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Abstract

In this paper, we prove the null controllability of a one-dimensional degenerate
parabolic equation with a weighted Robin boundary condition at the left endpoint,
where the potential has a singularity. We use some results from the singular Sturm—
Liouville theory to show the well-posedness of our system. We obtain a spectral
decomposition of a degenerate parabolic operator with Robin conditions at the end-
points, we use Fourier—Dini expansions and the moment method introduced by
Fattorini and Russell to prove the null controllability and to obtain an upper estimate
of the cost of controllability. We also get a lower estimate of the cost of controllability
by using a representation theorem for analytic functions of exponential type.
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1 Introduction and main results
LetT > Oandset Q7 :=(0,1) x (0, T).Fora, B € Rwith0 < o < 2, consider the

equation

w .
xz_au=01n or, )]

r — (Xuy)y — Bx*uy —
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provided that . € R satisfies

(1-196)?
4 9

—00 < u < ula+pB), where w(d):= 5 eR. 2)

In this work, we consider a weighted Robin boundary condition at the left endpoint
of the form

lim (ax(a+,3—l)/2+«/u(a+5)—uu(x’t) -|-x(“+/3+1)/2+“/“(°‘+’3)_“ux(x,t)) = (1),

x—0t

and a usual Robin boundary condition at the right endpoint of the form
au(l, 1) +ux(1,1) = g(),

where

—1
0 =a@pw=2"P"1_ Laip L 3)

2

The goal of this work is to prove the null controllability of the following system,
with a control f(t) € LZ(O, T) acting at the left endpoint,

%
xZ—a
[uC, 0, x7]0) = f@), au(l, 1) +u,(1,1) =0 on(0,7), @
u(x,0) =ug(x) 1in (0, 1),

up — (Xux)y — Bx*uy — u=0 in Or,

where our Lagrange form [-, -] is given by

d
[, v] (x) = (upv' — vpu')(x), with p(x) =x*T#, and’ = o
x

Consider the weighted Lebesgue space L%(O, 1) := L*(0,1); xPdx), B € R,
endowed with the inner product

1
(f.g)p = /O FEOg(oxPdx,

and its corresponding norm is denoted by || - || .
Here, we use some results from the singular Sturm-Liouville theory to see the
well-posedness of the system (4) with initial data in LIZS(O, 1), although the solution

u(t) lives in an interpolation space H~°. We say the system (4) is null controllable
in leg (0, 1) at time T > 0 with controls in L2(0, T), if for any ug € leg (0, 1) there
exists f € L%(0, T) such that the corresponding solution satisfies u(-, T) = 0.
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We are also interested in the behavior of the cost of the controllability. Consider the
set of admissible controls given by

UT,a,pB, n,uy) :={f ¢ L2(0, T) : u is solution of the system (4) that satisfies
u(-, T) =0}.

If X is a subspace in L% (0, 1), we define the cost of controllability for initial data
in X as follows:

KX(T,O[, ﬁ? l‘l’) = sup inf{lf'Lz(O,T) : f € U(T,Cl, :3? M, MO)}

up€X, llupllp=1

The main result of this work is the following.

Theorem1 Let T > 0,0 < «a < 2, B € R, and u satisfying (2). The next statements
hold.

1. Existence of a control. For any ug € L2 (0, 1) there exists a control f € L%0,7)
such that the solution u to (4) satisfies u(-, T) = 0.

2. Upper bound of the cost. There exists a constant ¢ > 0 such that for every § €
0, 1), we have

cM(T, o, v,8)TY? T ,.
Kot (T, . B, 1) < xp aivpia )

——K
o+ D 2

where

2—«a
Ko = ,

2
v=v(a, B, u) = ul@+p) — u/ka,
Do(x) = /20 + Drgx7 9, 5)

Jv+1,1is the first positive zero of the Bessel function J,, 11 (defined in the Appendix),
and

1 1 1 3
M(T,a,v,8) = (1 + W) |:exp <_\/§_Ka> + EGXP <(1 — S)K(%T)]

(1— 8)3/2T3/2 30
X exp _WKa]v+l,l .

3. Lower bound of the cost. There exists a constant ¢ > 0 such that
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2 "1y 1 _w) ; )
. (1 n Jv+1,2> 2 |Jv(]v+l,l)|exp<<2 = ) Jv+12

Joia T+ D1 QTk)"? Gogr.)

2
. )
X exp <— <13+1,1+ Vz )K§T>

S ,CL%; (Tv a, 183 /’L)7

where j, 41,2 is the second positive zero of the Bessel function J, 4.

We also analyze the null controllability of a similar system but the control acting at
the right endpoint,

up— (Cug)y — pxNuy — S—u=0  inQr,
X
[u(, 0, x7](0) =0, au(l,1)+u,(1,1)= f(t) on(0,T), ©)

u(x,0) =ug(x) in(0,1).
Consider the corresponding set of admissible controls

l7(T, o, B, u,ug) =1{f € L2(O, T) : u is solution of the system (6) that satisfies
M('v T) = 0}7

and the cost of the controllability given by

’ZX(T9 o, ﬂv l‘l’) = Sup lnf{”f”LZ(O,T) : f € l~](T’ o, ,8’ /JL»MO)},
up€X, llugllp=1

where X is a subspace in L/zg O, 1).

Theorem2 Let T > 0, B € R, 0 < « < 2, and u satisfying (2). The next statements

hold.

1. Existence of a control. For any ug € L% (0, 1) there exists a control f € L%0,7)
such that the solution u to (6) satisfies u(-, T) = 0.

2. Upper bound of the cost. There exists a constant ¢ > 0 such that for every § €
0, 1), we have

~ eM(T, a,v,8)T"? [2v 4 1\ @v+D/A4 T ,,
’Cq;,&(T,Ol, ,37 M) < K&)+1F(U+2) 4Te exp _ZK(X]U-‘,-I,I .

3. Lower bound of the cost. There exists a constant ¢ > 0 such that

2 exp ((l - %>j +1 2) 2
J 2 v+I1,
c <1 + .Uz+1’2> i exp <— <1'3+1,1 + JM) K§T>

Jerl,l (2TK11)1/2 2
< /EL%(T,a, B 1n).
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2 Previous work

In the last twenty years, there has been extensive research activity on the controllability
of degenerate/singular parabolic equations with appropriate boundary conditions, due
to both theoretical interest and their interesting applications in engineering, physics,
biology, and economics. Currently, there are well-known methods to solve this kind of
problems: the use of global Carleman inequalities, the flatness approach, the moment
method, the transmutation method. We refer to [7, 9], whose authors obtain Carleman
inequalities for degenerate/singular parabolic equations on the unit interval or on a
non-empty subset in R?, and as application they prove null controllability by means
of controls acting at the boundary or at an interior point in the domain.
Throughout this section consider the differential operator

A A
Au = —(auy)y — ——u or Aju:=—au,, — A eR, 7

b(x) b

on the unitinterval, where a, b > 0 can degenerate somewhere. If @ = 0 somewhere in
[0, 1], the problem becomes degenerate, while if b = 0, it is singular. We also assume
that w is a non-empty subinterval in (0, 1).

