‘M. Observe that each of the three
components G, G, and G, is an S-component with an exposed edge.

We first prove that b, bends are necessary. Suppose for a contradiction that G,
admits an orthogonal representation H, with b, < b, bends. Denote by b, and b,
the number of bends in the restriction of H) to G, and to G, respectively. By
Lemma 14, we can assume that all the bends b/, are along an exposed edge of G, and
all the bends b, are along an exposed edge of G, . Consider the underlying graph G/, of
H| obtained by replacing each bend of H, with a subdivision vertex. G/, is rectilinear
planar Denote by [m, M}] and [m!, M’ !] the spirality intervals of G/ w, and G, .
Note that each subdivision vertex along an exposed edge of G’ allows one more turn
(either to the left or to the right) in a rectilinear planar representatlon of this component
with respect to a rectilinear planar representation of G, . Hence, the spirality interval
of G;L extends the one of G, by b/, units, both for the minimum value and for the
maximum value. The same reasoning applies to G/ . It follows that m’. = m, — b,
M, = M,+b,,m, =m —b,and M, = M, +b_. Con51der the three representablhty
intervals [m) — 2, Ml’ - 2], [m M/], and [m +2, My +2] for G, , ,and G/,
respectively. Suppose that x = [, i.e., min{M; — 2, ML, M, +2} = Ml — 2 then we
define 77, = m) — 2 and M, = M} — 2. Similarly, if x = ¢, we define 77, = m/, and
M. = M. Finally, if x = r, we define 77, = m, +2and M, = M/ +2. Analogously,
ifz =1,1.e. max{m; —2, m., m, +2} = m; — 2, we define 11_1’Z =my—2;ifz = c, we
define m, = m/, and M; = M;if z = r, we define m_, = m), + 2 and M’Z =M +2.
Figure 13 illustrates this notation for the graph of Fig. 12a.

We have, m), = m, — b}, m. =m_, —b., M M. —M + b, andﬁlZ =Mz+b;.
Since G/, is rectilinear planar, we have [, M N m, M = [me — b, M, +
b1 N [m, — b, M, + b.] # @. Therefore, m, — b, < My + b/, which implies
by =m; — My < b} + b, <b|, < b,, acontradiction.

We now prove that b, bends suffice. Let b, and b, be two non-negative integers
such that by + b, = by, by > my — M,, and b, > m, — M Note that b, and
b, always exist because ny — My + i, — My = b, — M, +my < b,. Insert by
subdivision vertices on any exposed edge of G, and insert b, subdivision vertices
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my=-4 m,=0
My=4 M,=0 “
Me=-2
U M=o
Hx// [ ] v D>
* z=c, ® y=l, o z=r * W, =m,=m/.=-3, M,=M,=M!=-1
ot o T =m|-2=mj-2=-6, M, =M]-2=M;-2=2

o M, =m/+2=m/+2=1, M,=M!+2=M'+2=3

* Ty =0y, =0, =1
® 04, =0y,-2=0-2=1
© T =0, +2=0, +2=1

4
Fig. 13 Illustration for the proof of Property (i) of Lemma 15, on graph G, in Fig. 12a

on any exposed edge of G ,_. Clearly no subdivision vertex has been inserted on G, ,
since by + b; = b,. Call G, , G}, , and G),_ the resulting components (note that

G;Ly = G,,,). Define ', m’, M; M; as in the first part of the proof. Suppose that
y=1i.emin{M;—2, M., M, +2} # M;—2 and max{m; —2, m., m,+2} # m;—2.
Then we define 77, = mj — 2 and M; = M| —2.Similarly, if y = c, define i, = m;,
and M/y = M. Finally, if y = r, we define m, = m; + 2 and M/y =M +2.

Consider the plane graph G/, obtained by the union of G/, , G;Ly ,and G}, . Toprove
that G/, is rectilinear planar, by the representability condition in Table 1, it suffices to
show that [, M| N [, M) O [iit,, M) = [y — by, My + by] 0 [y, My] 0
m, —b,, M, + b.] # ). We have:

e by >y — My, hence ity < My + by and [y — by, M + by 1N [y, My # 0;
e b, >m, — My, hencem, — b, < My and [my, M| N [m, — b, M, + b;] # 0

o M, — My =b +b, =by, hence m; —b; = My + by and [, — by, My + b, ] N
[mz _bvaz +bz] 7&@

Hence G/, has a rectilinear planar representation H); replacing its subdivision ver-

tices with bends, we get an orthogonal representation of G, with b, bends.
Proof of Property (ii). We show that set I is an interval of feasible spirality values
for the orthogonal representations of G, with b, bends. Namely, we show that any
orthogonal representation H, of G, with b, bends has spirality in the interval I, and
that for every value o, € I there exists an orthogonal representation of G, with
spirality o, and b, bends.

Suppose that G, has an orthogonal representation H, with b, bends and let o, be
the spirality of H,. We prove that o, € I = [max{ﬁx, my}, min{m;, My}]. Let by,
b¢, and b, be the number of bends in the restriction of H, to G, G, and G,
respectively, where by + b + by = b,. Let H| be the rectilinear planar representation
obtained from H, by replacing each bend with a subdivision vertex and let G/, be
the underlying graph. Clearly the spirality of H, equals o,. For any ¢ € {x, y, z}, by
Lemma 14 we can assume that all the b; bends are along an exposed edge of G, and,

consequently, oy € [m; — by, My + b;]. By using the same notation as in the proof
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m, my M, m; T, B e M,
my M, My M, my My . My
m, M. m. M, M. m, M. m. M
1 1 1 1
v v v v
by b by by,

(2) (b) () (@)
Fig. 14 The four possible cases for the proof of Property (ii) of Lemma 15

of Property (i) we define 77, _ml —2andM =M, -2ifx =1, m, = m and
M/ = M/ ifx = c,andm, = m), +2andM =M +2ifx =r. Thevaluesm M

m.,, and M; are defined analogously (see Fig. 13). Since G/, is rectilinear planar, by
Table 1 we have [, — by, My +by1N[my — by, My+by1N[m, —b,, M, +b,] # 9.

The remainder of the proof exploits the following claim. For an example see
Fig. 12b, where every bend is regarded as a subdivision vertex, and where b, = 0,
by < My -M,=2-0=2, and b, < m, —m, = 2+ 6 = 8 in the three rectilinear
representations of G/,.

Claim 1 These relations hold: (1) by = 0; (2) by < My — My, (3) b, < m, — my,.
Claim Proof We prove the three relations by contradiction.

(1) If by > O, then by + b, < b, = m, — M. Hence, M, + by < m, — b, and
[7x — by, My + b ] N [, — b;, M + b_] = ¥, a contradiction.

(2) Ifby > My — My, thenby +b, <b,—(My—M,) =m,—M,—(My—M,) =
m,— M .Hence, M +by <m;—b;and[m,— b),M +by]ﬂ[mz b,, M,+b,] =
@, acontradlctlon

(3) Ifb; > M, —y, thenby+by < by — (i, —ity) =, — My — (i, —7iy) = iy —
M ,.Hence, M +b, < my—byand[m,— X,Mx+bx]ﬂ[ﬁy—by,ﬁy+by]=®,
a contradiction.

We now consider spirality values of the components of H/, and define related values
EIJ«,Q = oy —2ifx =1, (71,"/Y = oy ifx =c¢, andE#/X =ou, +2if x = r. The
values o/ and 0, are defined analogously. See Fig. 13 for an illustration of the
notationEu; fort € {x,y, z}. We haveEM; € [m, — by, M; + b,] for anyt € {x,y, z}.
Also, by Lemma 2 0y =0, =0y = G .. Hence oy, € [my — by, My + b1 N
[my — by, My + byl N [m, — by, M, + b.]. Note that by Relation (1) of the claim
[ —by,ﬁ +by] = [y, My]. We show that [7it; — by, Mx + byl N [7ity, My] 0
[m,—b,, M, +b;] = [max{Mx, my} min{m, y}].We have four cases; see Fig. 14.
Case (a): M, < m, and M, < m, (see Fig. 14a). In this case I, =
[max{M, my}, min{m, My}] = [my, M]. Refer to Fig. 15 for an illustration of
the argument that refines Fig. 14a).

First we prove that [, — —by, M +b, ]ﬂ[ﬁ},_y] [m),_y] Wehave M, +b, >
my, or [y — by, M.+ b N [my, y] = (). By Relation (2) of the claim we have
M —M,.Hence, by € [my MX,M —M,].Wehave M, +b, € [M, +m/V
Mx, M, +M —M]= [my, y].Itfollows that [, —by, M, +byN[my, My] =

7y, M,].

@‘
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Fig. 15 A more detailed m, — M,
illustration for Case (a) in the 0, — T,
proof of Lemma 15. For any My M, \ J

value o, € I, we need to add ‘ _
by =0y — My = : m’/ : M, m, — \]l/
(oy —Tiy) + (my — M) bends : /

to the representation of G, and ‘ m

b, =m; —oy = : :

(mz; — My) + (My — o)) bends : I : 71\1
to the representation of G, Oy :

Second, we prove [ﬁy,My] N [m,; — by, M +b,] = [my, y]. We have M >
m; — b, or [my,ﬁy] N [m, — b,, M, + b,] = . By Relation (3) of the clalm
we have b, < m, — m,. Hence, b, € [m, — My, m, —m,]. We have m, — b, €
[/, — . + iy, i, — i - M,] = [my,_My]. B

It follows that [my, M ] N [m, — b, M, + b;] = [my, M,].

Hence, [y — by, My +by1N[my, MylN[m, —b,, M, +b.] = [my, My1N[m, —
by, M+ b;] = [y, My] = 1. -

Case (b): M, > myand M, < m, (see Fig. 14b) Inthis case I}, = [M ., M]. By the
same reasoning as in Case (a) we have [my, M,] N [m; — b, MZ +b;] = [my, My].

We prove that [y — by, My + b1 N \ [71y, y] M,, My]

By Relation (2) of the claim by € [0, M —M,]. Wehave My + by € [M,, M,
My—M,]= [Mx,My].ltfollowsthat[mx—bx,M +be N[y, Myl = [My, M

Hence, since M, > my, we have [m, — by, M, +b 1N [my, My] N[m, —b,
b = [y —bx, Mx+by N[y, My]N[iy, My]N [ —bz, M +b;] = [y,
[an My]j [an My] =I_1§
Case (c): M, < my and M, > m (see Fig. 14c). In this case I, = [m,,m_]. It
is possible to prove that [, — by, My + b N [my, My] = [m,, My] as we did in
Case (a).

We prove [my, My] N[m,—b,, Mz +b,] = [m,, m,]. By Relation (3) of the claim
b, € [0,m; —my]. We have m; — b, € [m; —m, +m,, m;]| = [m,, m,].

It follows that [my,_ 1N [m, — by, M, + b.] = [my, m].

Hence, smceM > m,, we have [y — by, M, + b, ]ﬂ[my,M ]ﬂ[mz—bZ,M +
b,] = [mx—bx,M +by N[y, M\,]ﬂ[m),M 1N[m, —b,, M. +b,] = [my, MyIN
[my, m,] —_[my,mz] =1. - .

Case (d): M, > m, and M, > m; (see Fig. 14d). In this case I = [My,m]. It
is possible to prove that [m, — by, M, + b 1N [my, My] = [M,, My] as we did in
Case (b) and that [Wy, M ylNlm, — bz, M +b,]= [my, m;] as we did for Case (c).

We have [mx—bx,M + by ]ﬂ[m}, ]ﬂ[mz—bz,M +b. ] =[my—by, M+

]m[mya ]m[mya ]m[mz_bz’M +b]—[MXvMy]m[myvmz]z[M)mmz]
since M, > my and M > m;. Hence,

L, — by, My + byl 1 [y, Myl O\ [ — bz, M + byl = [My, ] = I

Suppose now that we are given o, € I = [max{M,,m,}, min{m,, M}]. We
show that there exists an orthogonal representation H, of G, with b, bends and

+
M,y).