Consider the (weighted) boundary operator

Biu(t) := 1irg+a(x)"a;u(x,r), i=0,1, t>0,
X—>

provided the limit exists. Notice that By is a Dirichlet boundary operator at x = 0,
and Bj is a weighted Neumann boundary operator at x = 0.

In [5, 6], the authors first demonstrated the null controllability, at the time 7" > 0,
of the following system,

ur+ Aou = fxw, (x,1) € Or,
u(l,t) =0, te(0,T),
Biu(t) =0, te(0,T),
u(0,x) =up(x), xe(,1),

®)

where A is the operator given in (7) in divergence form witha(x) := x%, f € L%( or),
up € L%(0, 1), i = 0 in the weak degenerate case 0 < o < 1,7 = 1 in the strong
degenerate case 1| < o < 2.

In [5, 6], the authors build weights related to the degeneracy of the diffusion
coefficient a to get Carleman estimates. The authors combine these estimates with
Hardy-type inequalities to prove observability for the adjoint system. It can be proved
that their Carleman estimates [6, Theorem 2.2] imply a boundary null controllability
result with a control acting at x = 1. In this case, our differential operator .4, given in
(10) and considering 8 = u = 0, generalizes the operator A in the divergence form.
In [13], the author solves the weak degenerate case (in homogeneous divergence form)
by using a Dirichlet boundary control atx = 0. There the author uses the transmutation
method: First, it proves an observability inequality for the degenerate wave equation
vy — (x%vy) =0 considering the usual boundary conditions, uses a transmutation to
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pass from heat processes to waves; thus, it gets an observability inequality for the heat
equation which implies the null controllability.

The next step was to consider coefficients with degeneracy at an interior point
or non-smooth coefficients. In [8], the authors analyze the null controllability of the
system (8) with homogenous Dirichlet boundary conditions at the endpoints, where
Ay is the operator given in the both forms in (7), the initial data ug is in X (where
X = L%(0, 1) in the divergence case and X = L% Ja (0, 1) in the non-divergence case),
and the control f € L%0,T: X) is supported in @ C (0, 1), which can contain the
degenerate point xg. In this work, the diffusion coefficient a is a non-smooth function.
When a degenerates at an interior point xo, the authors distinguish between the so-
called weakly degenerate case and the strong degenerate case.

Then, the authors give two versions of Carleman estimates for the adjoint system. In
the first one, a is globally non-smooth and does not degenerate; in the second one, a is
non-smooth and degenerates at xg. They prove a weighted Hardy—Poincare inequality
for functions which may not be globally absolutely continuous in the domain, but
whose irregularity point is compensated by the fact that the weight degenerates exactly
there. Then, observability inequalities are obtained from the Carleman estimates, thus
they get the null controllability. In the divergence case, the degeneracy point xp can
be outside as well as inside w. In the non-divergence case, only the case in which the
degeneracy point lies outside the control region is considered.

An open problem is to obtain a Carleman estimate for the adjoint system (with
homogeneous weighted Robin boundary conditions) of the system (4), and try to get
a distributed control on @ (which could include the degeneracy point) for the system
4).

Another useful tool to prove boundary null controllability of degenerate systems
is the so-called flatness method. In [18], the author considers the system (8) with the
homogeneous PDE in divergence form, boundary operator By, a(x) = x%, @ € [1, 2),
uog € L*(0, 1), and a control & acting at the right endpoint, i.e., u(1, 1) = h(t).

In [18], the author uses the flatness approach to construct explicit (smooth) controls
h in some Gevrey classes. To do this, the author uses that A is a diagonalizable self-
adjoint positive operator, whose corresponding orthogonal basis can be written as a
composition of powers of the variable x with a Bessel function of the first kind (and
involving its positive zeros), to construct a flat output in a Gevrey class. We think the
flatness method could be adapted to prove the boundary null controllability of our
system (4), by using Proposition A.1 to construct the corresponding flat output.

In [19], the authors also use the flatness approach to prove the boundary null con-
trollability of the following system:

(a()ux)y +b(X)uy + c()u — p(x)u; =0, x€(0,1),71€(0,7),
rou(0, 1) + so(auy)(0,t) =0, t€(0,7),
riu(l, t) + sy (auy) (1,1) = h(), te€0,T),
u(x,0) =up(x), x € (0,1), &)

where ro, 50, 71,51 € R, 77 +57 > 0,ug € L*(0, 1) y h € L*(0, T).
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They assume that a(x) > 0 and p(x) > 0 fora.e x € (0,1), 1/a,b/a,c,p €
L0, 1),

3K >0, <@ <K foraex e (0,1), 3p=>(1,00], a'=Pp e LP(0,1).

p(x)

If we multiply the PDE in (4) by x#, we obtain the PDE in (9) with a(x) = x**8,
b=0,cx) = u/x> B p) =xP. Thus, 1/a € L1(0, 1) iff« + B < 1, and
cE€ Ll(O, 1) iff « + B > 1. Therefore, our problem does not fit in the scheme of [19].
Moreover, we consider a suitable weighted Robin boundary condition at x = 0, where
the degeneracy/singularity arises, and the control acts at this point.

The condition 1/a € L'(0,1) in [19] implies that the PDE in (9) is a weakly
degenerate parabolic equation. In [2], the authors use the flatness approach to show
the null controllability of the degenerate parabolic equation without drift (b = 0)
in (9), with the boundary conditions corresponding to rp = 0,59 = 1. The main
assumption is that the function x/a(x) is in L?(0, 1) for some p > 1, which implies
that 1 /a ¢ L'(0, 1). Thus, a may vanish strongly at x = 0, and the potential ¢ may be
singular at the same point, but in [2] the control acts at x = 1; by contrast, our control
acts at x = 0, and we have a drift, provided that g # 0.

In [21], the author proves some global Carleman estimates for the degener-
ate/singular parabolic operator w; — A, w with a(x) = x%, b(x) = x#, and boundary
conditions (depending on «) as in (8). The author gets an improved Hardy—Poincaré
inequality and obtains an observability result that implies the null controllability of
the system (8), with A, (instead of A) in divergence form, by means of a distributed
control f. In the case ,E =2 — o, A < u(w), the corresponding PDE coincides with
the PDE in (4) with 8 =0, u < (o).