M+

M,IN

vl
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with spirality o,. This is equivalent to showing that there exists a plane graph G/,
obtained by adding b, subdivision vertices along some edges of G, such that G/, has
a rectilinear orthogonal representation with spirality o,,. To construct G/, we insert a
suitable number b, € [0, b,] of subdivision vertices on an exposed edge of G, and
by = b, — b; subdivision vertices on an exposed edge of G, (as a consequence, we
do not insert any subdivision vertex in G, ). Let G}, , G/, , and G},_be the resulting
graphs. Since by hypothesis G, G, and G, are rectllmear planar we have that
also G|, G’ , and G, are rectilinear planar. Also, with the same reasoning as in
the proof of Property (i), the representability intervals of G, , G’ ,and G|, are
[m',, M1 = [my — by, My + by], [my, My], and [m; — b, M + b ] respectively.
For any ¢ € {x, y, z} we define m, M;, and &/ as in the first part of the proof of
Property (ii). We now describe how to compute by and b, and how to set o, 0y,
ando . Letc; = max{M,, m}} and ¢ = min{m;, MV}

We have: ¢y = my and ¢ = M in the case of Fig. 14a; c; = M, and ¢y = My
in the case of Fig. 14b; ¢; = m, and ¢y = m in the case of Fig. 14c; ¢ = M and
¢y = mi, in the case of Fig. 14d.

We have oy, € I}, = [cl, c2]. We set b, = m, — o, and, consequently, b, =

by, —b, = b, —m;+ 0, = M, + o,. We prove that b, (and consequently b,) is in_the
interval [0, b, ]. We have b, = m, — o, € [m; —ca, m; —c1] Cm,—m,, m; —My],
since ¢y < mzandcy > M . Hence b, € [m, —m,,m, —M,] = [0, b,]. We now set

Op, = =M.+b, =0, ando,_ = m;—b; = 0,.Noticethato, € [c1, c2] € [y, M y].
Hence, it is possible to set 6, = 0,. By Lemma 2 we can get a rectilinear planar
representation H, of G/, by a parallel composition of rectilinear planar representations
of G;Lx, G;W and G;lz with spirality values 5, , @, and @ ,_, respectively. By the
same lemma, the spirality of H) is 0}, = 0, = 6,, = 6,, = 0,. By replacing the
subdivision vertices of H, with bends we get an orthogonal representation of G, with
b, bends and spirality o,.

6.2 Budget of P-Nodes with Two Children

Let p; and u, be the two children of v, and suppose that G, and G, are recti-
linear planar with representability intervals I, = [m;, M;] and I,,, = [m,, M,],
respectively. The representability condition for v given in Table 1 is expressed in
terms of the intersection between the interval [m; — M,., M; — m, ] and another inter-
val A, that depends on the type of P-node. Specifically: A, = [2,4 — y]if v is
of type LOss; Ay = [3,2 — y1if v is of type I350,4; and A, = [3,3] if v is
of type I35 . In the following, given two non-intersecting intervals of real numbers
Al = [my, Mq] and Ay = [mo, M3], the distance between A and A, is defined as
8(A1, A2) = min{[M; — ma|, My — ml}.

Section 6.2.1 handles the case of a P-node with two children both having an exposed
egde. Section 6.2.2 handles the more involved cases in which either the left child or
the right child of the P-node has no exposed edge. Note that, since the vertex-degree
is at most four, at least one of the two children of the P-node must have an exposed
edge. We start giving two simple combinatorial results (Lemmas 16 and 17), which
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will be used in the proof of Lemma 18. They provide some basic rules about the values
that some terms of the relationships in Lemma 3 can take, depending on the type of
P-nodes with two children.

Lemma 16 Let v be a P-node of type 1,0, g with children v, and .. Let G, and G,
be rectilinear planar. For any rectilinear planar representation of G, and G, and
forany d € {1, r}, the following relation holds:

Ko +klaf =h & hell,2-1],

where both h and % are either integer or semi-integer numbers.

Proof Forthe reader’s convenience, we summarize in Table 2 the parameters associated
with each type of P-node with two children. Based on these parameters, we analyze
three cases:

e .=pf=1I1.Inthiscase,y =A+p—-2=0,he{0,1,2},and k, =k, =k, =
k! =1 (see Table 2). Hence, kffa,j’ + kﬁa{‘f = a,‘j + ocf. Since both poles u# and v
have outdegree one, both ¢ and «? can take either value 0 or 1, hence o + o¢
can take all and only the values in the set {0, 1, 2}.

ei=1landp=21Inthiscasey = l,h e (1,3}, kl, =kl = L, and k), =k, = 1
(see Table 2). Hence, kffoc,f + kfaff = Olg + %aﬁ. Since we are assuming that
outdeg(u) = 1 and outdeg(v) = 2, we have aff € {0, 1} and oeff = 1, i.e.,
ad + %af equals either % or %

e A=p=2Inthiscase y =2,c € {1}, and k!, = k, = k) =k} = 1 (see Table
2). Hence, kff(xff + kf(xg = %a,‘j + %cxl‘f. Since outdeg(u) = outdeg(v) = 2, we
have alf = aff =1.

Lemma 17 Let v be a P-node of type 13,0, with children y; and ji,. Let G, and
G, be rectilinear planar. For any rectilinear planar representation of G, and G,
the following relations hold:

11 11 y , 13 vy
ko, + ko, =h; < hy € [E + 33 E], (D

where both h; and % + % are either integer or semi-integer numbers.

4

k;a2+k£a5=hr©h,e[g+l,2— :

I @

where both h, and % + 1 are either integer or semi-integer numbers.

Proof kfj =7, kI =1, and ocff = 1 for any d € {l, r}. There are two subcases:

r
v
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Table 2 Parameters for the

P-nodes with 2 children Tvee k'l4 ki k{J ky A B v d d
101y 1 1 1 1 1 1 0 - -
Lo, 11§ F 12 1 - -
Loy 4 b 1112 1 - -
Loyn 5 4 L 3 2 2 2 - -
3,011 1 1 oo 110 1 -
13011 1 1 1 -
o 3 4 1 o 12 1 1 -
L,0p 3 3 o121 o -
Ly P D S R S R A
I3y I L e T
Ly 1 % 1 % 1 1 - r r

e B=1.Inthiscasey =0, h; € {%, %}, h, € {1,2}, and ki = k], = 1. We have
kad + kdad = ad + k4. Since e € {0, 1}, we have o + k¢ e {k9, k4 + 1}.
Since k) = I, wehave {k), k|, +1} = {1, 3} = (¥ + 1, 3 — ¥}. Hence, Relation 1
holds. Since k, = 1, we have {k], k] + 1} = {1,2} = {% +1,2 — %}. Hence,
Relation 2 holds.

o f=2Inthiscasey = 1,k € {1},h, € {3},andk/, = k!, = }. Since deg(u) = 4,
al = 1.Wehavekdad +kdad = 1 +kd. Equivalently, k¢ad +kdad e {1 +kd, 1+
k?}. Since kl, = %, we have {3 + k., 3 +k)} = {4 + 1,3 — %} = {1}. Hence,
Relation 1 holds. Since kj, = 1, we have {3 +k}, S +ki} = (5 +1,2— 5} = (3}.
Hence, Relation 2 holds.

O

6.2.1 P-Nodes with Both Children Having an Exposed Edge

As mentioned at the beginning of Sect. 6, in the following we denote by m and M the
minimum and the maximum values of the interval /,, as defined in Table 1. The next
lemma gives the rule for computing the budget of a P-node with two children each
having an exposed edge, and for determining the corresponding interval of spirality
values.

Lemma 18 Let v be a P-node with two children p; and i, each having an exposed
edge. Let G, and G, be rectilinear planar with representability intervals 1,, =
[m;, Miland I,,, = [m,, M, ], respectively. If G, is not rectilinear planar then: (i) the
budget forvis b, = §([m; — M,, M; —m,], A)), and (ii) the set of spirality values for
an orthogonal representation of G, with b, bends is the interval I, = [m—b,,, M +b,].

Proof Since by hypothesis G, is not rectilinear planar, we have [m; — M, M; —m,]N
A, = (). Figure 16 illustrates the statement for a P-node v of type 1,011, by also
showing how the interval I/ of Property (ii) is defined.
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o, =—2 o, =—1 o,=0
,
| v
. >
G, Y .
- ,U‘
- X - @ U
U u .
|
o, =1 o, =2 o, =3
WU
[ *—o
b, =3 - . v
1 v v L}
I =[-2,3) . ‘
u - - —m
N U U

Fig. 16 Illustration of Lemma 18 for a P-node v of type IO, where m; = M; = 0andm, = M, = 1.In
this case Ay, = [2,4],m = max{m; —2, m;} = —1,and M = min{M;, M, +2} = 0. Since M; —m, < 2,
Gy is not rectilinear planar. By Property (i), by = §([m; — M,, M; — m;], A,) = 3; by Property (ii),
I, =[m—by, M+by]=[-2,3]

Proof of Property (i). We show that b, = §([m; — M,, M; — m,], A,). We first
prove that b, bends are necessary. Suppose for a contradiction that G, admits an
orthogonal representation H,, with b, < b, bends. Denote by b; and b the number
of bends in the restriction of H, to G, and to G, , respectively. By Lemma 14, we
can assume that all the bends b; (resp. b)) are along an exposed edge of G, (resp.
G,,,). Consider the underlying graph G’, of H, obtained by replacing each bend of
H| with a subdivision vertex. G/, is rectilinear planar. Also, each subdivision vertex
along an exposed edge of G, allows one more turn (either to the left or to the right)
in a rectilinear representation of this component, i.e., it extends the spirality interval
of G,, by one unit, both for the minimum value and for the maximum value. The
same considerations happen for G, . Hence G;” and G;h are rectilinear planar with
representability intervals [m; — b;, M; + b;] and [m, — b, M, + b,.], respectively, and
the representability condition for G, is [m;—b;— M, —b,., M;+b,—m,+b,INA, # @.
Since b; + b, = b}, we have [m; — M, —b;,, M; —m, +b,]N A, # (@, which implies
8(lm; — My, M; —m,], A,) < b, < b,, a contradiction.

We now prove that b, bends suffice. Let b; and b, be two arbitrarily chosen non-
negative integers such that b; + b, = b,,. Insert b; (resp. b, ) subdivision vertices on any
exposed edge of G, (resp. G, ). Call G;l.[ and G;L, the resulting components. Since by
hypothesis G, and G, are rectilinear planar, with the same argument as above, G;”
and G;Lr are both rectilinear planar with representability intervals [m; —b;, M;+b;] and
[m, — by, M, + b,], respectively. Consider the plane graph G/, obtained by the union
of G;u and G;L,‘ Since by hypothesis b, = §([m; — M,., M; —m,], A,), we have that
[m;—M,—b,, M;j—m,+b,]NA, # @.Since [m;—b;—M,—b,, Mi+b;—m,+b,] =
[m;—M,—b,, M;—m,+b,]wehave [m;—b;— M, —b,, Mi+b;—m,+b,1NA, # @.
It follows that G/, admits a rectilinear planar representation H|,. By replacing the b,
subdivision vertices of H|, with bends, we get an orthogonal representation of G, with
b, bends.
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Proof of Property (ii). Suppose without loss of generality that outdeg(u) < outdeg(v).
Denote by o, and o, the spirality values of orthogonal representations of G,
and G, , respectively. We distinguish three cases, based on the types of v, namely
type 1,0;4, 1340;4, and type I344/. Since the proof line and the arguments for each
case are similar, we report here only the analysis for type 1,0, and move the analyses
of the other two cases to “Appendix C”.

Case 1,0,4: in this case A, = (2,4 — y], m = max{m; —2,m,} + 5, and M =
min{M;, M, +2}— % We show that the set 1), is an interval of feasible spirality values
for the orthogonal representations of G, with b, bends. Suppose first that G, has an
orthogonal representation H, with b, bends, and let o, be the spirality of H,,. We prove
that o, € [m —b,, M + b, ]. Let b; and b, be the number of bends in the restriction of
H),to G, andto G, , respectively, where b; +b, = b,. By Lemma 14, we can assume
that all the b; bends are along an exposed edge of G, and all the b, bends are along an
exposed edge of G, . Since 0y, € [m; — b;, M; + b;] and b; € [0, b,] we have 0, €
[m;—by,, M;+b,]. Also, by Lemma 3 we have 0, = 0y, —kiafl —klvaf). By Lemma 16,
we have —kla! —klal e (5 —2.—%]1. Hence, 0, € [m; —b, + % —2, M;+b, — %].
With a symmetric argument on o, we have thato, € [m, —b, + % M,+b,+2— %].
Itfollows that o, € [m;—by+% —2, Mi+b, —51N[m, —b,+%, M, +b,+2— 5] =
[max{m; —2,m,} + % — b, min{M;, M, +2} — 5 +b,] =[m —b,, M + b, ].