In [4, 11, 12, 14], the authors use the moment method to prove the boundary
null controllability of systems like (9). In [14], the authors consider a(x) = extl
b(x) = —x*, e,a € (0,1). They consider ro = r; = 1,590 = s1 = 0, so their
control acts at the left endpoint. This is a strongly degenerate parabolic problem,
but at present, we know this kind of degeneracy is related to a Neumann weighted
boundary condition, see [12].

In [11], the authors prove the null controllability of the equation (1) with a weighted
Dirichlet boundary condition at the left endpoint, provided that  + 8 < 1. In the case
o+ B > 1,in[12], they get the null controllability of the equation (1) with a weighted
Neumann boundary condition at the left endpoint. They consider initial datain leg 0,1)
in both cases. In these works, the authors prove suitable versions of a Hardy inequality
to assure the well-posedness of their systems, but in the case « + 8 = 1 is necessary
to consider some results from the singular Sturm—Liouville theory, see [12]. Here, we
use that approach to show the well-posedness of our system.

Unfortunately, for this paper, we could not prove a suitable weighted Hardy—
Poincaré considering the (weighted) homogeneous Robin boundary conditions in (4).
This fact motivate us to use the singular Sturm—Liouville theory, which shows that the
operator (A, D(A)) given in (10) is self-adjoint.

This paper is organized as follows. Section3 uses some results from the singular
Sturm-Liouville theory to show that the operator A given in (10) is self-adjoint. There,
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we also use Fourier—Dini expansions to show that A is diagonalizable, this allows us
to consider initial data in some interpolation spaces. Next, we introduce a notion of a
weak solution for both systems and then show the well-posedness of these systems.

In Sect.4, we prove Theorem 1 by using the moment method introduced by Fat-
torini & Russell. Here, the idea is to construct a biorthogonal sequence to a family
of exponentials involving the eigenvalues of .A. To do this, we use some results from
complex analysis to construct a suitable complex multiplier. As a consequence, we
get an upper estimate of the cost of the controllability. Finally, we use a representation
theorem, Theorem 13, to obtain a lower estimate of the cost of the controllability.

In Sect. 5, we proceed as before to solve the case when the control acts at the right
endpoint.

3 Functional setting and well-posedness
Consider the differential expression M defined by

Mu = —(pux)x +qu

x72+a+/3

where p(x) = x*T8 g(x) = —u ,w(x) = xP.

Clearly,
1/p’q9w€L100(0’ 1)7 p7w>00n (Oa 1)’

thus Mu is defined a.e. for functions u such that u, puy € ACiyc(0, 1), where
ACioc(0, 1) is the space of all locally absolutely continuous functions in (0, 1).
Now, we introduce the operator .4 given by

u

Au = w "Mu = —(x%uy)y — Bx* uy, — T
X

u. (10)

From the theory developed in [23], we can build a self-adjoint domain D(A) for the
operator A.
For w satisfying (2),0 < o < 2, and 8 € R, we set

Dinax = |1 € AC10c (0, 1) | pity € AC1oc(0, 1), u, Au € L3O, 1)}, and
{ € Diay | lim x(a+ﬂ—1)/2+«/lt(0t+ﬂ)—ﬂu(x)
x—0t

D(A) := = (au + u,)(1) = 0}

if V(e + B) — o < kq»
{ € Dmax |(au + uy)(1) = 0} it (e +B) — 1 > Kq.

Recall that the Lagrange form associated with M is defined as follows:

[u,v] :=upv’ —vpu’, forall u,v € Dpu.
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The next result shows that A is a diagonalizable operator whose Hilbert basis of
eigenfunctions can be written in terms of the function x 1/24v_the Bessel function of the
firstkind J, and the corresponding positive zeros j,+1.x, kK > 1, of the Bessel function
Ju+1, see the proof of Proposition A.1. In the appendix, we give some properties of
Bessel functions of the first kind and their zeros.

Proposition3 Ler0 <o <2, B € R, u < u(a + B), and ko, v given in (5). Then,
A: DA C L% ©0,1) — leg (0, 1) is a self-adjoint operator. Furthermore, the family
{®rtk=0 given by

Do(x) 1= v2 — o + 2/l + B) — ju xI e P2Vieth i
V2
O (x) := ' Ko x(=e=P)/2 (jv+1,kxka) L k>1,
[Jy (vt1,6) |

(11)

is an orthonormal basis for leg (0, 1) such that
Ay = 1Py, k=0,

where Ay := 0 and Ay := Kozt(jwr],k)z, k> 1.

Proof Since 1/p, g, w € L'(1/2, 1) we have that x = 1 is a regular point.

Case i) Assume /(e + B) — it < Kq.

First, we will build a (BC) basis {yg, zo} atx = 0 and a (BC) basis {y1, z1} atx = 1,
see [23, Definition 10.4.3].

Consider the functions given by

x(—a—B)/2— /i@ Bt

(I—a—=p)/ 2+ +F =1 7
2Vl +p) — p

yo(x) :=x z0(x) == x € (0,1).

12)

Notice the assumption implies that yg, zo € Dmax. Clearly, [zo, y0](0) = 1, thus
{y0, zo} is a (BC) basis at x = 0.

Since yo, zo € L%(O, 1) are linearly independent solutions of Mu = Ou it follows
that x = 0 is limit-circle (LC), see [23, Definition 7.3.1, Theorem 7.2.2].

Consider also the functions given by

1) = —xma=B) 2 Vi P i
(l—a—B) /24 Ju@T Bk _ 4 (1—a—B)/2—/ilaF B~
2Vula+B) — i '

z1(x) =

Since y1, 21 € Dmax and [z1, y1](1) = 1, it follows that {y;, z1} is a (BC) basis at
x=1.
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Now, we fix ¢, d € (0, 1) with ¢ < d. From the Patching Lemma, Lemma 10.4.1
in [23], there exist functions g1, g2 € Dmax Such that

g1(c) = yo(c), gi1(d) = yi1(d),
(pg)(©) = (pyp)(c), (pgPd) = (py))(d),
g2(c) = zo(c), g2(d) = z1(d),
(pgr)(c) = (pzp)(c), (pgh)(d) = (pz))(d).

Thus, the pair {y4, y_} is a (BC) basis on (0, 1), see [23, Definition 10.4.3], where

yo(x) if x € (0, ¢), z0(x) if x € (0, ¢),
y1(x) =14 gi(x) if x €[e,d], y_(x):= 14 g2x) if x € [c,d],
yi(x) if x € (d, 1), 21(x) if x € (d, 1).