To complete the proof it remains to show that for every o, € [m — b,, M + b,],
there exists an orthogonal representation H, of G, with b, bends and with spirality o,.
This is equivalent to showing that there exists a plane graph G/, obtained by adding b,
subdivision vertices along some edges of G, such that G/, has a rectilinear orthogonal
representation with spirality o,,. To construct G/, we insert a suitable number b; €
[0, b, ] of subdivision vertices on an exposed edge of G, and b, = b, — b; subdivision
vertices on an exposed edge of G, . Let G , and G/ be the resulting graphs. Since
by hypothesis G, and G, are rectilinear planar also G/ w, and G are rectilinear
planar. With the same reasoning as in the proof of Property (i), the representablhty
intervals of G;u and G;M are [m; — b;, M; + b;] and [m, — b,, M, + b,]. We now
describe how to compute b; and, consequently, b,..

Since by hypothesis G, is not rectilinear planar we have [m; —M,, Mj—m,]NA, =
@, i.e., [m — M,, M; —m,]1N[2,4 — y] = @. We consider two subcases:

e M; — m, < 2. In this case, by Property (i) we have b, = §([m; — M, M; —
m,1,[2,4 — y]) = 2 — M; + m,. For example, in Fig. 16 we have y = 0 and
b, = 3. We set by = 0, — M; + h, where h is a number (either integer or semi-
integer) in the interval [%, 2 — %] such that b; € [0, b, ]. We first prove that such
a value h always exists.

Suppose first that o, € [m— b,,, m —b,,+1]. In this case we choose h = 2—%.This
implies thatb; = 0, —M;+2—% € [m—b,—M;+2— %, m—b,+1-M;+2—%].
For example, in Fig. 16 for every o, € [m—>by,,m—b, +1] = [-2, —1]
we set by = UU—M]+2—% = oy, + 2. Since M; — m, < 2 we have

—2 < M;—2 < m, and hence m; —2 < m,. Since m = max{m; —2, m,}—i—%,
we have m = m, + % Also, since we have b, = 2 — M; + m,, it follows
m—b,—M+2—%=m.+%—b,— M +2—% =0.Hence, b; €[0,]1].
Since by hypothesis G, is not rectilinear planar, b, > 1, and therefore there exists
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avalue of h € [§,2 — L] such that by € [0, by].

Suppose now that o, € [m — b, +2, M + b, ]. In this case we choose h = % This
implies thatb; = o, —M;+% € [m—b,+2—M;+%, M+b, —M;+%]. For exam-
ple,inFig. 16 0y, € [m—b,+2, M+b,] = [0, 3]and we setb; = O'U—M]—% =0,.
Wehavem —b, +2—M;+ %5 =m, + 5 —b, +2—M;+ 5 = y.Itfollows that
b € [y, M+b, —M;+ %].Since M; < m,+2 < M, +2wehave M; < M, +2.
Also, since M = min{M;, M, + 2} — % it follows that M = M; — % Hence,
M+b,—M+% = M;—%+b,—M;+% = b,.Hence, b; € [y, b,].Sincey > 0,
also in this case there exists a value of 1 € [, 2—%] suchthatb; € [0, b, ]. We rep-
resent G;M with spirality ol/” = M;+b = Mj+0,—M;+h = o,+cand G;h_ with
spiralityal’h =m,—b, =m,—(b,—b)) =m,—b,+b; =m,—b,+0,—M;+h =
m, — My —b,+0,+h=b,—2—b,+0,+h = o0, +h— 2. We have
0, —0,, =0oy+h—(oy+h—2)=2,and by Lemma7, G is rectilinear planar.
It remains to show that G, admits a rectilinear planar representation with spirality

o, = oy. Given the choice of o), and o), , by Lemma 3 every rectilinear planar
representation of G, has spirality o), = o, —kl,al, —kjo!, = o, +h—klal, — kol

Since h € [4,2 — 4], by Lemma 16 there exists a value K al + k'a! such that
h — k,llozft — k;(xf) = 0, and thus o, = o,. For example, in Fig. 16, for every

oy € I, = [-2, 3], there is a rectilinear representation of G, with o, — 0, = 2,
b; and b, chosen as described above, and spirality o,,.

e m; — M, > 4 — y. In this case, by Property (i) we have b, = §([m; — M, M} —
m.], [2,4—y]) = m— M, —4+y. Weseth; = m;—o, —2+%. We first prove that
b; € 10, b,]. Wehave by = m;—o, —2+% € [my—M—b, —2+%, m;—m+b, —
2+ %].Since M; > m; > M, +4—y > M, +2,wehave M = M, +2—%_Hence,
mi—M—b,=2+% =m—(M,+2—%)—b,—2+% = m—M,—4+y—b, =0.
Also, sincem; —2>m;—4+y > M, > m,,wehavem =m; — 2+ % Hence,
mp—m+b, —2+%=m —@m —2+%)+b, -2+ % =b,. It follows that
b; € [0, by,].

We represent G, with spirality o/, = m; —by = m — (m — o, =2+ %) =
o, +2—% and G, with spirality o), = M, + b, = M, +by — b = M, +
m —M, —4+y—m+o,+2-% =0v+%—2.Wehaveolil — o),
oy +2— % — (oy + % —2) =4 — y and, by Lemma 7, G:} is rectilinear planar.
It remains to show that G/, admits a rectilinear representation with spirality o], =
o0,. Given the choice of Gl’u and Ul;r , by Lemma 3 every rectilinear representation
of G/, has spirality o) = o/, — kla!, — ko, = 0, +2 — % — kla!, — ko, Since
2/— L e [%5.2— %1, by Lemma 16 we can set Kol +kal =2~ £, and thus
o), = oy.

Case 13,0;4 and Case I34,: see “Appendix C”. O

6.2.2 P-Nodes Having a Child with No Exposed Edges

We now consider the case of a P-node v having a child that does not contain an exposed
edge (see Lemmas 20 and 21). Denote by u such a child node; observe that u is an
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Fig. 17 A P-component G,; of type ;02 and a plot of function og‘;ax (b) forb =0,1,...,5. For each
value of b, the figure depicts an orthogonal representation of (maximum) spirality U‘ﬂ?ax (b) among those
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with b bends (cross vertices). The positive flexibility breakpoint is h"j‘l'. =3

S-node whose children vy, v, ..., vy (h > 2) (e.g., ordered from the bottom pole to
the top pole of w) are all P-nodes of type 1,02>. This is because, if one v; among
V2, ..., vu—1 had a pole of outdegree one, then the external edge of G,, incident to
this pole would be part of a Q*-node child of u, thus contradicting the fact that u has
no exposed edges; also, the bottom pole of vy (resp. of vy,) coincides with the bottom
pole (resp. top pole) of v, and has outdegree two in G, (resp. in G,,).

For a given integer value b > 0, denote by o***(b) the maximum value of spi-
rality that any orthogonal representation of G,, with at most b bends can have
(i € {1,...,h}). When we consider the value b+ 1, the value U‘Ta" (b+1) may or may
not increase by one unit with respect to 0,/ (b), i.e., either o) (b+1) = o (b) +1
oro ™ (b+ 1) = 0)*(b). By plotting the function o'**(b) as b increases, we define
the positive flexibility breakpoint of G,, as the maximum number of bends bj; such
that for every non-negative integer b < b:“[, we have olﬂf"‘“‘ b+1) = o;’?"‘x b) + 1.
For example, Fig. 17 shows a component G,, and a plot of the function o})**(b) for
b =0,1,...,5. In the figure, the positive flexibility breakpoint is b:“i = 3 because
passing from b = 3 to b = 4 does not allow us to have an orthogonal representation
of G, with a larger value of spirality. The positive flexibility breakpoint of the S-node
W is denoted as b;r and it is defined as the sum of the positive flexibility breakpoints

of its children, i.e., b = Y"1, b;t.

Symmetrically, for a given integer b > 0, let 0™ (b) be the minimum value of
spirality that an orthogonal representation of G,, with at most b bends can have
(i € {l,...,h}). The value of o;""(b + 1) may or may not decrease by one unit
with respect to alﬂf‘i“ (b). We define the negative flexibility breakpoint of G, as the
maximum number of bends b} such that for every non-negative integer b < b, , we
have ag‘i“ b+1) = a“};i“ (b) — 1. For example, Fig. 18 shows the same component
G,, as in Fig. 17 and a plot of the function aflf‘in(b) forb =0,1,...,4. In the figure,
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Fig. 18 A P-component G,; of type ;077 and a plot of function a]‘j?i“ (b) forb = 0,1, ..., 4. For each
value of b, the figure depicts an orthogonal representation of (minimum) spirality G")?i“ (b) among those

with b bends (cross vertices). The negative flexibility breakpoint is bv_,- =—1

the negative flexibility breakpoint is b, = 1 because passing from b = 1 to b =2
does not allow us to have an orthogonal representation of G,, with a smaller value
of spirality. The negative flexibility breakpoint of the S-node w is denoted as b, and
it is defined as the sum of the negative flexibility breakpoints of its children, i.e.,
b, = Zf-':l b, . The next lemma establishes how to compute in constant time the
positive and negative flexibility breakpoints for a P-node v; of type 1,022, given the
representability intervals of its children.

Lemma 19 Let v; be a P-node of type 10022 with children p; and v, such that G,
is rectilinear planar. Let 1,, = [m;, M;] and 1,, = [m,, M,] be the representability
intervals of G, and G,, respectively. We have b]j: = |M, +2 — M| and b;, =
|m; — 2 — m,|. Also, an orthogonal representation of G,; with spirality og‘a"(bj‘[_)
(resp. with alﬂ?i“ (by,)) can be obtained by inserting all the bends on an exposed edge
of either G, or G, .

Proof We prove that bvf = [M; + 2 — M;|. The proof that b, = |m; —m, — 2| is
symmetric. Consider a rectilinear planar representation H,, of G,, with maximum
value of spirality, that is spirality ¢,;**(0) which, by Table 1

is 0)*(0) = min{M; — 1, M, + 1}. Let o},, and oy, be the spirality values of the
left and the right orthogonal components of H,,, respectively. By Lemma 7, we know
that 0y, — 0y, = 2. Also, by Lemma 3, 0,7**(0) = 0y, — 1 = oy, + 1. By Table 1,
either oy, = M, or o, = M, (possibly both). Three cases are possible:

e 0y, = M; and 0, = M,. Note that, since 0, = 0, + 2, in this case we have
M, 4+ 2 — M| = 0. We show that if we are allowed to subdivide an edge of G,,
with exactly one degree-2 vertex, so to obtain a graph G/v,-’ the maximum value
of spirality that a rectilinear planar representation Hlﬁl, of G()i equals 0,7**(0). In
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other words, we show that o7**(1) = 0,,/**(0). By Lemma 14, we can assume
that the degree-2 vertex subdivides an exposed edge, which belongs either to G,
or to G, . Suppose that this degree-2 vertex is inserted along an exposed edge of
G, Denote by G}, and G}, _the left component and the right component of G|,
respectively. The maximum spirality of a rectilinear planar representation of G;”
is M; + 1, while the maximum spirality of a rectilinear planar representation of
G, remains M,, because G|, coincides with G, . Assume for a contradiction
that G(,I, admits a rectilinear planar representation H‘ﬁi with spirality 0, (0) + 1,
and denote by O';Ll and O';L the spirality values of the left and right components of
H’ We should have that 07)"**(0) + 1 = 0 —lando™(0)+1 = a + 1. Now,

’?a" (0)+1 = M; and a‘?ax O)+1 =M, + H+1, which implies that G’ ., should
have a rectilinear planar representation with spirality M, + 1, a contradiction. A
symmetric argument applies if we subdivide an exposed edge of G,,. Hence,
bjl, =0=|M, +2—- M.

e 0y, = M; and 0,,, < M,. Subdivide an exposed edge of G,, with a degree 2-
vertex, and call G/ the graph resulting from G,, after this subdivision. As in
the previous case, denote by G’ w, and G/ the left and the right components of
G, where G, coincides with G,,. We show that G, admits a rectilinear planar
representatlon w1th spirality o], = = 0, (0)+ 1. Since we have added a subdivision
vertex on an exposed edge of G 1> there exists a rectilinear planar representation
Hl/” of G;M with spirality 0,/” = M + 1. Also, since o, < M,, there exists
a rectilinear planar representation of G;M with spirality a;’h = oy, + 1. Hence,

/!

oy = olir = 2 and therefore, by Lemma 7, we can merge the representations H), !

and H), into a rectilinear planar representation H, of G|, . The spirality of H,, 1s
/

o, = om‘”‘ (0) + 1. By replacing the subdivision vertex of 1, Withabend, we get
an orthogonal representation of G, with one bend and with spirality o, (0)+ 1,
Le., o)™ (1) = 0 (0)+ 1. Iterate this procedure until al/ir = M,,i.e.,until olﬁl_ =
M, + 1. Denote by b the number of bends added in total. By Lemma 3, the spirality
of the resulting orthogonal representation is crlﬂ‘i”ax b)=M;+b—1=M,+1,and
hence b = M, +2— M;. If we consider the rectilinear representation H,, where the
b bends are replaced with degree-2 vertices, its left and right components have the
maximum possible spirality in their representability intervals. Hence, the previous
case applies, and inserting exactly one subdivision vertex to G;i does not result
into a graph that admits a rectilinear planar representation with spirality greater
than the one of H, . It follows that b} = M, +2 — M;.

e 0y, < M; and 0, = M,. With a symmetric argument as in the previous case,

bj"_ =M;— (M, +2).
(]
The next lemma gives the rule for computing the budget of a P-node with two chil-

dren such that the left one has no exposed edge, and for determining the corresponding
interval of spirality values.

Lemma 20 Let v be a P-node with two children u; and ., such that ju; has no
exposed edge. Let G, and G, be rectilinear planar with representability intervals
1, = [my, M;) and 1,, = [m,, M,], respectively. If G, is not rectilinear planar
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then: (i) the budget for v is b, = §([m; — M, M; — m,], [3, 3]), and (ii) the interval
of spirality values for an orthogonal representation of G, with b, bends is I, =
[m —b,, M ~|—m1n{bm,bv}] ifM; —m, <3and I, =[m—min{b,,b,}, M + b,]
ifmy — M, > 3.

W’

Proof Since by hypothesis G, is not rectilinear planar, by Table 1 we have 3 ¢ [m; —
M,, M; —m,]1NA, =@, where A, = [3, 3]. In other words, 3 ¢ [m; — M,, M; —m,].
Proof of Property (i). We first prove that b, = §([m; — M, M; —m,], [3, 3]) bends are
necessary. Suppose for a contradiction that G, admits an orthogonal representation
H| with b, < b, bends. Let b; and b, be the number of bends in the restriction
of H) to G, and to G, respectively. By Lemma 14, we can assume that all the
bends b). are along an exposed edge of G, . Consider the underlying graph G/, of H,
obtained by replacing each bend of H, with a subdivision vertex. G/, is rectilinear
planar. Let G}, and G}, be the left and right component of G|, respectively. Hence
G;Lr is rectilinear planar with representability interval [m, —b)., M, +b..]. About G;L B
its representability interval 1, = [p, ¢l is such that [p, q] € [m; — b}, M; + b]. In
particular [p, ¢] = [m; — by, M; + b}] when b, = b; and b;rl > b;. By Table 1, the
representability condition for G/, is [p — M, — b., ¢ — m, + b1 N [3, 3] # @. Since
p=m;—bjandg < M;+b; wehave [p—M, —b,,q—m,+b,] C [m;—b,— M, —
by, M;+b;—m, +by], and therefore [m; —b; — M, —b,., M;+b,—m,+b,1N[3, 3] # 0.
This equals to say that [m; — M, — bl,, M; — m, + b1 N [3, 3] # @, which implies
that 8([m; — M,, M; — m,], [3, 3]) < b|, < by, a contradiction.

We now prove that b, bends suffice. Insert b, subdivision vertices on any exposed

edge of G, , and let G;A be the resulting component. Since G, is rectilinear planar
by hypothesis, G’ is also rectilinear planar and its representability interval is [m, —
by, M, + b,]. C0n51der the plane graph G/, obtained by the union of G, and G 1
Since by hypothesis b, = §([m; — M, M; — m,], [3, 3]), we have that [m; — M, —
by, M —m, + by,1N[3, 3] # ¥. It follows that G/, is rectilinear planar. Consider any
rectilinear representation H|, of G/, and replace each of its subdivision vertices with a
bend. Since by construction G/, has b, subdivision vertices, the resulting orthogonal
representation has at most b, bends.
Proof of Property (ii). Since by hypothesis 3 ¢ [m; — M,, M; — m,] we have two
cases: either M; — m, < 3 or M, — m; > 3. For each of them, we must show that
every orthogonal representation of G, with b,, bends has spirality oy, in the interval I
and that for every value o, € I, there exists an orthogonal representation of G, with
b, bends and spirality o,,. We show the argument for the case M; — m, < 3 (the other
case is treated analogously).

By Table 1 we have M = min{M; —1, M, +2}and m = max{m;—1, m,+2}. Since
My <m,+3<M,+3, wehave M\; —1 < M, +2andsincem; —3 < M; —3 < m,,
we havem; — 1 <m, +2. Hence, M = M; — 1 and m = m, + 2.

Suppose first that G, has an orthogonal representation H,, with b, bends. We prove
that oy, € [m — b,, M + min{blf[, by}]. Let o, be the spirality of H,, and let o, and
oy, be the spirality values of the restrictions H,, and H,, of H, to G, and G,
respectively. By Lemma 7 we have o,, — 0, = 3. Let b; and b, be the number of
bends in H,, and H,,, , respectively. Clearly, b; +b, = b,. We now prove the following
claim. O
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Claim2 p; € [0, mm{bm, by}l

Claim Proof Suppose for a contradiction that b; ¢ [0, min{b? , b,}]. Clearly, b; €
[0, by], and thus, under this hypothesis, it must be mln{b#], v} = b;z and b; €
[b;rl + 1, b,]. We show that there exists an orthogonal representation H, of G, with
less than b, bends, which is impossible by definition of budget b,,. We will denote by
Hj, and H,, therestrictions of H, to G, and to G, , respectively. Also, b; and by will
denote the number of bends of H),, and H), , while o, and o, will denote the spirality
values of H I/M and H ;’lr, respectively. We distinguish two cases: (a) b; = bl‘fl + 1 and
(b) by € [by}, +2. by].

In case (a), we set b; = b — 1 = b} and b, = b,. By definition of positive

H’

ﬂex1b1hty breakpoint it is possible to set o# = oy,. Also, we set O’M = oy,. Since
o), —0,, =0y —0y =3,byLemma7, H) exists and ithas b, + b, = b, —1 < b,

bends, a contradiction.
In case (b), we set b, = by — 2 and b, = b, + 1. Again by definition of positive

flexibility breakpoint, it is possible to set o), = oy, — 1. Also, since G, has an
exposed edge, by Lemma 14 we can use such an edge to place the extra bend of the
right component. It follows that, we can set 0 = oy, — 1. Therefore, O’M - o# =

oy, — 0y, =3 and, by Lemma 7, H), exists and it has b; 4+ b, < b; + b, = b, bends,
a contradiction.

Since G, is of type I3;;, by Lemma 3 and Table 2 we have o), = ‘7/41 -1 =0y, +2.
By the claim we have b; € [0, mln{bm, by}], hence m; — min{b by} <oy <
Ml—i—mm{b+ ,b,}andhenceo, € [ml—mln{bm, b,}—1, Ml—i—mm{bm, b, }—1]. Also,
b, € [0,by]and o, € [m,—b,+2, M,+b,+2]. Hence o, > max{ml—mm{bm, v}—
1, m, — b, +2}. By Property 1), b, =8(m;—M,, M; —m,], [3,3]) =3 —M;+m,,
hence,m, — b, +2=m, —3+M;,—m, +2=M;—1>m; — mln{bm,bu}—l It
follows that oy, > m, — b, 4+ 2. Also, oy, < min{M; —l—min{b+ ,by}—1, M, +b,+2}.
Since by hypothesis M; — 1 < m, +2 < M, + 2 and since min{b , b,} < b,, we
have M; —|—m1n{bm, by})—1<M,+b,+2ando, < M; +m1n{bm, v} — 1. Hence,
oy € [my, — b, +2, M +m1n{bm,b V}=1l=m—->b,, M —i—mln{bm,b Hn=1r.

It remains to show that forevery o, € I, = [m—b,, M +m1n{b+l, b, }], there exists
an orthogonal representation H,, of G,, with b, bends and with spirality o,,. With the
same notation and arguments as in Lemma 18, we show how to set the number of bends
b; and b, that can be assigned to the left and right component to guarantee the existence
of H,.By Property (i), b, = 8([m; —M,, M;—m,], [3, 3]) = 3— M;+m,. By setting
by =o0,—M;+1and b, = b,—b;, wehaveb; € [m—b,,—M;+1, M—i—mm{bw, =
M;+1],and hence b; € [m, +2—b, —M; +1, M; — 1 +min{b’ b))} — M, +1] =
[0, min{b ,by}l, 1e., by € [0, mln{bﬂ[, byl}l.

Let vy, ..., v, be the children of ;. Since G, has no exposed edge, each G,,
(i = 1,...,h) is a parallel component of type 1,02, and Lemma 19 applies. We
distribute the b; bends on the components G, in such a way that the number of bends
assigned to G, is at most b:: (i = 1,...,h). This is always possible, because, as
showed above, b; € [0, min{b*l, b,}]. The bends assigned to each G, are inserted on
an exposed edge according to the procedure in the proof of Lemma 19. The graph G;; ,
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obtained from G, by regarding each bend as a subdivision vertex admits a rectilinear

planar representation H//u with spirality 0,’“ =M +b =M +o,—M;+1=0,+1.

We now place b, bends along an exposed edge of G, . The graph G;Lr obtained

from G, by regarding each bend as a subdivision vertex admits a rectilinear planar

representation H,/L, with spirality U;/L, =m,—b, =m, —(b,—b)) =m, —b,+0, —

Mi+1=m, —M +1)—-b,+0,=>b,—2—b, + 0, =0, — 2. It follows that
!/

o), = Gi/u =0y + 1 — (0, —2) = 3 and, by Lemma 11, G, is rectilinear planar and

it admits a rectilinear planar representation H;, obtained by combining in parallel H //u
and H,, .ByLemma 3, H, has spirality o, = o, — kL'l — kL'l Since u and v have
degree four, we have o,/ = o/ = o/’ = &/ = 1. Also, by Table 2, k. = k'’ = L.
Hence, 0], = 0y, + 1 — 1 = 0,. Replacing the subdivision vertices of H| with bends
we get an orthogonal representation of G, with b, bends and spirality o,,.

The proof of Lemma 21 considers the case where the right child of a P-node with
two children has no exposed edge. The proof is symmetric to that of Lemma 20, hence
it is omitted.

Lemma 21 Let v be a P-node with two children u; and ., such that i, has no
exposed edge. Let G, and G, be rectilinear planar with representability intervals
1, = [m;, Mj] and 1,,, = [m,, M,], respectively. If G, is not rectilinear planar,
then: (i) the budget for v is b, = §([m; — M, M; — m,], [3, 3]), and (ii) the interval
of spirality values for an orthogonal representation of G, with b, bends is I, =
[m —min{b, , by}, M +by]if m; — M, > 3 and I =[m—b,,M+ min{b:[r, by}l
ifM; —m, < 3.

6.3 Budget of the Root

We finally show how to compute the budget of the root p of 7. Recall that p is the
P"-node describing the parallel composition of the reference edge ¢ = (u, v) with the
rest of the graph. If e is a dummy edge, the budget of p is zero, because e does not need
to be drawn. Thus we assume that the graph is biconnected and e is a real edge. Let n
be the child of p that does not correspond to e, and let u’ and v’ be the alias vertices
associated with the poles u and v of G,,. If G,; is rectilinear planar with representability
interval I, by the root condition in Table 1 we know that G is rectilinear planar if
and only if I;, N A, # (. Recall that A, is defined as follows: (i) A, = [2, 6] if u’
coincides with # and v’ coincides with v; (i) A, = [3, 5] if exactly one of 4" and v’
coincides with u and v, respectively; (iii) A, = 4 if none of 1’ and v’ coincides with
u and v. We prove the following.