The matrices
10 00
A_(OO> and B_<10)
satisfy the hypothesis in [23, Proposition 10.4.2], then
u, y+ u, y+

_ . ) MY _ (0
b= fuc o (2] @) (D) = (9)]
= {u € Dpax - [u,y+] 0) = [u,y+] (1) =0}

= {u € Dpmax : [u, y+] 0) = (au +uy)(1) = 0}

is a self-adjoint domain, therefore the operator A : D(A) C leg 0,1) — leg O, 1) 1s
self-adjoint.
Finally, we have that

[10.5+]© = lim [, 3010 = tim {:—Ou)[m, yolCo) + [, zo](x)i—;’(x)}

. u
= lim —(x),
x—=0t 20

because [zo, y0l(0) = 1, [u, z0](0) is finite (see [23, Lemma 10.2.3]), and
lim,_, o+ yo/zo(x) = 0. Hence, the result follows.

Case ii) Assume /iu(a + B) — 4 > Kq.

The assumption implies that zg ¢ L/ZS (0, 1), then x = Ois limit point (LP). Theorem
10.4.4 in [23] with A} = a, A» = 1 implies that D(A) = {u € Dpax [(au +u,)(1) =
0} is a self-adjoint domain.

This concludes the first part of the proof.
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Clearly, ®; € C°°(0,1) and (61) implies that ®; € L%(O, 1) for all & > 0.
Moreover,

lim x@TA=D2AVHEID =1 (x) = Cyp, lim x2VEEFPDTH = k>0,
T x—0t o

x—07t

By using (63), we obtain

1o G100 l—a—8, . : ‘
#%(1) = TJv(]erl,k) + Ko jot 1,k Ty ot 1,6)
1—0{—/3 ) |Ju(jv+1k)|
=——— 4 J =—a— ——®(1),
< 5 Kal)> v (vg1,6) a T k(D)

therefore (a®; + ®)(1) = 0 for all k > 1. Clearly, (a®g + ®()(1) = 0. Therefore,
®; € D(A) forall k > 0.

We set v(x) = x?J,(cx”) with r, ¢ > 0 and b € R. The proof of Proposition 11 in
[12] was shown that

2

d d
x272r—v + 1 - 2b)x172r—v + B =) Py = —r2ctv.
dx? dx

By taking r = ko, b = (1 —a — B)/2,and ¢ = jyy1.4, We get APy = A Dy for all
k > 1. Clearly, A®g = 0. The result follows by Proposition A.1. O

Remark 4 1If /u(o + B) — u > kg, from Lemma 10.4.1(b) in [23], we have that

[u, ¥0](0) = O for all u € D(A). When /(e + B) — i < kg, in the proof of the
last proposition was shown that [u, y9](0) = O for all u € D(A), where yy is given in

(12).

Remark 5 The family {O}i>0 given in (67) is the so-called Fourier-Dini basis for
L2(0, 1).

Then, (A, D(A)) is the infinitesimal generator of a diagonalizable self-adjoint
semigroup in L% (0, 1). Thus, we can consider interpolation spaces for the initial data.
For any s > 0, we define

oo oo
H =H(0.1) = DA = {u=) ax®: lullgy = laolP+ ) lael*x} < oo,
k=0 k=1

and we also consider the corresponding dual spaces
H™S = [H0, D]

It is well known that H™* is the dual space of H* with respect to the pivot space
L%(O, D, ie.

/
H s HO =130, 1) = (Lfg(o, 1)) < HS, 5>0.
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Equivalently, H™* is the completion of L%(O, 1) with respect to the norm

o
luell® g = [, Do)pl* + Y A" [u, Dx)pl*.
k=1

It is well known that the linear mapping given by
o oo
S(Hug = Ze_)"‘lakd)k if ug= Zak(bk e H’,
k=0 k=0

defines a self-adjoint semigroup {S(¢)};>0 in H* for all s € R.
For § € R and a function % : (0, 1) — R, we introduce the notion of §-generalized
limit of 4 at x = 0 as follows:

Os(h) == lim x°h(x).
x—0t

Notation: Let r > 0 fixed. If z € H® then S(t)z € H?®, so we write lim,_, |- S(¢)z
instead of lim,_, ;- (5(¢)2) (x).

3.1 Notion of weak solutions for both systems

Now, we consider a convenient definition of a weak solution for the system (4). Let
T > 0 be fixed. We multiply the equation in (4) by Pox, 1) = xPS(x — )77,
0 <t < 7, integrate by parts (formally), and by using the boundary conditions for
u, ¢, see Remark 4, we get

T
(), ) — (g, S)2")p = /0 (-, 1), S(r — D)2 (O)dr
T
- / (-, 1), x 1O Ou(S(x — 12F)dr
0

T
= / F()O0a(S(r — 1)z")dt.
0
Definition6 Let7 > 0,0 <o <2, B € R, u < p(o + B), and a given by (3). Let

f € L*(0,T) and ug € H~* for some s > 0. A weak solution of (4) is a function
ue CO([O, T1; H™*) such that for every t € (0, T] and for every z* € H*, we have

(D). 2 ) s = (0. SO )yyos g + /0 F(O0, (S —nz7)dr.  (13)

The next result shows the existence of weak solutions for the system (4) under
suitable conditions on the parameters «, 8, i, and s, and its proof is similar to the
proof of Proposition 2.9 in [11].
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Proposition7 Let T > 0,0 <o <2, 8 € R, u < u(a + B), a given in (3). Let
f e L%(0, T) and ug € H™ such that s > v, with v given in (5). Then, formula (13)
defines for each T € [0, T a unique element u(t) € H™° that can be written as

u(t)y =S@uo+ B()f, Te€(0,T],

where B(t) is the strongly continuous family of bounded operators B(t) : L*(0, T) —
H™* given by

(B(r)f,zT>H,S s =f F()O04 (Sx —1)zF)dt, forallzF € H*.
’ 0

Furthermore, the unique weak solution u on [0, T to (4) (in the sense of (13)) belongs
to C ([0, T1; H™*) and fulfills

lull Lo 10,775y = € (||M0||7—(*S + ||f||L2(0,T))-
Proof Fix T > 0. Let u(t) € H ™ be determined by the condition (13), hence
u(t) = S(@uo =¢(1) f,
where

(@ f22 ) 100 =/ F(0O4(S(x —1)zF)dr, forallz" € H’.
’ 0

We claim that ¢ (t) is a bounded operator from L?(0, T') into H~*: consider z* € H*
given by

oo
=) by, (14)
k=0

therefore

o0
S(t—0z" =) by, forallt €0, 7].
k=0

By using Lemma A.3 and (70), we obtain that there exists aconstant C = C(«, 8, i) >
0 such that

104 (@) | < Cljpsr k"2, k=1,

hence (69) implies that there exists a constant C = C(«, 8, 1, T) > 0 such that
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T ) 2 T 1/2
(/ |0 (S(x = 0)27)) df) < D 1Bl |0a(@p)] </ e?h=D) dt)
0 = 0
00 1/2
S C l/2|b0| + (Z |bk|2)"s) (Z )\‘ |V 1/2 N 1 —2)»](‘[))

o
12 2
<C lbol + <Z|bk| )‘S) (Z 2(s— v+1/2))

<[

Therefore, || (7) fll—s < CIl fliL2,7) forall f € L%(0,T),t € (0, T).