Lemma 22 Let e = (u, v) be the reference edge of G and let p be the root of T with
respect to e. Let 1 be the child of p that does not correspond to e. Suppose that G, is
rectilinear planar with representability interval I,,. If G is not rectilinear planar then
by =381, Ap).

Proof See Fig. 19 for an illustration of the statement.
Let fin be the internal face of G incident to e. Note that H is an orthogonal
representation of G if and only if the following two conditions hold: the restriction
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H), of H to Gy is an orthogonal representation; the number A of right turns minus
left turns of any simple cycle of G in H containing e and traversed clockwise in H is
equal to 4. We have A = 0,y — 0, + o + ay, Where: oy, is the spirality of Hy; o, is
the spirality of e; for w € {u’, v'}, ay = 1, oy = 0, and ay, = —1 if the angle formed
by w in finr equals 90°, 180°, or 270, respectively.

Since G is not rectilinear planar, H must contain some bends. Denote by b the
number of bends of H. Each of these b bends placed along an edge of G, contributes
to increase or decrease o; by at most one unit, therefore increasing or decreasing A
by at most one unit. Also placing this bend along e contributes to increase or decrease
A by at most one unit. Hence, without loss of generality, we can assume that all the b
bends are placed along e, which implies that H, does not contain any bend. It follows
that oy, € 1), = [m,, M;] and o, € [—b, b]. We now show that if b is the minimum
value such that A = 4 then b = b,. Observe that when b is minimum, we have
|oe| = b, and therefore |o,| > 0.

Consider first Case (i) in the definition of A, 1.e., A, = [2, 6]. Since in this case the
alias vertices coincide with the poles, we have «,, € [—1, 1], ¢,y € [—1, 1], and hence
o, + oy € [—2,2]. Since o) + a, + oy + 0, = 4 there are two possible subcases
for any possible choice of the values o), o, and «,: either (a) oy + ot +yy < 4 01
(b) oy +aty +ayy > 4.

e Case (a). The maximum value for oy, + o + oty is My, + 2. Hence My, +2 < 4,
which implies M, < 2. It follows that b, = §(I;;, Ap) = 2 — M,;. Also, since b is
the minimum value such that A = 4 and 0, + s + @,y < 4, we have that b = o,
and M, + 2 + b = 4, which implies b = 2 — M,, = b,,. Therefore, an orthogonal
representation of G with b bends is constructed by placing b bends along e and
choosing o, = M,,.

e Case (b). The minimum value for oy, + o,/ + oy is my — 2. Hence my, — 2 > 4,
which implies m, > 6. It follows that b, = §(I;;, A;) = m; — 6. Also, since b is
the minimum value such that A = 4 and 0, + @,/ + o,y > 4, we have thatb = —o,
and m, — 2 — b = 4, which implies b = m, — 6 = b,. Therefore, an orthogonal
representation of G with b bends is constructed by placing b bends along e and
choosing oy, = m;.

The proofs for Case (ii) (A, = [3,5]) and Case (iii) (A, = 4) are analogous,
observing that in Case (ii) we have oy + o,y € [—1, 1] and in Case (iii) we have
oy +ay =0. O

Table 3 summarizes how to compute b, and I, for the different types of nodes v.

6.4 Optimality of the Approach

Our bottom-up algorithm incrementally computes for each node v of T the budget
of bends needed to realize an orthogonal representation of G,. We prove that, the
total budget at the level of the root of T corresponds to the number of bends of a
bend-minimum orthogonal representation of G. More formally, for a node v of T', the
cumulative budget B, of v is the sum of the budgets of all nodes in the subtree of T
rooted at v. If v is a leaf of T, B, = b, = 0. If v is an internal node with children
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V=1 v=0v G
Gy Gy n
e e m ¢
u
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uU=1u
A,=[2, 6] A,=[3,5] A,=4
v
o= e v=0' u ¢ v u ¢
u:u/ iu/ ’LL/
Case (7) Case (i) Case (1)

Fig. 19 Illustration of Lemma 22. We have [;, = [—1, —1] and: in Case (i), Ap = [2,6] and b, =
8(Iy, Ap) = 3;in Case (i), Ap = [3,5] and by, = §(Iy, Ap) = 4; in Case (iii), Ap = 4 and b, =
8y, Ap) =5

Table 3 Summary of how to compute b, and I}, for the different types of nodes v. In the formulas, we have
y =XA+ B —2and ¢(-) is such that ¢(r) = 1 and ¢ (I) = 0. Values m and M are computed as shown in
Table 1

P-node with two children, each having an exposed edge—Lemma 18

Budget 8([my — My, Mj —m,1, Ay)
Representability Interval [m — by, M + by]

P-node with three children (each child has an exposed edge)—Lemma 15
Budget my; — My

Representability Interval [max{M, my}, min{m, My H

P-node with two children, such that 11, with d € {/, r} has no exposed
edge—Lemma 20 if d =/ and Lemma 21 if d = r

Budget by = 8([m; — My, M; —m,],[3,3])
Representability Interval Ifd =1:
[m— by, M + min{b;l, b if Mj —m, <3
[m —min{b,, , by}, M + bylif m; — My > 3.
Ifd =r:

m —min{by, , by}, M + byl if m; — My > 3
[m — by, M + min{bif , by)}1if M; —m, < 3.

P"-node (the root p)

Budget by =8Iy, Ap)

Ui, 2, ..., iy then B, = b, + Zi:l,...,h B,,;. Hence, the cumulative budget B, of
the root corresponds to the total number of bends at the end of the bottom-up visit.

Theorem 3 Let G be a plane series—parallel 4-graph, let T be an SPQ*-tree of G,
and let p be the root of T. The cumulative budget B,, computed by the bottom-up visit
equals the number of bends of a bend-minimum orthogonal representation of G.
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Proof We prove that once the algorithm has processed a node v in the bottom-up visit,
the cumulative budget B, equals the number of bends of a bend-minimum orthogonal
representation of G,,. This implies that once the algorithm has visited the root p of T,
the cumulative budget B, equals the number of bends of a bend-minimum orthogonal
representation of G, = G. The proof is by induction on the depth of the subtree
of T rooted at v.
Base Case. For a leaf v of T (v is a Q*-node), the statement is trivial, as B, = 0.
Inductive Case. Let v be a node of T that is not a leaf. Denote by w1, Uz, ..., un
the children of v. By the inductive hypothesis, each B, (i =1, ..., h) corresponds
to the number of bends of a bend-minimum representation of G,,. By definition,
B, = b, + Z, 1....n Bu;» where by, is the minimum number of bends that must be
used in addition to Zl_ 1.....n» Bu; torealize an orthogonal representation of G, (b, = 0
if v is an S-node). Budget B, corresponds to the minimum number of bends of any
orthogonal representation H,, of G, with the property that the number of bends b(H,,,)
of the restriction Hu, of H, to G, issuch thatb(H,,) > By, (i € {1,..., h}).Let H
be any bend-minimum orthogonal representation of G, and let H,, ! be the restriction
of H) to G,. Since, by the inductive hypothesis, there is no orthogonal representation
of G, with less bends than By, we have b(H),.) > By, and hence, by the previous
observation, b(H,) > B,. On the other hand, since H, is bend-minimum for G,, we
also have b(H|) < B,, i.e., b(H)) = B,. O

7 Bend-Minimization in Linear Time

The bottom-up visit described above, equips each node v of 7' with three information:
the budget b,, the cumulative budget B,, and, if v # p, an interval Ilﬂ = [m(), M]
of all possible spirality values that an orthogonal representation of G, with B,, bends
can have. Once the bottom-up visit of 7" has been completed, our algorithm performs
a top-down visit of T to suitably add to G a number B, of subdivision vertices, so that
the resulting graph G’ admits a rectilinear planar representation.

At the beginning of the top-down visit, the root p is considered. Let 1 be the child
of p that does not correspond to e. If / ,’; N A, # ¢, the algorithm selects an arbitrary
value o, € Ir/z N A, as target spirality value for a representation of G;7 within a
rectilinear planar representation of G'. If, vice versa, I,/; N A, =, according to the
proof of Lemma 22, the algorithm subdivides e with b, = 8(1,;, A,) bends and sets
the target spirality value o, as either 0, = M )’7 af M,’] is smaller than the infimum of
Ap)or oy = mil af m% is larger than the supremum of A,). In the next step of the
top-down visit, the algorithm considers node 7, for which the target spirality value o,
has been previously fixed. If n is an S-node then b, = 0, i.e., no subdivision vertices
must be added in this step. If 7 is a P-node and b, > 0, the algorithm suitably adds
b, subdivision vertices along some edges of G,. To do so, it applies the procedures
described in the second part of the proof of Property (ii) of Lemma 15, of Lemma 18,
or of Lemmas 20 and 21, depending on whether 7 is a P-node with three children, a
P-node with two children both having an exposed edge, or a P-node with two children
one of which has no exposed edge. Then, the algorithm sets the spirality values for
each child of . Namely, we distinguish the following cases:
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Case 1: nyis an S-node, with children w1, ..., up (0 € {1, ..., h}).Let I;Ll, = [m}, M]
be the representability interval of x; (assuming that any orthogonal representation of
G, will have B,, bends). We must find a value o, € [m}, M/]foreachi =1,... h
such that Z?:i 0y; = oy. To this aim, initially set 0;,, = M/ foreachi =1,...,h
and consider s = (Zf-lzi 0y;) —oy. By Lemma 1, s > 0. If s = 0 we are done.
Otherwise, iterate over all i = 1, ..., h and for each i decrease both o,,, and s by the
value min{s, M} — m’}, until s = 0.

Case 2: ) is a P-node with three children, u;, 1., and w,. By Lemma 2, it suffices to
setoy,, = oy +2,0,. =0y, and o, = oy — 2.

Case 3: 1 is a P-node with two children, u; and p,. Let # and v be the poles of . By
Lemma 3, 0, and 0, must be determined in such a way thato,,, = o, + k.o, + k. o/
and 0, = oy, — kla!, — ko). The values of k., k!, k”', k! are fixed by the indegree
and outdegree of u and v. Hence, it suffices to choose the values of o/, o/, !, &/, such
that they are consistent with the type of 1 and yield o, € 1 I’L[ and oy, € 1 I’Lr. Since
each ai (w € {u,v},d € {l,r}) is either O or 1, there are at most four combinations
of values to consider.

Case 4: 1 is a Q*-node. In this case the algorithm does nothing, as no further subdi-
vision vertices must be added.

In the subsequent steps of the top-down visit, for every node v the algorithm applies
the same procedure as for n to determine a target spirality value o, and to suitably
distribute the b, subdivision vertices along the edges of G,,.

Theorem 4 Let G be an n-vertex plane series—parallel 4-graph. There exists an O (n)-
time algorithm that computes a bend-minimum orthogonal representation of G.

Proof If G is biconnected let e be any edge of G on the external face; otherwise, let
e be a dummy edge added on the external face to make G biconnected. Let 7 be
an SPQ*-tree of G with respect to e. The algorithm executes the bottom-up and the
top-down visits described above. Once the top-down visit is completed and B, subdi-
vision vertices have been suitably inserted in G, a rectilinear planar representation of
the subdivision of G is easily computed from the spirality values of each component
and from the values of the angles at the poles of each component. From this repre-
sentation we obtain a bend-minimum orthogonal representation of G by replacing the
subdivision vertices with bends. Since the obtained orthogonal representation has B,
bends, by Theorem 3 it has the minimum number of bends.

We now analyze the time complexity of the algorithm. 7" can be computed in O (n)
time and it consists of O(n) nodes [4]. For a node v of T that is not a Q*-node, we
denote by 7, the number of children of v.