Finally, we fix f € L?(0, T) and show that the mapping © > ¢(7)f is right-
continuous on [0, 7). Let 2 > 0 small enough and z € H*® given as in (14). Thus,
proceeding as in the last inequalities, we have

| C@+ 1) f = @) f2 s e |
00 1/2
< Cliflig2.1) | 1bolh + (Z |bk|2x;;>

=1
1@k V2 e 2h \ /2
Zk 1 Ro—v+1/ Zk lkzo V1/2) )

where

I(t,k, h) = A /T (e“(’_f_h) - e“(’_r))2 dr
0

1
=51 e M2l —e M7y 50 as h— 0. (15)

Since 0 < I(t, k, h) < 1/2 uniformly for t, 2 > 0, k > 1, the result follows by the
dominated convergence theorem. O

Remark 8 In the following section, we will consider initial conditions in L%(O, 1).

Notice that L%(O, 1) ¢ H~"7% forall § > 0, and we can apply Proposition 7 with

s =v 46,8 > 0, then the corresponding solutions will be in CO([O, T1, H~"7%).
As before, we introduce a suitable definition of a weak solution for the system (6).

Definition9 Let 7 > 0,8 € R,0 < o < 2, u < u(ae + B) and a given in (3).
Let f € L%0,7T) and ug € L2 (O 1). A weak solution of (6) is a function u €

co ([O, T1; L%(O, 1)) such that for every t € (0, T'] and for every z* € LIZS(O, 1), we
have

T

(u().2%)y = (o, S@"), + | f(®© lim S(z —1)z"dr. (16)
0 x—1-
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The next result shows the existence of weak solutions for the system (6) under certain
conditions on the parameters «, 8, 1 and a, and its proof is similar to the proof of
Proposition 18 in [12].

Proposition 10 Let 7T >0, B e R, 0 <o <2, u < u(a + B) and a given in (3). Let
f e LZ(O, T) and ug € L%}(O, 1). Then, formula (16) defines for each t € [0,T] a

unique element u(t) € leg (0, 1) that can be written as
u(t) — S(muo =B(r)f, ©€(O,T],

where B(t) is the strongly continuous family of bounded operators B(t) : L>(0, T) —
L% (0, 1) given by

T

(B f.2")y = i f(t)xlirrll_S(r—t)z’dt, forall z¥ € L3(0,1).

Furthermore, the unique weak solution u on [0, T] to (6) (in the sense of (16)) belongs
10 C° (10, 7 L3(0, 1)) and fufils

mewjmwm>sCW%M+Hﬂm@nW

Proof Fix t > 0. Let u(t) € L%(O, 1) be determined by the condition (16), hence

u(t) = S(Muo =¢(0) f,

where
(;(r)f,z’)ﬁ =/ f@ lirrll S(t —t)z"dt forall ¥ € L%(O, 1).
0 x—1-

Letz* € L%(O, 1) written as

oo
=) ¥y, (17
k=0
therefore

o0
lim S(t —1)z" = Zer—”bk@k(l) forall ¢ € [0, 7].
x—>1- =0

By (11), we get

|Po(D)| = \/2—01 +2vule+B) — u, [Pk (D] = 2k, k=1, (18)
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hence there exists a constant C = C(«, B, 1, T) > 0 such that

. 2 12 . 172
/ dr) <) Il @D ( / e dr)
0 k=0 0

o0 T 172 o =20 T 172
T 2, (t—1) T l—e §
< Cl"lIg Z/ D dr ] =Clz7|I r+22—
k=070 k=1 o
x| 1/2
< Clllp <T+Zk_2) :

k=1

lim S(t —1)z"

x—1-

Therefore, [[£(7) fllg < Cllflz2(0,7) forall f € L?*(0,T), 7 € (0, T).

Finally, we fix f € L?(0,T) and show that the mapping t +> ¢(7)f is right-
continuous on [0, 7). Let &~ > 0 small enough and z € L}% (0, 1) given as in (17).
Then, we have

(@ +h)f =L@ f, 2]

5/ )]
0

T+h
+/ O

1/2 00 —2n\ /2
I(t, k, h) I —e
< Cllz"lgll f Il 20,7y (Z k—2> + (h + Z 2 ) ’

k=1

11?7(5(T +h—1)—S(t —1))z|dr

dr

lim S(t+h—1)z
x—>1-

where I (7, k, h) — 0as h — 0T, see (15). O

4 Control at the left endpoint

4.1 Upper estimate of the cost of the null controllability

Here, we use the moment method, introduced by Fattorini & Russell in [10], to prove
the null controllability of the system (4). The first step is to construct a biorthogonal

family {4 };~9 C L*(0, T) to the family of exponential functions {e=*(=} _ on
[0, T, i.e., that satisfies -

T
/ Ue(e MTDgr = sy, forall k, 1> 0.
0

This construction will help us to get an upper bound for the cost of the null controlla-
bility of the system (4).
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Assume that for each k > 0 there exists an entire function Fj of exponential type
T /2 such that Fj(x) € L>(R), and

Fi(ir;) = 8py, forall k,1>0. (19)
The L>-version of the Paley-Wiener theorem implies that there exists n; € L>(R)
with support in [—7'/2, T /2] such that Fy(z) is the analytic extension of the Fourier
transform of 1. Then, we have that
Yi(0) == P e = T/2), 1 €[0,T], k=0, (20)
is the family we are looking for.

Now, we proceed to construct the family F, k > 0. Consider the Weierstrass infinite
product

w0 ) @

From (68), we have that j, 1 x = O (k) for k large, thus the infinite product converges
absolutely in C. Hence, A(z) is an entire function with simple zeros at i A, k > 0.
From [22, Chap. XV, p. 498, eq. (3)], we have for v > —1 that

v+1 -
A(z):zr(v+2)(jfiiz> Jout («/K lz>' (22)

[11] proved that

lz|Ve [3(2)]

[Jy(2)] < PTotD)’

ze€C.

Therefore,

[A(R)| < |z]exp e C.

(I‘?S(«/—iz)|>
Ky ’

In particular,

17]1/2

z |x|1/2
[A(z)| < |z]exp

\/5’(&

>, ze€C, |A(x)|§|x|exp< ) xeR. (23)

o
It follows that

)= —20 sy (24)
TN E =i T
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is a family of entire functions that satisfy (19). Since Wi (x) is not in L2(R), we
need to fix this by using a suitable “complex multiplier", thus we follow the approach
introduced in [20].

For 6, w > 0, we define

op(t) := exp <— ), te(=1,1),

1 —1¢2

and extended by 0 outside of (—1, 1). Clearly oy is analytic on (-1, 1). Set Cg—l —
f,ll o0g(t)dt and define

1
Hyo(z) = Cy / o0 (t) exp (—iwtz) dr. 25)
—1

H,.0(z) is an entire function, and the next result provides additional properties of
Hw,(-?(z)-

Lemma 11 The function H,, ¢ fulfills the following inequalities:

. exp (wlx|/ (2¢/6 + 1))
2
Hyo(ix) > NS , x €R, (26)
|Hos(@)] = exp @@, 2 €C, )
|Hoa ()] = X1 (0)+ev/B + 1V [x]exp (30/4 = Vb [x]) xu1-1(0), x € R,
28)

where ¢ > 0 does not depend on w and 6.

We refer to [20, pp. 85-86] for the details.
For k > 0, consider the entire function Fj given as

Hy.0(2)
F =Y () ——————, C. 29
i (2) k(Z)Hw,a(i)»k) Z€ (29)
For é € (0, 1), we set
T -6 1 +6)2
w:=¥>0, and 9::2(+—)>0. (30)
2 k5T (1 =96)

Lemma 12 The function Fy(z), k > 0, has the following properties:

(i) Fy is of exponential type T /2.

(ii) Fy € L"(R) N L2(R).

(iii) F satisfies (19).

(iv) Furthermore, there exists a constant ¢ > 0, independent of T, « and §, such that

IFoll 1y < C(T,a,8) and 31)
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C(T,a,d) ( A >
F < — " exp|l-————=), k>1, 32
e =5 8ol "\ "2yt oY
where
C(T, ) «/9+1|:ex< ! >+«/6+1K°2‘ex (39>] (33)
a8 =c =5 -
AW 55 P\ 4

Proof By using (23), (27), (29) and (30), we get that F} is of exponential type T /2
for all kK > 0. Moreover, by using (24) and (29), we can see that F}, fulfills (19).
Now, we use (23), (26), (28), (29), and (30) to get

oy VO +1x| lx|1/2
| Fr(x)| < cexp (— ) 775 | Hoo ()| exp

2VEHT) N (i) [1x2 + A2 V2K
( WA ) VO +1
<cexp|— -
270 + 1) Al A (i) |
1 32 30 §|x|'/?
X eﬁ"axmfl(x)—i-«/@-i-]\/w@ x| “exp| — — —— ) Xx|>1(x) |,
4 \/EKO(

for all k > 1. Since the function on the right-hand side is rapidly decreasing in R, we
have Fy € L'(R) N L2(R). Finally, the change of variable y = (Ka)’18|x|1/2/«/§
implies (32).

When k£ = 0, we have

|x|1/2 %
|Fo(x)| = ex ( >|H B ()] = e Ve yi<1(x)
p ﬁKa w [x]=
30 §|x|'/?
+v60 + 1/ b |x| exp <— — — | Xjx>1(x),
4 \/E/Qx
then we integrate on R and the result follows. O

Since g, Fy € L'(R), the inverse Fourier theorem yields
1 itt
() =-— [ e""F(r)dr, reR k>0,
2 R

hence (20) implies that ¢, € C([0, T]). From (31) and (32), we have ||Ypllcc <
C(T,a,é) and

C(T,as Th A
(1, %) ( k_ 9% ) k>1. (34)

< —¢€X s —
IWilleo = 5 A G0 2 2ol

Now, we are ready to prove the null controllability of the system (4). Let ug €
L%(O, 1). Then, consider its (generalized) Fourier—Dini series with respect to the

@ Springer



694 Mathematics of Control, Signals, and Systems (2024) 36:675-705

orthonormal basis { Py }r>0,

uo(x) = Y br®i(x). (35)
We set
—kkT
[ = Z o @n k- (36)

Since {1 }x>0 is biorthogonal to {e (7=}, -, we have

T
/ F(O, (D) e T 0dr = —pe ™7 = — <uo, G_Wq%)ﬁ
0

= — <u0, e_)”kT(Dk> , k=>0.
H=S,HS

Letu € C([0, T]; H™®) that satisfies (13) for all T € (0, T'], z* € H®. In particular,
fort = T, we take 7/ = @y, k > 0, then the last equality implies that

(u(-,T), ®p)py-sns =0 forall k>0,

hence u(-, T) = 0.
It just remains to estimate the norm of the control f. From (34) and (36), we get

CT a5yl < 20 31l L
10u (@0 2210, (@01 1N (0]
X exp (_ﬂ _ w—)%) _ (37)
2 2V + 1

From (21), (22), and (64) (with v + 1 instead of v), we get that

2P 42) — 2T (v +2)

WZKZ Joi1Gvpr k) = —————= D (Gop1.0), k=1,

A (idp) = i
(v+1,0)7

(38)

and by using (70), we get

|00 (@) A (i24)] = EE” i T;F 0t DV k=1
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From (37), (69), and using that A; > A, it follows that

C(T,a,8) " flloo

|bol 1 p(_ﬂ_ wh )i ||
= 104@0 T V2w + e 2 2¢_e+1 = Gos1.0)?

o T > 2
0 C 1 2
< + - > Ibx| -
10u (Do) (p+1)/<5/2 p( 2 2«/9+ >(k=1 ‘ )

Using the expression of w, 6 given in (30) and the facts 8 > 0, § € (0, 1), and
0 < ky <1, we get that

2(1+T)1/?
0<—  So+l<—0"1
= (1= 8)K2T tl =g smgrn

VO+1=<6+1,

therefore

w >;<o[(1—5)3/2T3/2
VOFT — 40+ D2 0

1 1 1 3
C(T,a,d) < C<1 + m) [eXp<ﬁKa) + S_SCXP (m)] .