Consider first the bottom-up visit. Let v be a visited node of 7. If v is a Q*-node
then b, = 0 and, by Table 1, I, = I, is computed in O(1) time (we can assume that
the length £ of the chain of edges represented by v is stored at v during the construction
of T). If v is an S-node, we still have b, = 0 and, by Table 1, I = I, is computed
in O(n,) time. If v is a P-node with three children, by Lemma 15 b, and I, are
computed in O (1) time. If v is a P-node with two children each having an exposed
edge, by Lemma 18 b, and I, are computed in O(1) time. Suppose now that v is a
P-node with an S-node child that has no exposed edge, and assume that this S-node
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is the left child y; of v. By Lemma 20, b, and I, can be computed in O(1) time if
we know the flexibility breakpoints (positive and negative) of u;. By Lemma 19, the
flexibility breakpoints of 14; can be computed in O (n,,,) time. By Lemma 21, the same
reasoning applies if the right child of v is an S-node with no exposed edge. Finally, if
v coincides with the root p of T', by Lemma 22 b,, is easily computed in O (1) time. In
summary, for each S-node v of 7', the bottom-up visit requires O (n,) time to compute
by, I, and the flexibility breakpoints of v if needed. For any other type of node, the
visit takes O(1) time. Thus, the bottom-up visit requires O (n) overall time.

In the top-down visit, for every non-leaf node v of T, the algorithm spends O (b))
time to add b, subdivision vertices. Also, we should consider the extra time ¢ required
to decide what are the edges along which these bends must be added and what is the
target spirality value for each child of v. Namely, if v is the root, r = O(1). If v is an
S-node, t = O(n,) by Case 1 of the top-down visit described above. If v is a P-node
with three children, by Case 2 of the top-down visit and by Lemma 15,7 = O(1). If v
is a P-node with two children each having an exposed edge, by Case 3 of the top-down
visit and by Lemma 18, t = O(1). Finally, if v is a P-node with two children, one of
which is an S-node p with no exposed edge, by Case 3 and by Lemmas 20 and 21,
t = O(ny). Hence, since B, = >, by = O(n) [21], the top-down visit takes O (n)
overall time, and a rectilinear planar representation of the subdivision of G is easily
computed in O(n) time from the spirality values of each component and from the
values of the angles at the poles of each component.

O

8 Conclusions and Open Problems

We proved that there exists an optimal linear-time algorithm that computes a bend-
minimum orthogonal drawing of a plane series—parallel 4-graph; this result solves, for a
popular and widely studied family of plane graphs, a question opened for over 30 years,
thus shedding new light on the complexity of computing orthogonal drawings of plane
graphs with the minimum number of bends. It is also worth remarking that, despite
the sophisticated analysis and key ingredients needed to prove our main theorem, the
resulting bend-minimization algorithm is relatively easy to implement, as at every
node of the SPQ*-tree it just requires to apply some simple formulas, as summarized
in Tables 1 and 3. We conclude by suggesting two open problems:

— Problem 1. Our result holds for the series—parallel graphs that are also called
two-terminal, which are either biconnected or which can be made biconnected
with the addition of a single edge. Can we extend Theorem 4 to 1-connected plane
4-graphs whose biconnected components are two-terminal series—parallel graphs,
also known as partial 2-trees? Here the main difficulty of extending our approach is
to succinctly describe the possible spirality values for those components that con-
tain cut-vertices. In fact, a cut-vertex requires the imposition of some constraints
at its angles, in order to correctly compose the different biconnected components
that contain it. These constraints forbid some vertex angles, and in turns some
spirality values that an orthogonal representation can take.
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— Problem 2. Is it possible to find a linear-time algorithm for the bend-minimization
problem of triconnected plane 4-graphs? A positive answer to this question,
together with our result, could be used to solve the problem of computing a bend-
minimum orthogonal drawing of a general plane 4-graph in linear time.
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A Analysis of the Missing Cases in the Proof of Theorem 1

Case 4: indeg,(#) > 1 and indeg,(v) > 1. We analyze the three non-symmetric
subcases, depending on the outdegree of u and of v, i.e., outdeg, (1) = outdeg, (v) =
I, or outdeg,(¥) = 1 and outdeg,(v) = 2 (symmetrically outdeg,(#) = 2 and
outdeg,(v) = 1), or outdeg,(#) = outdeg,(v) = 2. In all these cases, for a pole
w € {u, v}, the angles defined by Sub(H,,, H,) around w in H” are the same as in H’
(note that if outdeg, (w) = 2, the angles at w are all right angles, and they coincide
bothin H and H’). Hence, Property (H1) holds for u and v in H”. About Property (H2),
we analyze the different subcases separately:

e outdeg, (1) = outdeg,(v) = 1 (see Fig. 5a). Each of the two poles u and v has
a single alias vertex, denoted as u” and v’, respectively. Let P; (resp. P,) be the
path of H obtained by concatenating p; (resp. p,) with the segments u’u and
vv’. Analogously, let P/ (resp. P/) be the path of H’ obtained by concatenating p;
(resp. p,.) with the segments u'u and vv’. Using the same notation as in the previous
cases, we have o (H,) = n(P;) = n(P,) and o (H)) = n(P/) = n(P/). Hence,
since o (H,) = o (H}), we have n(P;) = n(P,) = n(P/) = n(P/), which implies
that Noo(f/") — Na7o(f}") = Noo(f1) — Nazo(f1) and Noo(f)") — Nazo(f)) =
Noo(fr) — N270(f;). Hence, Property (H2) holds for f;” and f.

e outdeg, (1) = 1 and outdeg,(v) = 2 (see Fig. 5b). The pole u has a single alias
vertex u’, while v has two alias vertices v" and v”. Let P; (resp. P,) be the path of
H obtained by concatenating p; (resp. p,) with the segments u’u and vv’ (resp.
vv”). Analogously, let P/ (resp. P/) be the path of H' obtained by concatenating

p; (resp. p;) with the segments w'u and v’ (resp. vv”). Since o (H,) = o(H)),
n(Pp+n(P) _ n(F/
- =

we have );n(P’/ ) Also, since all the angles at v are right angles,
we have n(P;) = n(P;) + 1 and n(P/) = n(P/)+ 1, which implies n(P;) = n(P;)
and n(P,) = n(P/). Hence, Noo(f") — Nazo(f;") = Noo(fi) — Na7o(f;) and
Ngo(fr”) — N27()(fr”) = Noo(fr) — Na7o(fr), i.e., Property (H2) holds for fl” and
e
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e outdeg, (1) = outdeg,(v) = 2 (see Fig. 5¢). Each of the two poles u and v has
two alias vertices, denoted as {#’, u”} and {v’, v"}, respectively. Let P; (resp. P,)
be the path of H obtained by concatenating p; (resp. p,) with the segments u'u
and vv’ (resp. u”u and vv”). Analogously, let P/ (resp. P/) be the path of H’
resulting from the concatenation of p; (resp. p;) with the segments w'u and vv’

n(PI)ern(P,.) _ n(P/)ern(P,.’)_

(resp. u"u and W). Since o (H,) = o (H,), we have
Also, since all the angles at u and v are right angles, we have n(P,) = n(P;) + 2
and n(P/) = n(P/) 4 2. This implies that n(P;) = n(P) and n(P,) = n(P)),
which in turns implies that Noo(f") — N270(f;") = Noo(f;) — Na7o(f7) and
Ngo(fr”) — N27()(fr”) = Noo(f;) — Na7o(fr). Hence, Property (H2) holds for fl”
and f/.

B Analysis of the Missing Cases in the Proof of Lemma 8

Case2: A =1land 8 =2,i.e., G, is of type [,02. We prove that I, = [max{m; —
2,m.} + %, min{M;, M, + 2} — %]. Assume first that G, is rectilinear planar and
let H, be a rectilinear planar representation of G, with spirality o,. Let H,, and
H,, be the representations of G, and G, contained in H,, and let o, and o, be
their corresponding spirality values. By Lemma 7, o), — 0y, € [2,3], i.e., 0y, €
[2 + o0y,,3 + oy, ]. Since o, € [my, M;] and o, € [m,, M,], we have o,, >
max{m;, m,+2}. Suppose, w.l.o.g, that outdeg,, (v) = 2 and outdeg, (1) = 1. We have
ki =kl =1k, =kl =1, al, €[0,1],a, € [0, 1],and o}, = &/, = 1. By Lemma 3,
— %af}. Since —oz,ll — %af} > —3 wehave o, > max{m;, m, +2}— % It
follows that o, > max{m;—2, mr}+%.Analog0usly, sinceoy, € [0y, —3,0,,—2],we

— I
Oy = Oy — &

have o, < min{M;—2, M,}.ByLemma3,0, = 0, +a/,+1al. Sincea + 10/ < 3,
we have 0, < min{M; — 2, M,} + % It follows that 0, < min{M;, M, + 2} — %,
hence o, € I,.

Assume vice versa that k is a semi-integer in the interval [, = [max{m; —2, m,} +
%, min{M;, M, + 2} — %]. We show that G, has a rectilinear planar representation
with spirality o, = k. Since k € [m; — %, M; — %] we have k + % < M; and
k + % > my, i.e., [k + %, k + %] N [my, M;] # @. Also, since m; and M; are both
integer numbers while k is semi-integer, it is impossible to have k + 1 =m; = M;. It
follows that k + % € [my, Mj]ork + % € [my, M;]. With the same reasoning, we have
kelm +3 M +3land [k — 3,k — $1N[m,, M,] # 0. Hence, k — 3 € [m,, M,]
ork — % € [m,, M,]. We now prove that k + % € [m;, Mj] or k — % € [m,, M,].
Suppose for a contradiction that k£ + % ¢ [my;, M;] and k — % ¢ [m,, M,]. In that
case k + % € [my;, M;] and k — % € [m,, M,]. Consequently, k + % = M; and
k — % = m,. Hence, M; — m, = 1 and, by the representability condition, G, is not
rectilinear planar, a contradiction. As in the previous case, a rectilinear representation
of G, with spirality k is obtained by combining in parallel a representation H,,, of
G, with spirality o,, and a representation H,,. of G, with spirality o, , for two
suitable values 0, and o, . Based on the previous considerations, we distinguish the
following subcases.
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e Case 2.1: k + % ¢ [my, M;]. This implies that k + % € [my, M;] and k —
[m,, M,], and therefore we set o;,, =k + % andoy,, =k — %

o Case 2.2: k — 3 ¢ [m,, M,]. This implies that k + 3 € [m;, M;] and k — §
[m,, M,], and therefore we set o, =k + % ando,, =k — %

e Case 2.3: k + % € [my, M;] and k — % € [m,, M,]. We set o, = k + % and
oy, =k — %

[\ST[o8)
m

(S}
m

Note that, in all the three subcases we have o, — 0, € [2, 3], hence by Lemma 7
there exists a rectilinear planar representation H, of G, that contains H,, and H,, .
It remains to prove that the spirality o, of H, is equal to k. Suppose, w.l.o.g, that
outdeg, (1) = 1 and outdeg, (v) = 2. We have k/ =k, = 1 and k), = k! = % Since
g s
In Case 2.1 we have 0, = k + % —al - %alv; choosing &/, = 0 and oclv = 1 we have

0, = k.In Cases 2.2 and 2.3 we have 0, = k + % —a - %af); choosing !, = 1 and

o =1 wehave o, = k.

G, is rectilinear planar, oz,ll €[0,1]and @, = 1. By Lemma 3,0, = 0, —

C Analysis of the Missing Cases in the Proof of Lemma 18

Case I340,4: recall that in this case A = 1 and 8 € {1, 2}. Assume, without loss of
generality, that indeg(v) = 3 and indeg(u) = 2. Also, assume d = [ (the cased = r is
treated symmetrically). In this case A, = [%, % —y],m = max{m; — %, my+1}+ %,
and M = min{M; — % M, + 2} — % We show that set 1, is an interval of feasible
spirality values for the orthogonal representations of G, with b, bends. Suppose first
that G, has an orthogonal representation H,, with b, bends, and let o, be the spirality
of H,. We prove that o, € [m — b,, M + b,]. Let b; and b, be the number of bends
in the restriction of H, to G, and to G, , respectively, where b; + b, = b,. By
Lemma 3, we have 0, = 0, — kLol — kLol . By Relation 1 of Lemma 17, we have
—ki(xi —kf)afj e[— % +L, - % — %]. Hence, by the same reasoning as in the case [, O, g,
o, € [m;—b, — % + 5, M+b, -5 - %]. Also, by Relation 2 of Lemma 17, we have
Kol +kjay € [5+1,2—%]. Hence, 0, € [m,—b,+5+1, M, +b,+2—%]. It follows
thato, € [m;—by—3+5, My+b,— 5 —31N[m, —by+14+ %, M, +b,+2— %] =
[max{m; — 3, m, + 1} +% —by, min{M; — 5, M, +2} =5 +b,] = [m—b,,, M +b,].
It remains to show that for every o, € [m —b,, M + b, ], there exists an orthogonal
representation H, of G, with b, bends and with spirality o,. With the same notation
as in the previous case, we show how to compute the values b; and b,. Also, we show
how to compute the spirality for the rectilinear planar representations of G;L , and G;w
within their representability intervals [m; — b;, M; 4+ b;] and [m, — b, M, 4+ b, ]. Since
by hypothesis G, is not rectilinear planar we have [m; — M,, M; —m,] N A, = 0,
ie., [my— M., M; —m,]N [%, % — y1] = @. We analyze the two possible subcases:

e M; —m, < 3. By Property (i), by = 8(Im; — M, M; —m, 1,3, —y]) =
% — M; 4+ m,. We set by = 0, — M; + h;, where h; is a number (either integer or

semi-integer) in the interval [§ + %, % —%Isuchthatb; € [0, b,]. We first prove that
such a value h; always exists for any given o, € [m—b,, M +b,]. If 6, = m—b,,
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we choose h; = % — % This implies that b; = m — b, — M; + % — % Since

M;—m, < % we have m; — % < M;— % < m,, and therefore m; — % <m;+1.

Since m = max{m; — %, my 4+ 1} + %, we have m = m, + 1 + % Also, since

b, = %—Ml—kmr,wehavebl = m—bv—Ml—i—%—% =my+1+5—b,— M+

% -5 =0.1fo, € [m — b, + 1, M + b,], we choose h; = & + % This implies

thathy =0y —Mj+ 45+ €lm—b,+1—-M+5+3 M+b,— M+ % +11.

Wehavem —b, + 1 =M+ 45 +S=m +1+% b, +1-M+L+1=

(%—i—m,—M[)—bv—i—y = y. Since M; < m,—i—% < M,—i—%wehave

M; — % < M, + 2. Also, since M = min{M; — % M, + 2} — % it follows

that M = M; — % — L. Hence, M + b, — My + 5 + 4 = M =L - L +

b, — M; + % + % = b,. It follows that b; € [y, b,]. Since y > 0, also in this

case there exists a value of h; € [% + %, % — %] such that b; € [0, b,]. We

represent G;u with spirality crl/” =M +b =M +o0,—M +h =0,+Nh
and G;M with spirality al’h =m, — b =m, —(by — b)) =m, —b, +b =

m, — b, +0, — M; + R :bv—%—bv—f—ou—i—hl zau—i—hl—%.Wehave

al’” —O';Lr =o,+h—(o,+h;— %) = % and, by Lemma 9, G/, is rectilinear planar.

It remains to show that G, admits a rectilinear planar representation with spirality

o, = oy. Given the choice of o), and 0, , by Lemma 3 every rectilinear planar
representation of G/, has spirality o, = o, —klal —k ol = o, +h—kla, —kal.
Since h; € [ + %, % — %1, by Relation 1 of Lemma 17 there exists a value
kLol + kol such that by — kLo, — kol = 0, and thus o, = o,.

e m — M, > % — y. In this case, by Property (i) we have b, = m; — M, — % +y.
Wesetb; = m; — o, — % + % As before, we first prove that b; € [0, b, ]. We have
b€ m—M—b,—3+% m—m+b,—3+5].Since M; > m; > M, +5—y >
M, + %, we have M; — % > M, + 2. It follows that M = M, +2 — % Hence,
mi—M—b,—3+% = m—(M,+2-%)~b,—3+% =m—M,~ L +y—b, = 0.
Also,sinceml—% Zml—%+y > Mrwehaveml—% >M,+1>m, +1.1t
follows that m = m; —%—l—%.Hence,ml—m—i-bv —%+Z =my —(ml—%—i-
£)+b, — % +% = by Ttfollows that b € [0, b,]. We represent G,, with spirality
o, =m—b = ml—(ml—au—%+%) = av+%—% and G}, withspiralityo,, =
My +b, = My+b,—b = My+m— M, — 5 +y —mj+0,+3 -5 =0, + 5 2.
We have 0/, — 0/, =0y +%— f-+5-2)= 7 — y and, by Lemma 9,
G/, is rectilinear planar. Also, by Lemma 3 every rectilinear planar representation
of G/, has spirality o) = o), — kial, — kle! =0, +3 — 5 —kla! — klal. By
Relation 1 of Lemma 17, we can set k.o, + k;a{) = % - %, and thus o), = o,,.

1

2>
ko =1,A, =[3,3],m = max{m; — 1, m, +2} — 24 and M = min{M; — 1, M, +
2} — %. Since both u and v have degree four, in any rectilinear representation of

Gy and Gy, wehave ol = of = ol = o) = 1.Ifd' = [ thenk/, = J and k], = I;
hence kol + klo! = 1 and kol + Ko, = 2.1f d' = r then k!, = 1 and k/, = 1;

Case 34,/ assume that d = [ (the case d = r is symmetric). In this case kfj =
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hence k.o, + klal = klal + kol = % We show that set /] is an interval of feasible
spirality values for the orthogonal representations of G, with b,, bends. Suppose first
that G, has an orthogonal representation H, with b, bends, and let o, be the spirality
of H,. We prove that oy, € [m — b,, M + b,]. Let b; and b, be the number of bends
in the restriction of H, to G, and to G, respectively, where b; + b, = b,. By
Lemma 3, we have o, = o, — kio!, — klal = o, + k.ol + klo!. Suppose first
d’ = 1. In this case 0, = 0,,, — 1 = 0, + 2. Hence, by the same reasoning as in the
case b0y, 0, € [m — b, —1,M; +b, — 1] and 0, € [m, — b, +2, M, + b, +2].
Therefore, 0, € [m; — b, — 1,M; + b, — 110 [m, — b, +2,M, + b, + 2] =
[max{m;—1, m,+2}—b,, min{M;—1, M,+2}+b,].Sinced’ = [, we have %d/) =0
and o, € [max{m;—1,m, +2}—b,, min{M; —1, M, +2}+b,] = [m—b,, M+b,].
Suppose now d’ = r. In this case o, = O — % =oy, + % Hence, 0, € [m; — b, —
3 Mi4by—3100m, —by+3, My +by+31 = [max{m; — 3, m, +3} = by, min{M; -
3, My + 3} +by] = [max{m; — 1, m, +2} — 5 — by, min{M; — 1, M, +2} — L +b,].

Since d’ = r, we have %‘l,) = % and o, € [max{m; —1,m, +2} — % —b,,, min{M; —

1M, +2}— 3+ by =[m — by, M +b,].

It remains to show that for every o, € [m —b,,, M + b, ], there exists an orthogonal
representation H, of G, with b, bends and with spirality o,. With the same notation
as in the previous cases, we show how to compute the values b; and b,-. Also, we show
how to compute the spirality for the rectilinear planar representations of G;u and G;w
within their representability intervals [m; — b;, M; + b;] and [m, — b,., M, 4 b, ]. Since
by hypothesis G, is not rectilinear planar we have [m; — M,, M; — m,] N A, = @,
ie., [m; — M,, M; —m,] N [3, 3] = @. We analyze the two possible subcases:

e M;—m, < 3.ByProperty (i), b, = ([m;—M,, M;—m,],[3,3]) =3—M;+m,.
Suppose first that d’ = [. By setting b; = 0, — M; + 1, we have b; € [0, b,].
Namely, b; € [m —b, —M;+1, M +b, — M;+1]. Since M; < m,+3 < M, +3
we have M; — 1 < M, + 2. Also, since M = min{M; — 1, M, + 2}, we have
M = M; —1.Since mj —3 < M; —3 < m, we have m; — 1 < m, + 2.
Also, since m = max{m; — 1,m, + 2}, we have m = m, + 2. Hence,
bpelm-+2—=b,—M+1, M —1+b,— M +1]=10,b,].

We represent G, with spirality o/, = M; +by = M, +0, — M, + 1 =0, + 1
and G;h_ with spirality O—l/lvr =m, — b, =m, — (b, — b)) =m, —b, +0, —
My+1=wm, —M;+1)—-b,+0, =b,—2—>b, +0, =0, —2. We have
o//” — a/;r =0y, + 1 — (0, —2) =3 and, by Lemma 11, G/, is rectilinear planar.
Also, given the choice of G;/u and GL’W, by Lemma 3 every rectilinear planar repre-
sentation of G/, has spirality o, = 0, — Ko — ko =0, +1-1=0,.
Suppose now that d" = r. By setting b; = 0, — M; + % we have b; € [0, b,].
Namely, b, € [m — b, — M; + 3, M + b, — M; + 31. Since M; < M, +3
we have M; — % < M, + % Also, since M = min{M; — %, M, + %}, we have
M= M; — % Since m; — 3 < m, we have m; — % < m, + % This implies that
m =max{m1—%,mr+%} =mr+%.Hence,bI € [mr+%—bv—M1+%,M1—
34 by— My +31=10,b,].

We represent G;“ with spirality o/’” =M;+b =M +0o,—M, +% =0, —i—% and
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G/, withspirality o/, =m, —b, =m, — (b, —b) =m, —b,+0, — M+ 3 =
(mr—Ml—i—%)—bv—i—a,, = bv—%—bu+av = JV—%.Wehave
O';Ll — U;/tr = o, + % — (oy — %) = 3 and, by Lemma 11, G/, is rectilinear
planar.
Also, by Lemma 3 every rectilinear planar representation of G/, has spirality
o, =c7;” —k,lloz,ld —kluaf, =ov+%— % =0,.
e m; — M, > 3. In this case, by Property (i) we have b, = m; — M, — 3.
Suppose first that d’ = [. By setting by = m; — oy, — 1, we have b; € [0, b,].
Namely, b; € [m;—b, — M —1,m; —m+b, — 1]. Since M; > m; > M, + 3, we
have M; — 1 > M, + 2. This implies that M = min{M; — 1, M, + 2} = M, + 2.
Since m; > M, +3 > m, + 2, we have m; — 1 > m, + 2, which implies that
m = max{m; — 1,m, +2} =m; — 1. Hence, by € [m; — b, — M, —2 —1,m; —
m;—1+by,+ 1] =10, b,].
We represent G/, with spirality o), = m; — b =m; —m; +o, +1 =0, + 1
and G;L, with spirality al/h =M, +b =M, +b, —b =M, +b, — (m —
op—1)=M+b,—my+o,+1=0,+b,—b, —2 =0, —2. We have
GI/H — U;/u =0y, + 1 — (0, —2) =3 and, by Lemma 11, G/, is rectilinear planar.
Also, by Lemma 3 every rectilinear planar representation of G/, has spirality o], =
O';Ll —kf,oti —kiaf) =o,+1—-1=o0,.
Suppose now that d’ = r. By setting by = m; — o), — % we have b; € [0, b,].
Namely, b; € [m; — b, — M — %,ml —m+ b, — %]. Since M; > M, + 3, we
have M; — % > M, + % This implies that M = min{M; — %, M, + %} =M+ %
Since m; > m, + 3, we have m; — % >m, + % This implies that m = max{m; —
%,mr—i—%} =m1—%.Hence,b1 € [ml—bv—M—%,ml—m+b,,—%] =
[mi—by — My —3 =3, mi—m — 5 +b,+31=10,by].
We represent G;u with spirality G//u =m;—b =m;—m;+o,+ % =o0,+ % and
G/, withspirality o/, = M, +b, = M, +b, —b; = M, +b, — (m; — 0, — 3) =
oy +b, —b, — % =0, — %.Wehaveo/u —o/’h =av+%—(av — %) = 3 and,
by Lemma 11, G/, is rectilinear planar.
Also, by Lemma 2 every rectilinear planar representation of G/, has spirality o], =

/ 1Y) [0 _ 3 —
Um—kuau—kuav—av+§—7—0,,.