(39
By using the definition of A1, and setting bg = 0, we get the estimate for ICQOL.
4.2 Lower estimate of the cost of the null controllability
In this section, we get a lower estimate of the cost IC = ICL% (T, a, B, 1n).
We set
. |Jv(jv+1,1)| |Jv(]v+1 1)|
up(x) := PRI ®i(x), x € (0, 1), hence IIMoll,g =
(40
For ¢ > 0 small enough, there exists f € U(a, 8, u, T, up) such that
u(,T)=0, and | fliz20,7) = (K+&)lluollp. (4D)

Then, in (13), we set T = T and take z* = Py, k > 0, to obtain
T
e T (ug, D) g = (1o, S(T) Pk )1 15 = —/0‘ F@)O (S(T —1)dy) dt
T
== T0, @ [ fwear
0
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from (40) and (70), it follows that

r 2'T DIy (j 2
/ f(t)e)‘ktdl‘ —_ v+ )| v(Jv+l,1)| Sl,k: k> 0. (42)
0 2Ka(]v+l,l)v

Now, consider the function v : C — C given by
T/2 T .
v(s) := / f <t + —) e dr, seC.
-T/2 2

Fubini and Morera’s theorems imply that v(s) is an entire function. Moreover, (42)
implies that

2O+ Dot 7y

v(irg) =0 forallk >0,k # 1, and v(ir))= — PRT X
Ko (Jv+1,1

We also have that
~ T ~
o(s)] < eTOI2 / FOldr < (K + T 27OV gl 43)
0

Consider the entire function F(z) given by
F(s) =v(s—id), seC, (44)
for some 6 > 0 that will be chosen later on. Clearly,

F ) =0, k>0,k#1, where by:=i(+65), k>0, and

2T (v + 1)|J”(j”+1*1)|2e—)»1T/2

F(by) = — : (45)
‘ 26 (oa1.1)"
From (40), (43) and (44), we obtain
T |y (vs.1)|
log | F —I3(s) — 8| +log | (K +e)T!/2 L) C. (46
0g|F(5)] = 13(s) |+og(< +oT!PEL SR ) veC 6o

We recall the following representation theorem, see [17, p. 56].

Theorem 13 Let g(z) be an entire function of exponential type and assume that

/°° log* 181 |
— X <

oo 14 x2
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Let {d¢}¢> be the set of zeros of g(z) in the upper half plane 3(z) > 0 (each zero
being repeated as many times as its multiplicity). Then,

log|g(2)] = A3(2) + Zlo

o0
2 1
d v(z)[ oglg(sglds’ 3) > 0,
=1 - d( o |5 —2|
where
1 .
A — hm Sup M
y—00

We apply the last result to the function F'(z) given in (44). In this case, (43) implies
that A < T'/2. Also notice that J (br) > 0, k > 0, to get

~S(b1)/°° log [F()I 4

T o
log |F (b1)] < (A 8)—
oglF (b = (M1 + )2+ Z |s—b1|2

k=0,k#1
47)

By using the definition of the constants by’s, we have

> ‘bl—bk
> ey
o b =br

( ]v+1 1 ) n il ( (Jvs1. k)z - (jv+1,l)2 )

28/k2 + -]1)-‘,-1 1 py 28/k2 + (],,_,_1 1) + (jv+1,k)2
( Jiii ) N i 1 /JV+l,k+110g < 2 >dx
268/k5 + Ju+1 1 o Stk = v Lk g 28/k2 + x?
( ]v+l 1 ) L1 g( x2 ) 0.

26/K3 + Jyii Juti2 28/K2 + x?

( JU+11 ) jv+i2 ( 1 )
2
28//( + ]U+1 1 1 =+ 26/ (Kajv+l 2)

tan~! <—> (48)
TTKa Ko Jv+1,2

where we have used Lemma A.2 and made the change of variables
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From (46), we get the estimate

s(bl) /°° log |F()| 6T 129 ()]
2 K )
P +og(( TP (49)

From (45), (47), (48), and (49), we have

2428 V28 j 28 A )
tan~! ( ) _ Jvl2 log (1 + ( ) _ A +

TKy Kajv+l,2 T Kﬁtjl)+l,2)2 !

Qi TV (Go1,1)” )
2T (v 4 DIy Goa1.1)]

j2 1,1
+log L .
<25/K§ + 211

The result follows by taking § = k2 (jy+1, 2) /2 and then letting ¢ — 0.

<log(K + ¢) +log (

5 Control at the right endpoint
5.1 Upper estimate of the cost of the null controllability

Now we show the null controllability of the system (6). Let ug € L2 (O 1) given as in
(35). We set

T

>, by
FO ==Y % . (50)

im0 Pk

Since the sequence {V}x>0 is biorthogonal to {e_’\k(T_’)}kzo, we have
T
cpk(l)f F)e HT=Ddr = _pe=mT = —<u0, e—AchI>k>ﬁ, k>0. (51)
0

Letu € C ([0, T1; L%(O, 1)) be the weak solution of system (6). In particular, for
T =T, we take 7/ = ®y, k > 0, then (16) and (51) imply that (u(-, T), Or)pg =0
for all k > 0, therefore u(-, T) = 0.

Finally, we estimate the norm of the control f. From (18), (34), (38) and (50), we
get

|bol 1 o~ jvriel” 1bxl

C(T,a,8) ' flloo < .
Flleo [ oD V/2ia2' T (v +2) &= [N Gos1,0)] 2k

< T k WAk )
X|—————.
2 261
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=1 ,.r

By using thate™ < e "r"x™" for all x,r > 0, the Cauchy—Schwarz inequality,
Lemma A.3 and the fact that j, y > (k — 1/4)7 (by (69)), 35) and A1 < Mg, k > 1,

we obtain that

bol eVl (20 4 1\ @A
(1) TWw+2) AT

72\):1 < WAl T)hl) > |br |
xe exp | ———— — —— —
SAENCES R o

|bo| ctco(_”_1 2p 4+ 1\ @vth/4
| ®o(1)] T(w+2)\ 4Te

2 T > V2
WA] 1 2
xexp| ——— — — b s
p( 2011 4)(];"")

and the result follows by (39).

C(T,a,8) N flloo < |

5.2 Lower estimate of the cost of the null controllability

Once again, we get a lower estimate of the cost IE = IEL% (T, a, B, u). We set

. . 2
7y (vs1.1)| 5 (vra)]
up(x) := Wq)l(x), x €(0,1), hence |uoly= ok
For ¢ > 0 small enough, there exists [ € ﬁ((x, B, u, T, ug) such that
u(-,T)=0, and | fll20.71) =< (K + &)lluollp.
Then, in (16), we set T = T and take z* = Py, k > 0, to obtain
T
e T {uo, ®i)p = (o, S(TIP)g == | f(1) Tim S(T = 1) Pydr
0 x—1"

T
= —e’AkTGDk(l)/ F()erdr.
0

From (18) and (52), it follows that

T .
/ f(t)e)‘kldt - _M&’k’ k>0.
0 2k

(52)

(53)
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Consider the entire function v : C — C given by

T/2 T '
v(s) = / f (t + —) e 8t ds, seC.
-T)2 2

Therefore,
(e T ~ X( ¢
lu(s)| < eTROI2 / |fOldt < (K + )T /2eTFOV2 |y 4 . (54)
0

Moreover, (53) implies that

}Jv (jV+1,1)|e—,\1T/2_

v(iry) =0 forallk >0,k # 1, and v(ir) =— >
Ko

Consider the entire function F(z) given by
F(s):=v(s—i8), seC, withs=x2(j,112)" /2. (55)
Clearly,

Fy) =0, k>0,k#1, where by:=i(A+6), k>0, and

F (b)) = _1 o] (j”“’])'e*”/z. (56)

2Ky

From (52), (54) and (55) we obtain

T _ 16

D172 ) seC. (57)

We apply Theorem 13 to the function F(z) given in (55). Then, (54) implies that
A < T /2, hence

O(bl) /oo log|[F()I

T o0
log|F (b)) < (A +6) — + log
gl F )l <a+d o+ ) o

k=0,k##1

bl
(58)

From (57), we get the estimate

3 (b o F T6 ~ Jy (Jv
alt 1>/ Eg_'b‘j)z' s_7+10g<(K+8)T1/2W>- (59)
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From (48), (56), (58), and (59), we have

22 2.2
j 1 log2\ Kk2j

log| 1+ ';+1’2 + (5 _ 8= >jv+1,2 — A+ aevrle ;+1’2 T
Jv+1,1 T

< log(lz + &) + log(2ko T)'/?,

the result follows by letting ¢ — 0.
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Appendix A: Bessel functions

We introduce the Bessel function of the first kind J,, as follows:

_ (—l)m X\ 2m+v
’v()‘)—gm(z) » x20, (60)

where I'(+) is the Gamma function. In particular, for v > —1 and 0 < x < /v + 1,
from (60), we have (see [1, 9.1.7, p. 360])

X

WO~ 0T (5

)” as x — 0T 61)
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A Bessel function J,, of the first kind solves the differential equation

"

X2y 4+ xy + @2 =vHy =0. (62)
Bessel functions of the first kind satisfy the recurrence formulas (see [1, 9.1.27]):

xJy(x) = vy (x) = —xJy41(x), (63)
xl—”%[xm(x)] = xJL() 4 v Iy (x) = 2y (2), (64)

Recall the asymptotic behavior of the Bessel function J, for large x, see [16, Lem.
7.2, p. 129].

LemmaA.1 Foranyv € R

Jv(x)z,/%{cos(x—%—%)+(’)(%>} as x — 00.

Forv > —1, ¢, ¢ € R, we have (see [3, p. 101])

_ Z/J,,(K)Jlj (ﬂ/) —tJ, (ﬂ/) ];(E)
- 2 — 2 '

1
/ xJy(x)J, (€'x) dx (65)
0

For v > —1, the Bessel function J, has an infinite number of real zeros 0 < j,,| <
Jv2 < ..., all of which are simple, with the possible exception of x = 0. In [16,
Proposition 7.8], we can find the next information about the location of the zeros of
the Bessel functions J,:

LemmaA.2 Letv > 0.
1. The difference sequence (jv,k+l - jv,k)k converges to w as k — oo.

2. The sequence (jv,k+1 - ju,k)k is strictly decreasing if |v| > %, strictly increasing
if v| < 4, and constant if |v| = 1.

Proposition A.1 Letv > —1,0 <« < 2 and B € R. The family

D (x) = /20 + Dy x172 P/ 2Hwkav
2Ky

Dy (x) = —— 2B (G ex) k> 1,
1o Gog 1.0 o (re1ex)

is an orthonormal basis for L% 0, 1).

Proof By using (63) and (65) with £’ = j, 1z, we get

ng+l(£)Jv(jv+l,k)
€+ jor1,0) € = jor1 k)

1
/ xJy(€x)J, (jv+1,kx) dx =
0
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By taking the limit as £ goes to j, 41k, and by using (64) (with v + 1 instead of v), we
obtain

! . ! . . | o G102
fo x4y (o146) P = 300 G i) oG =~ = 1. (66)
Next, we introduce the following family
® = /2 1 1/24v ® A ﬁ 1/2] . k>1
0(x) :=v2(v+ Dx ) k(x) 1= mx v (]u+1,kx)7 = L.
(67)

In [15] was proved that {®y}x>0 is a complete system in L%(0, 1).
Then, (63), (65) and (66) imply that (®, @) = & ¢ for all k, £ > 1. On the other
hand, from (64) with v + 1 instead of v, we obtain that

1 ,
Go1.0" 2 / T Gopreo)dx = y L R =0, k> L
A )

Therefore (®, ®9) = 0 forall k > 1. In conclusion, {®y }x>0 is an orthonormal basis
for L2(0, 1).
Let U be the unitary operator U : L2(0, 1) — L%(O, 1) given by

Uu(x) == k) 2x04 PRy (e, u e L0, 1).

Notice that YO, = Dy, k > 0, therefore ®y, k > 0, is an orthonormal basis for
Lfg(o, 1). o

For v > 0 fixed, we consider the next asymptotic expansion of the zeros of the
Bessel function J,, see [22, Section 15.53],

; PO ol (] k— co. (68)
= - ) —— — ), ask— oo.
Tk 24 sk+3- Dz K3

In particular, we have

1
Jvk = (k— Z)n forv € [0, 1/2],
(69)

1
Tk = (k—§>n forv € [1/2, 00).

LemmaA.3 Foranyv > —1 and any k > 1, we have

1

jv+l,k

2
iori s G| =\/;+0<

) as k — oo.
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The proof of this result follows by using (A.1).

LemmaA4 Let0 < ax < 2, 8 € R aandv = v(a, B, n) given in (3) and (5),
respectively, then the following limits are finite

0.(@0) = 2~ o+ 2/ua + ) — .
2xa)"? (jur1.k)"
2T+ D Ly (ogr)|

Ou(Py) = k>1. (70)

Proof This result follows from (60). O
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