D Glossary of Symbols and Terminology

See Tables 4 and 5.
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Table 4 Glossary of the main symbols used in the paper

NOTATION SHORT DESCRIPTION

G Graph (with vertex-degree at most four)

H Orthogonal representation

Na(f) Number of a® angles in face f of an orthogonal representation

T SPQ*-tree

Gy Pertinent graph of the node v in an SPQ*-tree (component of G)

H, Orthogonal representation of a component G,

o (Hy) or oy Spirality of an orthogonal representation H, (component of H)

puv Simple path from u to v in a component

suv’ Spine of a component with poles u and v (1’ and v’ being alias
vertices associated with u and v)

n(P) Number of right turns minus left turns along an oriented path P

A% Set of the alias vertices of a pole u

Sub(H,, H))

w w
o, ay

K, kY

Iy

M, m
120)43, I3d0)¢5, L3gq
é(d)

Ap

Orthogonal representation obtained from H by substituting H,
with H),

Binary coefficients used to denote the leftmost and the rightmost
external angles at a pole w of a component

(the value 0 denotes a 180° angle, while the value 1 denotes a 90°
angle)

Coefficients that take value 1 or 1/2, based on the
indegree/outdegree of a pole w in the left/right child

of a P-node with two children

Representability interval of a node v, i.e., the set of spirality values
that can be taken from a rectilinear

representation of G,

Maximum and minimum values of the representability interval of a
node

Different types of P-nodes with two children, where
1 <A< pB<2andd € {l, r} (refer to Fig. 10)

Binary function defined on the values d € {/, r} and such that
¢()=0and ¢(r) =1

Interval associated with the root p of an SPQ*-tree: A, = [2, 6] if
each pole of p coincides with its alias vertex;

Ap =[3, 5] if only one pole of p coincides with its alias vertex;
Ap = 4 if each pole of p is distinct from its alias vertex
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Table 4 continued

NOTATION SHORT DESCRIPTION

§(A1, Ag) Distance between two non-intersecting intervals of real numbers
Ajand Ay

by Budget of a node v, i.e., number of extra bends added to those of
the children of v to guarantee

the existence of an orthogonal representation of G,

B, Cumulative budget of a node v, i.e., sum of the budgets of all nodes
in the subtree rooted at v

I Set of spirality values that an orthogonal representation of G, with

v

o™X (b), o1 (b)

b, extra bends can take

Maximum and minimum spirality value for an orthogonal
representation H,, with at most b bends

Positive flexibility breakpoint of G, i.e., the maximum number of
bends such that

for every b < bj, we have 0" (b + 1) = 0" (b) + 1

Negative flexibility breakpoint of Gy, i.e., the maximum number of
bends such that

for every b < by, we have aﬁ“i“ b+1) = Jjni“ b)—1

Table 5 Glossary of the main terminology

TERMINOLOGY

SHORT DESCRIPTION

k-graph
Orthogonal drawing

Bend

Orthogonal representation

Rectilinear drawing/representation

Planar orthogonal drawing/representation

Rectilinear planar graph

Series—parallel graph

SPQ*-tree

S-node

A graph whose vertices have degree at most k.

Drawing of a graph where each vertex is represented as
a point of the plane and each edge

as a sequence of horizontal and vertical segments.

Contact point between a vertical and a horizontal
segment along an edge of an orthogonal drawing

Description of the “shape” of an orthogonal drawing,
i.e., angles at the vertices

and sequences of left/right bends along the edges; vertex
and bend coordinates are not specified

Orthogonal drawing/representation without bends

Orthogonal drawing/representation without edge
crossings

A graph that admits a rectilinear planar drawing

A graph obtained in an inductive way by means of
series- and parallel-compositions

Rooted tree whose nodes describe the structure of a
series—parallel graph in terms of

its series- and parallel-compositions

Node of an SPQ*-tree associated with a
series-composition that is not a chain of edges
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Table 5 continued

TERMINOLOGY SHORT DESCRIPTION

P-node Node of an SPQ*-tree associated with a
parallel-composition

Q*-node Leaf of an SPQ*-tree, associated with either an edge or

Reference edge

Poles of a node v
Pertinent graph or component of a node v

Alias vertex of a pole

Orthogonal component
Spirality of an orthogonal component
Representability condition of a node v

Representability interval of a node v

a chain of edges

A designated edge for an SPQ*-tree; the root of the tree
corresponds to the parallel-composition

between the reference edge and the rest of the graph

The two terminal vertices for the composition
represented by the node v of an SPQ*-tree

The subgraph G, induced by the leaves of the subtree of
an SPQ*-tree rooted at v

Dummy vertex associated with a pole of a node v of an
SPQ*-tree. This vertex may or may not

coincide with the pole, depending on its
indegree/outdegree in the component that v represents

Restriction of an orthogonal representation to a
component of the graph

A measure of how much an orthogonal component is
rolled-up

A Boolean condition that is true if and only if the
component G, is rectilinear planar

Interval of the spirality values that a rectilinear
representation of G, can take

Exposed edge For a child x of a P-node, if 4 is a Q*-node then all the
edges of  are exposed edges;
if ¢ is an S-node, the exposed edges of 1 are those
corresponding to leaf-children of w, if any
References

. Brandenburg, F., Eppstein, D., Goodrich, M.T., Kobourov, S.G., Liotta, G., Mutzel, P.: Selected open
problems in graph drawing. In: Graph Drawing, volume 2912 of Lecture Notes in Computer Science,
pp. 515-539. Springer, Berlin (2003)

. Cornelsen, S., Karrenbauer, A.: Accelerated bend minimization. J. Graph Algorithms Appl. 16(3),
635-650 (2012)

. Di Battista, G., Eades, P., Tamassia, R., Tollis, I.G.: Graph Drawing. Prentice Hall, Upper Saddle River
(1999)

. Di Battista, G., Eades, P., Tamassia, R., Tollis, I.G.: Graph Drawing: Algorithms for the Visualization
of Graphs. Prentice-Hall, Upper Saddle River (1999)

. Di Battista, G., Liotta, G., Vargiu, F.: Spirality and optimal orthogonal drawings. SIAM J. Comput.
27(6), 1764-1811 (1998)

. DiGiacomo, E., Liotta, G., Montecchiani, F.: Orthogonal planarity testing of bounded treewidth graphs.
J. Comput. Syst. Sci. 125, 129-148 (2022)

. Di Giacomo, E., Liotta, G., Tamassia, R.: Graph drawing. In: Goodman, J.E., O’Rourke, J., T6th,
C.D. (eds.) Handbook of Discrete and Computational Geometry, 3rd edn., chapter 55, pp. 1451-1478.
Chapman and Hall/CRC, London (2017)

@ Springer



Algorithmica (2023) 85:2605-2666 2665

8.

10.

11.

12.

13.

14.

16.

17.

19.

20.

21.

22.

23.

Didimo, W., Kaufmann, M., Liotta, G., Ortali, G.: Rectilinear planarity testing of plane series-parallel
graphs in linear time. In: Graph Drawing, volume 12590 of Lecture Notes in Computer Science, pp.
436-449. Springer, Berlin (2020)

. Didimo, W, Liotta, G.: Computing orthogonal drawings in a variable embedding setting. In: ISAAC,

volume 1533 of Lecture Notes in Computer Science, pp. 79-88. Springer, Berlin (1998)

Didimo, W., Liotta, G., Ortali, G., Patrignani, M.: Optimal orthogonal drawings of planar 3-graphs
in linear time. In: Chawla, S. (eds) Proceedings of the 2020 ACM-SIAM Symposium on Discrete
Algorithms, SODA 2020, Salt Lake City, UT, USA, January 5-8, 2020, pp. 806-825. SIAM (2020)
Didimo, W., Liotta, G., Patrignani, M.: HV-planarity: algorithms and complexity. J. Comput. Syst. Sci.
99, 72-90 (2019)

Duncan, C.A., Goodrich, M.T.: Planar orthogonal and polyline drawing algorithms. In: Tamassia, R.
(ed.) Handbook on Graph Drawing and Visualization, pp. 223-246. Chapman and Hall/CRC, London
(2013)

Garg, A., Liotta, G.: Almost bend-optimal planar orthogonal drawings of biconnected degree-3 planar
graphs in quadratic time. In: Graph Drawing, volume 1731 of Lecture Notes in Computer Science, pp.
38-48. Springer, Berlin (1999)

Garg, A., Tamassia, R.: On the computational complexity of upward and rectilinear planarity testing.
SIAM J. Comput. 31(2), 601-625 (2001)

. Kaufmann, M., Wagner, D. (eds): Drawing Graphs, Methods and Models (the book grow out of a

Dagstuhl Seminar, April 1999), volume 2025 of Lecture Notes in Computer Science. Springer, Berlin
(2001)

Nishizeki, T., Chiba, N.: Planar Graphs: Theory and Algorithms. Dover Publications Inc., Mineola
(2008)

Nishizeki, T., Rahman, M.S.: Planar Graph Drawing, volume 12 of Lecture Notes Series on Computing.
World Scientific, Singapore (2004)

. Rahman, M.S., Nakano, S., Nishizeki, T.: A linear algorithm for bend-optimal orthogonal drawings of

triconnected cubic plane graphs. J. Graph Algorithms Appl. 3(4), 31-62 (1999)

Rahman, M.S., Nishizeki, T.: Bend-minimum orthogonal drawings of plane 3-graphs. In: Kucera,
L. (ed.) Graph-Theoretic Concepts in Computer Science, 28th International Workshop, WG 2002,
Cesky Krumlov, Czech Republic, June 13-15, 2002, Revised Papers, volume 2573 of Lecture Notes
in Computer Science, pp. 367-378. Springer, Berlin (2002)

Takamizawa, K., Nishizeki, T., Saito, N.: Linear-time computability of combinatorial problems on
series-parallel graphs. J. ACM 29(3), 623-641 (1982)

Tamassia, R.: On embedding a graph in the grid with the minimum number of bends. SIAM J. Comput.
16(3), 421-444 (1987)

Valdes, J., Tarjan, R.E., Lawler, E.L.: The recognition of series parallel digraphs. SIAM J. Comput.
11(2), 298-313 (1982)

Zhou, X., Nishizeki, T.: Orthogonal drawings of series-parallel graphs with minimum bends. SIAM J.
Discrete Math. 22(4), 1570-1604 (2008)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Authors and Affiliations

Walter Didimo'® - Michael Kaufmann? - Giuseppe Liotta' - Giacomo Ortali’

Michael Kaufmann
mk @informatik.uni-tuebingen.de

Giuseppe Liotta
giuseppe.liotta@unipg.it

Giacomo Ortali
giacomo.ortali @unipg.it

@ Springer


http://orcid.org/0000-0002-4379-6059

2666 Algorithmica (2023) 85:2605-2666

1 Department of Engineering, University of Perugia, Perugia, Italy

2 University of Tiibingen, Tiibingen, Germany

@ Springer



	Computing Bend-Minimum Orthogonal Drawings of Plane Series–Parallel Graphs in Linear Time
	Abstract
	1 Introduction
	2 Preliminaries
	3 Substituting Orthogonal Components with the Same Spirality
	4 Rectilinear Plane Series–Parallel Graphs
	4.1 Representability Condition for Q*-Nodes and S-Nodes
	4.2 Representability Condition for P-Nodes with Three Children
	4.3 Representability Condition for P-Nodes with Two Children
	4.3.1 Nodes of Type I2Oλβ
	4.3.2 Nodes of Type I3dOλβ
	4.3.3 Nodes of Type I3dd'

	4.4 Representability Condition for the Root

	5 Overview of the Bend-Minimization Algorithm
	6 Budgets and Optimality
	6.1 Budget of P-Nodes with Three Children
	6.2 Budget of P-Nodes with Two Children
	6.2.1 P-Nodes with Both Children Having an Exposed Edge
	6.2.2 P-Nodes Having a Child with No Exposed Edges

	6.3 Budget of the Root
	6.4 Optimality of the Approach

	7 Bend-Minimization in Linear Time
	8 Conclusions and Open Problems
	A Analysis of the Missing Cases in the Proof of Theorem 1
	B Analysis of the Missing Cases in the Proof of Lemma 8
	C Analysis of the Missing Cases in the Proof of Lemma 18
	D Glossary of Symbols and Terminology
	References





